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Abstract: The starting point to understanding cluster properties is the putative global minimum
and all the nearby local energy minima; however, locating them is computationally expensive and
difficult. The relative populations and spectroscopic properties that are a function of temperature
can be approximately computed by employing statistical thermodynamics. Here, we investigate
entropy-driven isomers distribution on Be6B11

− clusters and the effect of temperature on their
infrared spectroscopy and relative populations. We identify the vibration modes possessed by
the cluster that significantly contribute to the zero-point energy. A couple of steps are considered
for computing the temperature-dependent relative population: First, using a genetic algorithm
coupled to density functional theory, we performed an extensive and systematic exploration of the
potential/free energy surface of Be6B11

− clusters to locate the putative global minimum and elucidate
the low-energy structures. Second, the relative populations’ temperature effects are determined
by considering the thermodynamic properties and Boltzmann factors. The temperature-dependent
relative populations show that the entropies and temperature are essential for determining the global
minimum. We compute the temperature-dependent total infrared spectra employing the Boltzmann
factor weighted sums of each isomer’s infrared spectrum and find that at finite temperature, the total
infrared spectrum is composed of an admixture of infrared spectra that corresponds to the spectra of
the lowest-energy structure and its isomers located at higher energies. The methodology and results
describe the thermal effects in the relative population and the infrared spectra.

Keywords: global minimum; infrared spectrum; boron cluster; fluxional; density functional theory;
temperature; Boltzmann factors; Gibbs free energy; entropy; Grimme’s approach (DFT-D3); IR spectra

1. Introduction

In recent years, pure, metal-, and non-metal-doped boron clusters have attracted
considerable attention [1–10] due to their unpredictable chemistry [11,12] and high po-
tential to form novel structures [13]. Boron is the smallest and lightest semi-metal [7,14]
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and a neighbor of carbon in the periodic table. It is electron-deficient [13,15–17] and can
combine and form novel atomic and molecular boron structures that are planar and quasi-
planar [18–20]. It can also form nanotubes [13,21], borospherenes [2,22,23], borophene [2],
cages [24], chiral helices [25,26], and nanosheets [18,27,28] consisting of triangle units of
boron atoms. Boron can absorb neutrons, which makes it useful for nuclear and medical
applications [29–32]. In boron-based clusters, aromaticity, antiaromaticity, and conflicting
aromaticity dominate the chemical bonding [25,33–35]. The two most-used indices for
quantifying aromaticity are the harmonic oscillator model of aromaticity, based on the
geometric structure, and the nucleus-independent chemical shift, based on the magnetic
response. Aromaticity is not observable, cannot be directly measured [36], and it is cor-
related with electronic delocalization [37]. However, in molecular devices, the dynamic
structural fluxionality in boron and boron-doped-based molecular systems occur due to
electronic delocalization [25,38]. Electronic localization/delocalization contributes sig-
nificantly to the stability, magnetic properties, and chemical reactivity of a system [36].
Presently, the dynamic structural fluxionality in boron nanoclusters is a topic of interest in
nanotechnology [23,39]. The fluxionality of an atomic cluster is highly relevant in terms
of its catalytic activity [40], and in boron-based nanoscale rotors, it is a function of the
atomic structure, size, bonding, and cluster charge [41]. Doping a boron cluster with
metals [3,5,42–46] and non-metals [47] dramatically affects its structure, stability, and re-
activity, as a result of the loss in fluxionality of the boron-doped anion B19

− [48]. It is
important to mention, the emission of radiation as a competing cooling channel has to
be considered in studying small cationic boron clusters’ stabilities. According to Ferrari
et al., this improving agreement between experiment and theory [49]. In this study, we
consider that temperature and entropy are critical for elucidating low-energy structures
and highlight the importance of understanding the thermal and entropic effects in the
Be6B11

− fluxional cluster. In past years, a boron molecular Wankel motor [1,28,50–54] and
sub-nanoscale tank treads have been reported [55,56]; however, the entropy and tempera-
ture were not considered. In collaboration with the groups of Merino and Zhai, we studied
and reported the fluxionality in Be6B11

−. The computations indicated that there are two
competitive low-energy structures: a helix-type cluster and a fluxional coaxial layered
cluster. More recently, another low-energy structure was found in the Be6B11

− cluster by
employing a cellular automaton algorithm [57]. However, the putative global minimum-
energy structure and its molecular properties strongly depend on the temperature–entropy
term [58–62]. In previous works, the barrier energy in a chemical reaction was computed
by considering the effect of the temperature–entropy term [63], the temperature-dependent
dipole moments were computed for HCl(H2O)n clusters [64], the temperature-dependent
linear optical properties of the Si(100) surface were computed [65], and more recently,
it was considered in a study of gold clusters [66–68], and the thermochemical behavior
of the sorghum molecule [69]. It is important to bear in mind that experimental studies
are conducted in non-zero temperatures and most theoretical density functional studies
assume that the temperature is zero and neglect temperature-dependent and entropic
contributions; consequently, their finite temperature properties remain unexplored [70,71].
Thus, it is necessary to understand the effect of temperature on cluster properties and the
lowest-energy structure’s determination [70–72]. Herein, we investigated the effect of the
temperature–entropy term on the relative population and its infrared spectra, which as a
starting point require the complicated task of search and elucidation of the putative global
minimum and its low-energy isomers [58,73–76]. Considering temperature in Be6B11

−

cluster requires deals with thermodynamics of small systems; the Gibbs free energy of
classical thermodynamics also applies for small systems, known as the thermodynamics of
small systems [77–79] or nano-thermodynamics [80]. The thermodynamics of clusters have
been studied by various theoretical and simulation tools [58,70,77,81–87], such as molecular
dynamics simulations [6], Monte Carlo, and analytic methods. Under the harmonic super-
position approximation, the temperature–entropy term can be computed with the available
vibrational frequencies. The entropy effects have been considered for gold, copper, water,
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and sodium clusters [59,66–68,88–93]. The spectroscopic properties of the clusters provide
insight into their structure and detect structural transformations [94–96]. The temperature
effects on IR spectra have been studied experimentally and theoretically on small and
neutral gold clusters [66,67] and boron clusters [53]. In the same direction, the pristine
Au13 gold cluster’s thermodynamical stability at finite temperature was studied using
the replica-exchange method, which shows a fluxional behavior [88]. AuN (N = 30–147)
clusters’ thermodynamics properties were studied employing the Gupta potential and
density functional theory (DFT) methodology [68]. The total absorption spectra were
computed as the sum of the different spectra in Ag isomers [97]. We employed statistical
thermodynamics to compute the Gibbs free energy temperature-dependency and evaluated
relative populations’ temperature among the isomers and temperature effects on the IR
spectra. We also identified the vibration modes that significantly contribute to the cluster’s
zero-point energy, which is strongly dominated at temperatures higher than 377 K, also we
find that this isomer has the shortest B–B bond length. Additionally, we investigate the ef-
fect of long-range van der Waals interactions (Grimme’s approach, DFT-D3) on solid–solid
transformation points. We think that this provides useful information about which isomers
will be dominant at hot temperatures. No work has previously been attempted to investi-
gate entropy-driven isomers in the fluxional Be6B11

− cluster to the best of our knowledge.
The remainder of the manuscript is organized as follows: Section 2 briefly describes the
theory and computational details. Section 3 discusses the lowest-energy structures, ener-
getic ordering at the DFT/Coupled-Cluster Single-Double and perturbative Triple CCSD(T)
level of theory, the relative population, and infrared spectroscopy (IR spectroscopy) as a
function of entropic-temperature term. Conclusions are given in Section 4.

2. Theoretical Methods and Computational Details
2.1. Global Minimum Search

Despite advances in computing power, the minimum global search in molecular
and atomic clusters remains a complicated task due to several factors. The exploration
should be systematic and unbiased [58,98]; a molecule’s degrees of freedom increase
with the number of atoms [57,99–102]; a molecule composed of N atoms possesses 3N
degrees of freedom (i.e., The vibrational modes are (3N − 5) for linear molecules and
(3N − 6) for nonlinear molecules.); and, as a consequence, the potential/free energy sur-
face depends on a large number of variables. The number of local minima increases
exponentially as a function of the number of atoms in the molecule. Moreover, the total
energy computation requires a quantum mechanical methodology to produce a realis-
tic energy value. In addition, there should be many initial structures. It is essential
to sample a large region of the configuration space to ensure that structures are not
missed, resulting in an incomplete sampling of the configuration space, and miscalcu-
lation of the thermodynamic properties [73]. A complete sampling of the potential/free
energy surface is nearly impossible, but a systematic exploration of the potential en-
ergy surface is useful. Although searching for a global minimum in molecular systems
is challenging, algorithms dedicated to the search for global minima, such as simulated
annealing [103–108], the kick method [109,110], genetic algorithms [111–113], the gradient
embedded genetic algorithm (GEGA) [114–116], and basin hopping [117,118], have been
designed and applied over the years. In the past few years, one of the authors designed
and employed genetic algorithms [9,10,26,119,120] and the kick methodology [64,120–126]
coupled with DFT to explore the potential energy surfaces of atomic and molecular clusters.
They led us to solve the minimum global search in a targeted way. In this paper, our compu-
tational procedure employs a recently developed and unbiased hybrid strategy as a search
global methodology, which combines a modified-kick heuristic and genetic algorithm
coupled to DFT that has been implemented in GALGOSON Python code. GALGOSON
systematically and efficiently explores the potential/free energy surfaces (PES/FES) of
the atomic clusters to find the minimum-energy structure. The methodology consists
of a three-step search strategy where in the first and second steps, we explore the PES,
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and in the third step, we explore the FES. First, the code generates random initial structures
with an initial population of 200 individuals per atom in the Be6B11

− cluster using the
kick methodology. The process to create 1D, 2D, and 3D structures is similar to that used
in previous works [9,57] and is restricted by two conditions [9] that can be summarized
as follows: (1) all the atoms are confined inside a sphere with a radius determined by
adding all atoms’ covalent radii and multiplied by a factor established by the user, typ-
ically 0.9; (2) the bond length between any two atoms is the sum of their covalent radii,
modulated by a scale factor established by the user, typically close to 1.0. This allows us to
compress/expand the bond length. These conditions avoid the high-energy local minima
generated by poorly connected structures (too compact or too loose). Then, structures
are optimized at the PBE0/3-21G level of theory by employing Gaussian 09 code. As the
second step, all structures lying in the energy range of 20 kcal/mol are re-optimized at
the PBE0-GD3/LANL2DZ level of theory and joined with previously reported global
minimum structures. Those structures comprise the initial population for the genetic
algorithm. The optimization in this stage is at the PBE0-GD3/LANL2DZ level of theory.
The criterion to stop the generation is if the lowest-energy structure persists for 10 genera-
tions. In the third step, structures at 10 kcal/mol found in the previous step comprise the
initial population for the genetic algorithm that uses Gibbs free energy extracted from the
local optimizations at the PBE0-D3/def2-TZVP level of theory, considering the zero-point
energy (ZPE) corrections. The stop criterion is similar to that used in the previous stage.
In the final step, the lowest-energy structures are evaluated at a single-point energy at the
CCSD(T)/def2-TZVP//PBE0-D3/def2-TZVP level of theory. All the local optimizations
were performed employing the Gaussian 09 code [127].

2.2. Thermochemistry Properties

All the information about a quantum system is contained in the wave function; sim-
ilarly, the partition function provides all the information needed to compute the ther-
modynamic properties. It indicates the states accessible to the system at temperature T,
so the thermodynamic functions are calculated using the temperature-dependent partition
function Q shown in Equation (1):

Q(T) = ∑
i

gie
−∆Ei/kBT (1)

where gi is the degeneracy or multiplicity; using degeneracy numbers is equivalent consid-
ering all degenerate states and the sum runs overall energy levels. kBT is the Boltzmann
constant, T is the temperature in Kelvin, and ∆Ei is the total energy of a molecule [63,128].
An exact calculation of Q could be complicated due to the internal modes’ coupling.
A method to decouple the electronic and nuclei modes is through the use of the Born–
Oppenheimer Approximation (BOA). This approach states that the electrons move faster
than the nuclei and assumes that the molecular wave function is the electronic and nuclear
wavefunction product ψ = ψeψn. The vibrations change the moment of inertia as a conse-
quence, affecting the rotations; this tightly couples the vibrational and rotational degrees of
freedom. The separation of rotational and vibrational modes is called the rigid rotor, har-
monic oscillator (RRHO) approximation, under this approximation, the molecule is treated
rigidly; This is generally good when vibrations are of small amplitude. Here the vibration
will be modeled in terms of harmonic oscillator and rotations in the rigid rotor. Within BOA
and RRHO approximations, the partition function is factorized into electronic, translational,
vibrational, and rotational energies. Consequently, the partition function, q, displayed in
Equation (2), can be given as a product of the corresponding contributions [63,129]

q = qtransqrotqvibqelec. (2)

Table 1 shows the contributions of electronic, translational, vibrational, and rotational
energies to the canonical partition function.
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Table 1. Contributions to the partition function.

Contributions Partition Function

Translational qtrans =
(

2πmkBT
h2

) 3
2 kBT

P

Rotational linear ql
rot =

T
σΘrot

, Θrot =
h̄2

2IkB

Rotational nonlinear qnl
rot =

π1/2

σ

[
T3/2

(ΘrotAΘrotBΘrotC)
1/2

]
, Θrotj =

h̄2

2IjkB
, j = A, B, C

Vibrational qpol
vib =

n
υ[a]

∏
i=1

e
−Θvibi

/2T

1−e
−Θvibi

/T , Θvibi =
hνi
kB

Electronic qelec= ω0

We computed all the contributions to the partition functions at different temperature
T and a standard pressure of 1 atm. The equations shown in Tables 1 and 2 are equivalent
to those given in [63] and any standard text of thermodynamics [128,129], and apply to
an ideal gas. The implemented translational partition function in the Gaussian code [127]
is the partition function q = qtrans, given in Table 1. In this study, q = qtrans is computed
as a function of T and is used to calculate the translational entropy. In addition to using
vibrational modes to identify the true lowest-energy structures from transition states,
we used them to compute the vibrational partition function. We considered vibrational
modes ν under the harmonic oscillator approximation, and the total vibrational energy
consists of the sum of the energies of each vibrational mode. In computing the electronic
partition, we considered that the energy gap between the first and higher excited states
is greater than kBT; consequently, the electronic partition function q = qelect is given by
qelect= ω0. qrot, qnl

rot, q = qelect and 1q = qtrans were used to compute the internal energy
(U), and entropy (S) contributions given in Table 2.

Table 2. Contributions to internal energy and enthalpy.

Contributions Internal Energy Entropy

Translational Utrans =
3
2 RT Strans= R

(
ln qtrans +

5
2

)
Rotational linear Ul

rot= RT Sl
rot= R

(
ln ql

rot + 1
)

Rotational nonlinear Unl
rot =

3
2 RT Snl

rot= R
(

ln qnl
rot +

3
2

)
Vibrational Upol

vib= R
n

υ[a]

∑
i

Θvibi

(
1
2 + 1

e
Θvibi

/T−1

)
Spol

vib= R
nυ

∑
i

[
Θvibi /T

e
Θvibi

/T−1
− ln

(
1− e−Θvibi /T

)]
- Θvibi =

hνi
kB

Electronic Uelec = 0 Selec= R ln qelec

The vibrational frequencies are calculated employing Gaussian code, and all the
information needed to compute the total partition functions is collected from the output
Gaussian code. The Gibbs free energy (G) and the enthalpy (H) are computed employing
Equations (3) and (4), respectively. In these equations, R is the ideal gas constant and n is
the amount of substance, and T is the temperature in Kelvin.

H = U + nRT, (3)

G = H− TS. (4)

2.3. Boltzmann Population

The properties observed in a molecule are statistical averages over the ensemble of
geometrical conformations or isomers accessible to the cluster [130]. Therefore, the molecu-
lar properties are ruled by the Boltzmann distributions of isomers, which can change due
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to the temperature–entropic term [59,64,131], and the soft vibrational modes of clusters
make primarily important contributions to the entropy [91]. The relative populations of the
low-energy isomers of the Be6B11

− cluster are computed through the probabilities defined
in Equation (5)

P(T) =
e−β∆GK

∑ e−β∆GK , (5)

where β =1/kBT, and kB is the Boltzmann constant, T is the temperature in Kelvin, and
∆G is the Gibbs free energy of the kth isomer. Equation (5) establishes that the molecules
will be distributed among energy levels as a function of the energy and temperature.
The separation energy among isomers is a critical factor in the computation of the solid–
solid transformation temperature, Tss, point. Tss occurs when two competing structures
are energetically equal, and there is a simultaneous coexistence of structural isomers
at T. In other words, the Tss point is a function of the energy difference between two
isomers and the relative energy ∆G of the cluster. The Boltzmann distribution finds
many applications, such as for native protein structures [132]; for microscopy systems,
a temperature T or simulated annealing was applied to the search for minimum-energy
structures and rate of chemical reactions [63]. For the calculation of the Gibbs free energies
at temperature T, IR spectra at temperature T, and the relative populations, we used a
homemade Python/Fortran code called Boltzmann optics full adder (BOFA).

2.4. IR Spectra

The vibrational spectra are useful for identifying phases and determining struc-
tures [133], among other applications mentioned above. In this study, the IR harmonic
spectra for each isomer were calculated employing Gaussian code. All isomers were charac-
terized as minima because we found no negative frequencies in each isomer. The Lorentzian
line shape, with a width at half maximum of 20 cm−1, was used to compute the IR spectra
for each isomer, and the computed vibrations were scaled by a factor of 0.98. The most
considerable contribution to total IR spectra is the putative global minimum atomic struc-
ture [97], while the isomers located at high energies contribute little to the molecular
properties. Therefore, the total IR spectrum is dependent on the temperature results from
the contributions of all IR spectra weighted according to their relative populations. In this
study, to obtain the total IR spectrum at temperature T, we weighted the IR spectrum of
each isomer according to the probabilities computed in Equation (5) and the sum of all of
them; thus, we computed the total IR spectrum as a function of the temperature.

2.5. Computational Details

We performed the global exploration of the potential and free energy surfaces of the
Be6B11

− with a hybrid genetic algorithm GALGOSON written in Python and coupled
to DFT. All local geometry optimization and vibrational frequencies were investigated
employing DFT as implemented in the Gaussian 09 [127] (Revision D.01) suite of programs;
no restrictions in the optimizations were imposed. Final equilibrium geometries and rela-
tive energies are reported at the Perdew-Burke-Ernzerhof-hybrid functional (PBE0) [134],
and valence triple-zeta polarization basis set of the Ahlrichs group (def2-TZVP) [135],
considering the D3 version of Grimme’s dispersion corrections [136] and including the ZPE
corrections. (PBE0-D3/def2-TZVP). As Pan et al. [137] reported, the computed relative
energies with PBE0 functional are very close to the CCSD(T) values in B9

− boron cluster.
The def2-TZVP basis from the Ahlrichs can improve computations accuracy and describe
the Be6B11

− cluster [26]. To gain insight into its energetics, we evaluated the single-point
energy CCSD(T)/def2TZVP//PBEO-D3/def2-TZVP level of theory for the putative global
minima and the low-energy isomers. The total IR spectra dependent on temperature were
computed employing the Boltzmann weighted sum of the IR spectra of each isomer and
the relative populations using Boltzmann factors. Both were implemented in BOFA.
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3. Results and Discussion
3.1. The Lowest-Energy Structures and Energetics

Figure 1 shows the lowest-energy structure of Be6B11
− clusters and seven low-energy

competing isomers. The criterion for drawing/depicting the structures in Figure 1 was
until the percentage of the relative population was zero. The relative Gibbs free energy
is given in kcal/mol (round parenthesis) and computed at 298.15 K and 1 atm. In square
brackets and bold is the percentage of the relative population computed using Equation (5)
at 298.15 K. For the putative global minimum, the optimized average B–B bond length is
1.64 Å. In contrast, the optimized B–Be bond length is 2.01 Å.
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Figure 1. The optimized geometries of the Be6B11
− cluster. The most important energy isomers have two orientations:

front and rotated 90 degrees to the plane of the paper. Relative Gibbs free energies in kcal/mol (in round parenthesis) and
the relative population (in square brackets) at the PBE0-D3/Def2-TZVP level of theory. The criterion to plot them was until
the probability occupation was zero at 298.15 K. The purple- and green-colored spheres represent the boron and beryllium
atoms, respectively. (The XYZ cartesian atomic coordinates are available in the Supplementary Information).

To observe the trend in B–B bond length in the low-energy structures, Figure 2 shows
the average bond length for B–B for the 14 lowest-energy isomers energetically accommo-
dated, from the most energetically favorable, isomer number 1, to the least stable, isomer
number 14. Our calculations indicated that the largest average value of the B–B bond
length is 1.71 Å and belongs to isomer number 13, which is 25 kcal/mol less stable than
the putative global minimum. The lowest average value of the B–B bond length is 1.53 Å
and corresponds to the isomers coaxial triple-layered structures with Cs and C2v sym-
metries, located at energies of 0.85 and 1.23 kcal/mol above the putative global minima,
respectively. The structures are depicted in Figure 1(3,4). In these structures, the lowest
average B–B bond length of 1.53 Å is considerably shorter compared with the: (a) length of
a typical B–B single bond of 1.72 Å [138], (b) the bond length of the B8 and B9

−1 molecular
wheels [26,139], and slightly shorter in 2.2% than the B–B double bond length experimen-
tally characterized in the range of 1.57–1.59 Å [140,141]. The average B–B bond length
shortens from 1.64 Å to 1.53 Å, suggesting strong hyperconjugation in the coaxial triple-
layered structures. The shortening of the B–B bond length is caused by orbital interaction,
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which is also a cause of C–C bond shortening in the Butyne molecule [142]. Hypercon-
jugation has been shown in the shortening of B–B and C–C bond lengths [142,143] and
which causes increases in the number of electrons shared between regions [142]. Figure A1
(in Appendix A) shows the average bond length for Be–B for the 14 low-energy isomers.
The largest average value of the Be–B bond length is 2.0 Å and 2.10 Å, which correspond
to the isomer coaxial triple-layered structures with Cs and C2v symmetries, respectively.
This suggests that if the shortening of the bond length increases the number of electrons
shared in that region, the increase in bond length should decrease the number of electrons;
consequently, the electron delocalization occurs in the ring of boron atoms. In Figure 1(1),
is depicted the putative global minimum with 54% of the relative population, and it has
C1 symmetry with a singlet electronic state 1A. It is a distorted, oblate spheroid with three
berylliums in one face and two in the other face. Nine boron and one beryllium atoms form
a ring located around the spheroid’s principal axes, and the remaining two boron atoms
are located close to the boron ring on one of its faces. The second higher energy structure,
at 298.15 K, lies at a Gibbs free energy of only 0.61 kcal/mol above the putative global
minima; it has C1 symmetry with a singlet electronic state 1A. It is a prolate spheroid with
19% of the relative population at a temperature of 298.15 K. The next two higher energy
isomers, at 298.15 K, lay 0.85 and 1.23 kcal/mol Gibbs energy above the putative global
minimum. They are prolate, coaxial, triple-layered structures with Cs, and C2v symmetries
and singlet electronic states 1A and 1A1, respectively. This clearly shows that the low-
symmetry structure Cs becomes energetically preferred compared to the C2v symmetry,
with a Gibbs free energy difference of 0.38 kcal/mol at 298.15 K due to the entropic effects.
This agrees with a similar result found in Au32 [98]. According to our computations, those
structures are strongly dominant at temperatures higher than 377 K. The next structure
shown in Figure 1(5) is located 1.48 kcal/mol above the global minimum; it is close to
spherical in shape and corresponds to a prolate structure with C1 symmetry and a singlet
electronic state 1A. This structure makes up only 4.4% of the relative population at 298.15
K. The next two structures, located at a Gibbs free energy of 2.37 kcal/mol above the global
minimum, are the chiral–helix-type structures. These were previously reported by Guo
et al. [26] as the global minimum and also found with GALGOSON code. They are prolate
structures with C2v symmetries and their relative population is around only 1%. We note
that the chiral–helix structures are never the lowest-energy structures throughout the entire
temperature range. The relative population is zero for structures located at relative Gibbs
free energies higher than 5.1 kcal/mol, and at 298.15 K, there is no contribution of these
isomers to any total molecular property. A full understanding of the molecular properties
requires the search for the global minimum and all its closest low-energy structures [73].
The separation among isomers by energy difference among isomers is an important and
critical characteristic that influences the relative population and, consequently, the over-
all molecular properties. To gain insight into how the energy difference among isomers
changes and how the energy ordering of the low-energy structures is affected. We com-
puted the putative global minima and the first seven low-energy structures a single-point
energy at the CCSD(T)/def2-TZVP level of theory corrected with the ZPE computed at
the PBE0 D3/def2-TZVP level of theory. Figure A2 (in Appendix B) shows the isomers’
energetic ordering considering CCSD(T) energy in kcal/mol in parentheses, and the cor-
rected CCSD(T) + εZPE in kcal/mol in square brackets. At the CCSD(T) level of theory, the
global minima, the seven lowest-energy isomers, and the energy order agree with those in
a previous work [57], as shown in the first row of Table 3. The second row of Table 3 shows
the corrected CCSD(T) + εZPE. Interestingly, the energetic ordering of isomers does not
change when considering the ZPE.
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Figure 2. The average B–B bond length as a function of the number of isomers. The isomers are ener-
getically accommodated from the most energetically favorable (1) to the least stable (14). The coaxial
triple-layered structures with Cs and C2v symmetries, isomers numbers 3 and 4, respectively, have the
lowest average bond length of 1.53 Å. The black open circles are the structures with a relative popula-
tion value different from zero. The filled red squares are isomers with a relative population value of
zero. (both of them at 298.15 K).

Table 3. The relative energies in kcal·mol−1, coupled-cluster single-double and perturbative triple
CCSD(T), CCSD(T) with zero-point energy (εZPE), (CCSD(T) + εZPE), and Gibbs free energy (∆G)
at 298.15 K, electronic energy (ε0), electronic energy with εZPE (ε0 + εZPE), point-group symmetry,
electronic ground state, and the lowest frequency in cm−1 for eight low-energy isomers. (Two isomers
need to raise the frequencies below 100 cm−1 to 100 cm−1 to avoid divergence errors).

Be6B11− Level i1 i2 i3 i4 i5 i6 i6 i8

CCSD(T) 0.0 1.75 1.84 1.84 4.10 4.13 2.64 2.42

CCSD(T) + εZPE 0.0 0.58 0.85 0.86 1.19 1.23 1.68 1.81

∆G 0.0 −1.48 0.89 0.88 −0.63 −0.25 4.14 −0.87

Be6B11
− ε0 + εZPE 0.0 −0.29 1.51 1.52 2.41 2.42 5.0 −0.08

ε0 0.0 0.87 2.50 2.50 5.32 5.32 5.96 0.52

Point-Group
Symmetry C1 C1 C2 C2 CS C2v C1 C1

Electronic ground
state

1A 1A 1A 1A 1A′ 1A1
1A 1A

Frequencies
(cm−1) 230 119 102 100 46 43 161 151

Nevertheless, the energy difference among isomers were reduced drastically. For ex-
ample, the energy difference between the first and second isomers was reduced by 66%,
from 1.75 to 0.58 kcal/mol; the energy difference between the second and third isomers
increased almost 300%, from 0.1 to 0.27 kcal/mol, as shown in rows one and two of Table 1,
respectively. This change (increase/decrease) in energy difference among isomers has an
enormous impact on the relative population. Consequently, we deduced that the ZPE
inclusion is essential to the isomers’ energy ordering and molecular properties. The third
row of Table 3 shows the energy order considering the Gibbs free energy computed at
298.15 K; at this temperature, the isomers’ energy ordering changes: the second isomers are
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the putative global minima, and the first isomers have the fifth-lowest energy. Interestingly,
this energy ordering occurs at 298.15 K, and it is a function of the temperature, which we
discuss later in the relative population section. The fourth row in Table 3 shows the elec-
tronic energy considering the ZPE. It follows the same trend in energy ordering when
considering the Gibbs free energy, and it is the same putative global minima. The fifth
row in Table 3 details the electronic energy. It almost follows the CCSD(T) energies trend,
except isomer number 8 takes second place, located at 0.52 kcal/mol above the putative
global minima. The sixth, seventh, and eighth rows in Table 3 show the point-group
symmetry, electronic ground state, and the lowest vibrational frequency of each isomer,
respectively. When we use the Gibbs free energy to energy order the structures, the second
isomers change to first place, becoming the lowest-energy structure; the energy ordering
changes drastically, whereas the electronic energy follows a similar trend to that of CCSD(T)
energy ordering. This shows us that the level of theory and the inclusion of entropy and
temperature change the energy ordering and, therefore, the overall molecular properties.

3.2. Relative Population

Figure 3a shows the most important and dominant Tss1-g point located at 377 K
with a relative population of 33%. For temperatures ranging from 10 to 377 K, the relative
population is strongly dominated by the putative global minima isomer, which is a distorted
oblate spheroid with C1 symmetry. This relative population is similar to −T−3 function,
with one point of inflection located at 180 K. Beyond 180 K, it decreases monotonically up
to 377 K. At the Tss1-g point, the distorted oblate spheroid with C1 symmetry co-exists and
competes with the coaxial triple-layered structures with Cs symmetry. This implies that the
distorted oblate spheroid will be replaced with the coaxial triple-layered structures. Above
377 K, the relative population is strongly dominated by the coaxial triple-layered structures
with Cs symmetry, located 0.85 kcal/mol above the global minima at 298.15 K. This relative
population, depicted by a blue solid line in Figure 3a, behaves as a sigmoid function;
from 377 to 600 K, it grows rapidly, and from 600 to 1500 K, it is near-constant with 60%.
The second Tss2-g point is located at 424 K, with a relative population of 22.9%; at this point,
the global minima distorted oblate spheroid with C1 symmetry co-exists and competes
with the coaxial triple-layered structures with C2v symmetry, located 1.23 kcal/mol above
the global minima at 298.15 K. The relative population of the coaxial triple-layered C2v
symmetry depicted with a green-solid line in Figure 3a also behaves as a sigmoid function;
up to 600 K; it remains constant, with 32% of the relative population. The Tss3-g, and Tss4-g
points, displayed in Figure 3a, are located at 316.7 and 349 K axis temperatures with relative
populations of 14% and 17%, respectively. These relative populations correspond to the
second isomer located at just 0.61 kcal/mol at 298.15 K above the global minima and
co-existing at temperatures of 316.7 and 349 K with the coaxial triple-layered structures
with Cs and C2v symmetries, respectively. In the low-temperature range, this isomer’s
relative population, depicted by the red solid line in Figure 3a, is around 20%; up to room
temperature, it decreases exponentially to zero. At temperatures of up to 600 K, the relative
population is zero; hence, these isomers do not contribute to the molecular properties at
high temperatures. A relative population lower than 10%, depicted by the solid purple line,
is shown in Figure 3a, corresponding to the isomers located 1.48 kcal/mol above global
minima at 298.15 K.
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Figure 3. (a) The relative population for temperatures ranging from 10 to 1500 K at the PBE0-
GD3/def2-TZVP level of theory. (b) The relative population (without Grimme’s dispersion (D3))
for temperatures ranging from 10 to 1500 K at the PBE0/def2-TZVP level of theory. Notice that the
Grimme’s dispersion’s (D3) effect shifts the solid–solid transition point (Tss1-g) to higher temperatures.
The low-symmetry Cs and C2v coaxial triple-layered structures become strongly dominant at high
temperatures.

Interestingly, this structure is the putative global minimum when the CCSD(T) energy
is employed in the ordering energy. Regardless, this structure’s relative population clearly
shows that this structure does not contribute to the molecular properties in all temperature
ranges. The average B–B bond length for this structure is 1.63 Å, greatly different to the low-
est average B–B bond length of 1.53 Å. This structure has the largest positive contribution to
the relative ZPE. This suggests the importance of the global minimum and its closest energy
isomers of a potential/free energy surface. Still, the contributions of entropic effects and
temperature decide which isomers contribute to the molecular properties in a temperature
range of interest. Notably, neither the helix-type structure reported by Guo et al. [26]
nor the putative global minimum found in this study, also reported by Yañez et al. [56]
at a high level of theory, is the putative global minimum when we consider the entropy.
Our results show that the entropic-temperature effect should be considered. One may ask if
there is a simple and easy method to elucidate the isomers that provide the largest entopic
contributions. This question is to be discussed in the relative ZPE decomposition section.

Another question is the effect of Grimme’s dispersion (D3) on the relative population.
Figure 3b shows four solid–solid transformation temperature points, Tss1, Tss2, Tss3, and
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Tss4, without Grimme’s dispersion (D3). For ease of numerical of comparison, they are
displayed in parentheses in Table 4 together with the probability of occurrence in bold
and square brackets. The Tss1 and Tss2 points shift on the temperature axis to a higher
temperature by 10 and 20 K, respectively, whereas the relative population has variations not
larger than 1.5%. The Tss3, Tss4, and Tss5 shift on the temperature axis to low temperatures.
Initially, this suggests that the dispersion of the relative population indicates a shift of the
two dominant Tss points from low to higher temperatures, keeping the relative populations
near-constant. In contrast with the Tss points, with lower probability occurrence, Tss points
shows a small shift from high to lower temperatures with minimal changes in the relative
population. The real properties in a molecule are statistical averages over the ensemble of
isomers. Thus, it is crucial to, as far as possible, completely sample the potential energy
surface to consider all isomers. The search for low-energy structures is not straightforward,
and it could often lead to missing some low-energy isomers. In this respect, we ask
what would happen if a low-energy structure was missing when computing the relative
populations and the effect on the computation of any molecular properties. Figure 4
shows the computed relative population when the two coaxial triple-layered Cs and C2v
structures have been removed from the isomers pool database. In the range from 773
to 1500 K, the relative population depicted by the solid yellow line in Figure 4 indicates
that the dominant structure is a distorted coaxial triple-layered structure, as depicted in
Figure A2(10), located 9.20 kcal/mol above the putative global minimum at the CCSD(T)
level of theory. Furthermore, the analysis of the results on the average B–B bond length
shown in Figure 2 indicated that the structure with the second-lowest bond length also has
the same distorted coaxial triple-layered structure. This result led to a couple of interesting
observations in the case of the Be6B11

− cluster. Even at a high level of theory, the lowest-
energy structure (at T = 0) does not necessarily have the largest entropic effect. The structure
with the lowest B–B bond length is correlated with the largest entropic effect. At 377 to
1500 K in Figure 3a, the relative population depicted by the solid blue line indicates that
the coaxial triple-layered structure with Cs symmetry is energetically more favorable than
the coaxial triple-layered structure with C2v symmetry. These two structures strongly
dominate in this temperature range from 377 to 1500 K. These results show that we must
consider more than one isomer with point-group symmetries, ranging from low to high
symmetry. Figure 5a displays the relative population computed without considering the
C2v symmetry coaxial triple-layered structure in the pool database, and panel (b) displays
the relative population computed without considering the C2v symmetry coaxial triple-
layered symmetry in the pool database. A comparison between the relative populations in
Figure 5a,b indicates that the dominant Tss point does not shift when we do not consider
the high symmetry structure, and the dominant Tss point shifts from 379 to 425 K when
we do not consider the low-symmetry structure. This result led to the observation that
it is more important to calculate the relative population considering the low-symmetry
structures than only those structures with high symmetries because when we consider
low-symmetry structures, the Tss point does not change. In contrast, when we consider
only higher-symmetry structures, the Tss changes, with important consequences for the
molecular properties when we compute the molecular properties as statistical averages
over an ensemble of isomers.
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Table 4. For ease of comparison, the five points Tss at the PBE0-D3/def2-TZVP level considering
Grimme’s dispersion (D3), (Tssi-g) and at the PBE0/def2-TZVP (Tssi) level of theory without disper-
sion are shown. Tss points are displayed in parentheses together with the probability of occurrence at
that point in bold and parentheses.

TSSi−g/TSSi PBE0-D3/def2-TZVP PBE0/def2-TZVP

1 (377)/(33) (388)/(34.5)

2 (424)/(22.9) (444)/(22.8)

3 (316.7)/(14) (305.4)/(14.7)

4 (349)/(17.6) (346.6)/(12.2)

5 (258)/(5.7) (246)/(4.2)Int. J. Environ. Res. Public Health 2020, 17, x FOR PEER REVIEW 13 of 27 
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Figure 4. The relative population of the Be6B11
− cluster for the temperatures ranging from 10 to

1500 K, and in the absence of C2v and Cs symmetry coaxial triple-layered structures (CTLSs) in a pool
of isomers. The distorted coaxial triple-layered structure with C2v symmetry depicted in Figure 1(8)
and Figure A2(10) dominates for temperatures higher than 773 K. The lowest-energy structure at
T = 0 K does not necessarily have the significant entropic effect. The probability of occurrence of
isomer number 9 is depicted in a solid yellow line, and above 733 K strongly dominates. The solid
black line is the probability of occurrence of the isomers number one, below 733 K strongly dominate.

3.3. Molecular Dynamics

In this study, to explore and gain insights into the dynamical behavior of Be6B11
− a

Born–Oppenheimer molecular dynamics (BOMD) was performed employing the deMon2K
program [144] (deMon2k v. 6.01, Cinvestav, Mexico City, Mexico, 2011) at three different
temperatures, 1600 K, 2000 K, and 2500 K., and at the PBE/DZVP level of theory. We have
chosen the temperatures from 1600 K to 2500 K due to these temperatures are close to
the melting points of boron (2349 K) and beryllium (1560 K). The BOMD’s were started
from the initial configuration of the coaxial triple-layered structure (the putative global
minimum at a temperature of 1500 K), employing a Hoover thermal bath with random
initial velocities imposed to the atoms, and for a simulation time of 25 ps with a step size
of 1 fs. As the temperature increases, Be6B11

− cluster is subject to dissociation phenomena.
Based on the BOMD simulation results, we found the dissociation processes of the Be6B11

−

cluster occurs at a temperature of 2000 K, whereas there is no dissociation during the
BOMD simulation at 1600 K; the cluster maintains its connectivity at this temperature. At a
temperature of 2500 K, the dissociation processes are stronger, and more beryllium atoms
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are escaped (see the movies in the Supplementary Information). Min Li et al. [145] noted
that nanoparticles of tungsten dissociate when the temperature of tungsten nanoparticles
is higher than the melting temperature. Our results make sense if we considered that the
BOMD of Be6B11

− cluster there is not dissociation at 1600 K, whereas at the temperature of
2000 K, there are dissociation phenomena. From the mentioned previously, we can infer
that the melting point of the Be6B11

− cluster is in the temperature ranging from 1600 K to
2000 K.
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− cluster for temperatures ranging from 10 to 1500 K.

(a) The relative population of the CS symmetry (blue solid line), in the absence of C2v symmetry
coaxial triple-layered structure in a pool of isomers, the low-symmetry Cs becomes strongly dominant
for temperatures higher than 379 K (Tss1-g). (b) The relative population of C2v symmetry in the
absence of CS symmetry coaxial triple-layered structure in a pool of isomers; the high order-symmetry
C2v becomes strongly dominant for temperatures higher than 425 K (Tss1) (green line). The absence of
isomers with symmetries in the isomers pool database has important consequences for the molecular
properties. The shift of the Tss points modifies the IR spectra.

3.4. Contributions of the Vibrational Modes to the ZPE

At zero temperature, the lowest-energy structure has electronic energy plus ZPE com-
puted as the sum of all vibration modes. If the system’s temperature increases, the entropic
effects start to play an important role, and Gibbs’s free energy determines the lowest-energy
structure. Low-vibrational modes significantly contribute to entropy, and it is approxi-
mately proportional to the logarithmic sum of low frequencies [146]. High vibrational
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modes provide small contributions to the vibrational entropy. Equation (6) describes the
ZPE, where νi is all 3N − 6 vibrational modes of the cluster. Figure 6 shows the relative
ZPE as a function of vibrational modes and isomers that are arranged in energy from
the lowest- (1) to the highest-energy isomer (14). Remarkably, the smallest value of the
total relative ZPE (the minimum ZPE) correlates with the lowest-energy structure at high
temperatures. The relative population displayed in Figure 3a shows that isomers three and
four, which correspond to the coaxial triple-layered structure with Cs and C2v symmetries,
respectively, strongly dominate in the temperature range up to 377 K.

ZPE =
1
2 ∑νi (6)
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coaxial triple-layered structures with Cs symmetry. The blue line depicted the total ZPE, taking all 45
vibrational modes of the cluster (3N − 6 modes).

Figure 6 shows that isomers three and four, the coaxial triple-layered structures
(CTLSs) with Cs and C2v symmetries, respectively, have the lowest relative ZPE values.
The structures with the lowest relative ZPE are correlated with the structures that strongly
dominate the putative global minima at high temperatures. This suggests that those struc-
tures possess the highest entropic effects. To understand which of the low-vibrational
modes contribute to the lowest ZPE, we decomposed the relative ZPE as a function of the
number of modes, adding the number of modes needed to obtain the smallest ZPE value.
The blue line in Figure 6 depicts the total relative ZPE employing the 45 vibrational modes.
The red solid lines depict the relative ZPE employing the first to the sixth vibrational
mode in Equation (6), and so on. The Be6B11

− cluster has 45 vibrational modes; we found
that we had to add the lowest 38 vibrational modes to produce the smallest relative ZPE
value. The frequency of mode 38 is 1026 cm−1, which indicates the highest frequency
(cutoff frequency) that contributes to creating the minimum relative ZPE. Therefore, the vi-
brational frequencies ranging from 46 to 1026 cm−1 significantly contribute to entropy.
The vibrational mode numbers 39 to 45 (1036–1518 cm−1) do not contribute to lowering
the relative ZPE, as shown in Figure 6.
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3.5. Infrared Spectroscopy

In this section, each isomer’s IR spectra and how the relative stabilities contribute to
the total IR spectra are discussed. In this study, each isomer’s IR spectra were computed
using DFT as implemented in Gaussian 09 code; under the harmonic approximation,
anharmonic effects are not considered. The effect of temperature on the total spectra and
the total IR spectra were computed as a Boltzmann weighted sum of each isomer’s IR
spectra, implemented in BOFA. As the Boltzmann factors depend on temperature, the total
resulting IR spectra depend on temperature. In a previous work [64], one of the authors
computed the total dipole moment as a dipole moment weighted by the Boltzmann factors
and successfully compared it with experimental data. From the experimental point of
view, Sieber et al. [97] compared the measured absorption spectrum of the Ag9 cluster to
a sum of different absorption spectra of the Ag9 cluster computed by DFT. Concerning
boron clusters, the vibrational spectrum of boron cluster B13

+ was measured by infrared
photodissociation spectroscopy and also compared with computed spectra. Experimental
spectroscopy studies employing anion photoelectron spectroscopy on boron anions cluster
up to B40

− clusters have been done. Additionally, the structure of neutral boron clusters
B11, B16, and B17 was also probed by IR [53].

The IR spectrum is related to vibrations that alter the dipole moment. These spectra are
usually used to identify functional groups and chemical bond information, and are useful
in organic/inorganic chemistry. However, from an experimental perspective, the assign-
ment of IR bands to vibrational molecular modes can be somewhat difficult and requires
ab initio calculations. In these computations, the temperature is generally not considered,
and discrepancies between experimental and calculated IR spectra can result from finite
temperature and anharmonic effects. It is also important to remember that the experiments
are essential of multi-photon nature, whereas calculations IR spectra assume single-photon
processes. Figure 7a–g display the individual IR spectra that belong to the putative global
minima and the six lowest-energy structures, respectively, located in the relative energy
range up 0 to 2.38 kcal/mol at 298.15 K. Figure 7h shows the Boltzmann weighted spectrum
at 298.15 K computed with BOFA. Interestingly, 93% of the total weighted IR spectra was
found to be composed of the individual spectral contributions of the four lowest-energy
structures located at an energy scale-up of 0 to 1.23 kcal/mol. The other 7% of the Boltz-
mann weighted spectra is composed of the IR spectra of the three structures located in the
energy range from 1.48 to 2.38 kcal/mol. In the total weighted Boltzmann IR spectrum in
Figure 7h, there are three segments on its frequency axis. The first segment is located in
the frequency range of 0 to 700 cm−1. The main bands observed in this range correspond
to the IR vibrational modes of the global minimum. The highest peak is located in the
387 cm−1 frequency axis, which corresponds to compression of the main ring formed by 10
boron atoms. It is located mainly on one side of the ring, accompanied by the vibrations of
the two beryllium atoms. The second band is located at 669 cm−1 in the frequency axis.
This corresponds mainly to the 10-ring boron’s small asymmetric vibration and a minor
vibration of the six beryllium atoms. The third peak is located at 225 cm−1 on the frequency
axis. It corresponds mainly to a stretching of the boron atom that does not form part of the
boron ring, together with the two beryllium atoms located close to the boron. The second
segment is located in the frequency range of 700 to 1400 cm−1. In the Boltzmann weighted
IR displayed in Figure 7h, the band observed at 900 cm−1 is mainly composed of the 19.2%
contribution of the individual IR spectrum of the second isomer that lay 0.61 kcal/mol
above the global minimum; this vibrational mode of the second isomer corresponds to
the stretching of the three beryllium atoms located on one side along with a boron atom,
together with the stretching of one of the boron atoms. The band observed at 1200 cm−1

(Figure 7h) is mainly associated with the global minima’s IR spectrum, which corresponds
to the boron atoms’ unique stretching. There is almost no vibration of the beryllium atoms.
The band observed at 1500 cm−1 (Figure 7h) is completely composed of the contribution
of 12% of the individual IR spectra of the third isomer, which has a coaxial triple-layered
structure with Cs symmetry located 0.85 kcal/mol above the putative global minima.
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The fourth isomer’s contribution is the coaxial triple-layered structure with C2v symmetry
located 1.23 kcal/mol above the global minimum. The different symmetries of the CTLSs
(C2v and Cs) are responsible for the different contributions to the total weighted IR spec-
trum. The low-symmetry isomers become more stable at high temperatures as a result
of entropic effects. Interestingly, neither individual IR spectrum of the putative global
minimum nor the individual IR spectrum of the second isomer, which was 0.61 kcal/mol
above the putative global minimum, has any IR band in the range of 1500 cm−1. Based on
this, we assigned this band at 1500 cm−1 in the total Boltzmann weighted IR spectrum to
the third and four isomers, which have a coaxial triple-layered structure with two different
symmetries. The helix-type structures proposed by Guo et al. [26] have a small contribution
to the IR spectra in all ranges of temperature. The methodology employed in this paper
for the assignment of the IR bands demonstrates that the total IR spectra are a mixture of
many contributions from the low-energy structures. In this cluster, the total IR spectrum’s
low-energy region is attributed to the putative minimum global contribution. In contrast,
the high-energy region of the total IR spectrum is attributed to the isomers’ contribution on
the high-energy axis.

Figure 8 displays the IR spectra computed as a function of temperature. Figure 8a
shows the total Boltzmann weighted IR spectra in the temperature range of 10 to 300 K.
Please note that the IR spectrum at low temperatures is strongly dominated by the indi-
vidual IR spectrum of the putative global minimum; this finding agrees with the relative
population displayed in Figure 3. Below 377 K, the relative population is strongly dom-
inated by the putative global minimum. The band observed at 1500 cm−1 in Figure 8a
starts to increase at 200 K (pink line), increases again at 250 K (cyan line), and increases
further at 300 K (yellow line). This IR band has contributions from the individual IR
spectra of the CTLSs with Cs and C2v symmetries. It is in complete agreement with the
relative population displayed in Figure 3a. The relative population of the CTLSs start
to increase at 200 K. Figure 8b shows the IR spectra in the range of 310 to 410 K. Within
this temperature range, most solid–solid transitions occur with different probabilities of
occurrences as shown in Figure 3a; therefore, large changes in the total weighted IR spectra
are also expected. In Figure 8b, the IR band located at 1500 cm−1 continues increasing
at 310 K, and it persists, increasing to 430 K (cyan line). This vibrational mode pertains
to an individual IR spectrum of the isomer with CTLSs displayed in Figure 7c. This is
completely in agreement with the relative population displayed in Figure 3a. From 377
to 1500 K, the relative population is strongly dominated by the coaxial contributions of
the triple-layered structures with Cs and C2v symmetries. The appearance and constant
growth of the peak located at 1500 m−1 in the weighted total IR spectrum displayed in
Figure 8b, as a function of temperature, indicate the coexistence and competition of at least
two strongly dominant structures at a specific finite temperature (377 K). Most importantly,
the constant growth of the peak located at 1500 cm−1 is indicative that putative global
minimum interchange occurs as a function of temperature. This suggests that we must
search exhaustively and systematically for the putative global minimum on the poten-
tial/free energy surface and its full distribution of all low-energy structures if we want to
assign IR bands to specific vibrational modes. This paper shows how some IR bands in the
Boltzmann weighted total IR spectrum belong to the IR spectra of isomers located on the
higher energy axis. In summary, in the Boltzmann weighted total IR spectrum shown in
Figure 8b, the low-frequency range is dominated by the contributions of the putative global
minimum, whereas the high-frequency range is dominated by geometric structures located
at higher energies. Figure 8b shows the IR spectra in the range of 310 to 410 K. Within this
temperature range, most solid–solid transitions occur with different probabilities, as shown
in Figure 3a; therefore, large changes in the total weighted IR spectra are also expected.
In Figure 8b, the IR band located at 1500 cm−1 continues increasing at 310 K, and it persists,
increasing up to 430 K (cyan line). This vibrational mode pertains to an individual IR
spectrum of the coaxial triple-layered isomer displayed in Figure 7c. This is completely
in agreement with the relative population displayed in Figure 3a. The peak located at
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1500 cm−1, shows in Figure 8, panels (a–d), is present only in temperatures higher than
300 K, where the coaxial triple-layer structures start to be the lowest-energy structures.
The above-mentioned reasons indicate that the vibrational modes located in the range
of 1036 to 1518 cm−1 are responsible for the cluster’s fluxionality. The B−B stretching
modes of the B11 ring are located in the range of 1036 to 1518 cm−1. This is correlated with
hyperconjugation, delocalization, and fluxionality of the cluster.Int. J. Environ. Res. Public Health 2020, 17, x FOR PEER REVIEW 17 of 27 
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Figure 7. (a–g) Computed infrared spectra of boron clusters in the range of 1 to 2000 cm−1, based on
the PBE0 functional with the def2-TZVP basis set, and considering version D3 Grimme’s dispersion
(implemented in Gaussian 09 code). (h) The weighted IR spectrum Boltzmann sum of the IR spectra’s
results of the energetically competing structures, which provide different percentages to the entire
IR spectrum. The total weighted IR spectrum shows a peak at 1500 cm−1, which is not present in
the IR spectrum that belongs to the putative global minimum at 298.15 K shown in (a). These IR
bands are assigned to the 12.9% contribution of the third isomer, which has coaxial triple-layered
structures with Cs symmetry located 0.85 kcal/mol above the global minima. The intensities are
given in km/mol.
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Figure 8. (Color online) The temperature-dependent weighted infrared spectrum of the Be6B11
− cluster, computed at the

PBE0-D3/def2-TZVP level of theory from temperature ranging 10 to 1500 K. The temperature effects are considered through
Boltzmann factors at (a) 10–300, (b) 310–430, (c) 450–700, and (d) 800–1500 K. The most considerable change in the spectrum
occurs around the dominant TSS1-g point, (377 K) where there are at least two energetically competing structures. From 450
to 1500 K, the weighted IR spectrum is dominated by the coaxial triple-layered structures.

4. Conclusions

In summary, we systematically explored the potential and free energy surface of the
Be6B11

− cluster using an unbiased hybrid, efficient, and multistep/multilevel algorithm
implemented in Python and coupled to DFT. The temperature effects were considered
employing Gibb’s free energy. If the system’s temperature is increased, entropic effects start
to play an important role, and Gibbs’s free energy determines the lowest-energy structure.

We computed the relative population as a function of temperature using Boltzmann
factors and the IR spectra dependent on temperature as a Boltzmann weighted sum of
each IR spectrum’s isomer. Here, we demonstrate that the temperature and entropic
effects produce several competing structures, so a mixture of isomers co-exist at a specific
temperature. Our computations showed (with relative population) that the low-symmetry
isomers have a higher stability than isomers with high symmetry at high temperatures
as a result of the entropic effect. The CTLSs with Cs symmetry are the putative global
minima above 377 to 1500 K due to entropic effects. There are four Tss points in the relative
population of the Be6B11

− cluster; the most important and dominant of these is the Tss point
located at 377 K with a relative population of 33%. Additionally, our results give insight
into the long-range van der Waals interactions effects on the solid–solid transformation
temperature points, hence the molecular properties. Indeed, the effect of dispersion shifts
up in temperature the dominant Tss point, keeping the relative population almost invariant.
The other Tss points shifted down on the temperature axis, so there is no clear trend
in the up/downshifts in the Be6B11

− cluster. Remarkably, the CTLSs with Cs and C2v
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symmetries have the lowest B–B bond length, and the same geometrical structures have
the lowest relative ZPE. This suggests that both trends shortening of the B–B bond length
and lowest relative ZPE are correlated with entropic effects. Analysis of our results leads
to an interesting observation: The strong dominant putative global minimum, under high-
temperature conditions, has the shortest B–B bond length and the lowest relative ZPE.
The low-vibrational modes significantly contribute to entropy, whereas high vibrational
modes provide small contributions to entropy. The Be6B11

− cluster has 45 vibrational
modes. We found the range of frequencies—the lowest to the highest vibrational modes
that contribute to ZPE by computing the ZPE as a function of vibrational modes. We needed
to sum the first 38 modes that contribute to zero-point energies; the frequency range was
between 46 and 1026 cm−1. Vibrational modes outside of this range do not contribute to the
ZPE. At the energy single-point CCSD(T) level of theory, the energetic ordering of isomers
changes with respect to employing the electronic or Gibb’s free energies. The inclusion of
the ZPE in CCSD(T) energies illustrates that the energy difference among isomers reduces
drastically, which suggests that the dominant putative global minimum at zero temperature
when we employ the CCSD(T) energies will change with the inclusion of temperature.

The properties observed in a molecule are statistical averages over the ensemble of
geometrical conformations or isomers accessible to the cluster, so the molecular properties
are ruled by the Boltzmann distributions of isomers, which can change significantly with
temperature, primarily due to entropic effects. We computed the IR spectra dependent on
temperature as a Boltzmann weighted sum of each IR spectrum’s isomer. Our computations
showed that the competing structures provide a different percentage to the entire molecular
properties and IR spectra, in detail, the molecular properties cannot be attributed to only
the lowest-energy structure. The structures located at high energy above the putative global
minimum that have a significant energy difference among isomers on the potential/free
energy surface do not contribute to the entire IR spectrum. Despite the number of isomers
growing exponentially, the main contribution to the molecular properties comes from
the low-energy structures close to the global minimum where the weighted Boltzmann
factors’ temperature dependence are different from zero. (This depends strongly on the
energy separation; if the energy separation is significant, the IR spectrum does not change.)
The spectra that belong to the low-energy structure dominate the IR spectrum of the
Be6B11

− cluster at low-temperature structures, whereas at high temperatures, it is strongly
dominated by the spectra of structures located at high energy above the putative lowest-
energy structures. The increase/decrease in a peak/band in the IR spectra as a function of
temperature is a clear signature of an interchange of the dominant lowest-energy structure.
With the IR spectra, we illustrated that the main contributions to the molecular properties
are from the low-energy structures that are very close to the global minimum where the
weighted Boltzmann factors’ temperature dependence is different from zero.

The present study highlights the importance of entropy-temperature effects and what
happens when some low-energy structures are not considered. We show that symmetry
plays an important role in the definition of the global minimum and hence in molecular
properties. We demonstrate that dispersion effects have a little change to the Tss points in
temperature scale. All of these effects have an impact on the spectroscopic and any other
property of a molecular system. The Boltzmann-IR-spectra as a function of temperature
were presented. The spectra unravel that the peak located at 1500 cm−1, shows in Figure 8,
panels (a–d), is present only in temperatures higher than 300 K, where the CTLSs start to
be the lowest-energy structures. The above-mentioned reasons indicate that the vibrational
modes located in the range of 1036 to 1518 cm−1 are responsible for the cluster’s fluxionality.

An immediate future project is the computation of the optical spectra and other molec-
ular properties employing the methodology described in this study and the computation
of the relative population in many atomic and molecular clusters of interest employing
higher levels of theory.
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97. Sieber, C.; Buttet, J.; Harbich, W.; Félix, C.; Mitrić, R.; Bonačić Koutecký, V. Isomer-specific spectroscopy of metal clusters trapped
in a matrix: Ag9. Phys. Rev. A 2004, 70, 041201. [CrossRef]

98. Ji, M.; Gu, X.; Li, X.; Gong, X.; Li, J.; Wang, L.S. Experimental and Theoretical Investigation of the Electronic and Geometrical
Structures of the Au32 Cluster. Angew. Chem. Int. Ed. 2005, 44, 7119–7123. [CrossRef]

99. Wille, L.T.; Vennik, J. Computational complexity of the ground-state determination of atomic clusters. J. Phys. A Math. Gen. 1985,
18, L419–L422. [CrossRef]

http://doi.org/10.1039/C7NR07123J
http://doi.org/10.1016/j.comptc.2020.112912
http://doi.org/10.1063/1.470172
http://doi.org/10.1103/PhysRevB.76.235423
http://doi.org/10.1063/1.1469616
http://doi.org/10.1021/ja073129i
http://doi.org/10.1063/1.1429658
http://doi.org/10.1039/a709249k
http://doi.org/10.1021/jp061149l
http://www.ncbi.nlm.nih.gov/pubmed/16836457
http://doi.org/10.1039/C7CP00874K
http://doi.org/10.1021/nl010009e
http://doi.org/10.1039/C4SC00052H
http://doi.org/10.1063/1.1732447
http://doi.org/10.1039/C5CP00274E
http://www.ncbi.nlm.nih.gov/pubmed/25721192
http://doi.org/10.1063/1.457123
http://doi.org/10.1063/1.1680883
http://doi.org/10.1126/science.271.5251.925
http://doi.org/10.1063/1.2184313
http://www.ncbi.nlm.nih.gov/pubmed/16613470
http://doi.org/10.1039/c1fd00027f
http://doi.org/10.1063/1.4891721
http://doi.org/10.1039/C5CP03374H
http://doi.org/10.1063/1.4974179
http://www.ncbi.nlm.nih.gov/pubmed/28147547
http://doi.org/10.1063/1.5053172
http://doi.org/10.1021/acs.jctc.6b00038
http://www.ncbi.nlm.nih.gov/pubmed/26913993
http://doi.org/10.1126/science.1161166
http://www.ncbi.nlm.nih.gov/pubmed/18669858
http://doi.org/10.1021/ja0509230
http://doi.org/10.1103/PhysRevLett.93.023401
http://doi.org/10.1103/PhysRevA.70.041201
http://doi.org/10.1002/anie.200502795
http://doi.org/10.1088/0305-4470/18/8/003


Materials 2021, 14, 112 26 of 27

100. Xu, S.G.; Zhao, Y.J.; Liao, J.H.; Yang, X.B. Understanding the stable boron clusters: A bond model and first-principles calculations
based on high-throughput screening. J. Chem. Phys. 2015, 142, 214307. [CrossRef]

101. Rossi, G.; Ferrando, R. Searching for low-energy structures of nanoparticles: A comparison of different methods and algorithms.
J. Phys. Condens. Matter 2009, 21, 084208. [CrossRef]

102. Cheng, L.; Feng, Y.; Yang, J.; Yang, J. Funnel hopping: Searching the cluster potential energy surface over the funnels. J. Chem. Phys.
2009, 130, 214112. [CrossRef]

103. Kirkpatrick, S.; Gelatt, C.D.; Vecchi, M.P. Optimization by Simulated Annealing. Science 1983, 220, 671–680. [CrossRef] [PubMed]
104. Metropolis, N.; Rosenbluth, A.W.; Rosenbluth, M.N.; Teller, A.H.; Teller, E. Equation of State Calculations by Fast Computing

Machines. J. Chem. Phys. 1953, 21, 1087–1092. [CrossRef]
105. Xiang, Y.; Gong, X.G. Efficiency of generalized simulated annealing. Phys. Rev. E 2000, 62, 4473–4476. [CrossRef] [PubMed]
106. Xiang, Y.; Gubian, S.; Suomela, B.; Hoeng, J. Generalized Simulated Annealing for Global Optimization: The GenSA Package for

R. R J. 2013, 5, 13–29. [CrossRef]
107. Vlachos, D.; Schmidt, L.; Aris, R. Comparison of small metal clusters: Ni, Pd, Pt, Cu, Ag, Au. Z. Phys. D At. Mol. Clst. 1993,

26, 156–158. [CrossRef]
108. Granville, V.; Krivanek, M.; Rasson, J.P. Simulated annealing: A proof of convergence. IEEE Trans. Pattern Anal. Mach. Intell. 1994,

16, 652–656. [CrossRef]
109. Saunders, M. Stochastic search for isomers on a quantum mechanical surface. J. Comput. Chem. 2004, 25, 621–626. [CrossRef]
110. Saunders, M. Stochastic exploration of molecular mechanics energy surfaces. Hunting for the global minimum. J. Am. Chem. Soc.

1987, 109, 3150–3152. [CrossRef]
111. Hsu, P.J.; Lai, S.K. Structures of bimetallic clusters. J. Chem. Phys. 2006, 124, 044711-0. [CrossRef]
112. Qin, W.; Lu, W.C.; Zhao, L.Z.; Zang, Q.J.; Wang, C.Z.; Ho, K.M. Stabilities and fragmentation energies of Si n clusters (n = 2–33).

J. Phys. Condens. Matter 2009, 21, 455501. [CrossRef]
113. Goldberg, D.E. Genetic Algorithms in Search, Optimization and Machine Learning, 1st ed.; Addison-Wesley Longman Publishing Co.,

Inc.: Boston, MA, USA, 1989.
114. Alexandrova, A.N.; Boldyrev, A.I. Search for the Li0, +1, −1 (n = 5–7) Lowest-Energy Structures Using the ab Initio Gradient

Embedded Genetic Algorithm (GEGA). Elucidation of the Chemical Bonding in the Lithium Clusters. J. Chem. Theory Comput.
2005, 1, 566–580. [CrossRef]

115. Alexandrova, A.N.; Boldyrev, A.I.; Fu, Y.J.; Yang, X.; Wang, X.B.; Wang, L.S. Structure of the Nax Clx (x = 1, 4) clusters via ab-initio
genetic algorithm and photoelectron spectroscopy. J. Chem. Phys. 2004, 121, 5709–5719. [CrossRef]

116. Alexandrova, A.N. H·(H2O)n Clusters: Microsolvation of the Hydrogen Atom via Molecular ab Initio Gradient Embedded
Genetic Algorithm (GEGA). J. Phys. Chem. A 2010, 114, 12591–12599. [CrossRef] [PubMed]

117. Harding, D.; Mackenzie, S.R.; Walsh, T.R. Structural Isomers and Reactivity for Rh6 and Rh6+. J. Phys. Chem. B 2006,
110, 18272–18277. [CrossRef] [PubMed]

118. Wales, D.J.; Doye, J.P.K. Global Optimization by Basin-Hopping and the Lowest Energy Structures of Lennard-Jones Clusters
Containing up to 110 Atoms. J. Phys. Chem. A 1997, 101, 5111–5116. [CrossRef]

119. Mondal, S.; Cabellos, J.L.; Pan, S.; Osorio, E.; Torres-Vega, J.J.; Tiznado, W.; Restrepo, A.; Merino, G. 10-pi-Electron arenes a
la carte: Structure and bonding of the [E-(Cn H)-E]n-6 (E = Ca, Sr, Ba; n = 6–8) complexes. Phys. Chem. Chem. Phys. 2016,
18, 11909–11918. [CrossRef] [PubMed]

120. Ravell, E.; Jalife, S.; Barroso, J.; Orozco-Ic, M.; Hernandez-Juarez, G.; Ortiz-Chi, F.; Pan, S.; Cabellos, J.L.; Merino, G. Structure
and Bonding in CE5—(E=Al-Tl) Clusters: Planar Tetracoordinate Carbon versus Pentacoordinate Carbon. Chem. Asian J. 2018,
13, 1467–1473. [CrossRef]

121. Pan, S.; Moreno, D.; Cabellos, J.L.; Romero, J.; Reyes, A.; Merino, G.; Chattaraj, P.K. In Quest of Strong Be-Ng Bonds among the
Neutral Ng-Be Complexes. J. Phys. Chem. A 2014, 118, 487–494. [CrossRef]

122. Cui, Z.H.; Ding, Y.H.; Cabellos, J.L.; Osorio, E.; Islas, R.; Restrepo, A.; Merino, G. Planar tetracoordinate carbons with a double
bond in CAl3E clusters. Phys. Chem. Chem. Phys. 2015, 17, 8769–8775. [CrossRef]

123. Vargas-Caamal, A.; Pan, S.; Ortiz-Chi, F.; Cabellos, J.L.; Boto, R.A.; Contreras-Garcia, J.; Restrepo, A.; Chattaraj, P.K.; Merino,
G. How strong are the metallocene–metallocene interactions? Cases of ferrocene, ruthenocene, and osmocene. Phys. Chem.
Chem. Phys. 2016, 18, 550–556. [CrossRef]

124. Cui, Z.H.; Vassilev-Galindo, V.; Luis Cabellos, J.; Osorio, E.; Orozco, M.; Pan, S.; Ding, Y.H.; Merino, G. Planar pentacoordinate
carbon atoms embedded in a metallocene framework. Chem. Commun. 2017, 53, 138–141. [CrossRef] [PubMed]

125. Vargas-Caamal, A.; Ortiz-Chi, F.; Moreno, D.; Restrepo, A.; Merino, G.; Cabellos, J.L. The rich and complex potential energy
surface of the ethanol dimer. Theor. Chem. Acc. 2015, 134, 16. [CrossRef]

126. Flórez, E.; Acelas, N.; Ibargüen, C.; Mondal, S.; Cabellos, J.L.; Merino, G.; Restrepo, A. Microsolvation of NO3−: Structural
exploration and bonding analysis. RSC Adv. 2016, 6, 71913–71923. [CrossRef]

127. Frisch, M.J.; Trucks, G.W.; Schlegel, H.B.; Scuseria, G.E.; Robb, M.A.; Cheeseman, J.R.; Scalmani, G.; Barone, V.; Mennucci, B.;
Petersson, G.A.; et al. Gaussian 09; Revision D.01; Wallingford, CT, USA, 2009.

128. McQuarrie, D.A. Statistical Mechanics; Chemistry Series; Harper & Row: Manhattan, NY, USA, 1975.
129. Hill, T. An Introduction to Statistical Thermodynamics; Addison-Wesley Series in Chemistry; Dover Publications: New York, NY,

USA, 1986.

http://doi.org/10.1063/1.4922059
http://doi.org/10.1088/0953-8984/21/8/084208
http://doi.org/10.1063/1.3152121
http://doi.org/10.1126/science.220.4598.671
http://www.ncbi.nlm.nih.gov/pubmed/17813860
http://doi.org/10.1063/1.1699114
http://doi.org/10.1103/PhysRevE.62.4473
http://www.ncbi.nlm.nih.gov/pubmed/11088992
http://doi.org/10.32614/RJ-2013-002
http://doi.org/10.1007/BF01425649
http://doi.org/10.1109/34.295910
http://doi.org/10.1002/jcc.10407
http://doi.org/10.1021/ja00244a051
http://doi.org/10.1063/1.2147159
http://doi.org/10.1088/0953-8984/21/45/455501
http://doi.org/10.1021/ct050093g
http://doi.org/10.1063/1.1783276
http://doi.org/10.1021/jp1092543
http://www.ncbi.nlm.nih.gov/pubmed/21077611
http://doi.org/10.1021/jp062603o
http://www.ncbi.nlm.nih.gov/pubmed/16970446
http://doi.org/10.1021/jp970984n
http://doi.org/10.1039/C6CP00671J
http://www.ncbi.nlm.nih.gov/pubmed/26936126
http://doi.org/10.1002/asia.201800261
http://doi.org/10.1021/jp409941v
http://doi.org/10.1039/C4CP05707D
http://doi.org/10.1039/C5CP05956A
http://doi.org/10.1039/C6CC08273D
http://www.ncbi.nlm.nih.gov/pubmed/27928569
http://doi.org/10.1007/s00214-015-1615-9
http://doi.org/10.1039/C6RA15059D


Materials 2021, 14, 112 27 of 27

130. Teague, S.J. Implications of protein flexibility for drug discovery. Nat. Rev. Drug Discov. 2003, 2, 527–541. [CrossRef]
131. An, W.; Bulusu, S.; Gao, Y.; Zeng, X.C. Relative stability of planar versus double-ring tubular isomers of neutral and anionic

boron cluster B20 and B20
−. J. Chem. Phys. 2006, 124, 154310. [CrossRef]

132. Shortle, D. Propensities, probabilities, and the Boltzmann hypothesis. Comput. Theor. Chem. 2003, 12, 1298–1302. [CrossRef]
133. Kubicki, J.; Watts, H. Quantum Mechanical Modeling of the Vibrational Spectra of Minerals with a Focus on Clays. Minerals 2019,

9, 141. [CrossRef]
134. Adamo, C.; Barone, V. Toward reliable density functional methods without adjustable parameters: The PBE0 model. J. Chem. Phys.

1999, 110, 6158–6170. [CrossRef]
135. Weigend, F.; Ahlrichs, R. Balanced basis sets of split valence, triple zeta valence and quadruple zeta valence quality for H to Rn:

Design and assessment of accuracy. Phys. Chem. Chem. Phys. 2005, 7, 3297–3305. [CrossRef]
136. Grimme, S.; Antony, J.; Ehrlich, S.; Krieg, H. A consistent and accurate ab initio parametrization of density functional dispersion

correction (DFT-D) for the 94 elements H-Pu. J. Chem. Phys. 2010, 132, 154104. [CrossRef]
137. Pan, L.L.; Li, J.; Wang, L.S. Low-lying isomers of the B9

− boron cluster: The planar molecular wheel versus three-dimensional
structures. J. Chem. Phys. 2008, 129, 024302. [CrossRef] [PubMed]

138. Shoji, Y.; Matsuo, T.; Hashizume, D.; Gutmann, M.J.; Fueno, H.; Tanaka, K.; Tamao, K. Boron-Boron σ-Bond Formation by
Two-Electron Reduction of a H-Bridged Dimer of Monoborane. J. Am. Chem. Soc. 2011, 133, 11058–11061. [CrossRef] [PubMed]

139. Zhai, H.J.; Alexandrova, A.N.; Birch, K.A.; Boldyrev, A.I.; Wang, L.S. Hepta- and Octacoordinate Boron in Molecular Wheels of
Eight- and Nine-Atom Boron Clusters: Observation and Confirmation. Angew. Chem. Int. Ed. 2003, 42, 6004–6008. [CrossRef]
[PubMed]

140. Moezzi, A.; Olmstead, M.M.; Power, P.P. Boron-boron double bonding in the species [B2R4]2-: Synthesis and structure of
[(Et2O)Li2Mes2BB(Mes)Ph], a diborane(4) dianion analog of a substituted ethylene. J. Am. Chem. Soc. 1992, 114, 2715–2717.
[CrossRef]

141. Zhou, M.; Tsumori, N.; Li, Z.; Fan, K.; Andrews, L.; Xu, Q. OCBBCO: A Neutral Molecule with Some Boron-Boron Triple Bond
Character. J. Am. Chem. Soc. 2002, 124, 12936–12937. [CrossRef]

142. Feixas, F.; Matito, E.; Poater, J.; Sola, M. Understanding Conjugation and Hyperconjugation from Electronic Delocalization
Measures. J. Phys. Chem. A 2011, 115, 13104–13113. [CrossRef]

143. Szabo, A.; Kovacs, A.; Frenking, G. Theoretical Studies of Inorganic Compounds. 341) Energy Decomposition Analysis of E-E
Bonding in Planar and Perpendicular X2E-EX2 (E= B, Al, Ga, In, Tl; X = H, F, Cl, Br, I). Z. Anorg. Allg. Chem. 2005, 631, 1803–1809.
[CrossRef]

144. Geudtner, G.; Calaminici, P.; Carmona-Espíndola, J.; del Campo, J.M.; Domínguez-Soria, V.D.; Moreno, R.F.; Gamboa, G.U.;
Goursot, A.; Köster, A.M.; Reveles, J.U.; et al. deMon2k. Wires Comput. Mol. Sci. 2012, 2, 548–555. [CrossRef]

145. Li, M.; Wang, J.; Fu, B.; Hou, Q. A molecular dynamics study of melting and dissociation of tungsten nanoparticles. AIP Adv.
2015, 5, 127131. [CrossRef]

146. Spickermann, C. Entropies of Condensed Phases and Complex Systems: A First Principles Approach; Springer: Berlin/Heidelberg,
Germany, 2011.

http://doi.org/10.1038/nrd1129
http://doi.org/10.1063/1.2187003
http://doi.org/10.1110/ps.0306903
http://doi.org/10.3390/min9030141
http://doi.org/10.1063/1.478522
http://doi.org/10.1039/b508541a
http://doi.org/10.1063/1.3382344
http://doi.org/10.1063/1.2948405
http://www.ncbi.nlm.nih.gov/pubmed/18624528
http://doi.org/10.1021/ja203333j
http://www.ncbi.nlm.nih.gov/pubmed/21711029
http://doi.org/10.1002/anie.200351874
http://www.ncbi.nlm.nih.gov/pubmed/14679555
http://doi.org/10.1021/ja00033a054
http://doi.org/10.1021/ja026257+
http://doi.org/10.1021/jp205152n
http://doi.org/10.1002/zaac.200500183
http://doi.org/10.1002/wcms.98
http://doi.org/10.1063/1.4939137

	Introduction 
	Theoretical Methods and Computational Details 
	Global Minimum Search 
	Thermochemistry Properties 
	Boltzmann Population 
	IR Spectra 
	Computational Details 

	Results and Discussion 
	The Lowest-Energy Structures and Energetics 
	Relative Population 
	Molecular Dynamics 
	Contributions of the Vibrational Modes to the ZPE 
	Infrared Spectroscopy 

	Conclusions 
	Average Be–B Bond Length 
	Energetic Ordering According to CCSD(T) Energies 
	References

