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In the present paper, resonance characteristics of the vapor bubble oscillating in an acoustic field are investigated
analytically. The analytical solution of the non-dimensional perturbation of the instantaneous bubble radius
during the transient process in the initial oscillation stage is explicitly obtained and physically analyzed at the
resonance situation based on the Laplace transform method. And the typical oscillation behaviors obtained from
the analytical solution are thoroughly exhibited and analyzed in the time and frequency domains. In addition, the
corresponding oscillation behaviors at the non-resonance situation are also investigated for the purpose of
comparisons. Through our investigation, several essential conclusions can be drawn as follows: (1) The analytical
solution of the non-dimensional perturbation of the instantaneous bubble radius can be divided into four terms
according to the physical meaning. Among them, it is the term related to the acoustic field that causes the
progressively violent bubble oscillation. (2) The vapor bubble with a smaller equilibrium radius could respond
faster and more significantly to the acoustic field during the oscillation. (3) The bubble oscillation characteristics
always exhibit significant differences at the resonance and non-resonance situations in both the time and fre-
quency domains, even if the difference between the natural frequency of the oscillating vapor bubble and the
angular frequency of the acoustic field is greatly small.

bubbles driven by acoustic fields.

During the oscillating process of the vapor bubble, the volume and
temperature in the bubble are constantly changing, resulting in the
vapor pressure in the bubble always changing between the supersatu-

1. Introduction

Vapor bubbles exist in natural environment and production exten-
sively, which have a wide range of applications. Generally speaking,
vapor bubbles play an important role in chemical change [1,2], ultra-
sonic cleaning [3,4], ultrasonic enhanced boiling heat transfer [5-7] and
other scenarios. In the above application, the resonance situation of
vapor bubbles is regarded as an important working condition frequently
[8], which is always employed to greatly enhance the cavitation in-
tensity and increase the degree of liquid turbulence [9,10]. Specifically,
in the ultrasonic cleaning field, the cleaning effect can be significantly
improved by applying the ultrasonic with frequencies near the reso-
nance frequency of vapor bubbles [11]. And in the medical field, the
resonance characteristics of intravascular microbubbles can be
employed for ultrasonic diagnosis of specific targets [12]. Therefore, it is
necessary to investigate the resonance characteristics of the vapor
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rated and undersaturated. Therefore, during this process, the evapora-
tion and condensation processes always occur on the bubble surface,
which is one of the main differences between the vapor bubble and gas
bubble dynamics. Due to the condensation rate is limited, it is always
difficult to keep up with the decrease rate of the bubble volume, and the
vapor in the bubble would behave like a non-condensable gas last stage
[13]. This non-equilibrium condensation effect could buffer the collapse
process and significantly affects the dynamic behaviors of the vapor
bubble. Fujikawa et al. [13] systematically investigated the evaporation
and condensation processes at the vapor-liquid interface of the vapor
bubble by assuming that there is a thin and finite non-equilibrium region
at the phase interface. In this region, the phase transformation process
continues, and the transformation rate can be expressed according to the

E-mail addresses: gaodan@ncepu.edu.cn (D. Gao), yuning.zhang@foxmail.com (Y. Zhang).

https://doi.org/10.1016/j.ultsonch.2022.106275

Received 13 October 2022; Received in revised form 5 December 2022; Accepted 19 December 2022

Available online 21 December 2022

1350-4177/© 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-

nec-nd/4.0/).


mailto:gaodan@ncepu.edu.cn
mailto:yuning.zhang@foxmail.com
www.sciencedirect.com/science/journal/13504177
https://www.elsevier.com/locate/ultson
https://doi.org/10.1016/j.ultsonch.2022.106275
https://doi.org/10.1016/j.ultsonch.2022.106275
https://doi.org/10.1016/j.ultsonch.2022.106275
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/

X. Wang et al. Ultrasonics Sonochemistry 92 (2023) 106275
Nomenclature situation
)Ncn-up the upper oscillation envelope at the non-resonance
Roman letters situation
Col Ellie ;(p)()emﬁc heat of the liquid at the constant pressure (J/ Xe-low the lower oscillation envelope at the resonance situation
g ~ S s

D, the thermal diffusivity of the liquid (m2/s) xf-up the upper oscillation envelope at the resonance situation
hyy the latent heat of the liquid vaporization (J/kg) Nn_up the derivative of JNcn.up with respect to the time (s™1)
Do the ambient pressure (Pa) ~ L ~ . . 1
s the pressure amplitude of the acoustic field (Pa) Xyoup the derivative of x;-,, with respect to the time (s™)
Dv the pressure of the vapor inside the bubble (Pa) AXy/r-yp  the non-dimensional difference between Xymyp and Xp-up
R the instantaneous vapor bubble radius (m)

; . L . . Greek letters
R the first derivative of R with respect to the time (m/s) S . 3

. b d derivati £ R with t to the time (m/s%) /)1 the liquid density (kg/m~)
ﬁ Ehe secc??b .er1vl.';1 1];/;0 de1 (re;spec 0 the tme {m/s Py the density of the vapor inside the bubble (kg/m®)

0 € equilibrium bubble radius {(m the surface tension coefficient (kg/sz)
s the 1f1dependent variable in the complex field . an integral variable (s)

tﬁe time (.S) ional ti ® the angular frequency (s™)
t the non-.chmenswna time o the natural frequency of the oscillating vapor bubble (s~1)
To tﬁe amble.nt ten}pethure (K; . Fihe i Wa the angular frequency of the acoustic field (s™1)
X ]t) e;glcm-dilr'nensmna perturbation of the instantaneous Wy the resonance frequency of the oscillating vapor bubble

ubble radius -1
(s

. . . . . —2
X the ée.cc.)nd derivative of x with respect to the time (s™“) . the non-dimensional @
Xo tﬁe %n%t%a} va}ue Oﬁ)f Y Awx the non-dimensional difference between w, and w,
Xo the initial value of x (s~
Xn the non-dimensional perturbation of the instantaneous Subscript

bubble radius at the non-resonance situation 7 the symbol of the Laplace transform operation
Xy the non-dimensional perturbation of the instantaneous * the symbol of the convolution operation
bubble radius at the resonance situation

JNcn.low the lower oscillation envelope at the non-resonance

classic expression proposed by Schrage [14].

In the existing literature, the research on the resonance of the vapor
bubble mainly focuses on its nonlinear oscillation characteristics during
the steady state stage of the oscillation. And considerable progress has
been made in the research, such as the oscillation curve and frequency
response. To be specific, Lauterborn [15] investigated the nonlinear
oscillation response curve of vapor bubbles in the incompressible liquid
and summarized the characteristics of main resonance, harmonic reso-
nance, subharmonic resonance and ultra-harmonic resonance during the
oscillation. Zhang and Li [16] studied the nonlinear oscillation of bub-
bles under the dual-frequency acoustic excitation and found that bub-
bles have two special resonance forms (i.e. of combination resonance
and simultaneous resonance) under the dual-frequency excitation. And
Hao and Prosperetti [17] found that there are two resonance radii and a
limit bubble size during the nonlinear bubble oscillation at the given
amplitudes and frequencies. Furthermore, Hegedts et al. [18] studied a
dual-frequency driven single spherical bubble, and exhaustive analyzed
the effects of the pressure amplitude, frequency, phase shift between the
two harmonic components and the bubble size. And it is found that for a
relatively low active cavitation threshold, the application of the giant
response combined with the main resonance can significantly increase
the bubble collapse strength. In addition to the above regular resonance
properties of the bubble caused by the external acoustic field, the
parametric resonance properties of the bubble induced by the vibrating
fluid have also been discussed. The parametric resonance obviously
differs from the regular resonance as it is always linked to the phe-
nomenon of the bubble instability. Specifically, based on the parametric
resonance theory, Nabergoj and Francescutto [19] obtained the radial
motion amplitude and pressure amplitude threshold of the bubble
spherical instability. Lyubimov et al. [20] found that the vibrating fluid
could cause coupled oscillations of two neighboring modes. Meanwhile,
viscous effect would cause a shift in the non-zero threshold and fre-
quency of resonance excitation and could expand the resonance region.

On this basis, Konovalov et al. [21] further developed a rigorous method
based on the multiscale method to study the viscous effect on the
parametric resonance, and revealed the relations governing the reso-
nance modes evolution around the instability excitation threshold.

In addition, in order to further obtain analytical expressions of
important oscillation characteristic parameters of the vapor bubble, the
research on the linearized bubble wall motion equations has also made
some progress, mainly focusing on the natural frequency of the vapor
bubble. Specifically, Khabeev [22] derived two natural frequencies and
two resonance dimensions for the vapor bubble oscillating in a certain
range of acoustic field frequencies. Prosperetti [23] established a rela-
tively complete linearized oscillation model for the vapor bubble oscil-
lating in the acoustic field, and obtained the explicit expression of the
natural frequency based on the model. And Zhang and Lin [24] obtained
the resonance frequency of the bubbles in the cylindrical bubble group
according to the linearized bubble wall motion equations, and further
analyzed the influence of several essential parameters on the resonance
frequency of the cylindrical bubble group.

However, the research on the transient process in the initial stage of
the vapor bubble resonance is relatively scarce in the previous work.
Specifically, the detailed evolution process and its physical mechanism
of the instantaneous radius of the vapor bubble have not been fully
explored and discussed. And the exact difference between the bubble
oscillation at the resonance and non-resonance situations, as well as the
analytical reasons for the difference have not yet been clearly revealed.
Therefore, the linearized bubble wall motion equations of the vapor
bubble are greatly worth to be further solved analytically at the reso-
nance situation to reveal the resonance characteristics.

In order to obtain the analytical solution of the vapor bubble at the
resonance situation, several solution methods for solving linearized
bubble wall motion equations are briefly introduced and evaluated here.
Firstly, the method of complex variable function is one of the most
popular mathematical methods for solving linearized equations due to
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its simplicity. And it has been widely employed to solve the linearized
bubble wall motion equation [25,26]. Nevertheless, this method is not
always satisfactory especially at the resonance situation. Specifically
speaking, when the bubble oscillation damping is small enough to be
ignored, the method cannot obtain the correct bubble resonance oscil-
lation curve due to the existence of singularities. Then, to solve the
analytical solution at the resonance situation, another solving method
based on the Laplace transform is introduced as follows. In general,
Laplace transform is a common transformation method in engineering,
which can solve ordinary differential equations of arbitrary order with
constant coefficients [27]. For example, the Laplace transform method
has been widely employed in automatic control [28,29], electrical en-
gineering [30] and environmental engineering [31]. For the specific
comparison between the Laplace transform method and the complex
analysis method, readers can refer to Appendix I.

In the present paper, based on the linearized bubble wall motion
equations and the Laplace transform method, the resonance character-
istics of the vapor bubble oscillating in the acoustic field are exhaus-
tively investigated in the time and frequency domains. And the
corresponding oscillation characteristics at the non-resonance situation
are also analyzed for the purpose of comparisons. The whole paper is
organized as follows: In Section 2, the analytical solutions for the line-
arized bubble wall motion equations at the resonance and non-
resonance situations are obtained respectively. In Section 3, the cor-
rectness of the analytical solution is verified numerically. In Section 4,
the oscillation characteristics of the non-dimensional perturbation of the
instantaneous bubble radius are analyzed at both the resonance and non-
resonance situations. In Section 5, the oscillation characteristics at the
resonance situation and the non-resonance situation near the resonance
frequency are further compared. In Section 6, the main conclusions of
the present paper are summarized. In Appendix I, the comparison be-
tween the Laplace transform method and the complex analysis method
are discussed. In Appendix II, bubble oscillation characteristics at
standing acoustic wave condition are exhibited. In Appendix III, the
graphical method to find the resonance frequency of the vapor bubble
are introduced. And In Appendix IV, the oscillation envelopes at two
situations are derived and shown.

2. Theoretical model

In this section, the critical equations and the specific solving pro-
cedures are exhibited in detail. Particularly, in Section 2.1, the basic
bubble wall motion equations of a single spherical vapor bubble driven
by an acoustic field are introduced. In Section 2.2, the general proced-
ures of the Laplace transform method to solve the linearized bubble wall
motion equations are derived. Furthermore, in Section 2.3 and 2.4, the
analytical solutions of the non-dimensional perturbation of the instan-
taneous bubble radius at the resonance and non-resonance situations are
revealed respectively.

2.1. Bubble wall motion equations

For the oscillation of a single spherical vapor bubble driven by a
single-frequency acoustic field, if the compressibility and the viscosity of
the liquid are small enough to be neglected, the bubble wall motion can
be expressed by the classical Rayleigh-Plesset equation [32]. Moreover,
the bubble size is considered to be much smaller than the wavelength of
the acoustic wave, and the spatially inhomogeneous part of the acoustic
pressure around the bubble is negligible for both the simple sinusoidal
wave and the standing acoustic wave. In the subsequent analysis, the
condition of the simple sinusoidal wave is considered emphatically. For
the condition of the standing wave, readers can refer to Appendix II. On
this basis, the bubble oscillation can be described as follows [32]:
RB+ §R2 _ Pex (R, 1) — (1) 1

2 P
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where

2
Pext(R, 1) = py — Eo- (2
Ps(t) = po + pasin(@a?) 3

Here, R is the instantaneous vapor bubble radius. R is the second
derivative of R with respect to the time. R is the first derivative of R with
respect to the time. p, is the liquid density. p, is the pressure of the vapor
inside the bubble. ¢ is the surface tension coefficient. p, is the ambient
pressure. p, is the pressure amplitude of the acoustic field. w, is the
angular frequency of the acoustic field. t is the time.

Since the small-amplitude oscillations of the bubble in the early stage
of oscillation are mainly focused in the present paper, the complex
nonlinear phenomenon is out of consider. And further ignoring the
oscillation dissipation, Eq. (1) can be linearized as follows [23]:

Ftawpx=f 4)
where
R-R,
x= R 5)
Pa .
f=- sin(w,t) 6)
/)1R(2)

Here, x is the second derivative of the non-dimensional perturbation
of the instantaneous bubble radius with respect to the time. w, is the
natural frequency of the oscillating vapor bubble. x is the non-
dimensional perturbation of the instantaneous bubble radius (referred
to as the non-dimensional radius for short). Ry is the equilibrium bubble
radius. To closed the model, the expression of the natural frequency
applying to the vapor bubble is introduced as follows [23]:

1 2,
w=—0(5-22 @)
PR; Ry
where
212 p? w.R2)2D,)"
S = lvpv (1 0/ 1) (8)

= 2t L
Picto (Ma)aRg/ZDl + 1) + @,R2/2D,

Here, hy, is the latent heat of the liquid vaporization. p, is the density
of the vapor inside the bubble. c; is the specific heat of the liquid at the
constant pressure. T, is the ambient temperature. D; is the thermal
diffusivity of the liquid. For the linearized equation with the damping,
readers can refer to Appendix I.

2.2. General solving procedures

In the present paper, the Laplace transform method is selected to
solve the linearized differential bubble wall motion equations shown in
Eq. (4). When solving differential equations, the general procedures of
the Laplace transform method are as follows. Firstly, Laplace transform
is employed to change the given differential equation into algebraic
equation. Secondly, the algebraic equation is solved and the result is
factored. Then the inverse Laplace transform of the result of the
factorization is carried out. Lastly, the convolution operation of the non-
homogeneous part of the differential equation is carried out and the
solution of the differential equation can be obtained. Whether at the
resonance or non-resonance situation, the corresponding analytical so-
lution can be obtained as long as the above procedures are followed. And
the difference between them only reflected in the forms of the integrand
in the convolution. Therefore, the Laplace transform method can be
advisably employed to solve the analytical solution of the vapor bubble
driven by an acoustic field at both the resonance and non-resonance
situations. Next, the general solving process will be shown as follows.
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Firstly, by taking the Laplace transform on Eq. (4), one can obtain:
i+ wix} = Z{f} )
Here, .~ is the symbol of the Laplace transform operation. And the
independent variable of the function L{} is s which is in the complex
field. According to the law of the linearity of the Laplace transform [27],
Eq. (9) can be transformed into:
i+ oy 2 {x} = Z1{f} (10)
Then, applying the differential law of Laplace transform [27], Eq.
(10) can be organized as follows:
S L{x} — xos — X + 03 L{x} = Z{f} an
Here, x, and X, are the initial values of x and x respectively. And the

solution of Eq. (11) is

<A}

s2 + wj

Xo8 + Xo

St = s>+ o}

12)

Subsequently, by factoring Eq. (12), one can obtain:

X

Iy =7 (

1 1 )
—+ -

s—1wy s+ 1wy

%o 1 1
f — 13
' 2iw, <s —iwy s+ ia)()) as
‘ Z{f} 1 1
" 2iwy \s—iwy s+ iwg

According to the exponential and linearity law of the Laplace
transform [27], Eq. (13) can be transformed into:

9= e o)

+ y{zf((;o (eimur _ efi(uor) } (14)
+“(/{f}y{21w (eimor _ e—im(\t) }
]

Furthermore, relying on the convolution and linearity law of the
Laplace transform [27], Eq. (14) can be expressed as follows:

) eim(,t + e—imor ) ei([?()f _ e—imor eimor _ e—im(\t
{x}= & {xo Xo

2 21600 f 21&)0
a1s)
Here, “*” is the symbol of the convolution operation. Due to the
uniqueness of the Laplace transform [27], the Laplace transform oper-
ation symbol in Eq. (15) can be directly removed. One can obtain:
eiwgt + e—i(uot eiwot _ e—iwgr eiwm‘ _ e—i(ugr

¢ 1
) + X Zion +f* Zion (16)

X = Xo

Moreover, according to the Euler’s formula [27], e*“ot = coswot +
isinwyt can be established. Hence, Eq. (16) can be transformed into

sinwyt

X = X0-COSWot + —>-sinwot + f * 17)
[

Wy

Finally, by taking the convolution operation on the last term in Eq.
(17), and combining Egs. (6) and (17), the result can be obtained as
follows:

T !
Xo . p. 1
X = Xo-COSwot + —sinmgt — ——5 —

sinw, T-sinwy (t — 7)dt (18)
(o le?, @y Jo ¢ o )

Here, 7 is an integral variable. And Eq. (18) is the general analytical
expression of the dimensionless radius of the oscillating vapor bubble.
For the solution of the linearized equation with the damping, readers
can refer to Appendix L.
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2.3. Analytical solution at resonance situation

At the resonance situation, the relationship between w and w, is
Wy = W, (19)

And the value of w, at this situation can be called the resonance
frequency of the oscillating vapor bubble, which is defined as a new
parameter ,. According to Eq. (7) and (8), w, varies with w,, so the
resonance frequency w, can be solved approximately by using the
graphical method. For the specific solution process and the values of ,
corresponding to the different equilibrium radii Ry, readers can refer to
Appendix IIL.

At this situation, according to the product-to-sum identity of the
trigonometric functions, one can obtain:

1
sinw, 7-sinwy (t — 7) = 3 [cos(2m,T — w,t) — cosw,] (20)

Then bring Eq. (20) into Eq. (18) and representing all @, as w,, the
resonance solution of the vapor bubble oscillating in the acoustic field
can be expressed as follows:

Xe =X X2 + X3+ Xy, @9 =D, (21)
where
Xy = Xo-COSW,t (22)
Xp = &sina}at (23)
w'd
Pa Sinw,t
B = — 24
=R 20 @9
Da tcosw,t
Xy = (25)
) ARG 20,

Here, x; is the non-dimensional perturbation of the instantaneous
bubble radius at the resonance situation (referred to as the non-
dimensional radius at the resonance situation for short).

Egs. (21)-(25) shows the resonance solution x; consists of four terms
with the different and clear physical meaning. Among them, the first
term Xy is determined by the initial non-dimensional perturbation of the
bubble radius. The second term is determined by the initial change rate
of the non-dimensional radius. And the last two terms x;3 and x4 are
both mainly related to the amplitude and the frequency of the acoustic
field. Nevertheless, the difference between x;3 and x4 is still significant.
Comparatively, x;3 is bounded, while x4 is unbounded. For x4, its
amplitude is a function of the time t and will continuously increase over
time. Predictably, the amplitude of x;4 will be much larger than the
other three bounded terms when the oscillation time is large enough.
Hence, it can be considered that x4 is the root cause of the violent
oscillation of the vapor bubble.

2.4. Analytical solution at non-resonance situation

Corresponding to Section 2.3, the analytical solution at the non-
resonance situation is introduced in this section. At this situation, the
relationship between wy and w, is

Wy # 0, (26)

According to Egs. (7) and (8), the natural frequency w, cannot be
equal to the resonance frequency w, at this situation.

Similarly, at this situation, according to the product-to-sum identity
of the trigonometric functions, one can obtain

1
sinw,7-sinwy (t — 7) = 3 [cos((@, + wo)T — wot ) — cos((w, — @o)T + wot) |

27)
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x1073
8

T T T
Analytical reslut

R,=10%m

------- Numerical reslut ]|
] _

1 " 1 L 1

0.0 0.1 0.2 0.3 0.4
t (ms)

Fig. 1. The comparison between the analytical and the numerical results. The
red solid and blue dash lines refer to the analytical results from Eq. (46) and the
numerical result from the Keller-Miksis equation. xo = 0.005, xo = 500 s™!.
Rop =107% m.

Bring Eq. (27) into Eq. (18), the non-resonance solution of the vapor
bubble oscillating in the acoustic field can be expressed as follows:
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Xo .
Xpp = —Sinwgt (30)
@o

Pa Sinw,t + sinwoyt
PRG 200 (0, + @0)

(3D

Xn3 =

_ Pa sinw,t — sinwgt
MRS 200(0, — ax)

Xn4 (32)
Here, X, is the non-dimensional perturbation of the instantaneous

bubble radius at the non-resonance situation (referred to as the non-

dimensional radius at the non-resonance situation for short).

Eq. (28) shows the non-resonance solution x;, also composed of four
terms. Among them, the first three terms in x, is basically the same as
those in the resonance solution x; in terms of the form and the physical
meaning. And the fundamental difference between the two situations is
mainly reflected in the fourth terms of x; and x,. For x,4 at the non-
resonance situation, its essence is the sum of the two trigonometric
functions with a bounded and constant amplitude. However, for the non-
resonance situation near the resonance situation, the value of x,4 can
reach considerable large. To be specific, the effects of x,; and x, are
relatively small, and the amplitude of x,4 is much larger than xys,
because |, + wo| is always much larger than |w, — wo| in Egs. (31) and
(32) at this situation. And it is foreseeable that the closer w, and wg are,
the more dominant x,4 is and the larger amplitude of the non-
dimensional radius can reach.

3. Numerical verification

Ko = Xt Xap X3+ Xeg o F Da (28) In this section, the analytical results obtained in Section 2 are veri-
fied numerically based on the Keller-Miksis equation for the vapor
where bubble [33]. And in order to close the Keller-Miksis equation model, the
Xl = Xo-COSWot (29) specific expression of py in the equation is also obtained from Ref. [23],
which is consist with that in Eq. (2). As a result, the viscous dissipation
due to liquid viscosity, the acoustic dissipation due to the
0.06 T T T T ﬂ
R,=10"m
0.04 - -
St
=
~
+  0.02 .
=
~
‘.'2 s ~ s N - Y N
= 0.00 F SL N8 G B 05V B & 8 2 kS N
~ ‘ R W \/’ \}‘ \ Y \‘.{ ! \)/
o .
=
~
= -0.02 -
s
-0.04 | s
X3 X4
, b
-0.06 L L '
0.0 0.2 0.4 0.6 0.8 1.0
t (ms)

Fig. 2. The oscillation characteristics of the non-dimensional radius and its four terms at the resonance situation in the time domain. The green dash, blue dot, orange
dot dash and purple solid curves refer to x;1, X2, X;3 and x4 respectively. And the red thick solid curve refers to the non-dimensional radius at the resonance situation

X;. Rop = 107* m. xo = 0.005. xo = 500 s~1.
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0.04 : : .
Ry=10"m
Aw* =0
0.03 .
< .02} -
0.01 - i
O‘OO 1 1 JL
0.7 0.8 0.9 1.0 1.1

w*

Fig. 3. The oscillation characteristics of the non-dimensional radius at the
resonance situation in the frequency domain. Ry = 10~* m. xo = 0.005. X, =
500 s7!.

compressibility of the liquid and the heat dissipation due to the ther-
modynamic processes of the vapor inside the bubble [23] are naturally
included in the Keller-Miksis equation. Hence, the corresponding
analytical solution of the linear equation with the oscillation damping (i.
e. Eq. (46)) is chosen as the object to be verified.

Fig. 1 shows the comparison between the analytical and the nu-
merical results. In Fig. 1, the red solid and blue dash lines refer to the
results based on the Laplace transform method from Eq. (46) and the
Keller-Miksis equation respectively. And the oscillation initial condi-
tions and the equilibrium radius of the bubble are as follows: xy =
0.005, xo =500 s~! and Ry = 10~* m. And the amplitude and fre-
quency of the acoustic field are as follows: p, =100 Pa and w, =
10° Hz. As shown in Fig. 1, for the condition of the bubble oscillation
under the small perturbation, the analytical result exhibits great con-
sistency with the numerical results for both the transient state process at
the initial oscillation stage and the steady state process at the subsequent
oscillation. Therefore, the nonlinear effect is quite weak and the
nonlinear terms can be safely ignored. Of course, inevitably, when the
oscillation amplitude is large enough, nonlinear effects will show up.

4. Typical oscillation characteristics

In this section, the typical oscillation characteristics of the non-
dimensional radius are comprehensively analyzed in the time and fre-
quency domains based on the analytical solutions in Section 2. Specif-
ically, in Section 4.1, the oscillation characteristics at the resonance
situation are analyzed. And in Section 4.2, the corresponding oscillation
characteristics at the non-resonance situation are analyzed.

Before the analysis, several important information is given as fol-
lows. Firstly, the water and the water vapor are selected as the liquid
media and the vapor bubble content respectively. Then, the ambient
temperature and the pressure amplitude of the acoustic field are set to
To = 373.15 K and p, = 100 Pa respectively. In addition, the values of
the physical parameters corresponding to 373.15 K are selected.

Subsequently, several new non-dimensional parameters are intro-
duced for convenience of the subsequent analysis. Firstly, Awx is
introduced as follows:

Wy — W,

Awx (33)

Wy

Here, o, is the resonance frequency which has been defined in Sec-
tion 2.3. And the Awx can be employed to characterize the non-
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dimensional difference between w, and w,. Specifically, Awx = 0 cor-
responds to the resonance situation, and Aw* # 0 corresponds to the
non-resonance situation. In addition, the effect of the sign of Awx is
discussed. According to Egs. (28)-(32), whether Awx > 0 or
Awx < 0, the oscillation characteristics and their changing trends of
the bubble are basically the same. Therefore, only the conditions of
Aw* >0 are exhibited and analyzed. Then, w* is defined as follows:

o =2 34
;
Here, w is the angular frequency. And w+ can be employed to
represent the non-dimensional independent variable in the analysis of
the frequency domain.

4.1. Resonance situation

In this section, the oscillation characteristics of the non-dimensional
radius at the resonance situation are analyzed from the time and fre-
quency domains. Moreover, the influence of the equilibrium bubble
radius Ry on the oscillation characteristics is also investigated.

Fig. 2 shows the oscillation characteristics of the non-dimensional
radius x, and its four terms at the resonance situation in the time
domain. In Fig. 2, the green dash, blue dot, orange dot dash and purple
solid curves refer to X1, Xr2, Xr3 and x4 in Egs. (22)-(25) respectively.
And the red thick solid curve refers to x; in Eq. (21). In addition, the
equilibrium bubble radius and the non-dimensional initial conditions of
the bubble are set as follows:Ry = 10~* m. xo = 0.005. And xg =
500 s~ 1.

As shown in Fig. 2, the oscillation amplitude of the non-dimensional
radius gradually increases over time at the resonance situation. As for
the its four terms, the curves referring to x;1, X2, X;3 always oscillate
periodically with fixed amplitudes, the same frequency and different
phases. While the curve referring to x4 oscillates non-periodically with a
linear increasing amplitude over time. According to the dominant effect
of the four terms on Xx;, the oscillation process can be divided into two
stages roughly. Specifically, at the initial stage when about t < 0.1 ms,
the oscillation characteristics of x; are dominated by x;; and x;o pri-
marily. While the effects of x,3 and x4 are relatively weak, because the
values of them is relatively small and even offset each other out due to
the difference in phase. Later, the influence of each term on x; signifi-
cantly changes compared with the initial stage. At this stage, x4 be-
comes the dominant term and the dominant effect keep stronger over
time, because its amplitude increases linearly over time and is gradually
much larger than that of x;1, X2 and x,3. Physically speaking, at the quite
short initial oscillation stage, initial conditions of the oscillating bubble
dominate the oscillation characteristics of the vapor bubble, decisively
affect the oscillation amplitude, frequency and phase. But soon after, the
acoustic field becomes the primary cause of the constant growth of the
oscillation amplitude, which means the resonance of the bubble begin to
emerge and prosper. Admittedly, the amplitude of the bubble will
certainly not always maintain this linear increase trend, because the
nonlinear effect will gradually become significant when the amplitude is
large enough. But for the early stage of the resonance with the tiny
oscillation amplitude, the linear increasing trend of the amplitude ob-
tained based on the Laplace transform has a certain rationality.

Subsequently, Fig. 3 shows the oscillation characteristics of the non-
dimensional radius at the resonance situation in the frequency domain.
In Fig. 3, A, represents the amplitude at the resonance situation. And the
equilibrium bubble radius, the initial conditions and the other param-
eters are all consistent with those in Fig. 2. In addition, the time range is
selected as 0-10~° s in the fast Fourier transform operation in order to
obtain a smooth curve of A;. As shown in Fig. 3, there is only one obvious
peak at w+ = 1. That is to say, there is only one characteristic angular
frequency in the oscillation process at the resonance situation, which is
equal to the resonance frequency w;.

Moreover, Fig. 4 shows the oscillation characteristics of the non-
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Fig. 4. The oscillation characteristics of the non-dimensional radius with different equilibrium bubble radii at the resonance situation in the time domain. The blue
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Fig. 5. The oscillation characteristics of the non-dimensional radius and its four terms at the non-resonance situation in the time domain. The green dash, blue dot,
orange dot dash and purple solid curves refer to xn1, Xn2, Xn3 and xn4 respectively. And the red thick solid curve refers to the non-dimensional radius at the non-
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Fig. 6. The oscillation characteristics of the non-dimensional radius at the non-
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Fig. 7. The oscillation characteristics of the non-dimensional radius with
different equilibrium bubble radii at the non-resonance situation in the time
domain. The blue solid, red dash and green dot curves represent the cases of
Ro =1x103m,Ry=2x10"3mandRy =5 x 10~ m respectively. xo = 0.
Xo =0 s Awx = 0.15.

dimensional radius with different equilibrium bubble radii at the reso-
nance situation in the time domain. In Fig. 4, the blue solid, red dash and
green dot curves refer to Rg = 1x 1073 m, Rg =2 x 10 m and Ry =
5 x 10~ m respectively. And the initial conditions are all ignored in
these three cases in order to directly compare the effects of Ry. As shown
in Fig. 4, the amplitude growth rate of the non-dimensional radius shows
obvious negative correlation with the change of the equilibrium bubble
radius. To be specific, the vapor bubble with a smaller equilibrium
radius will respond faster and more significantly to the acoustic field at
the resonance situation.

4.2. Non-resonance situation

In this section, the oscillation characteristics of the non-dimensional
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Fig. 8. The oscillation characteristics of the non-dimensional radius at the
resonance situation and the non-resonance situation near the resonance fre-
quency in the time domain. The black curve represents the case at the reso-
nance situation. The blue and red curves represent the cases at the non-
resonance situation near the resonance frequency with Aw+ = 0.003 and Aw* =
0.010 respectively. Ry = 107> m
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Fig. 9. The oscillation characteristics of the non-dimensional radius at the
resonance situation and the non-resonance situation near the resonance fre-
quency in time frequency domain. The black curve represents the case at the
resonance situation. The blue and red curves represent the cases at the non-
resonance situation near the resonance frequency with Aw = 0.003 and Awx =
0.010 respectively. Ry = 1073 m.

radius at the non-resonance situation are analyzed from the time domain
and the frequency domain correspondingly. And the influence of the
equilibrium bubble radius Ry is also explored. In addition, the difference
between the non-resonance situation and the resonance situation are
briefly discussed during the analysis.

Firstly, Fig. 5 shows the oscillation characteristics of the non-
dimensional radius and its four terms at the non-resonance situation
in the time domain. In Fig. 5, the green dash, blue dot, orange dot dash
and purple solid curves refer to xu1, Xn2, Xn3 and xn4 in Egs. (29)-(32)
respectively. And the red thick solid curve refers to x, in Eq. (28).
Moreover, the angular frequency of the acoustic field and the corre-
sponding natural frequency of the oscillating vapor bubble are 58,842
s~ and 70,010 s~! respectively. In addition, the equilibrium radius and
the initial conditions of the oscillating vapor bubble are the same as
those in Fig. 2. According to Appendix III, the resonance frequency
corresponding to this equilibrium radius is 74,457 s71, and Aw* = 0.15
can be calculated in this case.

As shown in Fig. 5, the oscillation amplitude of the non-dimensional
radius periodically increases first and then decreases at the non-
resonance situation. As for the four terms of the non-dimensional
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radius, the curves referring to xn1, Xn2, Xn3 and Xxy4 all oscillate period-
ically and boundedly. Among them, only the oscillation amplitude of the
curve referring to x,4 exhibits obvious periodic change over time, and
always grows from zero to a fixed maximum and then back to zero in a
unit period. That is to say, xn4 is the critical cause for the periodically
changing amplitude of x,. While the contributions of X1, X2, Xn3 On the
amplitude of x;, always keep constant, and these influence mainly re-
flected at the beginning and end of each oscillation period of x,. In
general, compared with the oscillation characteristics at the resonance
situation in Fig. 2, the amplitude of the non-dimensional radius at the
non-resonance situation cannot increase indefinitely.

Moreover, Fig. 6 shows the oscillation characteristics of the non-
dimensional radius in the frequency domain. In Fig. 6, A, represents
the amplitude at the non-resonance situation. The equilibrium bubble
radius, the initial conditions of the oscillation and the other parameters
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Fig. 12. The oscillation characteristics of the non-dimensional radius with the
different [, at the non-resonance situation in the time domain. The blue dot
dash, red dash, green dot and orange solid curves refers to I, = 1/164, I, =
2/164, I, = 3/161 and I, = 4/16). Ry = 1 x 10~* m. And the values of other
parameters are all consistent with those in Fig. 7.
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Fig. 13. The schematic of the graphical method to solve the resonance fre-
quency. The black solid line represents the relationship between wy and w,
obtained by Prosperetti [23]. The black dash line represents w, = wo. The point
I(w;, w;) represents the intersection of the two black lines. And the value of w, is
the resonance frequency to be sought.

all corresponds to those in Fig. 5. As shown in Fig. 6, there are two
obvious characteristic angular frequencies with the different peaks of
the amplitude. Specifically, the values of the two characteristic angular
frequencies respectively correspond to the angular frequency of the
acoustic field w, and the natural frequency of the oscillating vapor
bubble wy. Among them, the smaller one and the bigger one refer to w,
and wy respectively. In addition, according to Egs. (29)-(32), xp1 and xp2
have only a partial contribution to the peak amplitude referring to wy.
Nevertheless, x,3 and x,4 have the same contribution to both the peak
amplitudes referring to @y and w,. Therefore, the peak amplitude
referring to w, is relatively lower than that referring to wo.
Furthermore, Fig. 7 shows the oscillation characteristics of the non-
dimensional radius with different equilibrium bubble radii at the non-
resonance situation in the time domain. In Fig. 7, the blue solid, red
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Table 1
The resonance frequencies corresponding to the different equilibrium
bubble radii.

Equilibrium bubble radius Resonance frequency

Ro (m) o (571
1x107* 74,457
2x107* 47,634
5x 1074 26,056
1x107° 16,454
2x1073 10,379
5x 1072 5639
1x 1072 3554
2x1072 2239
5x1072 1215
1x107! 765
2x107! 482
5x107! 261

dash and green dot curves represent the cases of Ry =1 x 10~ m, Ry =
2 x 1073 m and Ry = 5 x 103 m respectively. In addition, the initial
conditions are all ignored in the figure. As shown in Fig. 7, it can be seen
that x, in the three cases are all bounded, and the period of the oscil-
lation significantly shortens and the maximum peak of x, gradually
decreases as Ry increases. That is to say, the vapor bubble with a smaller

0.4 T T
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equilibrium radius will respond faster and more dramatically to the
acoustic field.

5. Comparison of resonance and non-resonance situations

In this section, the comparison of the oscillation characteristics at the
resonance situation and the non-resonance situation near the resonance
frequency is logically investigated from three aspects. Among them, in
Section 5.1, the difference between the two situations in the time
domain is comparatively analyzed. In Section 5.2, the difference in the
frequency domain is mainly compared. And in Section 5.3, the differ-
ence in the oscillation envelope of the non-dimensional radius is further
discussed.

Firstly, the non-resonance situation near the resonance frequency is
briefly introduced. At this situation, wy and w, are very close, and both
of them are also quite close to w, with the same equilibrium bubble
radius. Predictably, the non-dimensional radius would also dramatically
increase during the bubble oscillation at this situation, which seems to
be particularly similar to the resonance characteristic. As a result, this
situation is frequently employed to approximately investigate the bub-
ble resonance characteristics. Therefore, it is well worth to analyze the
oscillation characteristics at this situation and compare those with
resonance characteristics.

03

0.2

o <]

Xy / xr—up /xr-low

t (s)

Fig. 14. The envelopes at the resonance situation. The black curve represents the non-dimensional perturbation of the instantaneous bubble radius at the resonance
situation. The red and blue lines represent the upper and lower envelopes at the resonance situation respectively. Ry = 107> m.
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Fig. 15. The envelopes at the non-resonance situation. The black curve represents the non-dimensional perturbation of the instantaneous bubble radius at the non-
resonance situation. The red and blue curves represent the upper and lower envelopes at the non-resonance situation respectively. Ry = 103 m.
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Subsequently, the bubble oscillation model employed for the com-
parison is simplified and introduced. Specifically, only the dominant
term determining the non-dimensional radius oscillation characteristics
is preserved, and the non-dimensional radii at the two situations are
respectively simplified as follows:

Pa

Xy = ————1COSW,t ,

= (35
2pR}w,

Wy = W,

Pa

- 36
2p R0 (@, — @) (36)

(sinw,t — sinwgt) , Wy # @,

Here, x, and X, are approximated as x4 and x,4 respectively. Ac-
cording to Eq. (36), the extremum of x, can be significantly improved by
simply adjusting the angular frequency of the acoustic field w, and
making it closer to the natural frequency w,. And in this section, all
values of Aw+ at the non-resonance situation are not greater than 102 in

order to be close enough to the resonance situation.
5.1. Time domain

Fig. 8 shows the oscillation characteristics of the non-dimensional
radius at both the resonance situation and the non-resonance situation
near the resonance frequency in the time domain. In Fig. 8, the black
curve represents the case at the resonance situation. The blue and red
curves represent the cases at the non-resonance situation near the
resonance frequency with Aw+ = 0.003 and Aw+ = 0.010 respectively.

As shown in Fig. 8, there are still significant differences between the
two situations on a relatively long time although Aw= is quite small.
Among them, the oscillation amplitude of the non-dimensional radius
maintains linear growth over time at the resonance situation, and the
increase will be unbounded if the bubble oscillation time is long enough.
While the oscillation amplitude at the non-resonance situation near the
resonance frequency still shows the periodic changes. Furthermore, the
period and the amplitude peak with different Aw+ at the non-resonance
situation are also different significantly. Specifically, the period and the
amplitude peak both become much longer with the decrease of Awsx.
However, the strong similarity between the resonance situation and the
non-resonance situation near the resonance frequency can be found
when the initial stage of the oscillation is focused on. To be specific, the
oscillations of the non-dimensional radius referring to Aw+ = 0 and
Aw+ = 0.010 have almost uniform oscillation frequency and amplitude
when t < 0.010 s. And the similar oscillation phenomenon referring to
Awx = 0 and Aw* = 0.003 can be further maintained untilt = 0.025 s.
That is to say, the same oscillation phenomenon of the bubble non-
dimensional radius at the resonance and non-resonance situations can
be persisted for a longer time with the decrease of Awx.

5.2. Frequency domain

Fig. 9 shows the oscillation characteristics of the non-dimensional
radius at the resonance situation and the non-resonance situation near
the resonance frequency in the frequency domain. In Fig. 9, the three
cases all correspond to those in Fig. 8.

As shown in Fig. 9, the difference in the characteristic frequencies of
the oscillating non-dimensional radius at the two situations still obvi-
ously exist although Aw= is quite small. Specifically, there is only one
main characteristic frequency equal to w, at the resonance situation.
While two notable characteristic frequencies exist at the non-resonance
situation near the resonance frequency with the same peak amplitude. In
addition, by comparing the cases at the non-resonance situation with the
different Aw+, it can be found that the two characteristic frequencies
gradually get close to @, and the amplitude peak corresponding to the
characteristic frequencies also gradually increases with the decrease of
Aw.
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5.3. Oscillation envelope

In this section, the oscillation envelopes of the non-dimensional
radius are analytically introduced and quantitatively analyzed to
further discuss the difference of the oscillation characteristics between
the resonance situation and the non-resonance situation near the reso-
nance frequency.

Firstly, the expressions of the envelopes corresponding to the two
situations are briefly introduced. Since the oscillations are symmetric
about x; =0 and x, =0 at the resonance situation and the non-
resonance situation respectively, only the upper envelopes are selected
for analysis, which can be introduced as follows:

~ Pa

p = ——>—1 , @y =W, 37

Xr-up ZﬂlRé(Ua 0 37

~ 2 |si 2 — t/2

Sy = p2 sin((w, — wo)t/2) w0 £ o, 38)
pIRywo W, — Wy

Here )Nc,-up and JNcn-up are the upper oscillation envelopes at the reso-
nance and non-resonance situations respectively. The values of the en-
velopes can be employed to represent the amplitude variation of the
non-dimensional radius over time. For the derivation and schematic of
the oscillation envelopes, readers can refer to Appendix IV.

Subsequently, based on Egs. (37) and (38), the time derivatives of the
oscillation envelopes at the two situations are obtained as follows:

~ Pa
= Wy = o, 39
T T 39
¥ = p—"'-|cos((wa —wo)t/2)| , wy# w, (40)
20 Riw
Here )Ncr_up and )Ncn_up are the derivatives of the envelopes at the reso-

nance and non-resonance situations with respect to the time respec-

tively. Among them, ;cr_up is time-invariant, while J?n_up
with a trigonometric structure. That is to say, the amplitude at the
resonance situation always keeps linear growth, while the amplitude at
the non-resonance resonance is always changing periodically, which can
properly correspond and interpret the results in Fig. 8.

Furthermore, in order to further quantitatively analyze the envelope
difference at the two situations, several new non-dimensional parame-
ters are introduced here. Firstly, the non-dimensional difference of the
envelopes between the resonance and the non-resonance situations is
defined as follows:

is time-varying

xr-up - xn-up

AXyjpogp = (41)

xl‘-up
Then, the non-dimensional time is defined as follows:

t

tk = ——
27/ w,

(42)

Subsequently, Fig. 10 shows the non-dimensional difference in the
envelopes of the non-dimensional radius between the two situations
with the different Awx in the time domain. In Fig. 10, the magenta dot,
red dot dash, blue dash and green solid curves represent the cases with
Awx =1x107%, Awx =5x 1074, Aw+ =1 x 1073 and Aw* = 5 x 1073
respectively. And the black dot line refers to AX,; -, = 1. In addition,
the singular points at t«x = 0 are all ignored at the two situations.

As shown in Fig. 10, A.;.‘n/r.up is always non-negative. That is to say,
the amplitude of the non-dimensional radius at the resonance situation
is not less than that at the non-resonance situation for the same moment.
Specifically, the difference in the oscillation characteristics between the
two situations has not yet emerged considerably at the initial stage.
Then, the difference gradually increases and reaches to the maximum for

the first time when the first oscillation period of §n.up ends up.
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Subsequently, the difference constantly fluctuates below the maximum
and would gradually stabilize at the maximum if the oscillation time is
long enough. In addition, it can also be found that the growth rate of
AXp /e-up at the initial stage increases significantly with the increase of
Aw* by comparing the four cases in the figure. In other words, the dif-
ference in amplitude at the two situations will appear faster as Awx
increases.

Moreover, in order to quantitatively analyze the corresponding
moments when the considerable difference appears at the two situations
in Fig. 10, a new non-dimensional time threshold parameter is intro-
duced as t;. And ¢, is equal to the value of t* when a certain non-

dimensional difference Ax, /e-up appears for the first time.

Based on this, Fig. 11 shows the influence of Aw* on t; when AXy Jr-up
reaches a certain threshold for the first time. In Fig. 11, the black curve
with the squares, the red curve with the rounds and the blue curve with

the triangles represent the cases with Axy /r-up = 0.05, Axy Jr-up = 0.10
and Ax, Jr-up = 0.20 respectively. As shown in Fig. 11, ty, gradually de-
clines and approaches zero with the increase of Aw*, and the decline rate
also slows down during this process. To be specific, t;; is greatly sensitive
when Awx is small (referring to Awx < 1072). In addition, it can be
seen that t;, gradually increases as AXy /r-up increases by comparing the
cases with the different AX, /r-up> and the influence of AXy Jr-up 1S mainly
reflected when Awx is small (referring to Aw* < 1072).

6. Conclusion

In the present paper, the resonance characteristics of the vapor
bubble oscillating in the acoustic field are investigated analytically.
Firstly, the bubble wall motion equations are linearized and solved
analytically based on the Laplace transform method at both the reso-
nance and non-resonance situations. And each term in the solutions is
also analyzed in detail at the two situations. Subsequently, the typical
oscillation behaviors of the non-dimensional perturbation of the
instantaneous bubble radii and the contribution of each term to the
behaviors are exhibited and analyzed adequately at the two situations.
Moreover, the oscillation behaviors at the non-resonance situation near
the resonance frequency are further investigated from the time domain,
frequency domain and the oscillation envelope, which is employed to
compare to the oscillation behaviors at the resonance situation. Through
the research, several essential conclusions have been drawn as follows:

(1) The analytical solution of the non-dimensional perturbation of
the instantaneous bubble radius can be divided into four terms
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according to the physical meaning. Among them, two terms are
directly related to the initial position and the initial velocity of
the vapor bubble respectively. While the other two terms are both
mainly related to the amplitude and the frequency of the acoustic
field. In addition, one of the terms related to the acoustic field
causes the violent bubble oscillation.

(2) The vapor bubble with a smaller equilibrium radius could
respond faster and more dramatically to the acoustic field, and
have a larger oscillation frequency during the oscillation at both
resonance and non-resonance situations.

(3) The bubble oscillation characteristics always exhibit significant
differences at the two situations in both the time and frequency
domains as long as the oscillation time is long enough, even if the
difference between wo and w, is greatly small. And the time
required for the considerable difference appearing would signif-
icantly decrease as the non-dimensional difference between wq
and w, increases.

In addition, the analysis thought based on the Laplace transform
method can be further employed to investigate the oscillation charac-
teristics of the vapor bubble oscillating in the non-simple-harmonic
excitation, such as the rectangular and triangular waves.
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Appendix I: Comparison between Laplace transform method and complex analysis method

In this Appendix, the terms related to the oscillation damping are taken into account on the basis of Eq. (4), in order to ensure that the two methods
can find the solution smoothly. And the linearized bubble wall motion equation of the vapor bubble with the oscillation damping based on the

Rayleigh-Plesset equation can be expressed as follows [23]:

F+2wpi+aix =f

(43)

Here, ¢ is the damping ratio. And the specific expression of 2{w, can be expressed as follows [23]:

4, R
— Dy P

2
teo PR a

where
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Firstly, the Laplace transform method is applied to solve Eq. (43). According to its general solution process in Section 2.2, the solution of Eq. (43)

can be expressed as follows:
XL = xo-e’é“'“’-cos(\/ 1-¢ a)ot>

+%-sin<\/ 1-2 wot)

L oot (46)
+%-sin(\/ 1-2 wot)
Pa

—————————(sinw,-(A| + Ay) — cosw,t-(A3 — As) )

2R 1 = Carg

where

A

= (e7eme( - gw()sin(m w0+ 4t
1-¢& wo—s-wa)cos(mm—i-wa)t) (47)
(s o)) (o + (= o0
Ay
- (e (-l Fm -
(o menly i)
+ (mwo 7wa>>/((7§w0)2+ (\/ITC;wo fwa)z)
A;
e S T}
(T (i Fn- )
+ Cwo)/(( —Cap)” + (mwo - wa>2>
Ay
— (e7#( ~ concos (\/? o0+ @,)1
+ (\/Ewo+wa)sin<\/Qwo+wu)t) O
o/ (= o+ (Vi-Canta))

If{ =0, Eq. (46) can be simplified to Eq. (18). Besides, when time is long enough, e=<“°* tends to 0, the four integrals of Egs. (47)-(50) can be further
simplified. Then Eq. (46) can be transformed into:

it

pa [(0F — @) sinw,t — 2l wyw,cosw,t |

X =
PR of+ 0! — 200! + 430k}
Da sin(w,t — @) 6D
2

PRy \/wé + o} — 20302 + 4l w3w?

where
@ — o>

9= arccos( L (52)

\/ @ + 0t = 20302 + 4 D} w?

According to Eq. (51), it is easy to find the relationship between w, and w, satisfying the resonance situation (i.e. the situation that x;, can reach the
maximum) as follows:

0, =1/1—2%w, (53)

Then, the complex analysis method is utilized to solve Eq. (43) for comparison. According to the solution of ordinary differential equation, the
solution of Eq. (43) can be expressed as follows:

Xc =X +X2 (54)

Here, x; and x; correspond to the general solution and the particular solution of Eq. (43) respectively. Among them, since the bubble oscillation is
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always underdamped, the general solution is given by the following equation:

X = et [C,cos(a}ow 1-22 )t + Czsin<a)0 1- )t] (55)

Here, C; and C, are constants determined by the initial conditions. Furthermore, to solve x», Eq. (43) can be expressed in the form of complex
variable as follows:

po () (56)

¥ + 2lwoks + w2x, = —
2 Cwoxs X2 leé

Then the solution of Eq. (56) can be artificially set as follows:

o= Cse (-9 (57)

Here C; is an undetermined coefficient. Substituting Eq. (57) into Eq. (56), one can solve
Pa

C, = — 58
’ PR} (0} — 02 + 2L wow,i) 8
Hence,
Pa i (a)ak§>
= e 59
2 PR (03 — w2 + 28 wow,i) (59)
Combine Eq. (55) and Eq. (59), and bring in the initial conditions x, and xo, the solution of Eq. (43) can be obtained as follows:
Xc = x0~e’4“’°'-cos<\/ 1-¢ wot)
La—Cwot
+CX(LASin(\/ 1-¢ wot)

V1=¢

(60)

v .a—Cwot
+L~Sin<\/ 1-¢ a)Ut>
V1- Czwo

Pa oi (a}_ﬂ—%)
PR (@0F — @F + 28wow,i)

If { =0, Eq. (60) can be further simplified. However, for this condition, it cannot be employed to analyze the resonance situation (i.e. ®y = @,).
because the last term of x¢ will become singular.

Finally, by comparing x;, and x¢ in Egs. (46) and (60) respectively, it can be found that both methods have successfully obtained the analytical
solution of Eq. (43). But the form of the solution is obviously different, especially for the terms related to the external acoustic field. To be specific, the
terms in x;, all consist of real numbers, while the terms in x¢ contain imaginary numbers. Therefore, it can be considered that the solution obtained by
the Laplace transform method has a clearer physical meaning, while the solution form obtained by the complex analysis method seems to be more
concise. In addition, if the damping is ignored (i.e. { = 0), for the resonance situation (i.e. wy = w,), it can be found that Eq. (46) is still bounded, while
Eq. (60) will behave singularly since the denominator of the last term is zero. Hence, it can be thought that the Laplace transform method has a larger
scope of application.

Appendix II. Bubble oscillation at standing acoustic wave condition

For the condition of the standing acoustic wave, the effect of the acoustic field on the bubble is related to the bubble location. And the bubble size is
still considered to be much smaller than the standing wave wavelength, so that the spatially inhomogeneous part of the pressure around the bubble can
also be neglected in this appendix. Then, take the one-dimensional standing acoustic wave as an example for analysis, which is formed by the
interference of two acoustic waves with the same wavelength, frequency and pressure amplitude. According to Eq. (6), the standing acoustic wave
effect on the bubble can be expressed as follows:

fi= 7% sin(w,1)sin (27: %) (61)

Here, ) is the wavelength, and [, represents the distance between the bubble and the wave node.

On this basis, oscillation characteristics at the non-resonance situation are selected to analyze the effect of the bubble position in the standing
acoustic wave field. Fig. 12 shows the oscillation characteristics of the non-dimensional radius with the different [, at the non-resonance situation in
the time domain. In Fig. 12, the initial conditions are set to zero. The blue dot dash, red dash, green dot and orange solid curves refersto l, = 1/164,
I, =2/16), L, =3/164and L, =4/161. Ry =1 x 10~* m. And the values of other related parameters are consistent with those in Fig. 7. As shown in
Fig. 12, the relative position of the bubble and the standing wave would obviously affect the amplitude of the bubble oscillation, but will not change
the frequency of the oscillation. Specifically, as I, increases, the bubble position gradually approaches the antinode of the standing wave. In this
process, the acoustic pressure amplitude of the liquid around the bubble caused by the standing wave gradually increases, which leads to a larger
amplitude of the bubble oscillation. And the oscillation amplitude reaches the maximum when the bubble is located at the antinode.
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Appendix III. Graphical method to find resonance frequency

In this appendix, the process of the graphical method to find the resonance frequency and the results of the resonance frequency with the different
equilibrium bubble radii are introduced in detail.

Firstly, the natural frequency of the vapor bubble shown in Egs. (7) and (8) can be simply expressed as a single argument function of the angular
frequency of the acoustic field, which can be expressed as follows:

@y = h(w,) (62)
Here h is a functional relationship from w, to w,. In addition, at the resonance situation, there is the relationship as follow:
Wy = W, (63)

Based on Egs. (62) and (63), the approximate value of the resonance frequency o, can be obtained at the resonance situation by employed the
graphical method. Fig. 13 shows the schematic of the graphical method to solve the resonance frequency. In Fig. 13, the black solid line represents the
relationship between w, and @, shown in Eq. (62). The black dash line represents the equality of w, and w, shown in Eq. (63). The point I represents the
intersection of the two black lines. And the coordinate of the point I can be represented as (., ®;). Here, the value of w, is the resonance frequency to
be sought. As shown in Fig. 13, the resonance frequency o, of the oscillating vapor bubble with a certain R, can be obtained by finding the coordinate
corresponding to the intersection of the two lines representing Egs. (62) and (63) respectively.

In addition, a series of resonance frequencies corresponding to the different equilibrium bubble radii can be obtained based on this method. Here,
Table 1 shows the partial typical results corresponding to the different equilibrium bubble radii.

Appendix IV. Oscillation envelopes at two situations

In this appendix, the mathematical expressions and the schematics of the envelopes referring to the non-dimensional perturbation of the
instantaneous bubble radius during the oscillation are clearly shown at both the resonance and the non-resonance situations.

Firstly, at the resonance situation, the expression of the non-dimensional perturbation of the instantaneous bubble radius has been shown in Eq.
(35). Since the equation contains only one trigonometric function term, the envelope expressions can be obtained by directly replacing the trigo-
nometric function term with unity. Hence, the upper and lower envelopes at the resonance situation can be expressed as follows:

~ Pa

Xpmgp = ———5—1 , Wy = O, 64
P 2pRw, 0 64

~ Pa

Xetow = —=——5—1 , Wy =@, 65
° 2pR2w, 0T (65)

Here )Ncr-up and X,-jow are the upper and lower envelopes at the resonance situation respectively.

In addition, at the non-resonance situation, the expression of the non-dimensional perturbation of the instantaneous bubble radius is shown in Eq.
(36). Since the equation contains the product of two trigonometric functions, it is necessary to do some preprocessing before obtaining the envelope
expressions. According to the product-to-sum identity of trigonometric functions, Eq. (36) can be transformed into
Xo = mcos((wa + @)t/2 )sin((@, — wo)1/2) (66)

For the non-resonance situation near the resonance frequency, o, +®o>w®, —®, can be established. Therefore, the angular frequency of the cosine
function is much greater than that of the sine function in Eq. (66). In this situation, the term with the smaller angular frequency can characterize the
amplitude and periodicity of the oscillation envelope. And the term with the larger angular frequency can be set to unity to construct the envelope
expressions. According to the above analysis, the upper and lower envelopes at the non-resonance situation near the resonance frequency can be
expressed as follows:

~ Pa .
wp = | W — @o)t/2) ] 67
e ﬂ]R(Z)wo(wa*wo)sm((wd @)t/ )’ o 7 &4 ©7)
~ Pa .
Xpewp = —|—5————sin((w, — @9)t/2) | , @y # @, (68)
o= |t non a2 o

Here JNcn-up and X,-1ow are the upper and lower envelopes at the non-resonance situation respectively.
Moreover, Figs. 14 and 15 show the envelopes of the non-dimensional perturbation of the instantaneous bubble radius at the resonance and non-
resonance situations respectively. In Figs. 14 and 15, the red and blue lines represent the upper and lower envelopes respectively.
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