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Fixed Points and Dynamic Topological Phenomena
in a Parity-Time-Symmetric Quantum Quench
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SUMMARY

We identify dynamic topological phenomena such as dynamic Chern numbers and dynamic quantum
phase transitions in quantum quenches of the non-Hermitian Su-Schrieffer-Heeger Hamiltonian with
parity-time (P7) symmetry. Their occurrences in the non-unitary dynamics are intimately connected
with fixed points in the Brillouin zone, where the density matrices do not evolve in time. Based on
our theoretical formalism characterizing topological properties of non-unitary dynamics, we prove
the existence of fixed points for quenches between distinct static topological phases in the P7-sym-
metry-preserving regime, thus unveiling the interplay between dynamic topological phenomena and
PT symmetry. Interestingly, non-Hermiticity of the driving Hamiltonian gives rise to rich dynamic to-
pological phenomena which are different, either qualitatively or quantitatively, from their counter-
parts in unitary dynamics. Our work sheds light on dynamic topological phenomena in open systems
and is readily accessible in experiments.

INTRODUCTION

The exploration of topological matter constitutes a major theme in physics for the past few decades (Ha-
san and Kane, 2010; Qi and Zhang, 2011) With rapid progress in the discovery and understanding of
topological phases in solid-state materials, a challenging quest lies in extending the study of conven-
tional topological matter to unconventional regimes. Prominent examples include the investigation of
dynamic topological properties in out-of-equilibrium dynamics (Budich and Heyl, 2016; Caio et al,,
2015, 2016; Chang, 2018; D'Alessio and Rigol, 2015; Diehl et al., 2011; Eisert et al., 2015; Gong and
Ueda, 2018; Heyl, 2015, 2018; Heyl et al., 2013; Hu et al., 2016; Huang and Balatsky, 2016; Jiang et al.,
2011; Khemani et al., 2016; Kitagawa et al., 2010; Moessner and Sondhi, 2017; Potter et al., 2016; Rudner
et al.,, 2013; Titum et al., 2016; Vajna and Déra, 2015; Wang et al., 2017; Wilson et al., 2016; Yang et al.,
2018; Zhang et al., 2019, 2018) and the characterization of topological phases in non-Hermitian systems
(Deng and Yi, 2019; Esaki et al., 2011; Ghatak et al., 2019; Ghatak and Das, 2019; Gong et al., 2018; Hel-
big et al., 2019; Hofmann et al., 2019; Kawabata et al., 2018; Kim et al., 2016; Kunst et al., 2018; Lee and
Thomale, 2019; Lee, 2016; Liang and Huang, 2013; Lieu, 2018; Martinez Alvarez et al., 2018; Rudner et al.,
2016; Rudner and Levitov, 2009; Schomerus, 2013; Xiao et al., 2019; Yao et al., 2018; Yao and Wang, 2018;
Yokomizo and Murakami, 2019; Zhou et al., 2018; Zhu et al., 2014). With the flexible controls afforded by
synthetic systems such as ultracold atoms and engineered photonic configurations, the experimental im-
plementation of these interesting scenarios is already within (Fldschner et al., 2016, 2018; Jotzu et al.,
2014; Poli et al., 2015; Song et al., 2018; Tarnowski et al., 2019, Weimann et al., 2017; Xiao et al.,
2017; Zeuner et al., 2015; Zhan et al., 2017).

An exemplary situation for the study of topological properties in out-of-equilibrium dynamics is the
quantum quench of a topological system, where the ground state of the initial Hamiltonian H' is subject
to a unitary time evolution governed by the final Hamiltonian H'. The topological invariant characterizing
the instantaneous state is unchanged during the unitary dynamics (Caio et al., 2015; D'Alessio and Rigol,
2015), whereas previous studies have revealed the emergence of intriguing phenomena such as dynamic
quantum phase transitions (DQPTs) (Budich and Heyl, 2016; Flaschner et al., 2018; Heyl, 2015, 2018; Hey|
etal., 2013; Huang and Balatsky, 2016; Jurcevic et al., 2017; Vajna and Déra, 2015) and quantized non-equi-
librium Hall responses in quench processes (Caio et al., 2016; Hu et al., 2016; Wilson et al., 2016). Further-
more, in a series of recent theoretical and experimental studies, it has been established that dynamic to-
pological invariants can be defined in unitary quantum quenches, which are related to the topology of
initial and final Hamiltonians in equilibrium (Gong and Ueda, 2018; Tarnowski et al., 2019; Wang et al.,
2017; Yang et al., 2018).
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Figure 1. Schematic illustration of the non-Hermitian SSH Hamiltonian and its phase diagram

(A) Schematic illustration.

(B) Topological phase diagram. The solid line is the topological phase boundary with w = v. Dashed lines are the
boundaries between PT-symmetry-preserving and broken regimes with [w—v| = u.

See also Figure S1.

Here arises a series of interesting questions: Are dynamic topological phenomena robust in open systems
where dynamics is effectively driven by non-Hermitian Hamiltonians? How does one characterize dynamic
topological phenomena in non-Hermitian/non-unitary settings? What new results would non-unitarity
bring? These questions are particularly relevant in light of recent studies on topological phenomena in
parity-time (PT)-symmetric non-Hermitian systems (El-Ganainy et al., 2018; Kawabata et al., 2018; Kim
et al., 2016; Lieu, 2018; Ozdemir et al., 2019; Poli et al., 2015; Schomerus, 2013; Weimann et al., 2017;
Xiao et al.,, 2017; Zhu et al., 2014). Under PT symmetry, eigenenergies of a non-Hermitan Hamiltonian
are entirely real in the PT-symmetry-preserving regime, in contrast to regimes with spontaneously broken
PT symmetry (Bender, 2007; Bender and Boettcher, 1998; Bender et al., 2002). It has been shown that PT
symmetry has profound impact on topological properties of static topological phases (Kawabata et al.,
2018; Kim et al., 2016; Lieu, 2018; Poli et al., 2015; Schomerus, 2013; Weimann et al., 2017; Xiao et al.,
2017; Zhu et al., 2014) and that the interplay of non-Hermiticity and dynamics in topological systems leads
to non-trivial consequences (Rudner and Levitov, 2009; Zeuner et al., 2015; Zhan et al., 2017). However, the
role of PT symmetry in dynamic topological phenomena associated with non-unitary dynamics has never
been explored. A particular difficulty lies in the theoretical description of dynamics generated by non-Her-
mitian Hamiltonians, which is non-unitary even when the system is in the P7-symmetry-preserving regime
with real eigen spectra. Searching for topological phenomena in dynamics of non-Hermitian systems
thus requires theories beyond the conventional paradigm in Hermitian systems under unitary time evolu-
tion (D'Alessio and Rigol, 2015; Gong and Ueda, 2018; Tarnowski et al., 2019; Wang et al., 2017; Wilson
et al., 2016; Yang et al., 2018).

In this work, we study the quench dynamics of a non-Hermitian Su-Schrieffer-Heeger (SSH) Hamiltonian
with PT symmetry. We construct a general theoretical framework based on biorthogonal quantum me-
chanics, which is particularly suitable for characterizing dynamic topological properties in non-Hermitian
systems. We then demonstrate that PT symmetry plays a key role in the robustness of dynamic topological
phenomena, such as dynamic Chern numbers and DQPTs, under non-unitary dynamics. Importantly, these
dynamic topological constructions exhibit both qualitative and quantitative differences from their counter-
parts in unitary dynamics: although the momentum-time submanifolds on which dynamic Chern numbers
are defined undergo deformations, an additional timescale exists in the periodic occurrence of DQPTSs,
which necessitates the definition of two different dynamic topological order parameters. In both these
cases, the underlying cause is traced back to fixed points in the non-unitary dynamics, which serve as build-
ing elements for the dynamic topological phenomena.

RESULTS
PT-Symmetric SSH Model

As illustrated in Figure 1A, we consider the non-Hermitian SSH model with alternating gain and loss on
adjacent sites under the periodic boundary condition (Lieu, 2018; Su et al., 1979):

L1

- L
H= <va}bj + waj, by + H.c.) + iuZ(a}aj - bfbj), (Equation 1)
j=1 j=1
where a} (b}) is the creation operator on A (B) sub-lattice at site j, L is the total number of unit cells, the
tunneling amplitudes v,w and the gain-loss rate u satisfy u,v,w > 0, and H.c. stands for Hermitian conjuga-

tion. Note that without loss of generality, we assume u,v,w to be non-negative real numbers.
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Hamiltonian (1) possess PT symmetry, as PTH(PT)™' = H, with the parity operator Pa(b),P = b(a) .1,

and the time reversal operator 7i7T ' = — i, respectively. Note that our definition of the parity operator
relies on a cyclic indexing of unit cells such that an inversion center can be defined on the lattice despite
the periodic boundary condition. Under PT symmetry, the eigenspectrum of (1) is entirely real if all eigen-
states are simultaneous eigenstates of the P7-symmetry operator. In this case, the Hamiltonian is in the
PT-symmetry-preserving regime. Otherwise, the Hamiltonian is in the P7-symmetry-broken regime,
where some eigenstates spontaneously break P7 symmetry and acquire imaginary eigenergies. The tran-
sition between the P7-symmetry-preserving and broken regimes can be derived by examining the Bloch
Hamiltonian H, = h(k)+e at momentum k, where o=(g4,05,03) and o, (a = 1,2,3) are the Pauli matrices. The
complex vector h(k)=(hy,hz,h3), with hy = w cosk + v, hy = wsink, and hs = iu. As the eigenenergy is given by

€= uE (w = £) with B, = Vw2 +v2 + 2wvcosk — w2, the Hamiltonian is in the P7-symmetry-preserving
regime when u<|v—w|, where ¢4 is real for all k.

The PT-symmetric SSH Hamiltonian possesses topological properties, guaranteed by the so-called
pseudo-anti-Hermiticity with nHfyp~' = — H (Esaki et al., 2011), where = 7,. As a result, PT-symmetry-
broken topological edge states with purely imaginary eigenenergies emerge at the boundary between
bulks of different topological phases. Topologically inequivalent phases can be distinguished by the
generalized winding number » = ¢g/2m. Here the global Berry phase ¢g is (Garrison and Wright, 1988;
Liang and Huang, 2013; Lieu, 2018) (see Methods):

<xu ® %>
0= — iZgéde, (Equation 2)
wl¥

where the integral runs over the first Brillioun zone (1BZ) and the right (left) eigenvector is defined as
Hil) =euly) (HUX,L) = € |x.))- When v < w, the system is topologically non-trivial, as » = 1. In contrast,
when v > w, we have v = 0 and the system is topologically trivial. In Figure 1B, we show the topological
phase diagram as well as the boundary between PT-symmetry-preserving and broken regimes. Notably,
the PT-symmetry-broken regime lies in the vicinity of the topological phase boundary.

p=x

Here an important remark is in order. In recent years, a general class of non-Hermitian topological
models have been identified where the conventional bulk-boundary correspondence breaks down
(Deng and Yi, 2019; Kunst et al., 2018; Lee and Thomale, 2019; Lee, 2016; Martinez Alvarez et al.,
2018; Yao et al., 2018; Yao and Wang, 2018; Yokomizo and Murakami, 2019). Therein, topological invari-
ants calculated from the homogeneous bulks fail to correctly predict topological edge states in a system
with boundaries. Instead, one must invoke the definition of non-Bloch topological invariants, which take
into account the localization (near system boundaries) of the bulk eigenstates under the non-Hermitian
skin effect (Deng and Yi, 2019; Kunst et al., 2018; Lee and Thomale, 2019; Martinez Alvarez et al., 2018;
Yao et al, 2018; Yao and Wang, 2018; Yokomizo and Murakami, 2019). However, since we focus on the
quench dynamics of a homogeneous system without boundaries, it is sufficient that we only consider
quantum quenches of the bulk Hamiltonian (1), where the parameters (u,v,w) undergo abrupt changes
at t = 0. Furthermore, we note that the non-Hermitian SSH model considered here does not suffer
from non-Hermitian skin effects even in the presence of boundaries. For example, under the open-
boundary condition, the bulk eigenstates are all extended and the Bloch topological invariant defined
in Equation 2 is capable of correctly predicting topological edge states near the boundaries (see Fig-
ure ST and Methods).

Visualizing Non-unitary Dynamics on the Bloch Sphere

To account for the non-unitary dynamics of quenched non-Hermitian systems, we invoke the notion of bio-
rthogonal quantum mechanics (Brody, 2013). Owing to the lattice translational symmetry of the Hamilto-
nian (1), dynamics in different k-sectors are decoupled and can be analyzed independently. Denoting
the initial Hamiltonian by H', the initial state in each k-sector [w"), with H |¢" ) = ¢ |¢' ), evolves under

the final Hamiltonian Hi according to |y, (1)) = 3 cﬂe”ffuﬂdx;), where ¢, = uEf is the eigenenergy of Hi.
u==

We have defined ¢, = (xi|:j/'_> where (x“ (|\//L)) is the left (right) eigenvector of Hf, with the biorthonormal
conditions {XLN,‘Z) =0, and Z|¢L)<XL‘ =1.
n
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Figure 2. Schematic lllustrations of the Time Evolution of d(k,t) on the Bloch Sphere

Time evolution of d(k,t) (black) in k-sectors with: (A) real E{ and (B) imaginary Ef (assuming Im(E{)>0). The orange and
purple vectors correspond, respectively, to fixed points with ¢ = 0 and ¢, = 0. The green vector in (B) indicates the long-
time steady state. See also Figure S2.

To characterize the non-unitary time evolution in the biorthogonal basis {}¢L>,|XL)}, we define an associ-

ated state of |y (1)) as (x(t)| = Zc;e“m(xu (Brody, 2013), with the normalization condition () (0)[¥«(0)) =
"

1. The non-unitary time evolution of the system is then captured by the non-Hermitian density matrix p(k,
t) = %, such that the expectation value of any operator A, is expressed as Tr(pA,) (Brody, 2013). We
further write

1
p(k,t) = E[To + d(k,t) - 7], (Equation 3)
where d(k,)=(d},dy,d3), 7=(71,72,73), and we have defined the matrices r,= 3 |\p‘;)a‘;”(xf,| (y =0,1,2,3).
py==+

Here a4 is the matrix element of ¢,, and ay is the 2X2 identity matrix. Note that {r,} fulfill the standard

su(2) algebra.

As a key ingredient of our theoretical construction, the choice of p(k,t) and the introduction of {7, } matrices
make the corresponding d(k,t) a real unit vector on the Bloch sphere S, even as the dynamics is non-unitary.
Equation 3 thus allows a geometrical picture for understanding non-unitary dynamics and forms the basis
for subsequent characterization of dynamic topological properties. Note that the non-Hermitian density
matrix p(k,t) is connected to the conventional Hermitian one p’(k,t) = |y (1)) (¥ (t)| through the metric

operator 9=Z|XL><XL} (Brody, 2013), with p(k, t)=% (Wang et al., 2019a). Although either density
"

matrix can be used for the characterization of dynamic topological phenomena (Wang et al., 2019a), it is
formally more elegant and convenient to use p(k,t) (see Methods), not the least because it is then straight-
forward to visualize non-unitary dynamics on the Bloch sphere.

Fixed Points in Non-unitary Dynamics

When Ef( is real, d(k,t) and hence the density matrix p(k,t) are oscillatory in time, with a momentum-depen-
dent period t():Tr/EL (see Methods). This corresponds to a periodic rotation of d(k,t) around the poles
of the Bloch sphere, as illustrated in Figure 2A. Importantly, when d(k,0) is on the poles of the Bloch sphere,
the density matrix becomes time independent. This occurs at momenta k,, with either c_(k,,) = O (north
pole) or ci(ky,) = 0 (south pole), which are identified as two different kinds of fixed points. In contrast,
when Ef is imaginary, d(k,t) always starts from the equator at t = 0 and approaches the north pole in the
long-time limit (Figure 2B), i.e., p(k,t) exponentially approaches a steady-state value (see Methods). In
this case, there are no fixed points in the dynamics. Detailed time evolutions of d(k,t) under different pa-
rameters are shown in Figure S2.

Based on the aforementioned understanding, it is straightforward to show that the number of fixed points with
¢, =0or c_ = 0should be at least [v'—/| each, provided both H and H' belong to the PT-symmetry-preserving
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regime with completely real eigenspectra (see Methods). Here v* (8 = i,f) are the generalized winding numbers of

H®. On the other hand, when H'is in the PT -symmetry-broken regime, the corresponding E{ becomes imaginary
for a certain range of k, and the existence of fixed points are no longer guaranteed. We note that, although in the
unitary limit (u=0), our conclusions agree with previous studies (Gong and Ueda, 2018; Yang et al., 2018), our theo-
retical formalism is quite different from previous cases even for unitary dynamics. This is because matrices 7., are
not reduced to Pauli matrices for u = 0, such that our mapping from quantum-state dynamics to the Bloch sphere
is different from previous studies. It is also worth mentioning that, when starting from the Hermitian density matrix
0'(k,1), itbecomes quite difficult to theoretically relate the number and type of fixed points to the static topological
invariants of the non-Hermitian Hamiltonians.

In the following, we mainly focus on the case where both H' and H are in the PT-symmetry-preserving
regime. When the system is quenched across the topological phase boundary, fixed points divide the
BZ into a series of submanifolds, where the density matrices at two ends of each given submanifold do
not evolve in time. Fixed points in non-unitary dynamics are protected by both P7 symmetry and band
topology of the pre- and post-quench Hamiltonians, as we detail in the remainder of the work, whereas
their physical consequences are manifested as observable dynamic topological phenomena such as dy-
namic skyrmions and DQPTs.

Dynamic Chern Number

When His in the PT-symmetry-preserving regime, the periodic oscillation of the density-matrix evolution
gives rise to an S' topology in the time evolution. In the presence of fixed points, each submanifold be-
tween two adjacent fixed points can be combined with the S' topology in time to form a momentum-
time manifold S?, which can be mapped to the Bloch sphere associated with the vector d(k,t) (Gong and
Ueda, 2018; Yang et al., 2018). These P mappings define a series of dynamic Chern numbers
1 kn t

Cro =37 |k /0 dtld(k, ¢) x dcd(k, t)]-dxd(k, 1), (Equation 4)
where k., and k, denote two neighboring fixed points. For quenches between Hamiltonians with different
winding numbers, the dynamic Chern numbers are quantized, with values dependent on the nature of fixed
points at k,, and k, (see Methods): C,,, = 1 when c,(k,,) = 0 and c_(k,) = 0; C,,, = =1 when c_(k,,) = 0 and
c.(k,) = 0. When the two fixed points are of the same kind, C,,, = 0.

The emergence of finite dynamic Chern numbers can be visualized in the spin textures of d(k,t), which
possess skyrmion-lattice structures in the momentum-time space (Gong and Ueda, 2018; Skyrme, 1962),
with the skyrmion number equivalent to the dynamic Chern number in each $2 momentum-time submani-
fold. In Figure 3, we show these skyrmion-lattice structures for different quench parameters. When the
system is quenched across the topological phase boundary with |v'—vf| = 1, as we illustrate in Figures 3A
and 3B, two fixed points of different kinds exist in the BZ. In the unitary limit (Figure 3A), the fixed points
are pinned at k = 0 and w (Gong and Ueda, 2018; Yang et al., 2018). In the more general non-unitary
case (Figure 3B), fixed points deviate from 0 and w and need to be solved from c..(k,,) = 0. Pairs of vortices
with positive (yellow) or negative (blue) vorticity emerge in the spin texture between adjacent fixed points
on the plane of d;-ds, with vortex cores given by da(k,t) = 1. These vortices can be mapped to a lattice of
skyrmions, whose topological charges are essentially the dynamic Chern numbers. In contrast, skyrmions
are absent when H' and Hf belong to the same topological phase (Figure 3C).

For comparison, in Figure 3D, we plot the spin texture when H' is in the PT-symmetry-broken regime. As
expected, in the momentum range where Ef is imaginary, the spin texture approaches a steady state in the
long-time limit, in sharp contrast to the periodic spin dynamics in the momentum range with real £{. We
note that coincidental fixed points may still exist in the momentum range where Ef is real (see Figure S3
and Methods), but their number is no longer directly related to the topology of H' and H'.

Dynamic Quantum Phase Transition

Fixed points in the non-unitary quench dynamics further give rise to DQPTs, where physical quantities
become nonanalytic at critical times. Interestingly, we find that, although DQPTs occur biperiodically in
time for non-unitary quench dynamics, critical points of DQPTs generically emerge as vortex cores in the
momentum-time-space spin texture, which provides a crucial link between different dynamic topological
phenomena.
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Figure 3. Dynamics of Spin Textures d(k,t) in the k-t Space

Quench processes are between H' and Hf characterized by: (A) (u'=0,w' = v/3) and (uf=0,w =2v); B) (u' = v/2,w = v/3) and
(uf = v/2,wf = 2v); (C) (u' = v/2,W = 3v) and (U = v/2,w' = 2v); (D) (u' = v/2,W = v/3) and (uf = 2v,w' = 2v). We fix V =V = vin the
quenches, whereas the dynamic is unitary in (A) and non-unitary in (B-D). The vertical dash-dotted lines in (A)-(C) indicate
fixed points with ¢, = 0 (purple) and c_ = 0 (orange), respectively. Skyrmion lattices associated with finite dynamic Chern
numbers only emerge in (A) and (B). The solid red lines in the horizontal direction mark each period nw/Ef (n=1,2, ...) of
spin oscillation in regions with real Ef. The spin dynamics is non-oscillatory in regions with imaginary Ef, as shown in (D).
The color bar indicates the value of dy, while the arrows indicate the spin texture in the di-d, plane. See also Figure S3.

The central object in the theory of DQPT is the Loschmidt amplitude defined as the inner product of a time-
evolved state with the initial state (Heyl, 2018). In non-unitary time evolutions, we generalize the Loschmidt
amplitude as:

6(t) = [T =TT xeOi()), (Equation 5)

ke 1BZ ke 1BZ

where (x,(t)| is the associated state of |y, (t)) defined previously. It is straightforward to derive G(t) =
lc_|2eEt + |, [Pe Bl

DQPTs occur when the rate function g(t)= — %In(\g(t)|2) exhibits nonanalyticities during the time evolu-
tion, which are caused by Fisher zeros (Heyl, 2018), where G_(t.) =0 at critical points k. and t. in the dy-

namics. According to the expression of Gi(t), Fisher zeros, and hence DQPTs, occur periodically at t. =
(n +%) 7T/E{(C (neN) when E}; is real. Here k. satisfies |c_(kJ| = |c+(kJ)|. When the system is quenched be-

tween different topological phases in the PT-symmetry-preserving regime, fixed points with ¢, = 0 and
those with c_ = 0 always emerge in pairs. As |c,|—|c_| are continuous functions of k, there must be at least
one critical momentum satisfying |c.(kJ)| = |c_(kJ)| between two fixed points of different kinds. We thus
conclude that DQPTs necessarily occur in this case.

Interestingly, at critical points, da(ke,to) = 1, which lie on the equator of the Bloch sphere (see Methods). The
critical points (ke to) thus correspond to vortex cores with positive vorticity in the momentum-time spin
texture (Figures 3A and 3B). As vortices are manifestations of skyrmions, whose topological charges are
the dynamic Chern numbers, the dynamic topological phenomena are related through the spin texture.

DQPTs are characterized by the dynamic topological order parameter vp, which is defined through the
Pancharatnam geometric phase (PGP) ¢2(t) as:

1 R agg(t) )
vp(t) _Z/km 9k dk. (Equation 6)
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Figure 4. DQPTs and Dynamic Topological Order Parameters in Non-Unitary Quench Dynamics

(A) The rate function g(t), (B) the PGP quG(t), and (C) the dynamic topological order parameter vp for the quench in
Figure 3B. At fixed points km (m = 1,2), c_(k;) = 0, and c,(ky) = 0. k™ and t™ :ﬂ/(ZEL(m)) are the corresponding critical
points. Two distinct types of vp(t) exist in (C), obtained by setting the range of integraT in Equation 6 as (ky,ky) (red)
and (kp, ki +27) (blue), respectively. The black dashed lines in (A) and (C) correspond to the quench in Figure 3C, whereas
the quench in (D) is the same as that in Figure 3D. The color bar in (B) indicates the value of PGP. See also Figure S3.

Here, k., and k, are fixed points of different kinds, and ¢Z (t) = ¢ (t) — ¢iyn(t), where ¢(t) is defined through
Ge(t) =G (1)€< and the dynamic phase ¢{"(t) = — [2(xe(t)|H, Wi (¥))dt'. At critical points, Gi(t) van-
ishes, which leads to abrupt jumps in $C(t) and »p(t). Furthermore, as ¢2(t) also vanishes at fixed points,
vp characterizes the §'— §' mapping from the momentum submanifold between k., and k, to e*C® on
the same momentum submanifold. vp(t) is therefore quantized despite the non-unitary time evolution.

In Figures 4A-4C, we show typical g(t), $°(t), and »p(t) for a quench between different topological phases
in the PT-symmetry-preserving regime. The BZ is divided into two submanifolds by the fixed points k; and
ko, where each submanifold contains a critical momentum, labeled as kg) and k£2>, respectively. These crit-
ical momenta give rise to two distinct critical time scales Y and t?, and thus an apparent biperiodicity in
the occurrence of DQPTs (Figure 4A), in contrast to its single-period counterpart in the unitary limit (u = 0)
(Heyl, 2015, 2018). This is due to the breaking of time reversal symmetry under the non-Hermitian SSH
Hamiltonian (1), such that the double degeneracy of Fisher zeros in the Hermitian case is lifted (Vajna
and Doéra, 2015). Correspondingly, two distinct types of vp(t) exist, accounting for DQPTs occurring with
the period tg) and t@, respectively (Figure 4C). In contrast, when H'and H' have the same winding numbers,
g(t) is a smooth function in time and vp(t) = 0 (dashed lines in Figures 4A and 4C).

Finally, when Hf is in the PT-symmetry-broken regime, DQPT is not guaranteed (see Figure S3 and
Methods), even if H and H' possess different winding numbers. In Figure 4D, we demonstrate the typical
rate function g(t) for the quench process in Figure 3D, where neither fixed points nor DQPTs are present.

DISCUSSION

We have shown that dynamic topological phenomena emerge in the quench dynamics of a PT-symmetric
non-Hermitian SSH model. These dynamic topological phenomena are connected with discrete fixed
points in the post-quench dynamics and emerge in the non-unitary time evolution when the system is
quenched between different topological phases in PT-symmetry-preserving regime. Given the recent
experimental observation of spontaneous PT-symmetry breaking in cold atoms (Li et al., 2019) and
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topological edge states in PT-symmetric quantum-walk dynamics (Xiao et al., 2017), we expect that
the dynamic topological phenomena discussed here can be probed using cold atoms loaded into a
superlattice with engineered on-site loss, or through discrete-time quantum-walk dynamics in photonic
configurations (Wang et al., 2019a, 2019b). For either the cold atom or the photonic setup, tomography
of instantaneous time-evolved states is needed to probe the dynamic topological phenomena.

Limitations of the Study

In this study, we only consider quench dynamics of a homogeneous, non-interacting SSH model with
on-site gain and loss. The results obtained, namely, the presence of fixed points and the appearance of
dynamictopological structures, may be different, either quantitatively or qualitatively, in a different setting.
For example, the fate of the dynamic topological phenomena is unknown for systems with boundaries, or
with interactions. Neither is the presence of fixed points and dynamic topological structures entirely clear
for systems with different topological classifications, or with alternative forms of non-Hermiticity. We leave
these unaddressed questions to future studies.

METHODS

All methods can be found in the accompanying Transparent Methods supplemental file.
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FIG. S1 Eigenspectra and eigen wavefunctions for non-Hermitian SSH models with open boundary conditions.
We numerically diagonalize the Hamiltonian (1) with open boundary conditions on a lattice with L = 100 sites. Eigenspectra
are shown in the first row, and eigen wave functions corresponding to states marked by asterisks are shown in the second
row. The parameters are: (al)(a2) (v = 1/3v,w = 1/2v) and v = 0; (b1)(b2) (v = 1/3v,w = 3v) and v = 1; (c1)(c2)
(u = 2.4v,w = 3v) and v = 1. (cl)(c2) are in the PT-symmetry-broken regime. While a typical PT-symmetry-preserving
bulk state with an extended wave function is shown in (a2), topological edge states localized at two ends of the lattice emerge
in both the P7-symmetry-preserving regime (b1)(b2) and the PT-symmetry-broken regime (c1)(c2), where v = 1. Note that
PT-symmetry-broken bulk states with imaginary eigenenergies are pressent in the P7-symmetry-broken regime (c1)(c2), but
their spatial wave functions are extended rather than localized, as illustrated in the inset of (c2). Related to Fig. 1(b).
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FIG. S2 Dynamics of spin textures d(k,t) under different parameters. (al) Eigenenergy spectra for HE characterized
by (uf = v/3,v" = v, w' = 3v). (a2)(a3) Time evolution of d(k,t) at fixed momenta as the system is quenched into HE. (b1)
Eigenenergy spectra for Hf characterized by(uf = 2.4v, 0" = v, w' = 3v). (b2)(b3) Time evolution of d(k,t) at fixed momenta
as the system is quenched into H,f. For the time evolution, the momenta are taken at the fixed point k£ ~ 0.34 in (a2)(b2), and
at k = 47 /5 in (a3)(b3), as indicated by the vertical green and black lines in (al)(bl). In all quench processes, the initial state
in each k-sector is the eigenstate 1)L ) of the initial Hamiltonian H}, corresponding to (u' = v/3,v" = v,w' = v/2). Related to
Fig. 2.
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FIG. S3 Coincidental topological phenomena when the final Hamiltonianis in the P7-symmetry-broken regime.
The initial Hamiltonian is characterized by (u' = v/3,v' = v,w' = v/2), and the final Hamiltonian is characterized by
(uf = 2.4v,0" = v,w" = 3v). (a) Spin texture d(k,t) in the k-t plane. (b) Rate function g(t) of the quench process (red
solid), where contribution from all momenta in 1BZ are considered. For comparison, we also plot the rate function where
only Loschmidt amplitude in the momentum range with real Ef are considered (blue dashed). The signal for DQPT is more
apparent in the latter. (¢) PGP in the momentum range with real Ef. Note that PGP in the momentum range with imaginary
Ef is not well-defined. (d) vp as integrated between the fixed points, where t. = 7/ E,fcc. Related to Figs. 3 and 4.

Transparent Methods
I. Topological invariant through the global Berry phase

Topological invariants defined through the global Berry phase ¢ have the advantage that they invoke the formal-
ism of biorthonormal basis and characterize topological properties in both the P7T-symmetry-preserving and broken
regimes. The resulting winding number v = pp/27 has a geometric interpretation, i.e., the number of times the unit

_ 1 . . . _ . " .
vector n = —W(hl, ha,0), which lies in the z-y plane, winds around the z-axis as k varies through the 1BZ. Here,

{z,y,z} corresponds to the indices {1, 2,3}, respectively. This geometric interpretation thus makes connection with
previously defined generalized winding numbers in non-Hermitian settings (Rudner et al., 2016; Zeuner et al., 2015;
Zhan et al., 2017). It also reduces to the generalized Zak phase for PT-symmetric non-Hermitian systems in the
PT-symmetry-preserving regime (Kim et al., 2016; Xiao et al., 2017).

To explicitly demonstrate that the winding number defined through the global Berry phase serves as the topological
invariant of the system, we numerically calculate the eigenspectra F of Hamiltonian (1) in various regimes under open
boundary conditions. As illustrated in Fig. S1, localized topological edge states with Re(E) = 0 emerge in both
PT—Eymmetry—preserving and broken regimes, so long as v = 1. In the PT-symmetry-broken case, bulk states with
Re(E) = 0 also exist, but their wave functions are extended and the imaginary parts of their eigenenergies are smaller
than that of the edge state.

As is clear from Fig. S1, all bulk eigenstates are extended. The non-Hermitian skin effect (Kunst et al., 2018; Lee,
2016; Yao et al., 2018; Yao and Wang, 2018) is therefore absent from our model under an open-boundary condition, and
the bulk winding number calculated through the global Berry phase is sufficient in correctly predicting the existence
and number of topological edge states.

II. Evolution of the density matrix



The time-dependent density matrix in the k-sector is written as
1
pk,t) = 3 [70 + d(k,t) - 7]. (S1)

When E! is real, we have
do =clcy +cic_,
. £
dy = (c* cpe 2t 4 c.c.)/dy,
. —1 f
dy = i(c* cpe 2Bt —c.c.)/do,
d3 = (cicy —cc_)/dy,

where ¢, = (XZWL) as defined in the main text. Apparently, while d(k, t) is a real unit vector, ds is time independent,
and both d; and dj are oscillatory in time with a momentum-dependent period tg = 7/ E,fC The fixed-point condition

is satisfied when c_ =0 or ¢y =0, as d; = d2 = 0 and |d3| = 1. We further parameterize d(k,t) as follows
d1(0, ) = sinf cos(p + dy), (S6)
ds(0, @) = sinfsin(p + dyp), (S7)
d3(0) = cos¥, (S8)
where the parameters (6, ¢, dp) are defined through
- 0
cy = +\/dpe'?* cos 2 (S9)
- 0
c— = +/dpe'¥~ sin 2 (S10)
o =2FE't, (S11)
Sp = — P (S12)

Here, 0 € [0,7], ¢ € [0,27), and 0y is a constant. d(k,t) therefore depicts a vector evolving on the Bloch sphere
characterized by (0, ), as illustrated in Fig. 2(a) of the main text. We identify d(k,t) associated with the fixed point
c¢— =0 (c+ = 0) as the north (south) pole of the Bloch sphere. Hence, when |c_| = |cy|, d3 = 0 and the corresponding
d(k,t) lies on the equator of the Bloch sphere.

When E,g is imaginary, we have

do = cic+e_i2E’fvt + c*_c_eiinfﬂt7 (S13)
dy = (¢’ ey + c.c.)/dy, (S14)
dy =i(c*cy — c.c.)/dy, (S15)
ds = (c*_‘_c_;_e*iQE’it - c*_c_eiQE’it)/do. (S16)

Without loss of generality, we have assume Im(E%L) > 0. We parameterize d(k,t) as
dy (0, ) = sinf cos p, (S17)
ds (8, ) = sinfsin @, (S18)
ds (0, ) = cosé, (S19)

where the parameters (0, @) are defined through
. . 0
et =v/doe Bkt + cos 3 (S20)
. . 0

c— zx/doeﬂE{*tew‘ sin 3 (S21)
o =p_— oy (S22)

Here, 0 € [0,7], ¢ € [0,27). In this case, d(k,t) is still a real unit vector on a Bloch sphere characterized by
(0,¢). As we show in the next section, one can prove |cy| = |c_| in this case. Therefore, we have ds(k,t = 0) = 0,



4

tlim ds(k,t) = 1, and tli}m dq(k,t) = tli}m dy(k,t) = 0. The vector d(k,t) thus necessarily lies on the equator of the
—00 0 Sl

Bloch sphere at t = 0 and approaches the north pole in the long-time limit, as illustrated in Fig. 2(b) of the main
text. The density matrix in the corresponding k-sector approaches a steady-state value in the long-time limit, and
fixed points do not exist.

In Fig. S2, we demonstrate typical time evolutions of d(k,t) at different momenta, as the system is quenched from
an initial Hamiltonian in the P7-symmetry-preserving regime to final Hamiltonians in either the P7T-symmetry-
preserving regime or the symmetry-broken regime, respectively. At fixed points [Fig. S2(a2)], d(k,t) is time indepen-
dent. At momenta with real EL [Fig. S2(a3)(b2)], d(k,t) is oscillatory, regardless of whether the final Hamiltonian is
PT-symmetry-preserving or not. At momenta with imaginary Ef when the final Hamiltonian is in the P7-symmetry-
broken regime [Fig. S2(b3)], d(k,t) approaches a steady-state value in the long-time limit.

ITI. Existence of fixed points

In this section, we show that the existence and number of fixed points are intimately connected with the generalized
winding numbers of H' and Hf, when both Hamiltonians belong to the PT-symmetry-preserving regime with com-
pletely real eigenspectra. First, we parameterize the initial stateTand the left eigenstate of the final Hamiltonian at
momentum k, respectively, as [i! ) = \/ﬁ (—e_m‘,ew‘em‘) and (xL|= \/ﬁ (:teimf,e_id’feﬂgf). Here,
sin20Q” = v /WP (B = i,f), hBeid” = hf + ihg7 where components of h! and hf are associated with H} and H,ﬁ,
respectively. Note that Q7 is real when E,f is real. Importantly, #° is the polar angle of the vector h®, which is
associated with the generalized winding number v* of the Hamiltonian H? through v* = § dkd¢® Ok (k € 1BZ).

We then have

—i(Q'FQf i¢® Li(QFQf
ci::Fe Q@F )+.6¢6( F )’ (523)
2V cos 201 cos 2Qf

where ¢ = ¢! — ¢f. Consider a unit vector n° on the 2-y plane whose polar angle is given by ¢°. As k € 1BZ, the
number of times n® winds around the z-axis is therefore § dkd¢®/0k = v' — v, From Eq. (523), the condition for
ce =01is ¢° =2(Qf — Q) (mod 27) and ¢° = 7 — 2(Qf + Q1) (mod 27), respectively. Therefore, the number of fixed
points with c; = 0 or ¢_ = 0 should be at least }Vi — I/f| each.

Conversely, when H' is in the PT-symmetry-broken regime, the corresponding Ef becomes imaginary for a certain

range of k. At these momenta, Qf becomes complex, which invalidates the argument following Eq. (S23). Further, we
have

cosh 2w — sin(¢) + 2Q)
2 cos 20} sinh 2w}

lex (K)[* = ; (524)

where wi = Im(Q}). Hence |c; (k)| = |c— (k)| in this case. Note that c4 cannot vanish simultaneously at the same k,
as otherwise [¢! (k)) = X cu(K)[0h (k) = 0.

When the system is quenched between different topological phases in the P7T-symmetry-preserving regime, fixed
points with ¢, = 0 and those with ¢ = 0 always emerge in pairs. As we have discussed in the main text, this gives
rise to dynamic Chern numbers and dynamic skyrmions in the momentum-time space. As |cy| — |c_| is a continuous
function of k, there must be at least one critical momentum satisfying |c4 (k.)| = |c— (k)| inbetween two fixed points
of different kinds. We thus conclude that DQPTs also occur in this case.

IV. Dynamic Chern number

Between two arbitrary fixed points k,, and k,, the dynamic Chern number is defined as

kn to
Con = %/ dk/ dt[d(k,t) x 0yd(k, )] - Opd(k, ). (S25)
k, 0

m

The Chern number is well-defined so long as Elfc is real in the momentum submanifold spanned by k,, and k,,.

Following the parameterization of d(k,t) in Egs. (S6-S8), we have [d(6, ¢) x 0,d(8,¢)] - 0pd(6, ) = —sin. This
allows us to evaluate the dynamic Chern number between two adjacent fixed poits k,, and k,,+1 in the following
cases:

A. ci(kmy1) =0 and c_(ky,) =0



As there are no other fixed points inbetween k,,, and k,, 11, 6 should be integrated in the range [0, 7]. We have

1 1

T 27 T 27
Crmmit = 7= / a0 / APld(0, 0) x Dpd(0, )] (0, 0) = / do / dp(—sin) = —1.  (S26)
T Jo 0 T Jo 0

B. ¢i(kn)=0and c_(kyn1) =0

Similarly, we have

1 0 2m 1 ™ 2m
Crnym+1 = 7/ o dgp[d(@, 90) X 8<Pd(05 90)} : 69d(0, SO) = - do dgp(_Sin 9) =1 (827)
’ 47T T 0 47T 0 0

C. ¢i(km)=0and ci(kmy1) =0, or c_(ky,) =0 and c_(kpy1) =0

In this case, 6 is integrated from 0 to 0 or from 7 to 7, therefore Cy, 141 = 0.

For arbitrary fixed points k,, and k,,, by successively applying the results above between adjacent fixed points, we
have: Cp,p, = 1 when ¢y (k) =0 and c_ (k) = 0; Cpy = —1 when c¢_ (k) = 0 and ¢4 (k,,) = 0; when the two fixed
points are of the same kind, C,,,, vanishes.

V. Coincidental fixed points and topological phenomena in the P7-symmetry-broken regime

As we have seen in Fig. S2(bl), momentum regime with real Fj exists even when the overall Hamiltonian H =
> reipz Hi is in the PT-symmetry-broken regime. Hence, coincidental fixed points can still exist when H fis in the
PT-symmetry-broken regime, provided that Ef is real at these fixed points and that the initial and final Hamiltonians
belong to different topological phases.

As an example, in Fig. S3, we illustrate the emergence of coincidental dynamic topological phenomena when Hf
is in the PT-symmetry-broken regime. As indicated by vertical dashed lines in Fig. S3(a), two fixed points exist at
k1 =~ —2.25,ky ~ —1.05. As both E,fcl and E£2 are real, dynamic Chern number is well-defined in the S? manifold
spanned by (k1, k2) in momentum space and (0,¢y) in temporal space.

On the other hand, the existence of coincidental fixed points in the P7T-symmetry-broken regime still gives rise to
critical point k. ~ —2.05 in momentum space, where the q/),?(t) undergo abrupt changes. Correspondingly, periodic
nonanalyticities exist in g(t). However, as illustrated in Fig. S3(b), the signals for DQPT get drowned out by
contributions from the momentum-range with imaginary eigenenergies, whose signals get exponentially enhanced over
time. In this case, quantized dynamic topological order parameter vp can be defined and calculated [see Fig. S3(d)]

G
in the momentum submanifold spanned by ky and ko, with vp(t) = i :12 %gkik(t)dk.
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