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Abstract

Purpose:  To  develop  a  model-based  reconstruction  technique  for  diffusion  quantification  based  on  accelerated  two-
dimensional echo  planar  data,  obtained  with  multiple  b-weightings.  In  combination  with  a dedicated  undersampling
pattern, acceleration  factors  above  three  were  proven  feasible  in  a  clinical  setting.
Methods: The  proposed  model-based  method  minimizes  a cost  function  considering  the  l2-norm  of  the  difference  between
the Fourier  transformation  of  a  synthetic  diffusion-model-generated  k-space  and  the  measured  k-space  data.  Further
regularization is  performed  by  introduction  of  a  total  variation  (TV)  constraint  to  the  cost  function.  Acceleration  is  achieved
by a  non-random  undersampling  pattern  using  acceleration  factors  that  correspond  to  the  total  number  of  b-values.  A
rectangular region  of  variable  size,  centered  in  k-space,  remains  fully  sampled  for  correction  of  phase  variations,  introduced
by the  different  diffusion-encoding  strengths.
Results:  Qualitative  analysis  of  the  resulting  images  (S0 and  ADC)  demonstrates  the  potential  of  the  suggested  undersam-
pling pattern  in combination  with  a  model-based  iterative  reconstruction.  An  edge  analysis  highlights  the  preservation  of
high-frequency information  for  all  investigated  undersampling  factors.  In  comparison  to  a  conventional  SENSE-accelerated
reconstruction, the  quantitative  analysis  of  the  ADC  maps  revealed  a  significantly  (P  <  0.05)  superior  performance  of  the
suggested technique,  enabling  acceleration  factors  of  R  =  3.65  without  compromising  diffusion  data  fidelity.
Conclusion: The  presented  work  shows  the  potential  of  model-based  ADC  quantification,  which,  in  combination  with  a
suited undersampling  pattern  for  multiple  b-values,  enables  more  than  three-fold  acceleration  using  two-dimensional  EPI
without sacrificing  ADC  fidelity.
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1 Introduction

Diffusion MRI is a non-invasive method commonly used to
provide quantitative data on tissue diffusion properties. Diffu-
sion weighted imaging (DWI) has already proven its potential
as a valuable tool for neuroimaging, especially for stroke
diagnosis [1] and in combination with diffusion tensor imag-
ing (DTI) techniques, as basis for analysis of the structural
connectivity in the brain [2]. Its role in musculoskeletal appli-
cation is steadily increasing. Promising results by Barendregt
et al. [3] indicate that DWI can replace contrast-enhanced
MRI for diagnosing pediatric patients with juvenile idio-
pathic arthritis. Especially the role of the apparent diffusion
coefficient (ADC) as an imaging biomarker of inflamma-
tion has been addressed [4]. However, the rather complex
anatomy including bone, cartilage, muscle, fluid and others in
combination with small structures pose challenges regarding
scan time, while demanding accurate ADC quantification.

Obtaining quantitative diffusion information requires at
least two images with different diffusion weightings per
encoding direction. For accurate diffusion quantification,
a series of images with increasing diffusion weighting is
required. The rather long related acquisition times demand
rapid acquisition methods, and echo-planar imaging (EPI) [5]
has been established as quasi-standard in diffusion imaging.
A major limitation of EPI arises from its sensitivity to arti-
facts like off-resonances or T ∗

2 induced image blurring [6],
which often prevents the visualization of detailed structures.
To mitigate these limitations, an increased bandwidth in the
phase-encoded direction is needed, which is often realized
by segmentation of the k-space applying multi-shot EPI tech-
niques, where the k-space is filled using several subsequent
excitations, often in combination with parallel imaging tech-
niques [7].

Iterative reconstruction of images by minimization of a
cost function is increasingly popular for the reconstruction
of undersampled MR data. In case of a sparse representation
of the MR data, and e.g. in combination with Compressed
Sensing [8], further acceleration can often be achieved by solv-
ing a minimization problem, while ensuring data consistency
under a certain data sparsity constraint such as a minimal total
variation (TV). For quantitative MRI, it is possible to include
detailed knowledge about the acquired data in form of a math-
ematical model in a cost function. This enables the direct
estimation of quantitative maps without the need for inter-
mediate images. Applications of model-based reconstructions
have already been published for T2 mapping [9,10], T1 map-
ping [11,12], phase-contrast flow quantification [13,14] and
diffusion [15–21] maps.

In this work, a diffusion model-based iterative reconstruc-
tion approach is combined with a total variation regularization

and an echo-planar readout, including full consideration of
the sensitivity properties of the multiple receive coils. How-
ever, motion and eddy-current-induced phase errors among
s 32 (2022) 240–247 241

excitations that are enhanced by the diffusion-sensitizing
gradients, cause data inconsistencies and raise problems for
the iterative reconstruction. While navigator echoes have been
applied for respective phase corrections [17], we introduce
an undersampling pattern that enables phase estimation from
a fully sampled center region of k-space. Unlike other tech-
niques our approach enables acquisition of multiple b-values
by a specific undersampling of high frequency components.
The suggested approach iteratively optimizes the initial
magnetization and apparent diffusion coefficient maps as
free variables of the cost function under full consideration of
phase alterations between the different b-value images.

2 Methods

2.1  Model-based  reconstruction

Diffusion encoding was performed by application of a
Stejskal-Tanner [22] pulsed gradient spin echo preparation
with a subsequent EPI readout. After a 90◦ excitation, dif-
fusion sensitizing gradients were played out on either side
of a 180◦ refocusing pulse. A series of images with different
diffusion weightings b  can be acquired and will show the well-
known b-value related signal intensity decay S(b), depending
on the tissue-dependent diffusion coefficient D  according to:

S(b) =  S0 · e−b·D (1)

with S0 being the signal intensity resulting from no (b  = 0)
diffusion encoding. In clinical routine, an apparent diffusion
coefficient (ADC) [23] is calculated by pixel-wise fitting a
series of at least two b-values to Eq. (1). In this work, the ADC
was calculated from diffusion data encoded along a single
spatial dimension only.

Instead, the model-based approach compares the Fourier
transform of a synthetic diffusion-model-generated k-space
with the measured k-space data. Similar to Eq. (1), the model
comprises an S0 and ADC map. Both maps are matrices
with nx ×  ny entries, as defined by the underlying imaging
data, while the scalar bi is the diffusion weighting of the i-
th diffusion weighted image. Optimization of S0 and ADC
by minimization of the differences between the synthetic
and measured diffusion weighted image series (dimension
nx × ny × nb) yields matrices with an anatomic (S0) image
and a respective ADC map.

The cost function φ  consists of the l2-norm of the difference
between the synthetic and the measured k-space data S̃i,c(k),
thus ensuring that the solution complies with the acquired k-
space data as well as the expected b-dependent signal function.

The synthetic k-space is generated as follows:

−bi·ADC
yi,c(S0, ADC) =  A  · [Cc ◦  S0 ◦  e ] ,  (2)

with ◦ denoting the Hadamard product (element-wise prod-
uct), Cc being an nx ×  ny matrix providing the coil sensitivity
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Figure 1. Phase Pi for the different b-values ranging from 0 to 800 s/mm2. Phase maps in the upper row consider the full k-space, the ones
in the second row only use 12.5% of k-space data, extracted from a block around the k-space center. A mask, generated with a threshold on

y. 

lic

mization, S0 was initialized as the mean of the b0-image,
a magnitude image, hides pixels of low SNR and clarifies the anatom
phase can be appreciated. The phase is encoded according to the cyc

patterns for coil c  and A  being the Fourier operator. This yields
an nx ×  ny × nb ×  c  synthetic k-space. During optimization,
the final cost function value is calculated as the sum over
the individual cost function values, calculated for each coil
channel c and diffusion weighting i. As an additional regu-
larization term, the l1 norm of the total variation (TV) of the
ADC map is used as constraint to enforce a piece-wise con-
stant solution. The scalar regularization variable λ  determines
the relative weighting between the sparsity and the consistency
term of the data as shown in Eq. (3). Appropriate settings of
λ were derived manually by visual inspection of the result-
ing images. Since it is generally difficult to find an optimal λ,
reconstructions with and without regularization are compared.

φ (S0,  ADC) = 1

2

∑
i

∑
c

∥∥yi,c(S0, ADC) − S̃i,c(k)
∥∥2

2

+  λ‖ADC)‖1 (3)

It is well known that phase alterations are introduced by
strong diffusion gradients or by motion and need consideration
during the reconstruction process. In our signal model, phase
errors are taken into account by multiplying the model by
a b-value dependent normalized phase matrix P  with entries
p ∈  C  and |p| = 1. Since the phase is independent of the coil
c, P is of size nx ×  ny ×  nb. The final signal model function
thus results in:

yi,c(S0,  ADC) =  A  · [Pi ◦  Cc ◦  S0 ◦  e−bi·ADC] .  (4)

For the determination of the phase information, a spe-

cial undersampling pattern was applied. As the phase varies
smoothly, P  can be approximated from a low-resolution
image, derived from the central k-space lines (Figure 1). To
ensure proper coverage of the k-space center, undersampling
Clear impact of the b-value (strength of diffusion weighting) on the
 magenta-red-yellow-blue map described by P. Kovesi [27].

was limited to the outer regions of k-space (Figure 2). The
undersampling factor Ro of the outer region results from
the number of acquired b-values, which was set to Ro =  6
since 6 different b-values were used in the measurements. The
overall retrospective undersampling factor R  results from the
different number of central k-space lines that are fully sam-
pled, which were set to 50% (R  =  1.71), 25% (R  =  2.67),
16.6% (R  =  3.27), and 12.5% (R  =  3.65) of the total number
of lines required for full k-space coverage. Between subse-
quently acquired b-values, the phase-encoding start position
was shifted by �ky to ensure coverage of each k-space line
once, when Ro equals the number of measured b-values. Thus,
information about every frequency is contained in the under-
sampled data but weighted with different b-values. P  was
obtained from the phase of the low-resolution images, recon-
structed from the fully sampled central section of k-space.

The minimization of the resulting cost function was
achieved by iteratively applying a non-linear conjugated gra-
dient (NLCG) algorithm, as presented by Hager and Zhang
[24]. The gradients of the cost function were computed as
provided in (Eq. (5)) with (·) denoting the complex conjugate
and R {·} the real part of the argument:
∂φ

∂S0
=

∑
i

∑
c
e−bi·ADC

◦R
{

Pi ◦ Cc ◦ A ·
[
A ·

(
Pi ◦ Cc ◦ S0 ◦ e−bi·ADC

)
− S̃i,c (k)

]}

∂φ

∂ADC
=

∑
i

∑
c
− bi · e−bi·ADC ◦ S0

◦R
{

Pi ◦ Cc ◦ A ·
[
A ·

(
Pi ◦ Cc ◦ S0 ◦ e−bi·ADC

)
− S̃ (k)

]}

(5)

To facilitate efficient convergence of the non-linear opti-
that was generated by combining b0-images of different coils
under consideration of the coil sensitivity maps. Further, the
ADC-map was initialized with 0.0006 mm2/s which has been
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Figure 2. Undersampling pattern of the presented approach. Each
entry in the matrix represents one line in read out direction. The phase
encoding direction is shown vertical while the horizontal direction
depicts the k-space for each of the six b-values. The outer regions
(US1 und US2) in phase encoding direction are undersampled by
a factor of Ro =  6, which corresponds to the number of measured
b-values. The proportion of the fully sampled central block (FS)
is varied to 1/2, 1/4, 1/6 and 1/8 of the complete k-space matrix,
to generate different undersampling factors. Between subsequently
acquired b-values, the outer undersampling pattern was shifted by

comparison to ADC maps, reconstructed from the fully sam-
one line in phase encoding direction to ensure coverage of each k-
space line.

reported as lower boundary of the muscle diffusion coeffi-
cient [25]. The undersampling was performed retrospectively
by an elementwise multiplication of the k-space with a mask.
All reconstructions are based on the six different b-values (0,
50, 100, 200, 400, 800 s/mm2).

2.2  Measurements

For evaluation of the feasibility of the suggested tech-
nique, non-undersampled diffusion data were acquired in nine
healthy volunteers on a clinical MRI system (Achieva 3T,
Philips Healthcare, Best, The Netherlands). All data were
acquired using an eight-channel knee coil and a multi-shot
diffusion weighted spin echo EPI technique. The scan param-
eters were: EPI-factor = 11, TE = 72.5 ms, TR = four heart

phases, field-of-view FOV = 180 ×  180 ×  24 mm3, voxel size
�r = 1.3 ×  1.3 ×  5 mm3, 3 slices, slice gap: 4.5 mm, one
average, b-values: 0, 50, 100, 200, 400, 800 s/mm2. Electro-
s 32 (2022) 240–247 243

cardiographic (ECG) triggering was applied to reduce blood
flow artifacts especially from the popliteal artery.

2.3  Analysis

Resulting ADC values and corresponding standard devi-
ations were quantified in the two regions of interest (ROIs)
in the retropatellar cartilage and in the gastrocnemius mus-
cle (see indicated areas in Figure 3B). Data derived from
the suggested approach with different undersampling fac-
tors were compared with pixel-wise fitted images, obtained
from complete data sets and respective undersampled data
sets, individually reconstructed using SENSE. A pixel-wise
non-accelerated (R  = 1) reconstruction was used as reference.

For comparison of the resulting edge characteristics in
ADC maps, an additional model-based reconstruction was
performed based solely on the central k-space data. Quan-
tification of edge broadening effects was performed on ADC
intensity profiles, covering the transition from bone to carti-
lage to patella. For improving signal to noise ratio (SNR) three
neighboring intensity profiles were averaged, and the result
smoothed with a cubic spline interpolation. The full width at
half maximum (FWHM) of the cartilage intensity was used
for image-based quantification of structure broadening.

Statistical significance was assessed by applying an one-
way analysis of variance (ANOVA) between the fully sampled
reference, and the proposed model-based (with and without
TV-regularization) and SENSE-based results for all investi-
gated undersampling factors R. Additionally, Tukey’s honestly
significant difference procedure was used to identify signif-
icant differences between individual groups. ANOVA and
Tukey were performed separately for the different ROIs. Dif-
ferences were considered significant if P  <  0.05.

3 Results

Reconstructed ADC maps of the human knee, derived from
the different investigated reconstruction approaches for differ-
ent R factors, are provided in Figure 3. From left to right,
reconstructions with undersampling factors ranging from
R = 1 to R  = 3.65 (model-based reconstructions) and R = 1 to
R = 4 (pixel-wise SENSE) are shown.

Best results for all reconstructions were obtained for λ =
0.2, yielding denoised S0 images and ADC maps without
any obvious regularization artifacts for all undersampling fac-
tors. The influence of different regularization parameters λ  are
presented as a supplemental material (supplement 1).

In the model-based reconstruction (Figure 3, row 1), the
most obvious impact of undersampling on the resulting ADC
maps is seen as increasing noise, which can be reduced by
applying an additional TV regularization (row 2). In direct
pled central k-space region only (row 3), the almost complete
conservation of the image sharpness can be appreciated with
and without TV regularization (row 1 and 2). The ADC maps
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Figure 3. Results of the reconstructions with a left-right phase encoding direction and a linear colormap according to P. Kovesi [27], for
the ADC values. A: reconstructed ADC-maps for different undersampling factors R  (colums) and reconstruction techniques (rows). Model-
based reconstructions without (row 1, row 3 (central k-space data only)) and with (row 2) TV-filter in direct comparison with the pixel-wise

tes 

OIs

SENSE based reconstructions (row 4). The blue bar in row 1 indica
S0 image of the same volunteer with color coded overlay of ADC R

using k-space center data only show obvious blur (row 3). This

is confirmed by the quantitative assessment of edge sharp-
ness, as demonstrated for one volunteer in Figure 4. The
FWHM of the cartilage structure, based on nine volunteers,
a profile for the investigation of structure broadening (Figure 4). B:
 in the cartilage and the gastrocnemius.

does increase with increasing undersampling from 6.5 (R  = 1)

to 12.4 (R  = 3.65) pixels for ADC maps, derived from the
central k-space region only. The cartilage width of reconstruc-
tions including outer k-space lines results in 6.5 (R  = 1) to 7.5
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Figure 4. Cartilage width of one subject for different acceleration factors resulting from the suggested model-based iterative approach (left
nst
without and middle with TV regularization) and respective data reco

(R  = 3.65) for reconstructions without TV and 6.7 (R  = 1) to 6.9
(R = 3.65) pixels with TV regularization. Model-based recon-
structions without TV regularization and R  = 1 are presented
in supplement 2 for all nine volunteers and in supplement 3
for different slices.

Direct comparison of the fully-sampled reference pixel-
wise fitted mean ADC values and respective standard
deviations, derived from the investigated undersampling
approaches, are listed in Table 1. The mean ADC values of
undersampled model-based reconstructions show differences
compared to the reference with less than 20% (cartilage) and
5% (muscle) variation. The SENSE approach shows devia-
tions of 57% (cartilage) and 44% (muscle). The combination
of the cost function with a TV regularization mainly reduced
the standard deviation in the ADC maps without any signifi-
cant impact on the mean ADC values (less than 5%, compared
to the same undersampling).

In general, decreased ADC values were observed with
the SENSE approach causing significant differences already
between non-accelerated (R  = 1) SENSE and the fully-
sampled reference, which was not observed with either of
the model-based approaches for muscle tissue, but also in
cartilage. Regarding undersampling (R  > 1) no significant dif-
ferences were observed between all acceleration factors for the
model-based approaches. Even though significant differences
between the reference and the SENSE reconstruction were
observed for all acceleration factors, for R  ≤  3 no significant
differences were observed within the SENSE group. However,
a further significant reduction was observed for R  = 4.

4 Discussion

This work demonstrates the implementation and valida-

tion of a model-based reconstruction for quantitative diffusion
imaging, representative for human knees. Especially for
pediatric applications, the possible reduction in imaging
time while maintaining ADC fidelity might further facili-
ructed form the fully-sampled central k-space only.

tate replacement of CA enhanced imaging. The presented
model-based reconstruction algorithm uses the well-known
diffusion related signal decay model to derive an estimate of
S0 and ADC from undersampled k-space data. For improving
the apparent quality of ADC maps, the use of an additional
regularization by TV has been shown.

Image phase is strongly dependent on the diffusion gra-
dient strength and differs between different b-values. Such
phase variations are difficult to consider during a model-based
reconstruction, since the cost function itself and therefore its
gradients (Eq. (5)) only yield real values. If not correctly
considered, phase inconsistencies result in poor outcomes
(supplement 4). In the proposed approach, such phase errors
were considered by the introduction of a phase operator to the
cost function.

The extraction of the phase information from undersampled
k-space data was facilitated by the introduction of an under-
sampling pattern, which includes a fully sampled block around
the k-space center. This allows the extraction of low-resolution
phase maps, which were proven sufficient to reconstruct ADC
maps without the loss of perceptible information, since the
phase varies smoothly over the diffusion weighted images as
shown in Figure 1.

Where reconstructions from the central block only yielded
a broadening of the cartilage structure, with the proposed
approach, acceleration factors of R  = 3.65 still yielded a
detailed reconstruction of the S0 image as well as the ADC
map. This can be appreciated in the ADC maps shown in
Figure 3 as well as in the resulting broadening of the cartilage
structure (Figure 4). A broadening of 5.9 pixels without using
the high-frequency data during reconstruction can be reduced
to below one pixel by adding the highly undersampled
high-frequency k-space information. In addition, no artifacts
were visible in the S0 or ADC maps as might be expected

due to the non-random undersampling pattern.

An advantage over pixel-wise computed ADC maps results
from the suppression of noise in areas with low SNRs in the
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Table 1
Mean ADC values from nine volunteers and standard deviations in the cartilage and muscle derived with different acceleration factors R  for
the model-based reconstruction (3000 iterations) with and without TV filter and for pixel-wise fitted maps.

Method R Muscle [10−3mm2/s] Cartilage [10−3mm2/s]
Mean Std Mean Std

Fully sampled (pixel-fit) 1 1.96 0.88 2.34 0.66

SENSE (pixel-fit) 1 1.60 0.46 1.68 0.17
2 1.60 0.48 1.66 0.20
3 1.53 0.60 1.64 0.39
4 1.09 0.60 1.01 0.33

Model-based without
TV

1 1.96 0.44 2.03 0.27
1.71 1.93 0.53 1.97 0.32
2.67 1.91 0.64 2.00 0.34
3.27 1.93 0.68 2.01 0.35
3.65 1.94 0.71 1.95 0.38

Model-based with TV
(λ = 0.2)

1 1.94 0.27 1.99 0.17
1.71 1.89 0.28 1.93 0.16
2.67 1.87 0.35 1.91 0.18

3.27 1.89 

3.65 1.90 

diffusion weighted images (Figure 3). This advantage arises
from Eq. (3), since the derivative of the cost function according
to ADC is proportional to S0. Due to this behavior, the car-
tilage appears clearly delineated in all ADC maps, which is
degraded in pixel-wise fitted maps due to their noise amplitude
in regions of low SNR.

Maybe even more important, quantitative ADC values
(Table 1) were not significantly dependent on R  with resulting
relative variation of less than 8% for all investigated under-
sampling factors, while for the SENSE-based reconstruction
with pixel-fit, a significantly larger variation, exceeding 25%
for R  = 4 was observed. The trend to lower ADC values with
the SENSE and model-based approaches is still unclear and
may need further attention.

Other groups like Bhagat et al.[26] have used SENSE-
reconstructed diffusion weighted images with accelerations
factors higher than 2. Pernicious reconstruction artifacts, such
as aliasing and structural noise enhancement were apparent in
the reconstructed ADC, thereby clearly limiting their use for
a qualitative or quantitative analysis.

Where the additional regularization by applying a TV filter
has no significant impact on the mean values in the two ROIs
of the ADC map, it was successfully applied to reduce the
standard deviation of the ADC in the investigated regions of
interest. The superiority of model-based DTI in comparison
to conventional Compressed Sensing has been shown for 3D
Cartesian trajectories by Welch et al.[17] and for radial trajec-
tories by Knoll et al.[18] Further Cartesian [15,16,19,21] (all

retrospectively undersampled) and even a PROPELLER [20]
readout have been reported demonstrating the advantages of a
model-based DTI reconstruction from two different b-values
for each direction. More details of published model-based
0.41 1.92 0.21
0.46 1.88 0.22

DTI reconstructions are presented in the supplemental
material (supplement 5). The presented approach uses six
b-values in combination with an undersampling pattern
that ensures coverage of each k-space line at least once
with different b-weightings. This could be combined in
a future work with an additional random undersampling,
thereby improving the possible performance for Compressed
Sensing, by furthermore enabling undersampling factors of
R ≥  4, as recently presented e.g. by Dong et al. [19].

In its current form, the technique has been shown for
EPI-like acquition schemes. The use of other non-Cartesian
acquisition schemes like radial or spiral may even be more
attractive due to the intrinsic oversampling of k-space as such
yielding higher flexibility in providing low-resolution data for
deriving the required phase information.

5 Conclusion

An iterative model-based reconstruction method for quan-
tification of the ADC, using a dedicated non-random
undersampling pattern, which enables the correction of phase
variations over multiple diffusion weightings, was presented
in this work. This model-based reconstruction has shown
the potential to reconstruct undersampled diffusion data of
knee joints with significantly improved data fidelity of the S0
image and the ADC maps, compared to the well-established
SENSE based pixel fit approach for undersampled k-space
data.
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