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A B S T R A C T   

The present study aimed to predict the envelope surfaces from facial morphology. Condylar en-
velope surfaces for 34 healthy adults were formed and simplified as sagittal section curves. 
Cephalometric and maximum mandibular moving distances measurement were performed on the 
participants. There was no statistically significant difference (p = 0.763) between the left and 
right maximum lateral movements. There was a statistically significant difference in the 
mandibular body length between the sexes. The envelope surfaces were divided into type 1 with 
Hp2 ≥ 1/3 Hp1 and type 2 with Hp2 < 1/3 × Hp1. SNA and SNB for type 2 were significantly 
greater than those for type 1 (p < 0.001). Therefore, the participants were divided into four 
groups based on gender and envelope surface morphology. The curves could be fitted using the 
second-order Fourier function (R-square ≥0.95). Six facial parameters were selected and a matrix 
was used to map facial morphology to the envelope surface. Individual sagittal curves were 
predicted using the matrix and facial parameters, and the envelope surface was predicted using 
the curve and the condyle model. Deviation analysis for the predicted envelope surface using the 
actual envelope as a reference was carried out (root mean square = 0.9970 mm ± 0.2918 mm). 
This method may lay a foundation for the geometric design of artificial fossa components of 
temporomandibular joint replacement systems. It may improve prosthesis design without flexible 
tissue repair and guide the movement of the artificial joint head.   

1. Introduction 

Temporomandibular joint (TMJ) is a complex joint of the human body, which includes the mandibular condyle, facet, disc, and 
ligament. TMJ movement is affected by its anatomical structure and the occlusal relationship. The concept of orofacial system has been 
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proposed to explain the complexity of TMJ movement [1]. Although TMJ movement cannot be observed directly, advancements in 
acquisition equipment and computers have allowed accurate, quantitative measurement of mandibular movements [2–9]. Several 
mathematical models and functional expressions have been established for the movement trajectory [10,11], establishing the future 
role of artificial intelligence in the medical field. Previous studies of the mandibular condylar process have investigated the range using 
condylar landmarks, but differences in landmark selection prevent the comparison of these results [12,13]. Besides, this method does 
not reflect the three-dimensional (3D) shape of the condylar process. We developed a method to analyze condylar movements in four 
dimensions using cone-beam computed tomography (CBCT) and movement recording data, with the conception of the condyle en-
velope surface, but this method requires further investigation [14]. 

Disturbances in the self-restoration of TMJ can lead to temporomandibular disorder (TMD), which causes pain, clicking, muscle 
tenderness, and limitation of mouth opening [15–18]. Although many researchers have investigated the TMJ through basic research 
and aimed to find end-stage options [19], there were few practically applicable results. Total TMJ replacement (TMJR) is a biome-
chanical treatment option for patients with end-stage TMJ disease [20–22]. The artificial TMJR system includes fossa and condyle 
components, but lacks the disc. The ideal total joint reconstruction should closely mimic the function of the original joint. There are 
two common TMJR systems available, standardized and personalized systems. Zimmer Biomet and TMJ Concepts have been approved 
by the United States Food and Drug Administration [23]. At present, there is no gold standard for the artificial TMJR systems. The 
ball-socket design is the most widely used type. Anatomically, the joint fossa is much larger than the condylar process, making the TMJ 
movement more flexible. The ball-socket design changes the action curve and limits the condylar movement. It has been demonstrated 
that the mandibular movements after TMJR are not ideal [24]. Postoperative follow-up of the existing total joint prostheses has 
revealed limited mandibular movements, with little translational movement of the joint head [25]. After unilateral joint replacement, 
maximum mouth opening is achieved with significant lateral deviation toward the implanted side [26] and increased load and 
displacement on the contralateral joint [24,27,28]. The importance of designing a fossa component that acts as a mechanical constraint 
and guide has been emphasized [29,30]. The envelope surface formed by condylar movement may improve the geometric design of the 
artificial fossa. 

Since end-stage TMD patients are unable to perform normal mandibular movements, the prediction of condylar movements is 
necessary. A statistical correlation between facial morphology and jaw movements has been reported in several studies [31–34]. 
Changes in mandibular movements after orthognathic surgery also indicate that facial morphology affects mandibular movements [35, 
36]. 

In this study, the condyle movement envelope surfaces and facial parameters for healthy adults were obtained. The envelope 
surfaces were simplified as sagittal section curves expressed by mathematical function, and classified according to the morphology. A 
method was proposed for predicting the shape of condyle movement envelope surfaces, based on the facial morphology and its 
effectiveness was verified. This study may improve the analysis of condylar movements and the design of the functional surfaces of 
artificial TMJ fossa. 

2. Materials and Methods 

2.1. Subjects 

This study was approved by the Bioethics Committee of Peking University School and Hospital of Stomatology, Beijing, China (No. 
Pkussirb-201947091). The inclusion criteria were: (1) no systemic diseases; (2) no facial asymmetry; (3) no history of maxillofacial 
trauma or surgery; (4) no orthodontic treatment history; (5) no history of TMJ discomfort (pain, clicking, or limited mouth opening) or 
treatment; (6) no abnormal habits (bruxism or clenching); and (7) complete dentition with a class I occlusal relationship. 

Each participant was clinically examined by three trained doctors independently. TMJ clicking, pain or restriction on opening, 
obvious deviation, and abnormal movements were recorded. Informed consent was obtained from all participants. 

2.2. Acquiring the envelope surface for condyle movement 

The participants underwent skull and mandible CBCT (NewTom VG, NewTom, Italy; voxel size = 0.3 mm, field of view = 16 × 16 
cm) in the maximum intercuspal position (ICP). The maxilla and mandible were separated in ProPlan CMF 3.0 (Materialise, Belgium) 
and reconstructed as 3D models with the data obtained by CBCT. 

The 3D morphological data and positional relationships between the upper and lower dentition were obtained in the ICP using the 
TRIOS 3 intraoral scanner (3Shape TRIOS A/S, Copenhagen, Denmark). Two splints were created to attach the anterior teeth in 
Geomagic Studio 2012 (3D Systems, Rock Hill, SC, USA) and printed using a 3D print machine (SHINO I; SHINO, China; nozzle 
diameter = 0.3 mm, thickness = 0.1 mm). Volunteers wearing splints with landmarks [14] performed mandibular border movements, 
including maximal opening, closing, protrusion, retrusion, and lateral movements to the left and right sides. The movement trajectory 
was measured at 120 Hz using the mandibular movement recording system PN300 with 0.01mm error (Fig. 1 (A)) [37]. 

Using the original positional relationship between the maxillary and mandibular models from the oral scanner, the mandibular 
model and mandibular movement trajectory were registered in the same coordinate system (Fig. 1 (B)). The mandible moved ac-
cording to the trajectory coordinates and the condylar positions at different times were recorded in Geomagic Studio. These were then 
merged into a single model to obtain the condylar movement envelope surface formed by the border movements (Fig. 1 (C)).  
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2.3. Simplification of the envelope surface to a two-dimensional curve 

The envelope surfaces were shaped as two peaks and the second peak was lower. The depression between the two peaks was below 
the articular tubercle. The condyle moves forward and downward from the ICP and crosses the lowest point of the articular tubercle 
and moves slightly upward, forming the two peaks [39]. Based on the similar morphology of the envelope surface and the formation 
process, we simplified it in the sagittal dimension. A line was drawn at the middle points of the two peaks (Fig. 1 (E)). The envelope 
surface was divided into halves by a plane passing through the line and perpendicular to the Frankfurt horizontal plane (FH plane). A 
curve was extracted from half of the envelope surface, called the sagittal section curve (Fig. 1 (F)). The points reflecting the main 
characteristics of the curve were selected and named feature points (Fig. 1 (G)). 

2.4. Cephalometric parameters 

The CBCT was imported into ProPlan CMF 3.0 and cephalometric measurements were obtained. The 3D cephalometric landmarks 
and morphological parameters are shown in Table 1 and Fig. 2. SPSS Statistics 24.0 software (IBM Corp., Armonk, NY, USA) was used 
for data analyses. 

3. Results 

3.1. Basic information of the research object 

Based on the inclusion criteria, 34 participants were included (mean age: 25.68 ± 2.71 years), including nine males (mean age: 
25.48 ± 2.95 years) and 25 females (mean age: 26.22 ± 1.92 years). 

3.2. Classification based on the morphology of the envelope surface 

The envelope surfaces were classified into two types. Type 1 (typical) showed an obvious second peak after the first peak, while 
type 2 (atypical) showed a relatively flat second peak. 

A new coordinate system was positioned as follows: (1) Determine the FH plane by the two orbitale points and the midpoint of 
porion points. (2) Determine a plane (plane 1) passing the middle points of the two peaks and perpendicular to the FH plane to divide 
the envelope surface into halves. (3) The simplified sagittal section curve was extracted according to 2.3. The line formed by the 
intersection of plane 1 and the FH plane was the X-axis, and the Y-axis was defined as perpendicular to the X-axis in plane 1. The first 
extreme point of the curve was the origin (point 1), the second extreme point was the lowest point between the two peaks (point 2), and 
the third extreme point was the highest point of the second peak (point 3). The height of the first peak was taken as the absolute 

Fig. 1. (A) Mandibular trajectory recording [38]. Volunteers wearing splints with landmarks performed mandibular border movements, including 
maximal opening, closing, protrusion, retrusion, and lateral movements to the left and right sides. 
(B) The registered model. Blue parts represent the reconstructed maxillary and mandibular models, yellow parts represent the dentition models, 
green parts represent the splints, and the points data indicates the trajectory. 
(C) The mandible moving according to the trajectory; right condylar movement is shown. 
(D) The condyle movement envelope surface. 
(E) The position of the sagittal section curve. 
(F) The morphology of half of the envelope surface and the extracted curve. 
(G) The feature points and the curve. (For interpretation of the references to colour in this figure legend, the reader is referred to the Web version of 
this article.) 
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Table 1 
Three-dimensional cephalometric landmarks and morphological parameters.  

Landmarks Definition 

Nasion (N) Point at bridge of the nose where the frontal and nasal bones of the skull meet 
Sella (S) Saddle-shaped, hollowed extension of the sphenoid bone 
Orbitale (O) Lowest point on the lower edge of the cranial orbit 
Porion (P) Highest point on the external auditory canal 
Condylion (Co) Highest point of the condyle 
Subspinale(A) Deepest point at the midline of the bony concavity below the anterior nasal spine 
Supramentale(B) Most posterior midline point above the chin on the mandible, between the infradentate and pogonion 
Menton (Me) Lowest point of the mandibular symphysis 
Gonion (Go) Midpoint of the mandibular angle between the ramus and corpus mandibulae 
FH plane A plane determined by the porions bilaterally and the midpoint of the orbitales 

Morphological parameters 

SNA Angle formed by sella-nasion-point A 
SNB Angle formed by sella-nasion-point B 
Mandibular width Distance between Go on the left and right sides 
Mandibular body length (L/R) Distance between Go and Me 
Menton angle Angle between Na–Me and FH plane 
Mandibular body angle Angle between Go-Me and FH plane 
Ramus height (L/R) Distance between Co and Go  

Fig. 2. (A) SNA, SNB, and mandibular body length. (B) Mandibular body and menton angles. (C) Mandibular width.  

Fig. 3. The shape of the envelop surface and sagittal section curve fitting for types 1 and 2.  
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difference between the Y coordinates of points 1 and 2; the height of the second peak was defined by points 2 and 3. In the typical type, 
the height of the second peak was (Hp2) ≥ 1/3 × height of the first peak (Hp1); while in the atypical type, the height was Hp2 < 1/3 ×
Hp1 (Fig. 3). The envelope surfaces were quantitatively divided into two types using this method. Based on this classification, 18 (14 
females and 4 males) and 16 (11 females and 5 males) cases were classified as typical and atypical, respectively. 

The classification was based on the envelope surface morphology and the shape of the sagittal curve. The qualitative classification 
was based on the envelope surface morphology, while the quantitative classification was based on the feature point coordinates. The 
aim was to group envelope surfaces according to their morphology to facilitate data processing. 

3.3. Cephalometric analysis and classification based on facial parameters 

The data for mandibular body length and ramus height were divided into the left and right sides. An independent sample t-test was 
performed for the left and right sides, but there was no statistical difference between the two sides (p = 0.357 and 0.232 for mandibular 
body length and ramus height, respectively). This indicated that the left and right sides were symmetrical for the participants of this 
study. The mean mandibular body length (85.2 ± 4.4 mm) and mean ramus height (62. ± 5.4 mm) were used for subsequent tests. An 
independent sample t-test was performed for the data based on sex (Table 2). There was a statistically significant difference in the 
mandibular body length between sexes, reflecting the size of the mandible. 

The maximum straight-line distances of the trajectory were measured. An independent sample t-test was performed for the left and 
right maximum lateral movements, and there was no statistically significant difference (p = 0.763). 

The SNA and SNB values, which reflect the relative sagittal positions of the maxilla and mandible to the skull base, respectively, 
were significantly different between the two types (p < 0.05). Both SNA and SNB for type 2 were significantly greater than those for 
type 1. There were no statistically significant differences in the remaining parameters. An independent sample t-test was performed to 
evaluate the statistically significant differences in facial parameters between males and females (Table 3). SNA was significantly 
greater for the type 2 group compared to type 1 among female participants. Among male participants, the mandibular body length was 
significantly smaller for type 1 than for type 2. There were no statistically significant differences in the remaining parameters. 

3.4. Classification based on the envelope surface’s morphology and facial parameters 

Based on the morphological differences in the envelope surfaces and cephalometric differences between the sexes, the envelope 
surfaces were divided into four categories: female typical, male typical, female atypical, and male atypical. 

3.5. Curve fitting and functional expression 

The sagittal section curves were imported into MATLAB (MathWorks, Natick, MA, USA) and displayed as spatial point coordinates 
(X, Y, and Z). According to Rodrigues’ rotation formula, function (1), the spatial point coordinates were transformed into plane point 
coordinates (X and Y) in MATLAB. 

eω̂θ = I + ω̂sin θ + ω̂2
(1 − cos θ) (1) 

The vertex of the first peak was defined as the original position. The transformed curve was rotated clockwise or counterclockwise 
to parallel the X-axis to the FH plane. The feature points of the curve, including the starting and extreme points, were marked as 
reference points for curve fitting. Several function forms were used to fit the feature points, including the Lagrange, polynomial, and 
Fourier functions. According to the adjusted R-square and the complexity of the function, the second-order Fourier function, con-
taining six coefficients, was chosen to fit the envelope curves. The expression of the mathematical model achieved good fitting effects, 
and the adjusted R-square was 0.95–0.99. The feature points on these curves could use a second-order Fourier function as shown in 
function (2). 

f(x)= a0 + a1 × cos(x×w) + b1 × sin(x×w) + a2 × cos(2× x×w) + b2 × sin(2× x×w) (2)  

3.6. Mapping relationship expressions 

Curve-fitting could be performed using a second-order Fourier function based on the selected feature points for each sagittal curve. 

Table 2 
Cephalometric parameter analysis and independent sample t-test for sex, the values are mean ± SD.  

Morphological parameter Total Female Male p 

SNA(◦) 82.4 ± 4.5 82.3 ± 4.7 82.6 ± 4.3 0.868 
SNB(◦) 79.5 ± 4.3 79.3 ± 4.6 80.0 ± 3.5 0.715 
Mandibular width (mm) 100.2 ± 8.5 96.7 ± 6.7 109.8 ± 5.1 0.683 
Menton angle (mm) 86.5 ± 2.5 86.1 ± 2.7 87.5 ± 1.5 0.138 
Mandibular body angle (mm) 23.1 ± 4.9 23.6 ± 4.7 21.6 ± 5.4 0.302 
Ramus height (mm) 62.3 ± 5.4 60.0 ± 3.6 68.7 ± 4.3 <0.001 
Mandibular body length (mm) 85.2 ± 4.4 83.7 ± 3.9 89.2 ± 2.9 <0.001  
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We standardized the point coordinates in each group to obtain the average feature points and performed curve-fitting using a second- 
order Fourier function to obtain the average function. 

Since the condyle morphology is usually abnormal or difficult to identify in patients who need TMJ reconstruction, facial 
morphological measurements were performed without condylar landmarks. We selected six face-type parameters (SNA, SNB, 
mandibular width, mandibular body length, menton angle, and mandibular body angle) based on previous studies, and calculated their 
average values [31–34,40–43]. The criteria for the six parameters were also obtained from previous studies. Pearson’s correlation 
analysis showed that the correlations between SNB and lateral mandibular movements, between mandibular body length and ante-
roposterior condylar diameter, and between mandibular body angle and envelope surface width were − 0.403, 0.367, and − 0.365, 
respectively. 

These morphological parameters constituted vector A, while the six coefficients of the second-order Fourier curve constituted 
vector B. Since the morphological parameters were related to condylar movement, a sixth-order matrix M was used to represent the 
mapping relationship between A and B (functions (3) and (4)). 

B=MA (3)  
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⎢
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⎢
⎢
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⎥
⎦

(4)  

3.7. Envelope surface prediction 

3.7.1. Individual sagittal curve prediction 
The matrix M calculated using A and B represents the mapping relationship between the morphology and the envelope surface 

sagittal section curve for each group. The curve function coefficients for an individual of a known type could be predicted using the 
individual’s morphological parameters and the matrix M for the type. 

An example using the vectors A (facial parameters) and B (function coefficients), and the calculated M for a female of type 1 is 
shown below. 

A= [80.14 77.86 95.89 83.41 23.76 86.22]T  

B= [ − 2.166 0.7934 0.9846 1.418 − 0.6501 0.237]T  

M=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

− 0.0047 − 0.0046 − 0.0057 − 0.0049 − 0.0014 − 0.0051
0.0017 0.0017 0.0021 0.0018 0.0005 0.0019
0.0022 0.0021 0.0026 0.0022 0.0006 0.0023
0.0031 0.0030 0.0037 0.0032 0.0009 0.0033
− 0.0014 − 0.0014 − 0.0017 − 0.0015 − 0.0004 − 0.0015
0.0005 0.0005 0.0006 0.0005 0.0002 0.0006

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

For a female of type 1 with the morphological parameters of SNA = 80.3◦, SNB = 75.4◦, mandibular width = 90 mm, mandibular 
body length = 80 mm, menton angle = 83.9◦, and mandibular body angle = 24.7◦, A’ = [80.3 75.4 90 80 83.9 24.7]T). Therefore, the 
prediction parameters for the curve function would be as follows: 

B’=MA’= [ − 2.0947 0.7673 0.9533 1.3713 − 0.6287 0.2292]T (5) 

The parameters were substituted into function (2) to obtain the prediction curve. The original sagittal curve and the prediction 
curve for this individual are shown in Fig. 4 (A). 

Table 3 
Independent t-test for cephalometric parameters for the two types, the values are mean ± SD.  

Morphological parameter Total Female Male 

Type 1 Type 2 p Type 1 Type 2 p Type 1 Type 2 p 

SNA (◦) 80.4 ± 3.7 84.6 ± 4.4 0.004 80.1 ± 4.1 85.0 ± 4.1 0.007 81.1 ± 2.2 83.8 ± 5.47 0.391 
SNB (◦) 78.0 ± 3.3 81.2 ± 4.7 0.023 77.9 ± 3.6 81.2 ± 5.1 0.068 78.3 ± 2.1 81.3 ± 4.1 0.359 
Menton angle (◦) 86.3 ± 2.5 86.6 ± 2.5 0.785 86.2 ± 2.8 85.9 ± 2.6 0.765 86.8 ± 0.8 88.1 ± 1.8 0.222 
Mandibular body angle (◦) 23.4 ± 5.5 22.8 ± 4.3 0.726 23.8 ± 5.5 23.5 ± 3.6 0.874 22.1 ± 6.0 21.3 ± 5.6 0.852 
Mandibular width (mm) 98.6 ± 7.7 101.9 ± 9.2 0.268 95.9 ± 6.0 97.8 ± 7.6 0.510 108.2 ± 5.6 111.0 ± 4.9 0.443 
Ramus height (mm) 62.1 ± 5.1 62.5 ± 5.9 0.811 60.1 ± 3.5 59.8 ± 3.9 0.836 69.0 ± 4.0 68.5 ± 5.0 0.895 
Mandibular body length (mm) 84.2 ± 3.3 86.2 ± 5.2 0.178 83.4 ± 3.3 84.0 ± 4.7 0.705 86.9 ± 1.5 91.1 ± 2.2 0.015  
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3.7.2. Envelope surface prediction 
Based on the predicted sagittal section curves, we predicted the morphology of the envelope surfaces. The condyle model and half 

of the envelope surface were imported into SolidWorks (SolidWorks Corp., Waltham, MA, USA). The condylar model was translated 
using point coordinates on the predicted curve. The point coordinates were taken at 1-mm intervals from − 2 mm to the apex of the 
second peak in the X-axis (Fig. 4(B)). The condylar models for all positions are shown in grey, while the actual envelope surface is 
shown in blue (Fig. 4(C)). 

The condylar models for all positions were imported into 3-Matic (Materialise), and the outer surfaces of the models were obtained 
by wrapping, which was the preliminary envelope surface. The preliminary envelope surface model was imported into Geomagic 
Studio, and the predicted envelope was obtained by enlarging it by 2 mm in the direction of the inner and outer diameters of the 
condyle based on our previous research [44]. Deviation analysis for the predicted envelope surface using the actual envelope as 
reference was 0.9970 ± 0.2918 mm. An example of the deviation analysis is shown in Fig. 4 (D). 

4. Discussion 

Previous mandibular condylar process analyses have used condylar landmarks, but inconsistencies in the selection criteria for 
landmarks prevented the comparison of these results [12,13]. In addition, this method does not reflect the 3D shape of the condylar 
process. Koolstra et al. [45] first introduced the concept of envelope surface and studied the envelope surface of incisor movements to 
evaluate the effects of temporomandibular ligaments and passive tension of the muscles on the envelope. We developed a method to 
analyze condylar movements in the four dimensions using CBCT and movement data. The concept of envelope surface was first 
proposed in the studies of condylar movement [14,46]. Huang’s method was used to further investigate this in the present study. In 34 
healthy adults, the envelope surface showed two peaks, consistent with the Huang study [46]. The morphology of the two-peak was 
related to the condylar movement during mandibular border movements. When the mandible opens and protrudes from the ICP, the 
condyle moves forward and downward, forming the first peak. Thereafter, the condyle moves slightly upward, which forms the second 
peak. 

In recent years, mathematical expressions have been increasingly used in medical research [10,38,47–53]. Shang et al. established 
the functional models for cleft palate patients [47], while Wellens applied these functions to analyze mandibular arch forms in mixed 
dentition patients with crowding [49]. The envelope surface reflects the outer 3D shape of the condylar movement. Although the 
geometric morphology of the envelope surfaces showed some similarities, there were still significant individual differences compared 
to the corneal surface [48,54] and semicircular canals [50]. Therefore, it is difficult to mathematically express the geometric 
morphology of envelope surfaces. In a study of mandibular movements, Shu et al. used different functions to analyze condylar tra-
jectories [10], but the study used point landmarks instead of the 3D condyle and could not complete a single function to express the 
condylar trajectory. We simplified the 3D envelope surface into a sagittal section curve based on the morphology. The present study 
showed that a second-order Fourier function could realize the mathematical fitting, retaining the essential characteristics of the 

Fig. 4. (A) Original curve (blue), predicted curve (red), and feature points (purple). 
(B) Translation of the condylar model. 
(C) The actual envelope surface (blue) and the condyle models for all positions. 
(D) Deviation analysis of the predicted and actual envelope surfaces. (For interpretation of the references to colour in this figure legend, the reader is 
referred to the Web version of this article.) 
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sagittal curve. In contrast with using points to record condylar trajectories, we focused on the 3D morphological characteristics of the 
condylar movement. After summarizing the morphological characteristics of the envelope surfaces, we simplified them to sagittal 
section curves and realized the mathematical expression for these curves. The fitted curve and associated parameters may be easier to 
use for pattern recognition for future artificial intelligence. Furthermore, mathematical formulas could provide clear functional in-
formation about the sagittal shape of the condylar envelope surfaces for subsequent analyses, such as machine learning. 

TMJR is a biomechanical treatment option for end-stage TMD patients [20–22]. Most artificial TMJR systems use a ball-socket 
design, which cannot replicate the normal TMJ function. Ramos et al. [27] studied the effects of unilateral total TMJR on the 
contralateral joint, and suggested that placing an implant on one side affected the load distribution, particularly on the opposite side. 
Xu et al. [55] used the finite element method to analyze the mechanical responses of different prosthesis models, and found that the 
total TMJ prosthesis changed the biomechanical balance of the TMJ bilaterally. The articular head of the condylar component of the 
Melbourne prosthesis [56] has a circular and slightly flattened design to facilitate greater translation during mastication, while the 
fossa concavity is hemispherical to match the condylar head, aiming to allow condylar translation. Based on the finite element analysis 
of unilateral joint replacement, Pinheiro et al. [29] found that the movement distances of the prostheses during opening, protrusion, 
and lateral movements were greater than those for the contralateral natural joints. This suggests that any new TMJR design must 
consider the stability of condylar process during functional movements. Zhang et al. [57] analyzed the articular bone structure in 448 
normal computed tomograms, and designed personalized prostheses similar to the bone structure. However, the personalized total 
joint prostheses showed asymmetric mandibular movements and limited lateral movements [58]. During 1–2 years of follow-up in 
patients who underwent unilateral TMJR using this system, 25% complained of discomfort due to excessive contralateral joint 
movements [59]. Our previous studies indicated that the 3D morphology of condylar movement may be used to design the artificial 
fossa [14,60]. The envelope surface may guide the movement of the condylar process. We also found that the downward angle of the 
envelope surface was not coincident with the posterior slope angle of the articular tubercle, indicating that the bony structure of the 
fossa could not be used as a guide for the movement of the artificial joint head in the absence of a disc [39]. Furthermore, it was also 
demonstrated that the condylar envelope surface could be used for the artificial fossa design [14,60]. Based on our previous studies, a 
more physiologically compatible TMJR system needs to be investigated, both geometrically and in terms of materials. The purpose of 
studying the envelope surface is to provide a foundation for the geometric design of the functional artificial joint fossa component, 
which may guide and support the movement of the joint head in the absence of the articular disc. 

Patients with end-stage joint diseases, such as TMJ tumors and ankylosis, often have restricted mouth opening, which precludes the 
use of Huang’s method to obtain the condylar motion envelope for artificial joint design [46]. Mandibular movement is closely related 
to the bone structure, muscles, and ligaments. The relationship between facial morphology and mandibular movements [31,34,42,61], 
and that between the 3D cephalometric parameters and condylar movements, have been investigated previously [32]. Facial 
morphology includes soft and hard tissues; the measurements for bones are more accurate and reproducible than those for soft tissues. 
Some previous studies have demonstrated that mandibular movement may be related to facial morphology. Therefore, the present 
study explored the relationship between facial morphology and the condylar envelope. Since the TMJ patients who require TMJR may 
lose reliable measurement landmarks due to factors, such as tumors and trauma, the present study selected six facial parameters, 
including SNA, SNB, mandibular body length, mandibular width, mandibular body angle, and menton angle. SNA and SNB reflect the 
sagittal anteroposterior relationship of the maxilla and mandible with the skull. Mandibular body length and width reflect the size of 
the mandible. The mandibular body angle reflects the relationship of the mandible with the FH plane, while the menton angle reflects 
the anteroposterior facial orientation relative to the FH plane. None of these parameters require joint-related measurement landmarks. 
Kim et al. investigated the mandibular movements and facial parameters obtained using 3D cephalometric measurements, and found 
that SNA, SNB, and mandibular body length correlated positively with the condylion [61]. Farella et al. investigated the relationship 
between vertical morphology and sagittal mandibular movement, and concluded that the opening-closing angle and mandibular body 
angle were inversely correlated [33]. The 3D cephalometric data for healthy adults in the present study agreed with those reported 
previously [61,62]. 

Zhang et al. [63] established a covariance matrix to describe the differences between sample and average crown models and to 
design personalized anatomical morphology for each tooth. Since the facial parameters and function expression parameters were two 
separate datasets and could be related, the matrix was used to express the mapping relationship between facial parameters and the 
envelope surface. The volunteers were divided into four groups according to sex and envelope morphology to achieve higher similarity 
within groups. We obtained the matrix mapping from facial morphology to the sagittal section curve using the calculated averages. 

The preliminary predicted envelope surface model could be obtained by moving the condyle model along the curve. In a previous 
study, we found that the mediolateral diameter of the envelope surface was approximately 2 mm greater than the mediolateral 
diameter of the condyle [44]. Therefore, the preliminary model was enlarged to obtain the predicted envelope surface. 

The deviation analysis indicated that the method could predict the envelope surfaces and the sagittal section curve could represent 
its main morphological characteristics to a certain extent, so the final predicted envelope surface may be obtained using the prediction 
curve. The method proposed in this study could predict individual envelope surfaces and provides a foundation for future research on 
envelope surfaces and artificial TMJR fossae. 

In this study, the morphology of the condylar movement envelope surface was classified, simplified, and quantified to obtain a 
mathematical function expression. The matrix could represent the mapping from facial morphology to the condylar envelope surface of 
the healthy adults in northern China. The predicted sagittal section curve for the envelope surface was combined with the cephalo-
metric parameters within groups through the matrix, which expressed the mapping relationship between facial parameters and the 
envelope surfaces. A combination of the predicted curve and the condylar model was used to predict the envelope surface. We further 
classified the envelope surfaces based on our previous study [14]. The mathematical function expression may be beneficial for the 
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integration of medicine and engineering in future studies of TMJ. The present study may provide a theoretical basis for understanding 
condylar movements and the geometric design of the artificial fossa component of TMJR systems. 

The limitations of this study were the relatively small sample size and standard facial morphologies of the participants. We were 
unable to accurately determine the group of an individual using facial parameters alone, and the significance of each facial parameter 
requires further investigation. As this was an exploratory study using mathematical methods for envelope surface prediction, it may 
provide a basis for future TMJ studies. To verify the accuracy of this prediction method, further multicenter studies with larger samples 
are required. Furthermore, the envelope surface needs to be validated for use in designing the artificial fossa component matched to the 
artificial head. The feasibility and usability of the TMJR system need to be validated in future studies. 

5. Conclusions 

The envelope surfaces in healthy adults have a two-peak shape, which can be classified into type 1 (Hp2 ≥ 1/3 Hp1) and type 2 (Hp2 
< 1/3 × Hp1) according to the height ratio of these two peaks. There was a statistically significant difference in the mandibular body 
length between the sexes. SNA and SNB for type 2 were significantly greater than for type 1 (p < 0.001). Therefore, the participants 
were divided into four groups based on sex and envelope surface morphology. 

The second-order Fourier function containing six coefficients could be used to describe the sagittal curve mathematically with the 
adjusted R-square ≥0.95. The function can be predicted based on the facial morphology using matrix mapping from cephalometric 
parameters. Based on the predicted curve and condylar process model, individualized envelope surfaces can be predicted. Deviation 
analysis for the predicted envelope surface using the actual envelope as a reference was carried out (root mean square = 0.9970 mm ±
0.2918 mm). 

This method provides the foundation for future research and development in the medical and engineering fields. It may be used to 
design individualized geometric functional surfaces of the artificial fossa components of TMJR systems. This would support the 
movement of the joint head in the absence of the articular disc to achieve physiological mandibular movements. 
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