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In this paper, we introduce the notions of certain classes of soft ideals in soft ternary semigroups and study some 
inter-relations between different types of soft ideals in a soft ternary semigroup. We also characterize completely 
regular soft ternary semigroups with the help of these soft ideals of soft ternary semigroups.
1. Introduction

Now days in our daily life we have to deal with some situations for 
which complete information is unavailable. Mathematical models are 
developed to tackle the situation where uncertainty prevailing. Most of 
these models are based on an extension of ordinary set theory. Till now 
perhaps the most appropriate theory to handle the uncertainty related 
situation is the theory of fuzzy sets. But major difficulty arises in this 
theory probably due to the inadequacy of parameters. So naturally peo-

ple are trying to overcome this situation. For this purpose the notion of 
soft set was introduced by D. Molodtsov [1] by involving enough pa-

rameters. The theory of soft set is a generalized mathematical tool for 
dealing the uncertain phenomenon. Soft sets are used successfully in 
medical diagnosis, decision-making problem, data analysis etc.

Ternary semigroup is now a widely discussed topic in the area of 
ternary algebra. Lehmer [2] introduced the concept of ternary semi-

group. After the introduction of ternary semigroups, many researcher 
study the ideal theory of ternary semigroups. A detailed discussion 
about the ideal theory of ternary semigroups can be found in the paper 
of Sioson [3]. Good and Hughes [4] introduced the notion of bi-ideal in 
semigroups. Kar and Maity in [5] and Dutta, Kar and Maity in [6] added 
some interesting properties of prime ideals and bi-ideals of ternary 
semigroups and also characterized regular ternary semigroups, com-

pletely regular ternary semigroups, intra-regular ternary semigroups by 
using these classes of ideals. Recently group, semigroup, ring, semir-

ing are studied by using soft sets. In 2010, Ali, Shabir and Shum [7] 
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studied about soft ideals and characterized soft ideals and discussed 
about soft regular semigroups with the help of soft quasi-ideals, soft bi-

ideals of soft semigroups. Latter on Shabir and Ahmad [8] developed 
soft set in ternary algebra and also studied regularity property, quasi 
ideal, bi-ideal in soft ternary semigroup. Maji and Roy [9, 10] showed 
application of soft sets and fuzzy soft set in decision making problem. 
In 2017 Nasef and EL-Sayed [11] discussed a real life application of 
soft set theory. In 2016, Garg, Agarwal, Tripathi [12] introduced fuzzy 
number intuitionistic fuzzy soft sets and studied about different prop-

erties operations such as union, intersection, complement, max, min, 
AND, OR etc. and Mukerjee, Das, Saha [13] studied about fuzzy set, in-

tuitionistic fuzzy set, intuitionistic fuzzy soft set. Kar and Shikari [14] 
introduced the notion of soft ternary semiring and discussed the prop-

erties of ideals, regularity, intra regularity in soft ternary semiring. In 
2015 Khan and Sarwar [15] discussed about uni-soft ideals of ternary 
semigroup. Sezgin and Atagün [16] introduced the concept of soft nor-

malistic groups and discussed some properties of soft groups. Maji, 
Biswas and Roy [17] studied about super set of a soft set and com-

plement of a soft set and also provide some nice examples. Feng, Ali 
and Shabir established connection between binary relations and soft set 
theory in [18].

In this paper, we discuss about soft ternary semigroup. We are mo-

tivated by the papers of Ali, Shabir [7], Abbasi, Kahan and Ali [19], 
Yiarayong [20], Chinram, Panitykul [21] and also try to extend the 
properties of prime ideal, semiprime ideal, irreducible ideal, prime 
bi-ideal in view of soft set and characterized completely regular soft 
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ternary semigroup by using these soft ideals. Our aim is to introduce 
a new concept of soft ideals of soft ternary semigroup like soft prime 
ideal, soft semiprime ideal, soft prime bi-ideal, soft semiprime bi-ideal. 
Although we have not added any direct application of soft ternary semi-

group in our present manuscript but we have developed the theory 
behind the application. The results discussed in the manuscripts can 
be applied to solve a real life problem described in soft set theory.

2. Preliminaries and prerequisites

In this section, we recall some definitions which will be used in our 
later section of this paper.

Definition 2.1. [1] Let 𝑈 be an universal set and 𝐸 be the set of 
parameters. Suppose that 𝑃 (𝑈 ) be the power set of 𝑈 and 𝐴 be a 
nonempty subset of 𝐸. A pair (𝐹 , 𝐴) is said to be soft set over 𝑈 , where 
𝐹 ∶𝐴 ⟶ 𝑃 (𝑈 ) is a mapping from 𝐴 to 𝑃 (𝑈 ).

Definition 2.2. [17] Let (𝐹 , 𝐴) and (𝐺, 𝐵) be two soft sets over a 
common universe 𝑈 . Then (𝐺, 𝐵) is said to be soft subset of (𝐹 , 𝐴)
if (𝑖) 𝐵 ⊆ 𝐴, (𝑖𝑖) 𝐺(𝑎) ⊆ 𝐹 (𝑎) for all 𝑎 ∈ 𝐵 ⊆ 𝐴 and it is denoted by 
(𝐺, 𝐵) ⊆ (𝐹 , 𝐴).

Definition 2.3. [17] Let (𝐹 , 𝐴) and (𝐺, 𝐵) be two soft sets over a com-

mon universe 𝑈 . Then (𝐺, 𝐵) is said to be proper subset of (𝐹 , 𝐴) if 𝐵 ⊆𝐴
and 𝐺(𝑎) ⊂ 𝐹 (𝑎) for all 𝑎 ∈ 𝐵 ⊆𝐴 and it is denoted by (𝐺, 𝐵) ⊂ (𝐹 , 𝐴).

Note 2.4. [17] Two soft sets (𝐹 , 𝐴) and (𝐺, 𝐵) over a common universe 𝑈
is said to be equal if (𝐹 , 𝐴) ⊆ (𝐺, 𝐵) and (𝐺, 𝐵) ⊆ (𝐹 , 𝐴).

Example 2.5. Let 𝐸 = {1, 2, 3, 4, 5}, 𝑈 = {𝑎, 𝑏, 𝑐, 𝑑, 𝑒}, 𝐴 = {1, 3, 4, 5}, 𝐵 =
{1, 3, 5}. Let us define 𝐹 (1) = {𝑎}, 𝐹 (3) = {𝑎, 𝑏, 𝑐}, 𝐹 (4) = {𝑏, 𝑐}, 𝐹 (5) =
{𝑎, 𝑑, 𝑒}, 𝐺(1) = {𝑎}, 𝐺(3) = {𝑏, 𝑐}, 𝐺(5) = {𝑎}. Then (𝐺, 𝐵) ⊆ (𝐹 , 𝐴) but 
(𝐺, 𝐵) is not a proper soft subset of (𝐹 , 𝐴). Let 𝐶 = {3, 5}. Then (𝐺, 𝐶) is 
proper soft subset of (𝐹 , 𝐴).

Definition 2.6. [8] A soft set (𝑈, 𝐸) over 𝑈 is said to be absolute soft 
set over 𝑈 w.r.t. the parameter set 𝐸, if 𝑈 (𝑒) = 𝑈 for all 𝑒 ∈ 𝐸 and it is 
denoted by �̃�𝑈 .

Definition 2.7. [17] Let (𝐹 , 𝐴) and (𝐺, 𝐵) be two soft sets over a com-

mon universe 𝑈 . Then “(𝐹 , 𝐴)𝐴𝑁𝐷(𝐺, 𝐵)” is denoted by (𝐹 , 𝐴) ⋀(𝐺, 𝐵)
and defined by (𝐻, 𝐴 × 𝐵), where 𝐻(𝑎, 𝑏) = 𝐹 (𝑎) ∩ 𝐺(𝑏) for all (𝑎, 𝑏) ∈
𝐴 ×𝐵.

Definition 2.8. [17] Let (𝐹 , 𝐴) and (𝐺, 𝐵) be two soft sets over a com-

mon universe 𝑈 . Then “(𝐹 , 𝐴)𝑂𝑅(𝐺, 𝐵)” is denoted by (𝐹 , 𝐴) ⋁(𝐺, 𝐵)
and defined by (𝐾, 𝐴 ×𝐵) where 𝐾(𝑎, 𝑏) = 𝐹 (𝑎) ∪𝐺(𝑏) for all (𝑎, 𝑏) ∈𝐴 ×𝐵.

Example 2.9. 1. Let 𝐴 = {1, 2, 3}, 𝐵 = {1, 2}.

Suppose 𝑈 = {−1, −2, −3, −4, −5, −6, −7, −8, −9, −10} be the universal 
set. Then (𝐹 , 𝐴) and (𝐺, 𝐵) be two soft sets over 𝑈 defined by 
𝐹 (1) = {−1, −5, −7}, 𝐹 (2) = {−2, −4, −6, −8, −10}, 𝐹 (3) = {−3, −6, −9}
and 𝐺(1) = {−1, −3, −5, −7, −9}, 𝐺(2) = {−2, −4, −6, −8, −10}. Thus 𝐶 =
𝐴 ×𝐵 = {(1, 1), (1, 2), (2, 1), (2, 2), (3, 1), (3, 2)}. Now (𝐹 , 𝐴) ⋀(𝐺, 𝐵) = (𝐻, 𝐶). 
Hence 𝐻(1, 1) = 𝐹 (1) ∩ 𝐺(1) = {−1, −5, −7}, 𝐻(1, 2) = 𝐹 (1) ∩ 𝐺(2) = ∅, 
𝐻(2, 1) = 𝐹 (2) ∩ 𝐺(1) = ∅, 𝐻(2, 2) = 𝐹 (2) ∩ 𝐺(2) = {−2, −4, −6, −8, −10}, 
𝐻(3, 1) = 𝐹 (3) ∩𝐺(1) = {−3, −9}, 𝐻(3, 2) = 𝐹 (3) ∩𝐺(2) = {−6}.

2. Again define (𝐹 , 𝐴)𝑂𝑅(𝐺, 𝐵) = (𝐾, 𝐶).
Then 𝐾(1, 1) = {−1, −3, −5, −7, −9}, 𝐾(1, 2) = {−1, −2, −3, −4, −5, −6, −7,
−8, −9, −10}, 𝐾(2, 1) = {−1, −2, −3, −4, −5, −6, −7, −8, −9, −10}, 𝐾(2, 2) =
{−2, −4, −6, −8, −10},

𝐾(3, 1) = {−1, −3, −5, −6, −8, −9, −10}, 𝐾(3, 2) = {−2, −3, −4, −6, −8, −9,
−10}.
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Definition 2.10. [18] Let (𝐹 , 𝐴) and (𝐺, 𝐵) be two soft sets over a com-

mon universe 𝑈 . Then the extended union is denoted by (𝐹 , 𝐴)∪̃𝐸 (𝐺, 𝐵)
and is defined by (𝐹 , 𝐴)∪̃𝐸 (𝐺, 𝐵) = (𝐻, 𝐶), where 𝐶 =𝐴 ∪𝐵 and

𝐻(𝑎) = 𝐹 (𝑎), 𝑎 ∈𝐴−𝐵

=𝐺(𝑎), 𝑎 ∈𝐵 −𝐴

= 𝐹 (𝑎) ∪𝐺(𝑎), 𝑎 ∈𝐴 ∩𝐵.

Definition 2.11. [18] Let (𝐹 , 𝐴) and (𝐺, 𝐵) be two soft sets over a com-

mon universe 𝑈 . Then the restricted union is denoted by (𝐹 , 𝐴) ⋓𝑅 (𝐺, 𝐵)
and defined by (𝐹 , 𝐴) ⋓𝑅 (𝐺, 𝐵) = (𝐻, 𝐶), where 𝐶 = 𝐴 ∩ 𝐵 and 𝐻(𝑐) =
𝐹 (𝑐) ∪𝐺(𝑐) for all 𝑐 ∈ 𝐶 .

Definition 2.12. [18] Let (𝐹 , 𝐴) and (𝐺, 𝐵) be two soft sets over a 
common universe 𝑈 . Then the extended intersection is denoted by 
(𝐹 , 𝐴)∩̃𝐸 (𝐺, 𝐵) and defined by (𝐹 , 𝐴)∩̃𝐸 (𝐺, 𝐵) = (𝐻, 𝐶), where 𝐶 =𝐴 ∪𝐵
and

𝐻(𝑎) = 𝐹 (𝑎), 𝑎 ∈𝐴−𝐵

=𝐺(𝑎), 𝑎 ∈𝐵 −𝐴

= 𝐹 (𝑎) ∩𝐺(𝑎), 𝑎 ∈𝐴 ∩𝐵.

Definition 2.13. [18] Let (𝐹 , 𝐴) and (𝐺, 𝐵) be two soft sets over a 
common universe 𝑈 . Then the restricted intersection is denoted by 
(𝐹 , 𝐴) ⋒𝑅 (𝐺, 𝐵) and defined by (𝐹 , 𝐴) ⋒𝑅 (𝐺, 𝐵) = (𝐻, 𝐶), where 𝐶 =
𝐴 ∩𝐵, 𝐻(𝑐) = 𝐹 (𝑐) ∩𝐺(𝑐) for all 𝑐 ∈ 𝐶 .

Example 2.14. Consider (𝐹 , 𝐴) and (𝐺, 𝐵) as Example 2.9.

1. Let (𝐹 , 𝐴)∪̃𝐸 (𝐺, 𝐵) = (𝐻, 𝐶). Then 𝐶 =𝐴 ∪𝐵 = {1, 2, 3} and 𝐻(1) =
𝐹 (1) ∪ 𝐺(1) = {−1, −3, −5, −7, −9}, 𝐻(2) = 𝐹 (2) ∪ 𝐺(2) = {−2, −4, −6, −8,
−10}, 𝐻(3) = 𝐹 (3) = {−3, −6, −9}.

2. Let (𝐹 , 𝐴)∩̃𝐸 (𝐺, 𝐵) = (𝐻, 𝐶). Then 𝐶 =𝐴 ∪𝐵 = {1, 2, 3} and 𝐻(1) =
𝐹 (1) ∩ 𝐺(1) = {−1, −5, −7}, 𝐻(2) = 𝐹 (2) ∩ 𝐺(2) = {−2, −4, −6, −8, −10}, 
𝐻(3) = 𝐹 (3) = {−3, −6, −9}.

3. Let (𝐹 , 𝐴) ⋓𝑅 (𝐺, 𝐵) = (𝐻, 𝐶). Then 𝐶 = 𝐴 ∩ 𝐵 and 𝐻(1) = 𝐹 (1) ∪
𝐺(1) = {−1, −3, −5, −7, −9}, 𝐻(2) = 𝐹 (2) ∪𝐺(2) = {−2, −4, −6, −8, −10}.

4. Let (𝐹 , 𝐴) ⋒𝑅 (𝐺, 𝐵) = (𝐻, 𝐶). Then 𝐶 =𝐴 ∩𝐵 = {1, 2, 3} and 𝐻(1) =
𝐹 (1) ∩𝐺(1) = {−1, −5, −7}, 𝐻(2) = 𝐹 (2) ∩𝐺(2) = {−2, −, −6, −8, −10}.

Definition 2.15. [18] Let (𝐹 , 𝐴), (𝐺, 𝐵), (𝐻, 𝐶) be three soft sets over a 
common universe 𝑈 . Then the restricted ternary product of these three 
soft sets is denoted by (𝐹 , 𝐴) ⊙ (𝐺, 𝐵) ⊙ (𝐻, 𝐶) and defined by (𝐹 , 𝐴) ⊙
(𝐺, 𝐵) ⊙ (𝐻, 𝐶) = (𝐾, 𝐷), where 𝐷 = 𝐴 ∩𝐵 ∩ 𝐶 and 𝐾(𝑎) = 𝐹 (𝑎)𝐺(𝑎)𝐻(𝑎)
for all 𝑎 ∈𝐷.

Definition 2.16. [18] Let (𝐹 , 𝐴), (𝐺, 𝐵), (𝐻, 𝐶) be three soft sets over a 
common universe 𝑈 . Then the ternary star product of these three soft 
sets is denoted by (𝐹 , 𝐴) ⋆ (𝐺, 𝐵) ⋆ (𝐻, 𝐶) and defined by (𝐹 , 𝐴) ⋆ (𝐺, 𝐵) ⋆
(𝐻, 𝐶) = (𝐾, 𝐷), where 𝐷 = 𝐴 × 𝐵 × 𝐶 and 𝐾(𝑎, 𝑏, 𝑐) = 𝐹 (𝑎)𝐺(𝑏)𝐻(𝑐) for 
all (𝑎, 𝑏, 𝑐) ∈𝐷.

3. Soft prime and soft semiprime ideals

In this section, we study about soft prime and soft semiprime ideals 
discuss some of their properties.

Definition 3.1. [8] A soft set (F,A) over a ternary semigroup 𝑆 is said 
to be a soft ternary semigroup over 𝑆 if (𝐹 , 𝐴) ⊙ (𝐹 , 𝐴) ⊙ (𝐹 , 𝐴) ⊆ (𝐹 , 𝐴).

Definition 3.2. [8] A non null and non empty soft set (𝐹 , 𝐴) over a 
ternary semigroup 𝑆 is said to be a soft left ideal over 𝑆, if �̃�𝑆 ⊙ �̃�𝑆 ⊙
(𝐹 , 𝐴) ⊆ (𝐹 , 𝐴).
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A non null and non empty soft set (𝐹 , 𝐴) over a ternary semigroup 
𝑆 is said to be a soft right ideal over 𝑆, if (𝐹 , 𝐴) ⊙ �̃�𝑆 ⊙ �̃�𝑆 ⊆ (𝐹 , 𝐴).

A non null and non empty soft set (𝐹 , 𝐴) over a ternary semigroup 
𝑆 is said to be a soft lateral ideal over 𝑆, if �̃�𝑆 ⊙ (𝐹 , 𝐴) ⊙ �̃�𝑆 ⊆ (𝐹 , 𝐴).

A non null non empty soft set (𝐹 , 𝐴) over a ternary semigroup 𝑆 is 
said to be a soft ideal over 𝑆, if (𝐹 , 𝐴) is soft left, right and lateral ideal 
over 𝑆.

Definition 3.3. A proper soft ideal (𝐹 , 𝐴) over a ternary semigroup 𝑆
is said to be a soft prime ideal over 𝑆 if for any three proper soft ide-

als (𝐺, 𝐵), (𝐻, 𝐶), (𝐾, 𝐷) over 𝑆 satisfying (𝐺, 𝐵) ⊙ (𝐻, 𝐶) ⊙ (𝐾, 𝐷) ⊆
(𝐹 , 𝐴) ⟹ (𝐺, 𝐵) ⊆ (𝐹 , 𝐴) or (𝐻, 𝐶) ⊆ (𝐹 , 𝐴) or (𝐾, 𝐷) ⊆ (𝐹 , 𝐴), where 
𝐵, 𝐶, 𝐷 ⊆𝐴.

Example 3.4. Let 𝐴 = {𝛼} and 𝑆 = ℤ− be a ternary semigroup w.r.t. 
ordinary ternary multiplication. Suppose 𝐹 ∶ 𝐴 ⟶ 𝑃 (𝑆) is such that 
𝐹 (𝛼) =< −3 >, where < −3 > is the ideal generated by −3. Then (𝐹 , 𝐴) is 
a soft prime ideal over the ternary semigroup 𝑆.

Definition 3.5. A proper soft ideal (𝐹 , 𝐴) over a ternary semigroup 
𝑆 is said to be strongly prime ideal over 𝑆 if for any three proper 
soft ideals (𝐺, 𝐵), (𝐻, 𝐶), (𝐾, 𝐷) over 𝑆 satisfying ((𝐺, 𝐵) ⊙ (𝐻, 𝐶) ⊙
(𝐾, 𝐷)) ⋒𝑅 ((𝐻, 𝐶) ⊙ (𝐾, 𝐷) ⊙ (𝐺, 𝐵)) ⋒𝑅 ((𝐾, 𝐷) ⊙ (𝐺, 𝐵) ⊙ (𝐻, 𝐶)) ⊆ (𝐹 , 𝐴)
implies that (𝐺, 𝐵) ⊆ (𝐹 , 𝐴) or (𝐻, 𝐶) ⊆ (𝐹 , 𝐴) or (𝐾, 𝐷) ⊆ (𝐹 , 𝐴), where 
𝐵, 𝐶, 𝐷 ⊆𝐴.

M. Shabir et al. [8] proved in their paper that a soft set (𝐹 , 𝐴) over a 
ternary semigroup 𝑆 is soft ideal over 𝑆 if and only if 𝐹 (𝑎) ≠ ∅ is ideal 
of 𝑆 for all 𝑎 ∈𝐴. Now we discuss similar results for soft prime and soft 
strongly prime ideals over ternary semigroup.

Theorem 3.6. Let (𝐹 , 𝐴) be a soft prime ideal over a ternary semigroup 𝑆. 
Then 𝐹 (𝛼) is a prime ideal of 𝑆 for all 𝛼 ∈𝐴 where 𝐹 (𝛼) ≠ ∅.

Proof. Let (𝐹 , 𝐴) be a soft prime ideal over a ternary semigroup 𝑆. 
Let 𝛼 ∈ 𝐴 be such that 𝐹 (𝛼) ≠ ∅. Let 𝐼, 𝐽 , 𝐾 be three ideals of 𝑆 such 
that 𝐼𝐽𝐾 ⊆ 𝐹 (𝛼). Now define 𝐺(𝛼) = 𝐼 , 𝐻(𝛼) = 𝐽 , 𝐾(𝛼) =𝐾 and 𝐺(𝛽) =
𝐻(𝛽) = 𝐾(𝛽) = 𝐹 (𝛽) for all 𝛽 ∈ 𝐴 − {𝛼}. Then (𝐺, 𝐴) ⊙ (𝐻, 𝐴) ⊙ (𝐾, 𝐴) ⊆
(𝐹 , 𝐴). This implies that (𝐺, 𝐴) ⊆ (𝐹 , 𝐴) or (𝐻, 𝐴) ⊆ (𝐹 , 𝐴) or (𝐾, 𝐴) ⊆
(𝐹 , 𝐴). Hence 𝐼 ⊆ 𝐹 (𝛼) or 𝐽 ⊆ 𝐹 (𝛼) or 𝐾 ⊆ 𝐹 (𝛼). Since 𝛼 is arbitrarily 
chosen element of 𝐴, 𝐹 (𝛼) is a prime ideal of 𝑆 for all 𝛼 ∈𝐴. □

Note 3.7. The converse of the above result is not true i.e. if 𝐹 (𝛼) is a prime 
ideal of a ternary semigroup 𝑆 for all 𝛼 ∈ 𝐴, where 𝐴 ⊆ 𝑆, it may possible 
that (𝐹 , 𝐴) is not a soft prime ideal over 𝑆.

In support of our above Note 3.7 we are producing the following 
example:

Example 3.8. Let 𝑆 =ℤ−, 𝐴 = {−2, −3, −5, −7}, 𝐹 (−2) =< −2 >, 𝐹 (−3) =
< −3 >, 𝐹 (−5) =< −5 >, 𝐹 (−7) =< −7 >. Therefore, 𝐹 (𝛼) is prime ideal 
of 𝑆 for all 𝛼 ∈𝐴. We define (𝐺, 𝐵), (𝐻, 𝐶), (𝐾, 𝐷) such that 𝐵 = 𝐶 =𝐷 =
{−2, −3, −5}, 𝐺(−2) =< −2 >, 𝐺(−3) =< −5 >, 𝐺(−5) =< −7 >, 𝐻(−2) =<
−5 >, 𝐻(−3) =< −3 >, 𝐻(−5) =< −2 >, 𝐾(−2) =< −3 >, 𝐾(−3) =< −2 >, 
𝐾(−5) =< −5 >. Hence (𝐺, 𝐵) ⊙ (𝐻, 𝐶) ⊙ (𝐾, 𝐷) ⊆ (𝐹 , 𝐴). But (𝐺, 𝐵) ⊈
(𝐹 , 𝐴), (𝐻, 𝐶) ⊈ (𝐹 , 𝐴), (𝐾, 𝐷) ⊈ (𝐹 , 𝐴). Thus (𝐹 , 𝐴) is not a soft prime 
ideal over 𝑆.

Theorem 3.9. Let (𝐹 , 𝐴) be a soft strongly prime ideal over a ternary semi-

group 𝑆. Then 𝐹 (𝛼) is a strongly prime ideal of 𝑆 for all 𝛼 ∈𝐴, if 𝐹 (𝛼) ≠ ∅.

Proof. Let (𝐹 , 𝐴) be a soft strongly prime ideal over a ternary semi-

group 𝑆 and 𝛼 ∈𝐴 be such that 𝐹 (𝛼) ≠ ∅. Let 𝐼, 𝐽 , 𝐾 be three ideals of 𝑆
such that 𝐼𝐽𝐾 ⋒𝑅 𝐽𝐾𝐼 ⋒𝑅 𝐾𝐼𝐽 ⊆ 𝐹 (𝛼). Let us define 𝐺(𝛼) = 𝐼 , 𝐻(𝛼) = 𝐽 , 
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𝐾(𝛼) = 𝐾 and 𝐺(𝛽) =𝐻(𝛽) = 𝐾(𝛽) = 𝐹 (𝛽) for all 𝛽 ∈ 𝐴 − {𝛼}. Then we 
find that ((𝐺, 𝐴) ⊙(𝐻, 𝐴) ⊙(𝐾, 𝐴)) ⋒𝑅 ((𝐻, 𝐴) ⊙(𝐾, 𝐴) ⊙(𝐺, 𝐴)) ⋒𝑅 ((𝐾, 𝐴) ⊙
(𝐺, 𝐴) ⊙ (𝐻, 𝐴)) ⊆ (𝐹 , 𝐴). This implies that (𝐺, 𝐴) ⊆ (𝐹 , 𝐴) or (𝐻, 𝐴) ⊆
(𝐹 , 𝐴) or (𝐾, 𝐴) ⊆ (𝐹 , 𝐴). Therefore, 𝐼 ⊆ 𝐹 (𝛼) or 𝐽 ⊆ 𝐹 (𝛼) or 𝐾 ⊆ 𝐹 (𝛼). 
Hence each 𝐹 (𝛼) is a strongly prime ideal over 𝑆 for 𝐹 (𝛼) ≠ ∅. □

Proposition 3.10. Every soft strongly prime ideal over a ternary semigroup 
𝑆 is a soft prime ideal over 𝑆.

Proof. Let (𝐹 , 𝐴) be a soft strongly prime ideal over a ternary semi-

group 𝑆 and (𝐺, 𝐵), (𝐻, 𝐶), (𝐾, 𝐷) be three soft ideals over 𝑆 such 
that (𝐺, 𝐵) ⊙ (𝐻, 𝐶) ⊙ (𝐾, 𝐷) ⊆ (𝐹 , 𝐴). Then ((𝐺, 𝐵) ⊙ (𝐻, 𝐶) ⊙ (𝐾, 𝐷)) ⋒𝑅
((𝐻, 𝐶) ⊙ (𝐾, 𝐷) ⊙ (𝐺, 𝐵)) ⋒𝑅 ((𝐾, 𝐷) ⊙ (𝐺, 𝐵) ⊙ (𝐻, 𝐶)) ⊆ (𝐺, 𝐵) ⊙ (𝐻, 𝐶) ⊙
(𝐾, 𝐷) ⊆ (𝐹 , 𝐴). This implies that (𝐺, 𝐵) ⊆ (𝐹 , 𝐴) or (𝐻, 𝐶) ⊆ (𝐹 , 𝐴) or 
(𝐾, 𝐷) ⊆ (𝐹 , 𝐴). Hence (𝐹 , 𝐴) is a soft prime ideal over 𝑆. □

Note 3.11. In a commutative ternary semigroup 𝑆, there is no difference 
between soft strongly prime and soft prime ideal over 𝑆.

Now we define the chain of soft ideals and review some of its prop-

erties in view of soft ternary semigroup.

Definition 3.12. Let {(𝐹𝑖, 𝐴𝑖)}𝑖∈𝐼 be a collection of soft ideals over a 
ternary semigroup 𝑆. This collection is said to be chain of ideals if 
(𝐹1, 𝐴1) ⊆ (𝐹2, 𝐴2) ⊆ (𝐹3, 𝐴3) ⊆….

If all the soft ideals of a chain are soft prime ideals then the chain 
is called chain of soft prime ideals over a ternary semigroup of 𝑆. Fol-

lowing results illustrate some results of chain of soft ideals and chain of 
soft prime ideals.

Proposition 3.13. The collection of soft ideals {(𝐹𝑖, 𝐴)}𝑖∈𝐼 is a chain of 
soft ideals over a ternary semigroup 𝑆 if and only if {𝐹𝑖(𝑎)}𝑖∈𝐼 is a chain of 
ideals of 𝑆 for all 𝑎 ∈𝐴.

Proof. Let 𝑆 be a ternary semigroup. Then (𝐹𝑖, 𝐴) is soft ideal over 𝑆
for all 𝑖 ∈ 𝐼 if and only if 𝐹𝑖(𝑎) are ideals of 𝑆 for all 𝑖 ∈ 𝐼 and 𝑎 ∈
𝐴. Again (𝐹1, 𝐴) ⊆ (𝐹2, 𝐴) ⊆ (𝐹3, 𝐴) ⊆… if and only if 𝐹1(𝑎) ⊆ 𝐹2(𝑎) ⊆
𝐹3(𝑎) ⊆… for all 𝑎 ∈ 𝐴. Therefore, {𝐹𝑖(𝑎)}𝑖∈𝐼 is a chain of ideals for all 
𝑎 ∈𝐴. □

Proposition 3.14. Let {(𝐹𝑖, 𝐴)}𝑖∈𝐼 be a chain of soft prime ideals over a 
ternary semigroup 𝑆. Then 

⋂

𝑖∈𝐼
(𝐹𝑖, 𝐴) is a soft prime ideal over 𝑆.

Proof. Let (𝐹 , 𝐴) =
⋂

𝑖∈𝐼
(𝐹𝑖, 𝐴). Suppose that (𝐺, 𝐵), (𝐻, 𝐶) and (𝐾, 𝐷) are 

any three proper soft ideals over 𝑆 such that (𝐺, 𝐵) ⊙ (𝐻, 𝐶) ⊙ (𝐾, 𝐷) ⊆
(𝐹 , 𝐴). This implies that (𝐺, 𝐵) ⊙ (𝐻, 𝐶) ⊙ (𝐾, 𝐷) ⊆ (𝐹𝑖, 𝐴) for all 𝑖 ∈ 𝐼 . 
Therefore, (𝐺, 𝐵) ⊙ (𝐻, 𝐶) ⊙ (𝐾, 𝐷) ⊆ (𝐹1, 𝐴). Then by definition of soft 
prime ideal it is clear that (𝐺, 𝐵) ⊆ (𝐹1, 𝐴) or (𝐻, 𝐶) ⊆ (𝐹1, 𝐴) or (𝐾, 𝐷) ⊆
(𝐹1, 𝐴). Again by definition of chain, we get (𝐹1, 𝐴) ⊆ (𝐹𝑖, 𝐴) for all 𝑖 ∈ 𝐼 . 
Thus it is clear that (𝐺, 𝐵) ⊆ (𝐹 , 𝐴) or (𝐻, 𝐶) ⊆ (𝐹 , 𝐴) or (𝐾, 𝐷) ⊆ (𝐹 , 𝐴). 
Hence (𝐹 , 𝐴) is a soft prime ideal over 𝑆. □

Proposition 3.15. Let (𝐹 , 𝐴) be a soft prime ideal over a ternary semigroup 
𝑆 and (𝐺, 𝐵) be any soft ideal over 𝑆. Then (𝐹 , 𝐴) ⋒𝑅 (𝐺, 𝐵) is a soft prime 
ideal of (𝐺, 𝐵).

Proof. Let (𝐻, 𝐶) = (𝐹 , 𝐴) ⋒𝑅 (𝐺, 𝐵). Then 𝐶 = 𝐴 ∩ 𝐵. Let (𝐻1, 𝐶1), (𝐻2,

𝐶2), (𝐻3, 𝐶3) be three soft ideals of (𝐺, 𝐵) such that (𝐻1, 𝐶1) ⊙ (𝐻2, 𝐶2) ⊙
(𝐻3, 𝐶3) ⊆ (𝐹 , 𝐴) ⋒𝑅 (𝐺, 𝐵). Therefore, (𝐻1, 𝐶1) ⊙ (𝐻2, 𝐶2) ⊙ (𝐻3, 𝐶3) ⊆
(𝐹 , 𝐴). This implies that (𝐻1, 𝐶1) ⊆ (𝐹 , 𝐴) or (𝐻2, 𝐶2) ⊆ (𝐹 , 𝐴) or 
(𝐻3, 𝐶3) ⊆ (𝐹 , 𝐴). Since (𝐻1, 𝐶1), (𝐻2, 𝐶2), (𝐻3, 𝐶3) all are soft ideals of 
(𝐺, 𝐵), we have (𝐻1, 𝐶1) ⊆ (𝐹 , 𝐴) ⋒𝑅 (𝐺, 𝐵) or (𝐻2, 𝐶2) ⊆ (𝐹 , 𝐴) ⋒𝑅 (𝐺, 𝐵)
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or (𝐻3, 𝐶3) ⊆ (𝐹 , 𝐴) ⋒𝑅 (𝐺, 𝐵). Thus (𝐹 , 𝐴) ⋒𝑅 (𝐺, 𝐵) = (𝐻, 𝐶) is soft prime 
ideal of 𝐺, 𝐵. □

Definition 3.16. [8] A proper soft (left, right, lateral) ideal (𝐹 , 𝐴) over 
a ternary semigroup 𝑆 is said to be a soft (left, right, lateral) semiprime 
ideal over 𝑆 if for any proper soft (left, right, lateral) ideal (𝐺, 𝐵) over 𝑆,

(𝐺, 𝐵) ⊙ (𝐺, 𝐵) ⊙ (𝐺, 𝐵) ⊆ (𝐹 , 𝐴) implies that (𝐺, 𝐵) ⊆ (𝐹 , 𝐴).

Lemma 3.17. A proper soft ideal (𝐹 , 𝐴) over a ternary semigroup 𝑆 is soft 
semiprime ideal over 𝑆 if and only if 𝐹 (𝑎) ≠ ∅ is semiprime ideal of 𝑆 for 
each 𝑎 ∈𝐴.

Proof. Let (𝐹 , 𝐴) be a soft semiprime ideal over a ternary semigroup 𝑆. 
Therefore, (𝐹 , 𝐴) is a soft ideal over 𝑆. Let 𝑎 ∈𝐴. Then 𝐹 (𝑎) is an ideal 
of 𝑆 . Let 𝐼 be an ideal of 𝑆 such that 𝐼3 ⊆ 𝐹 (𝑎). Let us define a soft ideal 
(𝐺, 𝐵) over 𝑆 such that 𝐵 = {𝑎}, 𝐺(𝑎) = 𝐼 . Therefore, (𝐺, 𝐵) ⊙ (𝐺, 𝐵) ⊙
(𝐺, 𝐵) ⊆ (𝐹 , 𝐴) ⟹ (𝐺, 𝐵) ⊆ (𝐹 , 𝐴) ⟹ 𝐺(𝑎) ⊆ 𝐹 (𝑎) ⟹ 𝐼 ⊆ 𝐹 (𝑎). Thus 
𝐹 (𝑎) is a semiprime ideal of 𝑆 for all 𝑎 ∈𝐴.

Conversely, suppose that 𝐹 (𝑎) is a semiprime ideal of 𝑆 for all 𝑎 ∈𝐴. 
Let (𝐺, 𝐵) be any soft ideal over 𝑆 such that (𝐺, 𝐵) ⊙ (𝐺, 𝐵) ⊙ (𝐺, 𝐵) ⊆
(𝐹 , 𝐴). Therefore, 𝐺(𝑎)𝐺(𝑎)𝐺(𝑎) ⊆ 𝐹 (𝑎) for all 𝑎 ∈ 𝐵 ⊆ 𝐴. Since 𝐹 (𝑎)
is a semiprime ideal of 𝑆, 𝐺(𝑎) ⊆ 𝐹 (𝑎) for all 𝑎 ∈ 𝐵 ⊆ 𝐴 ⟹ (𝐺, 𝐵) ⊆
(𝐹 , 𝐴). Hence (𝐹 , 𝐴) is a soft semiprime ideal over the ternary semi-

group 𝑆. □

Proposition 3.18. Every soft prime ideal over a ternary semigroup 𝑆 is a 
soft semiprime ideal over 𝑆.

Proof. Let (𝐹 , 𝐴) be a soft prime ideal over 𝑆 and (𝐺, 𝐵) be any proper 
soft ideal over 𝑆 such that (𝐺, 𝐵) ⊙ (𝐺, 𝐵) ⊙ (𝐺, 𝐵) ⊆ (𝐹 , 𝐴). Since (𝐹 , 𝐴)
is soft prime ideal over 𝑆 we have, (𝐺, 𝐵) ⊆ (𝐹 , 𝐴). Hence (𝐹 , 𝐴) is a soft 
semiprime ideal over 𝑆 . □

Corollary 3.19. Every soft strongly prime ideal over a ternary semigroup 𝑆
is a soft semiprime ideal over 𝑆.

Definition 3.20. Let (𝐹 , 𝐴) be a soft ideal over a ternary semigroup 𝑆. 
Then (𝐹 , 𝐴) is said to be soft irreducible ideal over 𝑆 if for soft ideals 
(𝐺, 𝐵), (𝐻, 𝐶), (𝐾, 𝐷) over 𝑆 satisfying (𝐺, 𝐵) ⋒𝑅 (𝐻, 𝐶) ⋒𝑅 (𝐾, 𝐷) = (𝐹 , 𝐴)
implies that (𝐺, 𝐵) = (𝐹 , 𝐴) or (𝐻, 𝐶) = (𝐹 , 𝐴) or (𝐾, 𝐷) = (𝐹 , 𝐴).

Definition 3.21. Let (𝐹 , 𝐴) be a soft ideal over a ternary semigroup 𝑆. 
Then (𝐹 , 𝐴) is said to be soft strongly irreducible ideal over 𝑆 if for 
any three soft ideals (𝐺, 𝐵), (𝐻, 𝐶), (𝐾, 𝐷) over 𝑆 satisfying (𝐺, 𝐵) ⋒𝑅
(𝐻, 𝐶) ⋒𝑅 (𝐾, 𝐷) ⊆ (𝐹 , 𝐴) implies that (𝐺, 𝐵) ⊆ (𝐹 , 𝐴) or (𝐻, 𝐶) ⊆ (𝐹 , 𝐴)
or (𝐾, 𝐷) ⊆ (𝐹 , 𝐴).

The followings are some properties of soft irreducible and soft 
strongly irreducible ideal over a ternary semigroup 𝑆.

Lemma 3.22. Let (𝐹 , 𝐴) be a soft irreducible ideal over a ternary semigroup 
𝑆 . Then 𝐹 (𝛼) is irreducible ideal of 𝑆 for all 𝛼 ∈𝐴, where 𝐹 (𝛼) ≠ ∅.

Proof. Let (𝐹 , 𝐴) be a soft irreducible ideal over a ternary semigroup 
𝑆 . Let 𝛼 ∈𝐴. Then 𝐹 (𝛼) is an ideal of 𝑆. Let 𝐼, 𝐽 , 𝐾 be ideals of 𝑆 such 
that 𝐼 ∩ 𝐽 ∩𝐾 = 𝐹 (𝛼). Now we define 𝐺(𝛼) = 𝐼 , 𝐻(𝛼) = 𝐽 , 𝐾(𝛼) =𝐾 and 
𝐺(𝛽) =𝐻(𝛽) =𝐾(𝛽) = 𝐹 (𝛽) for all 𝛽 ∈𝐴 − {𝛼}. Then (𝐺, 𝐴), (𝐻, 𝐴), (𝐾, 𝐴)
are soft ideals over 𝑆 such that (𝐺, 𝐴) ⋒𝑅 (𝐻, 𝐴) ⋒𝑅 (𝐾, 𝐴) = (𝐹 , 𝐴). Since 
(𝐹 , 𝐴) is soft irreducible ideal over 𝑆, (𝐺, 𝐴) = (𝐹 , 𝐴) or (𝐻, 𝐴) = (𝐹 , 𝐴)
or (𝐾, 𝐴) = (𝐹 , 𝐴). Therefore, 𝐺(𝛼) = 𝐹 (𝛼) or 𝐻(𝛼) = 𝐹 (𝛼) or 𝐾(𝛼) = 𝐹 (𝛼)
for all 𝛼 ∈ 𝐴. This implies that 𝐼 = 𝐹 (𝛼) or 𝐽 = 𝐹 (𝛼) or 𝐾 = 𝐹 (𝛼). Thus 
𝐹 (𝛼) is irreducible ideal of 𝑆. Since 𝛼 is arbitrary element of 𝐴, 𝐹 (𝛼) is 
irreducible ideal of 𝑆 for all 𝛼 ∈𝐴. □

Note 3.23. The converse of the above Lemma 3.22 is not true, in general.
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Lemma 3.24. Let (𝐹 , 𝐴) be a soft strongly irreducible ideal over a ternary 
semigroup 𝑆. Then 𝐹 (𝑎) is a strongly irreducible ideal of 𝑆 for all 𝑎 ∈ 𝐴, 
where 𝐹 (𝑎) ≠ ∅.

The Proof is similar to the Proof of Lemma 3.22.

Lemma 3.25. Every soft strongly irreducible ideal over a ternary semigroup 
𝑆 is a soft irreducible ideal over 𝑆.

In the following proposition we show the inter relation between 
soft prime ideal and soft strongly irreducible ideal over a ternary semi-

group 𝑆.

Proposition 3.26. Every soft prime ideal over a ternary semigroup 𝑆 is a 
soft strongly irreducible ideal over 𝑆.

Proof. Let (𝐹 , 𝐴) be a soft prime ideal over 𝑆. Let (𝐺, 𝐵), (𝐻, 𝐶), (𝐾, 𝐷)
be three soft ideals over 𝑆 such that (𝐺, 𝐵) ⋒𝑅 (𝐻, 𝐶) ⋒𝑅 (𝐾, 𝐷) ⊆ (𝐹 , 𝐴). 
Now (𝐺, 𝐵) ⊙ (𝐻, 𝐶) ⊙ (𝐾, 𝐷) ⊆ (𝐺, 𝐵), (𝐺, 𝐵) ⊙ (𝐻, 𝐶) ⊙ (𝐾, 𝐷) ⊆ (𝐻, 𝐶)
and (𝐺, 𝐵) ⊙ (𝐻, 𝐶) ⊙ (𝐾, 𝐷) ⊆ (𝐾, 𝐷). Therefore, (𝐺, 𝐵) ⊙ (𝐻, 𝐶) ⊙
(𝐾, 𝐷) ⊆ (𝐺, 𝐵) ⋒𝑅 (𝐻, 𝐶) ⋒𝑅 (𝐾, 𝐷) ⊆ (𝐹 , 𝐴). This implies that (𝐺, 𝐵) ⊆
(𝐹 , 𝐴) or (𝐻, 𝐶) ⊆ (𝐹 , 𝐴) or (𝐾, 𝐷) ⊆ (𝐹 , 𝐴). Thus (𝐹 , 𝐴) is a strongly ir-
reducible ideal over 𝑆. □

Note 3.27. Since every soft prime ideal over a ternary semigroup 𝑆 is soft 
strongly irreducible ideal over 𝑆 and every soft strongly irreducible ideal over 
a ternary semigroup 𝑆 is soft irreducible ideal over 𝑆, every soft prime ideal 
over a ternary semigroup 𝑆 is a soft irreducible ideal over 𝑆.

Theorem 3.28. A soft semiprime ideal over a ternary semigroup 𝑆 is soft 
prime ideal if it is soft irreducible ideal over 𝑆.

Proof. Let (𝐹 , 𝐴) be a soft semiprime ideal over 𝑆. Let (𝐺, 𝐵), (𝐻, 𝐶),
(𝐾, 𝐷) be three proper soft ideals over 𝑆 such that (𝐺, 𝐵) ⊙ (𝐻, 𝐶) ⊙
(𝐾, 𝐷) ⊆ (𝐹 , 𝐴). Suppose (𝐹 , 𝐴) is soft irreducible ideal over 𝑆.

Now ((𝐺, 𝐵) ⋒𝑅 (𝐻, 𝐶) ⋒𝑅 (𝐾, 𝐷)) ⊙ ((𝐺, 𝐵) ⋒𝑅 (𝐻, 𝐶) ⋒𝑅 (𝐾, 𝐷)) ⊙
((𝐺, 𝐵) ⋒𝑅 (𝐻, 𝐶) ⋒𝑅 (𝐾, 𝐷)) ⊆ (𝐺, 𝐵) ⊙ (𝐻, 𝐶) ⊙ (𝐾, 𝐷) ⊆ (𝐹 , 𝐴). This 
implies that (𝐺, 𝐵) ⋒𝑅 (𝐻, 𝐶) ⋒𝑅 (𝐾, 𝐷) ⊆ (𝐹 , 𝐴). Therefore, ((𝐺, 𝐵) ⋒𝑅
(𝐻, 𝐶) ⋒𝑅 (𝐾, 𝐷)) ∪ (𝐹 , 𝐴) = (𝐹 , 𝐴). This implies that (𝐺, 𝐵) ∪ (𝐹 , 𝐴) =
(𝐹 , 𝐴) or (𝐻, 𝐶) ∪ (𝐹 , 𝐴) = (𝐹 , 𝐴) or (𝐾, 𝐷) ∪ (𝐹 , 𝐴) = (𝐹 , 𝐴). Therefore, 
(𝐺, 𝐵) ⊆ (𝐹 , 𝐴) or (𝐻, 𝐶) ⊆ (𝐹 , 𝐴) or (𝐾, 𝐷) ⊆ (𝐹 , 𝐴). Hence (𝐹 , 𝐴) is a 
soft prime ideal over 𝑆. □

Let us discuss the following equivalent conditions.

Theorem 3.29. If (F,A) is a soft ideal over a ternary semigroup 𝑆 with 
identity and 𝑎 ∈ 𝑆. Then the following conditions are equivalent:

(𝑖) (𝐹 , 𝐴) is soft semiprime ideal over 𝑆.

(𝑖𝑖) 𝐹 (𝛼) ≠ ∅ is a semiprime ideal of 𝑆.

(𝑖𝑖𝑖) 𝑎𝑆𝑆𝑎𝑆𝑆𝑎 ⊆ 𝐹 (𝛼) implies that 𝑎 ∈ 𝐹 (𝛼).
(𝑖𝑣) (𝑆𝑆𝑎)(𝑆𝑆𝑎)(𝑆𝑆𝑎) ⊆ 𝐹 (𝛼) implies that 𝑎 ∈ 𝐹 (𝛼), (𝑎𝑆𝑆)(𝑎𝑆𝑆)(𝑎𝑆𝑆)

⊆ 𝐹 (𝛼) implies that 𝑎 ∈ 𝐹 (𝛼), (𝑆𝑎𝑆)(𝑆𝑎𝑆)(𝑆𝑎𝑆) ⊆ 𝐹 (𝛼) implies that 𝑎 ∈
𝐹 (𝛼).

Proof. (𝑖) ⟺ (𝑖𝑖): follows from the Lemma 3.17.

(𝑖𝑖) ⟹ (𝑖𝑖𝑖):
Suppose that 𝐹 (𝛼) is a semiprime ideal of 𝑆 for all 𝛼 ∈𝐴 and 𝐹 (𝛼) ≠

∅. Let (𝑎𝑆𝑆𝑎𝑆𝑆𝑎) ⊆ 𝐹 (𝛼). Therefore, 𝑆𝑆(𝑎𝑆𝑆𝑎𝑆𝑆𝑎)𝑆𝑆 ⊆ 𝑆𝑆𝐹 (𝛼)𝑆𝑆 ⊆
(𝑆𝑆𝐹 (𝛼))𝑆𝑆 ⊆ 𝐹 (𝛼)𝑆𝑆 ⊆ 𝐹 (𝛼). Now (𝑆𝑆𝑎𝑆𝑆)(𝑆𝑆𝑎𝑆𝑆)(𝑆𝑆𝑎𝑆𝑆) ⊆
𝑆𝑆𝑎𝑆𝑆𝑎𝑆𝑆𝑎𝑆𝑆 ⊆ 𝐹 (𝛼). Therefore, 𝑆𝑆𝑎𝑆𝑆 ⊆ 𝐹 (𝛼). Again 𝑆𝑆𝑎𝑆𝑆 is 
an ideal containing 𝑎. Thus 𝑎 ∈ 𝐹 (𝛼).

(𝑖𝑖𝑖) ⟹ (𝑖𝑣):
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Let (𝑆𝑆𝑎)(𝑆𝑆𝑎)(𝑆𝑆𝑎) ⊆ 𝐹 (𝛼). Now 𝑎𝑆𝑆𝑎𝑆𝑆𝑎 ⊆ 𝑆𝑆(𝑎𝑆𝑆𝑎𝑆𝑆𝑎) ⊆
𝐹 (𝛼). This implies that 𝑎 ∈ 𝐹 (𝛼). Again (𝑎𝑆𝑆)(𝑎𝑆𝑆)(𝑎𝑆𝑆) ⊆ 𝐹 (𝛼). There-

fore, (𝑎𝑆𝑆𝑎𝑆𝑆𝑎)𝑆𝑆 ⊆ (𝑎𝑆𝑆𝑎𝑆𝑆𝑎)𝑆𝑆 ⊆ 𝐹 (𝛼). This implies that 𝑎 ∈ 𝐹 (𝛼). 
Similarly, (𝑆𝑎𝑆)(𝑆𝑎𝑆)(𝑆𝑎𝑆) ⊆ 𝐹 (𝛼) implies that 𝑎 ∈ 𝐹 (𝛼).

(𝑖𝑣) ⟹ (𝑖𝑖):
Since (𝐹 , 𝐴) is a soft ideal over 𝑆, 𝐹 (𝛼) ≠ ∅ is ideal of 𝑆 for 

all 𝛼 ∈ 𝐴. Let 𝐼 be an ideal of 𝑆 such that 𝐼3 ⊆ 𝐹 (𝛼). Let 𝑎 ∈
𝐼 . Now (𝑆𝑆𝐼)(𝑆𝑆𝐼)(𝑆𝑆𝐼) ⊆ 𝐼3 ⊆ 𝐹 (𝛼). Hence (𝑆𝑆𝑎)(𝑆𝑆𝑎)(𝑆𝑆𝑎) ⊆
(𝑆𝑆𝐼)(𝑆𝑆𝐼)(𝑆𝑆𝐼) ⊆ 𝐹 (𝛼). This implies that 𝑎 ∈ 𝐹 (𝛼). Thus 𝐼 ⊆ 𝐹 (𝛼). 
Therefore, 𝐹 (𝛼) is a semiprime ideal of 𝑆 for all 𝛼 ∈ 𝐴 such that 
𝐹 (𝛼) ≠ ∅. □

4. Soft prime bi-ideals and soft semiprime bi-ideals

In this section, we extend the results of soft prime and soft 
semiprime ideal in terms of soft prime bi-ideal and soft semiprime bi-

ideal.

Definition 4.1. A soft bi-ideal (𝐹 , 𝐴) over a ternary semigroup 𝑆 is 
called soft prime bi-ideal if (𝐺, 𝐵) ⊙ (𝐻, 𝐶) ⊙ (𝐾, 𝐷) ⊆ (𝐹 , 𝐴) implies 
that (𝐺, 𝐵) ⊆ (𝐹 , 𝐴) or (𝐻, 𝐶) ⊆ (𝐹 , 𝐴) or (𝐾, 𝐷) ⊆ (𝐹 , 𝐴), whenever 
𝐵, 𝐶, 𝐷 ⊆𝐴 and (𝐺, 𝐵), (𝐻, 𝐶), (𝐾, 𝐷) are proper soft bi-ideals over 𝑆.

Definition 4.2. A soft bi-ideal (𝐹 , 𝐴) over a ternary semigroup 𝑆 is said 
to be strongly prime bi-ideal if ((𝐺, 𝐵) ⊙ (𝐻, 𝐶) ⊙ (𝐾, 𝐷)) ⋒𝑅 ((𝐻, 𝐶) ⊙
(𝐾, 𝐷) ⊙ (𝐺, 𝐵)) ⋒𝑅 ((𝐾, 𝐷) ⊙ (𝐺, 𝐵) ⊙ (𝐻, 𝐶)) ⊆ (𝐹 , 𝐴) implies that (𝐺, 𝐵) ⊆
(𝐹 , 𝐴) or (𝐻, 𝐶) ⊆ (𝐹 , 𝐴) or (𝐾, 𝐷) ⊆ (𝐹 , 𝐴), whenever 𝐵, 𝐶, 𝐷 ⊆𝐴 and 
(𝐺, 𝐵), (𝐻, 𝐶), (𝐾, 𝐷) are proper soft bi-ideals over 𝑆.

Definition 4.3. A soft bi-ideal (𝐹 , 𝐴) over a ternary semigroup 𝑆 is said 
to be soft semiprime bi-ideal over 𝑆 if (𝐺, 𝐵) ⊙ (𝐺, 𝐵) ⊙ (𝐺, 𝐵) ⊆ (𝐹 , 𝐴)
implies that (𝐺, 𝐵) ⊆ (𝐹 , 𝐴) for every soft bi-ideal (𝐺, 𝐵) over 𝑆.

Proposition 4.4. Let (𝐹 , 𝐴) be a proper soft bi-ideal over a ternary semi-

group 𝑆. Then (𝐹 , 𝐴) is soft semiprime bi-ideal over 𝑆 if and only if 𝐹 (𝛼) is 
semiprime bi-ideal of 𝑆 for all 𝛼 ∈𝐴 whenever 𝐹 (𝛼) ≠ ∅.

Proof. Let (𝐹 , 𝐴) be a proper soft bi-ideal over 𝑆. Then (𝐹 , 𝐴) is a 
soft ternary semigroup and (𝐹 , 𝐴) ⊙ �̃�𝑆 ⊙ (𝐹 , 𝐴) ⊙ �̃�𝑆 ⊙ (𝐹 , 𝐴) ⊆ (𝐹 , 𝐴). 
Therefore, 𝐹 (𝛼)𝑆𝐹 (𝛼)𝑆𝐹 (𝛼) ⊆ 𝐹 (𝛼) for all 𝛼 ∈ 𝐴. This shows that 𝐹 (𝛼)
is a bi-ideal of 𝑆 for all 𝛼 ∈ 𝐴. Let 𝐼 be a bi-ideal of 𝑆 such that 
𝐼𝐼𝐼 ⊆ 𝐹 (𝛼). Let us define 𝐺(𝛼) = 𝐼 and 𝐵 = {𝛼}. Then (𝐺, 𝐵) is a soft 
bi-ideal over 𝑆 and (𝐺, 𝐵) ⊙ (𝐺, 𝐵) ⊙ (𝐺, 𝐵) ⊆ (𝐹 , 𝐴). This implies that 
(𝐺, 𝐵) ⊆ (𝐹 , 𝐴), since (𝐹 , 𝐴) is a soft semiprime bi-ideal over the ternary 
semigroup 𝑆. Therefore, 𝐺(𝛼) ⊆ 𝐹 (𝛼). This implies 𝐼 ⊆ 𝐹 (𝛼). Hence 𝐹 (𝛼)
is a semiprime bi-ideal of 𝑆, whenever 𝐹 (𝛼) ≠ ∅.

Conversely, let 𝐹 (𝛼) be a semiprime bi-ideal of 𝑆 for all 𝛼 ∈𝐴, when 
𝐹 (𝛼) ≠ ∅. Let (𝐺, 𝐵) be a soft bi-ideal over 𝑆, such that (𝐺, 𝐵) ⊙ (𝐺, 𝐵) ⊙
(𝐺, 𝐵) ⊆ (𝐹 , 𝐴). Therefore, 𝐺(𝛼)𝐺(𝛼)𝐺(𝛼) ⊆ 𝐹 (𝛼) for all 𝛼 ∈ 𝐵 ⊆ 𝐴. If 
𝐺(𝛼) = ∅, then clearly 𝐺(𝛼) ⊆ 𝐹 (𝛼). If 𝐺(𝛼) ≠ ∅, then 𝐺(𝛼) is a bi-ideal 
and 𝐹 (𝛼) is a semiprime bi-ideal of 𝑆. This implies that 𝐺(𝛼) ⊆ 𝐹 (𝛼). 
Hence 𝐺(𝛼) ⊆ 𝐹 (𝛼) for all 𝛼 ∈ 𝐵 ⊆ 𝐴. Thus (𝐺, 𝐵) ⊆ (𝐹 , 𝐴). Therefore, 
(𝐹 , 𝐴) is a soft semiprime bi-ideal over 𝑆. □

Definition 4.5. A soft bi-ideal (𝐹 , 𝐴) over a ternary semigroup 𝑆 is said 
to be soft irreducible bi-ideal over 𝑆 if (𝐺, 𝐵) ⋒𝑅 (𝐻, 𝐶) ⋒𝑅 (𝐾, 𝐷) = (𝐹 , 𝐴)
implies that (𝐺, 𝐵) = (𝐹 , 𝐴) or (𝐻, 𝐶) = (𝐹 , 𝐴) or (𝐾, 𝐷) = (𝐹 , 𝐴), when-

ever 𝐵, 𝐶, 𝐷 ⊆𝐴 and (𝐺, 𝐵), (𝐻, 𝐶), (𝐾, 𝐷) are soft bi-ideals over 𝑆.

A soft bi-ideal (𝐹 , 𝐴) over a ternary semigroup 𝑆 is said to be 
strongly irreducible bi-ideal over 𝑆 if (𝐺, 𝐵) ⋒𝑅 (𝐻, 𝐶) ⋒𝑅 (𝐾, 𝐷) ⊆ (𝐹 , 𝐴)
implies that (𝐺, 𝐵) ⊆ (𝐹 , 𝐴) or (𝐻, 𝐶) ⊆ (𝐹 , 𝐴) or (𝐾, 𝐷) ⊆ (𝐹 , 𝐴), when-

ever 𝐵, 𝐶, 𝐷 ⊆𝐴 and (𝐺, 𝐵), (𝐻, 𝐶), (𝐾, 𝐷) are soft bi-ideals over 𝑆.

Proposition 4.6. Let (𝐹 , 𝐴) be a soft irreducible bi-ideal over a ternary 
semigroup 𝑆. Then for all 𝛼 ∈ 𝐴, 𝐹 (𝛼) is an irreducible bi-ideal of 𝑆, when 
𝐹 (𝛼) ≠ ∅.
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Proof. Same as Lemma 3.22. □

Corollary 4.7. Let (𝐹 , 𝐴) be a soft strongly irreducible bi-ideal over a 
ternary semigroup 𝑆. Then for all 𝛼 ∈ 𝐴, 𝐹 (𝛼) is a strongly irreducible bi-

ideal of 𝑆 when 𝐹 (𝛼) ≠ ∅.

Lemma 4.8. Let (𝐹 , 𝐴) be a soft bi-ideal over a ternary semigroup 𝑆. If 
(𝐹 , 𝐴) is both strongly irreducible and semiprime bi-ideal over a ternary 
semigroup 𝑆, then (𝐹 , 𝐴) is strongly prime bi-ideal over 𝑆.

Proof. Let (𝐹 , 𝐴) be soft semiprime and strongly irreducible bi-ideal 
over 𝑆. Let (𝐺, 𝐵), (𝐻, 𝐶), (𝐾, 𝐷) be any three soft bi-ideals such 
that ((𝐺, 𝐵) ⊙ (𝐻, 𝐶) ⊙ (𝐾, 𝐷)) ⋒𝑅 ((𝐻, 𝐶) ⊙ (𝐾, 𝐷) ⊙ (𝐺, 𝐵)) ⋒𝑅 ((𝐾, 𝐷) ⊙
(𝐺, 𝐵) ⊙ (𝐻, 𝐶)) ⊆ (𝐹 , 𝐴). Now ((𝐺, 𝐵) ⋒𝑅 (𝐻, 𝐶) ⋒𝑅 (𝐾, 𝐷)) ⊙ ((𝐺, 𝐵) ⋒𝑅
(𝐻, 𝐶) ⋒𝑅 (𝐾, 𝐷)) ⊙ ((𝐺, 𝐵) ⋒𝑅 (𝐻, 𝐶) ⋒𝑅 (𝐾, 𝐷)) ⊆ (𝐺, 𝐵) ⊙ (𝐻, 𝐶) ⊙ (𝐾, 𝐷), 
((𝐺, 𝐵) ⋒𝑅 (𝐻, 𝐶) ⋒𝑅 (𝐾, 𝐷)) ⊙ ((𝐺, 𝐵) ⋒𝑅 (𝐻, 𝐶) ⋒𝑅 (𝐾, 𝐷)) ⊙ ((𝐺, 𝐵) ⋒𝑅
(𝐻, 𝐶) ⋒𝑅 (𝐾, 𝐷)) ⊆ (𝐻, 𝐶) ⊙ (𝐾, 𝐷) ⊙ (𝐺, 𝐵) and ((𝐺, 𝐵) ⋒𝑅 (𝐻, 𝐶) ⋒𝑅
(𝐾, 𝐷)) ⊙ ((𝐺, 𝐵) ⋒𝑅 (𝐻, 𝐶) ⋒𝑅 (𝐾, 𝐷)) ⊙ ((𝐺, 𝐵) ⋒𝑅 (𝐻, 𝐶) ⋒𝑅 (𝐾, 𝐷)) ⊆
(𝐾, 𝐷) ⊙ (𝐺, 𝐵) ⊙ (𝐻, 𝐶). Hence ((𝐺, 𝐵) ⋒𝑅 (𝐻, 𝐶) ⋒𝑅 (𝐾, 𝐷)) ⊙ ((𝐺, 𝐵) ⋒𝑅
(𝐻, 𝐶) ⋒𝑅 (𝐾, 𝐷)) ⊙ ((𝐺, 𝐵) ⋒𝑅 (𝐻, 𝐶) ⋒𝑅 (𝐾, 𝐷)) ⊆ ((𝐺, 𝐵) ⊙ (𝐻, 𝐶) ⊙
(𝐾, 𝐷)) ⋒𝑅 ((𝐻, 𝐶) ⊙ (𝐾, 𝐷) ⊙ (𝐺, 𝐵)) ⋒𝑅 ((𝐾, 𝐷) ⊙ (𝐺, 𝐵) ⊙ (𝐻, 𝐶)) ⊆ (𝐹 , 𝐴). 
Since (𝐹 , 𝐴) is a semiprime bi-ideal, (𝐺, 𝐵) ⋒𝑅 (𝐻, 𝐶) ⋒𝑅 (𝐾, 𝐷) ⊆ (𝐹 , 𝐴)
implies that (𝐺, 𝐵) ⊆ (𝐹 , 𝐴) or (𝐻, 𝐶) ⊆ (𝐹 , 𝐴) or (𝐾, 𝐷) ⊆ (𝐹 , 𝐴). Thus 
(𝐹 , 𝐴) is soft strongly prime bi-ideal over 𝑆. □

Theorem 4.9. For a ternary semigroup the following conditions are equiv-

alent:

(1) Every soft bi-ideals over 𝑆 is idempotent.

(2) (𝐺, 𝐵) ⋒𝑅 (𝐻, 𝐶) ⋒𝑅 (𝐾, 𝐷) = ((𝐺, 𝐵) ⊙ (𝐻, 𝐶) ⊙ (𝐾, 𝐷)) ⋒𝑅 ((𝐻, 𝐶) ⊙
(𝐾, 𝐷) ⊙ (𝐺, 𝐵)) ⋒𝑅 ((𝐾, 𝐷) ⊙ (𝐺, 𝐵) ⊙ (𝐻, 𝐶)) for all soft bi-ideals (𝐺, 𝐵), 
(𝐻, 𝐶), (𝐾, 𝐷) over 𝑆.

(3) Every soft bi-ideals over 𝑆 is soft semiprime bi-ideal over 𝑆.

Proof. (1) ⟹ (2) Let (𝐺, 𝐵), (𝐻, 𝐶), (𝐾, 𝐷) be three soft bi-ideals over 
𝑆. Then (𝐺, 𝐵) ⋒𝑅 (𝐻, 𝐶) ⋒𝑅 (𝐾, 𝐷) is a soft bi-ideal over 𝑆. Since every 
soft bi-ideal over 𝑆 is idempotent, it follows that (𝐺, 𝐵) ⋒𝑅 (𝐻, 𝐶) ⋒𝑅
(𝐾, 𝐷) = ((𝐺, 𝐵) ⋒𝑅 (𝐻, 𝐶) ⋒𝑅 (𝐾, 𝐷)) ⊙ ((𝐺, 𝐵) ⋒𝑅 (𝐻, 𝐶) ⋒𝑅 (𝐾, 𝐷)) ⊙
((𝐺, 𝐵) ⋒𝑅 (𝐻, 𝐶) ⋒𝑅 (𝐾, 𝐷)) ⊆ (𝐺, 𝐵) ⊙(𝐻, 𝐶) ⊙(𝐾, 𝐷). Similarly, (𝐺, 𝐵) ⋒𝑅
(𝐻, 𝐶) ⋒𝑅 (𝐾, 𝐷) ⊆ (𝐻, 𝐶) ⊙ (𝐾, 𝐷) ⊙ (𝐺, 𝐵) and (𝐺, 𝐵) ⋒𝑅 (𝐻, 𝐶) ⋒𝑅
(𝐾, 𝐷) ⊆ (𝐾, 𝐷) ⊙ (𝐺, 𝐵) ⊙ (𝐻, 𝐶). Therefore, (𝐺, 𝐵) ⋒𝑅 (𝐻, 𝐶) ⋒𝑅 (𝐾, 𝐷) ⊆
((𝐺, 𝐵) ⊙ (𝐻, 𝐶) ⊙ (𝐾, 𝐷)) ⋒𝑅 ((𝐻, 𝐶) ⊙ (𝐾, 𝐷) ⊙ (𝐺, 𝐵)) ⋒𝑅 ((𝐾, 𝐷) ⊙ (𝐺, 𝐵) ⊙
(𝐻, 𝐶)). Let ((𝐺, 𝐵) ⊙ (𝐻, 𝐶) ⊙ (𝐾, 𝐷)) ⋒𝑅 ((𝐻, 𝐶) ⊙ (𝐾, 𝐷) ⊙ (𝐺, 𝐵)) ⋒𝑅
((𝐾, 𝐷) ⊙ (𝐺, 𝐵) ⊙ (𝐻, 𝐶)) = (𝐿, 𝑀). Now ((𝐺, 𝐵) ⊙ (𝐻, 𝐶) ⊙ (𝐾, 𝐷)), 
((𝐻, 𝐶) ⊙ (𝐾, 𝐷) ⊙ (𝐺, 𝐵)), ((𝐾, 𝐷) ⊙ (𝐺, 𝐵) ⊙ (𝐻, 𝐶)) are soft bi-ideals 
over 𝑆. Therefore, (𝐿, 𝑀) is a soft bi-ideal over 𝑆. Thus (𝐿, 𝑀) =
(𝐿, 𝑀) ⊙ (𝐿, 𝑀) ⊙ (𝐿, 𝑀) ⊆ ((𝐺, 𝐵) ⊙ (𝐻, 𝐶) ⊙ (𝐾, 𝐷)) ⊙ ((𝐾, 𝐷) ⊙ (𝐺, 𝐵) ⊙
(𝐻, 𝐶)) ⊙ ((𝐻, 𝐶) ⊙ (𝐾, 𝐷) ⊙ (𝐺, 𝐵)) ⊆ (𝐺, 𝐵) ⊙ �̃�𝑆 ⊙ �̃�𝑆 ⊙ �̃�𝑆 ⊙ (𝐺, 𝐵) ⊙
�̃�𝑆 ⊙ �̃�𝑆 ⊙ �̃�𝑆 ⊙ (𝐺, 𝐵) ⊆ (𝐺, 𝐵) ⊙ �̃�𝑆 ⊙ (𝐺, 𝐵) ⊙ �̃�𝑆 ⊙ (𝐺, 𝐵) ⊆ (𝐺, 𝐵). 
Similarly, (𝐿, 𝑀) ⊆ (𝐻, 𝐶) and (𝐿, 𝑀) ⊆ (𝐾, 𝐷). Therefore, (𝐿, 𝑀) ⊆
(𝐺, 𝐵) ⋒𝑅 (𝐻, 𝐶) ⋒𝑅 (𝐾, 𝐷). Hence (𝐺, 𝐵) ⋒𝑅 (𝐻, 𝐶) ⋒𝑅 (𝐾, 𝐷) = ((𝐺, 𝐵) ⊙
(𝐻, 𝐶) ⊙ (𝐾, 𝐷)) ⋒𝑅 ((𝐻, 𝐶) ⊙ (𝐾, 𝐷) ⊙ (𝐺, 𝐵)) ⋒𝑅 ((𝐾, 𝐷) ⊙ (𝐺, 𝐵) ⊙ (𝐻, 𝐶))
for all soft bi-ideals over 𝑆.

(2) ⟹ (3)
Let (𝐹 , 𝐴) be a soft bi-ideal over a ternary semigroup 𝑆 and (𝐺, 𝐵)

be a soft bi-ideal over 𝑆 such that (𝐺, 𝐵) ⊙ (𝐺, 𝐵) ⊙ (𝐺, 𝐵) ⊆ (𝐹 , 𝐴). Now 
(𝐺, 𝐵) = (𝐺, 𝐵) ⋒𝑅 (𝐺, 𝐵) ⋒𝑅 (𝐺, 𝐵) = ((𝐺, 𝐵) ⊙ (𝐺, 𝐵) ⊙ (𝐺, 𝐵)) ⋒𝑅 ((𝐺, 𝐵) ⊙
(𝐺, 𝐵) ⊙ (𝐺, 𝐵)) ⋒ ((𝐺, 𝐵) ⊙ (𝐺, 𝐵) ⊙ (𝐺, 𝐵)) = (𝐺, 𝐵) ⊙ (𝐺, 𝐵) ⊙ (𝐺, 𝐵) ⊆
(𝐹 , 𝐴). This implies that (𝐺, 𝐵) ⊆ (𝐹 , 𝐴). Hence (𝐹 , 𝐴) is a soft semiprime 
bi-ideal over 𝑆.

(3) ⟹ (1)
Let (𝐹 , 𝐴) be a soft bi-ideal over 𝑆. Then (𝐹 , 𝐴) is soft semiprime bi-

ideal over 𝑆. Let (𝐹 , 𝐴) ⊙ (𝐹 , 𝐴) ⊙ (𝐹 , 𝐴) = (𝐺, 𝐵). Also (𝐺, 𝐵) is a soft bi-

ideal over 𝑆. Therefore, (𝐺, 𝐵) is a soft semiprime bi-ideal over 𝑆. Hence 
(𝐹 , 𝐴) ⊙ (𝐹 , 𝐴) ⊙ (𝐹 , 𝐴) ⊆ (𝐺, 𝐵). This implies that (𝐹 , 𝐴) ⊆ (𝐺, 𝐵). Thus 
(𝐹 , 𝐴) ⊆ (𝐹 , 𝐴) ⊙(𝐹 , 𝐴) ⊙(𝐹 , 𝐴). Again let (𝐺, 𝐵) ⊙(𝐺, 𝐵) ⊙(𝐺, 𝐵) = (𝐻, 𝐶). 
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Since (𝐺, 𝐵) is soft semiprime bi-ideal over 𝑆, (𝐻, 𝐶) is also soft bi-ideal 
over 𝑆. Thus (𝐺, 𝐵) ⊆ (𝐻, 𝐶). Hence (𝐺, 𝐵) ⊆ (𝐺, 𝐵) ⊙ (𝐺, 𝐵) ⊙ (𝐺, 𝐵) =
((𝐹 , 𝐴) ⊙ (𝐹 , 𝐴) ⊙ (𝐹 , 𝐴)) ⊙ ((𝐹 , 𝐴) ⊙ (𝐹 , 𝐴) ⊙ (𝐹 , 𝐴)) ⊙ ((𝐹 , 𝐴) ⊙ (𝐹 , 𝐴) ⊙
(𝐹 , 𝐴)) ⊆ (𝐹 , 𝐴) ⊙ �̃�𝑆 ⊙ (𝐹 , 𝐴) ⊙ �̃�𝑆 ⊙ (𝐹 , 𝐴) ⊆ (𝐹 , 𝐴). This shows that 
(𝐹 , 𝐴) ⊆ (𝐺, 𝐵) ⊆ (𝐹 , 𝐴). Thus (𝐹 , 𝐴) ⊙ (𝐹 , 𝐴) ⊙ (𝐹 , 𝐴) = (𝐹 , 𝐴). There-

fore, (𝐹 , 𝐴) is idempotent. Hence every soft bi-ideal over 𝑆 is idem-

potent. □

Theorem 4.10. Each soft bi-ideal over a ternary semigroup 𝑆 is strongly 
prime bi-ideal over 𝑆 if and only if every soft bi-ideal over 𝑆 is idempotent 
and set of all soft bi-ideals over 𝑆 is totally ordered under set inclusion.

Proof. Let (𝐹 , 𝐴) be a strongly prime soft bi-ideal over 𝑆. For any three 
soft bi-ideals (𝐺, 𝐵), (𝐻, 𝐶), (𝐾, 𝐷) satisfying ((𝐺, 𝐵) ⊙(𝐻, 𝐶) ⊙(𝐾, 𝐷)) ⋒𝑅
((𝐻, 𝐶) ⊙ (𝐾, 𝐷) ⊙ (𝐺, 𝐵)) ⋒𝑅 ((𝐾, 𝐷) ⊙ (𝐺, 𝐵) ⊙ (𝐻, 𝐶)) ⊆ (𝐹 , 𝐴) implies 
that (𝐺, 𝐵) ⊆ (𝐹 , 𝐴) or (𝐻, 𝐶) ⊆ (𝐹 , 𝐴) or (𝐾, 𝐷) ⊆ (𝐹 , 𝐴). Now substitut-

ing (𝐻, 𝐶) = (𝐾, 𝐷) = (𝐺, 𝐵), we get (𝐺, 𝐵) ⊙ (𝐺, 𝐵) ⊙ (𝐺, 𝐵) = ((𝐺, 𝐵) ⊙
(𝐺, 𝐵) ⊙ (𝐺, 𝐵)) ⋒𝑅 ((𝐺, 𝐵) ⊙ (𝐺, 𝐵) ⊙ (𝐺, 𝐵)) ⋒𝑅 ((𝐺, 𝐵) ⊙ (𝐺, 𝐵) ⊙ (𝐺, 𝐵)). 
Therefore, (𝐺, 𝐵) ⊙ (𝐺, 𝐵) ⊙ (𝐺, 𝐵) ⊆ (𝐹 , 𝐴) implies that ((𝐺, 𝐵) ⊙ (𝐺, 𝐵) ⊙
(𝐺, 𝐵)) ⋒𝑅 ((𝐺, 𝐵) ⊙ (𝐺, 𝐵) ⊙ (𝐺, 𝐵)) ⋒𝑅 ((𝐺, 𝐵) ⊙ (𝐺, 𝐵) ⊙ (𝐺, 𝐵)) ⊆ (𝐹 , 𝐴), 
which implies that (𝐺, 𝐵) ⊆ (𝐹 , 𝐴). Therefore, (𝐹 , 𝐴) is a soft semiprime 
bi-ideal over 𝑆. Then by Theorem 4.9, we can say that (𝐹 , 𝐴) is idem-

potent, i.e. every soft bi-ideal over 𝑆 is idempotent.

Let (𝐹 , 𝐴), (𝐺, 𝐵), (𝐻, 𝐶) be any three soft bi-ideals over 𝑆. Since 
every soft bi-ideal over 𝑆 is idempotent, by Theorem 4.9, we get 
(𝐹 , 𝐴) ⋒𝑅 (𝐺, 𝐵) ⋒𝑅 (𝐻, 𝐶) = ((𝐹 , 𝐴) ⊙ (𝐺, 𝐵) ⊙ (𝐻, 𝐶)) ⋒𝑅 ((𝐺, 𝐵) ⊙ (𝐻, 𝐶) ⊙
(𝐹 , 𝐴)) ⋒𝑅 ((𝐻, 𝐶) ⊙ (𝐹 , 𝐴) ⊙ (𝐺, 𝐵)). Again (𝐹 , 𝐴) ⋒𝑅 (𝐺, 𝐵) ⋒𝑅 (𝐻, 𝐶)
is a soft bi-ideal over 𝑆 , it follows that it is strongly prime bi-ideal 
over 𝑆. Now, ((𝐹 , 𝐴) ⊙ (𝐺, 𝐵) ⊙ (𝐻, 𝐶)) ⋒𝑅 ((𝐺, 𝐵) ⊙ (𝐻, 𝐶) ⊙ (𝐹 , 𝐴)) ⋒𝑅
((𝐻, 𝐶) ⊙ (𝐹 , 𝐴) ⊙ (𝐺, 𝐵)) ⊆ (𝐹 , 𝐴) ⋒𝑅 (𝐺, 𝐵) ⋒𝑅 (𝐻, 𝐶). This implies that 
(𝐹 , 𝐴) ⊆ (𝐹 , 𝐴) ⋒𝑅 (𝐺, 𝐵) ⋒𝑅 (𝐻, 𝐶) or (𝐺, 𝐵) ⊆ (𝐹 , 𝐴) ⋒𝑅 (𝐺, 𝐵) ⋒𝑅 (𝐻, 𝐶) or 
(𝐻, 𝐶) ⊆ (𝐹 , 𝐴) ⋒𝑅 (𝐺, 𝐵) ⋒𝑅 (𝐻, 𝐶). Suppose (𝐹 , 𝐴) ⊆ (𝐹 , 𝐴) ⋒𝑅 (𝐺, 𝐵) ⋒𝑅
(𝐻, 𝐶). This implies that (𝐹 , 𝐴) ⊆ (𝐺, 𝐵) ⋒𝑅 (𝐻, 𝐶), i.e. (𝐹 , 𝐴) ⊆ (𝐺, 𝐵)
and (𝐹 , 𝐴) ⊆ (𝐻, 𝐶). Now substituting (𝐹 , 𝐴) by (𝐺, 𝐵) in the relation 
(𝐹 , 𝐴) ⋒𝑅 (𝐺, 𝐵) ⋒𝑅 (𝐻, 𝐶) = ((𝐹 , 𝐴) ⊙ (𝐺, 𝐵) ⊙ (𝐻, 𝐶)) ⋒𝑅 ((𝐺, 𝐵) ⊙ (𝐻, 𝐶) ⊙
(𝐹 , 𝐴)) ⋒𝑅 ((𝐻, 𝐶) ⊙ (𝐹 , 𝐴) ⊙ (𝐺, 𝐵)), we get (𝐺, 𝐵) ⋒𝑅 (𝐺, 𝐵) ⋒𝑅 (𝐻, 𝐶) =
((𝐺, 𝐵) ⊙ (𝐺, 𝐵) ⊙ (𝐻, 𝐶)) ⋒𝑅 ((𝐺, 𝐵) ⊙ (𝐻, 𝐶) ⊙ (𝐺, 𝐵)) ⋒𝑅 ((𝐻, 𝐶) ⊙ (𝐺, 𝐵) ⊙
(𝐺, 𝐵)). This implies that (𝐺, 𝐵) ⊆ (𝐺, 𝐵) ⋒𝑅 (𝐺, 𝐵) ⋒𝑅 (𝐻, 𝐶) or (𝐻, 𝐶) ⊆
(𝐺, 𝐵) ⋒𝑅 (𝐺, 𝐵) ⋒𝑅 (𝐻, 𝐶). Thus (𝐺, 𝐵) ⊆ (𝐻, 𝐶) or (𝐻, 𝐶) ⊆ (𝐺, 𝐵). There-

fore, the set of all soft bi-ideals are totally ordered under set inclusion.

Conversely, suppose that every soft bi-ideals over 𝑆 are idempotent 
and set of all bi-ideals over 𝑆 are totally ordered under set inclu-

sion. Let (𝐹 , 𝐴), (𝐺, 𝐵), (𝐻, 𝐶), (𝐾, 𝐷) be soft bi-ideals over 𝑆 such that 
((𝐺, 𝐵) ⊙ (𝐻, 𝐶) ⊙ (𝐾, 𝐷)) ⋒𝑅 ((𝐻, 𝐶) ⊙ (𝐾, 𝐷) ⊙ (𝐺, 𝐵)) ⋒𝑅 ((𝐾, 𝐷) ⊙ (𝐺, 𝐵) ⊙
(𝐻, 𝐶)) ⊆ (𝐹 , 𝐴). Since every soft bi-ideals are idempotent by Theo-

rem 4.9, we get (𝐺, 𝐵) ⋒𝑅 (𝐻, 𝐶) ⋒𝑅 (𝐾, 𝐷) = ((𝐺, 𝐵) ⊙ (𝐻, 𝐶) ⊙ (𝐾, 𝐷)) ⋒𝑅
((𝐻, 𝐶) ⊙ (𝐾, 𝐷) ⊙ (𝐺, 𝐵)) ⋒𝑅 ((𝐾, 𝐷) ⊙ (𝐺, 𝐵) ⊙ (𝐻, 𝐶)) ⊆ (𝐹 , 𝐴). Again 
set of all bi-ideals are totally ordered under set inclusion. Therefore, 
(𝐺, 𝐵) ⋒𝑅 (𝐻, 𝐶) ⋒𝑅 (𝐾, 𝐷) = (𝐺, 𝐵) or (𝐻, 𝐶) or (𝐾, 𝐷). Thus (𝐺, 𝐵) ⊆
(𝐹 , 𝐴) or (𝐻, 𝐶) ⊆ (𝐹 , 𝐴) or (𝐾, 𝐷) ⊆ (𝐹 , 𝐴). Hence (𝐹 , 𝐴) is a strongly 
prime soft bi-ideal over 𝑆. Therefore, every soft bi-ideals over 𝑆 are 
strongly prime bi-ideal over 𝑆. □

Theorem 4.11. Let the set of all soft bi-ideals over a ternary semigroup 𝑆
be totally ordered under set inclusion. Then soft semiprime bi-ideals over 𝑆
are soft prime bi-ideals over 𝑆.

Proof. Let (𝐹 , 𝐴) be a soft semiprime bi-ideal over 𝑆 and (𝐺, 𝐵), (𝐻, 𝐶), 
(𝐾, 𝐷) be any three soft bi-ideals over 𝑆 such that (𝐺, 𝐵) ⊙ (𝐻, 𝐶) ⊙
(𝐾, 𝐷) ⊆ (𝐹 , 𝐴). Since set of all soft bi-ideals over 𝑆 are totally ordered 
under set inclusion, (𝐺, 𝐵) ⊆ (𝐻, 𝐶) ⋒𝑅 (𝐾, 𝐷) or (𝐻, 𝐶) ⊆ (𝐺, 𝐵) ⋒𝑅 (𝐾, 𝐷)
or (𝐾, 𝐷) ⊆ (𝐺, 𝐵) ⋒𝑅 (𝐻, 𝐶). Suppose (𝐺, 𝐵) ⊆ (𝐻, 𝐶) ⋒𝑅 (𝐾, 𝐷). This im-

plies (𝐺, 𝐵) ⊙ (𝐺, 𝐵) ⊙ (𝐺, 𝐵) ⊆ (𝐺, 𝐵) ⊙ (𝐻, 𝐶) ⊙ (𝐾, 𝐷) ⊆ (𝐹 , 𝐴). Since 
(𝐹 , 𝐴) is soft semiprime bi-ideal over 𝑆, (𝐺, 𝐵) ⊙ (𝐺, 𝐵) ⊙ (𝐺, 𝐵) ⊆ (𝐹 , 𝐴)
implies that (𝐺, 𝐵) ⊆ (𝐹 , 𝐴). Similarly, (𝐻, 𝐶) ⊆ (𝐺, 𝐵) ⋒𝑅 (𝐾, 𝐷) im-
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plies that (𝐻, 𝐶) ⊆ (𝐹 , 𝐴) and (𝐾, 𝐷) ⊆ (𝐺, 𝐵) ⋒𝑅 (𝐻, 𝐶) implies that 
(𝐾, 𝐷) ⊆ (𝐹 , 𝐴). Hence (𝐹 , 𝐴) is a soft prime bi-ideal over 𝑆. □

Theorem 4.12. For a ternary semigroup 𝑆 the following conditions are 
equivalent:

(1) The set of soft bi-ideals over 𝑆 is totally ordered under set inclusion.

(2) Each soft bi-ideal over 𝑆 is soft strongly irreducible bi-ideal over 𝑆.

(3) Each soft bi-ideal over 𝑆 is soft irreducible bi-ideal over 𝑆.

Proof. (1) ⟹ (2)
Let the set of soft bi-ideals over 𝑆 be totally ordered under set inclu-

sion. Let (𝐹 , 𝐴), (𝐺, 𝐵), (𝐻, 𝐶), (𝐾, 𝐷) be four soft bi-ideals over 𝑆 such 
that (𝐺, 𝐵) ⋒𝑅 (𝐻, 𝐶) ⋒𝑅 (𝐾, 𝐷) ⊆ (𝐹 , 𝐴). Again (𝐺, 𝐵) ⋒𝑅 (𝐻, 𝐶) ⋒𝑅 (𝐾, 𝐷) =
(𝐺, 𝐵) or (𝐺, 𝐵) ⋒𝑅 (𝐻, 𝐶) ⋒𝑅 (𝐾, 𝐷) = (𝐻, 𝐶) or (𝐺, 𝐵) ⋒𝑅 (𝐻, 𝐶) ⋒𝑅
(𝐾, 𝐷) = (𝐾, 𝐷). Thus (𝐺, 𝐵) ⊆ (𝐹 , 𝐴) or (𝐻, 𝐶) ⊆ (𝐹 , 𝐴) or (𝐾, 𝐷) ⊆ (𝐹 , 𝐴). 
Therefore, (𝐹 , 𝐴) is soft strongly irreducible bi-ideal over 𝑆.

(2) ⟹ (3)
It is clear that soft strongly irreducible ideal over 𝑆 is a soft irre-

ducible ideal over 𝑆.

(3) ⟹ (1)
Let (𝐹 , 𝐴), (𝐺, 𝐵), (𝐻, 𝐶) be soft bi-ideals over 𝑆. Then (𝐹 , 𝐴) ⋒𝑅

(𝐺, 𝐵) ⋒𝑅 (𝐻, 𝐶) is also soft bi-ideal. Therefore, this is soft irreducible 
bi-ideal over 𝑆. Now (𝐹 , 𝐴) ⋒𝑅 (𝐺, 𝐵) ⋒𝑅 (𝐻, 𝐶) = (𝐹 , 𝐴) ⋒𝑅 (𝐺, 𝐵) ⋒𝑅
(𝐻, 𝐶). This implies that (𝐹 , 𝐴) = (𝐹 , 𝐴) ⋒𝑅 (𝐺, 𝐵) ⋒𝑅 (𝐻, 𝐶) or (𝐺, 𝐵) =
(𝐹 , 𝐴) ⋒𝑅 (𝐺, 𝐵) ⋒𝑅 (𝐻, 𝐶) or (𝐾, 𝐷) = (𝐹 , 𝐴) ⋒𝑅 (𝐺, 𝐵) ⋒𝑅 (𝐻, 𝐶). Suppose 
(𝐹 , 𝐴) = (𝐹 , 𝐴) ⋒𝑅 (𝐺, 𝐵) ⋒𝑅 (𝐻, 𝐶). Therefore, (𝐹 , 𝐴) ⊆ (𝐺, 𝐵) ⋒𝑅 (𝐻, 𝐶), 
i.e. (𝐹 , 𝐴) ⊆ (𝐺, 𝐵) and (𝐹 , 𝐴) ⊆ (𝐾, 𝐷). Substituting (𝐹 , 𝐴) by (𝐺, 𝐵) in 
(𝐹 , 𝐴) ⋒𝑅 (𝐺, 𝐵) ⋒𝑅 (𝐻, 𝐶), we get (𝐺, 𝐵) ⊆ (𝐻, 𝐶) or (𝐻, 𝐶) ⊆ (𝐹 , 𝐴). 
Hence set of all soft bi-ideals over 𝑆 are totally ordered under set inclu-

sion. □

5. Soft completely regular ternary semigroup

In this section, we define soft left regular, soft right regular and soft 
completely regular ternary semigroup. Then we discuss some results 
on these soft ternary semigroups and also characterize soft completely 
regular ternary semigroup.

Definition 5.1. [6] An element 𝑎 of a ternary semigroup 𝑆 is said to 
be left (resp. right) regular if there exists an element 𝑥 ∈ 𝑆 such that 
𝑥𝑎𝑎 = 𝑎 (resp. 𝑎𝑎𝑥 = 𝑎). If every element of 𝑆 is left (resp. right) regular 
then 𝑆 is said to be left (resp. right) regular ternary semigroup.

Definition 5.2. A proper soft set (𝐹 , 𝐴) over a ternary semigroup 𝑆 is 
said to be soft left (resp. right) regular if 𝐹 (𝛼) is left (resp. right) regular 
for all 𝛼 ∈𝐴.

Lemma 5.3. A ternary semigroup 𝑆 is right (resp. left) regular ternary semi-

group if and only if every soft ideal (𝐹 , 𝐴) over 𝑆 is right (resp. left) regular.

Proof. Let 𝑆 be a right regular ternary semigroup and (𝐹 , 𝐴) be a soft 
ideal over 𝑆. Let 𝛼 ∈ 𝐴 be such that 𝐹 (𝛼) ≠ ∅. Then 𝐹 (𝛼) is an ideal 
of 𝑆. Let 𝑎 ∈ 𝐹 (𝛼). Therefore, 𝑎 ∈ 𝑆. Thus there exists 𝑥 ∈ 𝑆 such that 
𝑎𝑎𝑥 = 𝑎. Let us define 𝑏 = 𝑥𝑎𝑥. Then 𝑏 ∈ 𝑆𝑎𝑆 ⊆ 𝑆𝐹 (𝛼)𝑆 ⊆ 𝐹 (𝛼). Now 
𝑎𝑎𝑏 = 𝑎𝑎(𝑥𝑎𝑥) = (𝑎𝑎𝑥)𝑎𝑥 = 𝑎𝑎𝑥 = 𝑎. Therefore, for 𝑎 ∈ 𝐹 (𝛼) there exists an 
element 𝑏 ∈ 𝐹 (𝛼) such that 𝑎𝑎𝑏 = 𝑎. Hence 𝐹 (𝛼) is right regular. Since 
𝛼 is arbitrary element of A, 𝐹 (𝛼) is right regular for all 𝛼 ∈ 𝐴. Hence 
(𝐹 , 𝐴) over 𝑆 is soft right regular.

Similarly, we can show that if 𝑆 is left regular ternary semigroup 
then every soft ideal (𝐹 , 𝐴) over 𝑆 is soft left regular.

Conversely, suppose that every soft ideal over 𝑆 is right regular. 
Let 𝑎 ∈ 𝑆 and 𝐼 be an ideal of 𝑆 containing 𝑎. Define (𝐹 , 𝐴) such that 
𝐴 = {𝑎} and 𝐹 (𝑎) = 𝐼 . Then (𝐹 , 𝐴) is a soft ideal over 𝑆. Therefore, 
(𝐹 , 𝐴) over 𝑆 is right regular. This implies that 𝐹 (𝑎) = 𝐼 is right regular. 
Thus 𝑎 ∈ 𝐼 is right regular. Since 𝑎 is an arbitrary element of 𝑆, every 



S. Kar and I. Dutta Heliyon 7 (2021) e07330
element of 𝑆 is right regular. Thus 𝑆 is right regular ternary semigroup. 
Similarly, we can show that 𝑆 is left regular ternary semigroup if every 
soft ideal over 𝑆 is left regular. □

Definition 5.4. [6] A proper ideal 𝐼 of a ternary semigroup 𝑆 is called 
a completely semiprime ideal of 𝑆 if 𝑥3 ∈ 𝐼 implies that 𝑥 ∈ 𝐼 for any 
element 𝑥 of 𝑆.

Definition 5.5. A proper soft ideal (𝐹 , 𝐴) over a ternary semigroup 𝑆 is 
said to be soft completely semiprime ideal over 𝑆 if 𝐹 (𝛼) is completely 
semiprime ideal for all 𝛼 ∈𝐴, where 𝐹 (𝛼) ≠ ∅.

Definition 5.6. [6] An element 𝑎 of a ternary semigroup 𝑆 is said to 
be completely regular if there exists an element 𝑥 ∈ 𝑆 such that 𝑎𝑥𝑎 = 𝑎
and 𝑎𝑥𝑧 = 𝑥𝑎𝑧, 𝑧𝑎𝑥 = 𝑧𝑥𝑎 for all 𝑧 ∈ 𝑆.

If all the elements of a ternary semigroup 𝑆 is completely regular 
then 𝑆 is said to be completely regular ternary semigroup.

Definition 5.7. A soft set (𝐹 , 𝐴) over a ternary semigroup 𝑆 is said to be 
soft completely regular if 𝐹 (𝛼) is completely regular ternary semigroup 
for all 𝛼 ∈𝐴, where 𝐹 (𝛼) ≠ ∅.

Lemma 5.8. A ternary semigroup 𝑆 is completely regular if and only if 
every soft ideal over 𝑆 is completely regular.

Proof. Let 𝑆 be completely regular ternary semigroup and (𝐹 , 𝐴) be 
any soft ideal over 𝑆. Let 𝛼 ∈ 𝐴 be such that 𝐹 (𝛼) ≠ ∅. Let 𝑎 ∈ 𝐹 (𝛼). 
Then 𝑎 ∈ 𝑆. Thus there exists 𝑥 ∈ 𝑆 such that 𝑎𝑥𝑎 = 𝑎 and 𝑎𝑥𝑧 = 𝑥𝑎𝑧 for 
all 𝑧 ∈ 𝑆. Let us define 𝑏 = 𝑥𝑎𝑥. Then 𝑎𝑏𝑎 = 𝑎(𝑥𝑎𝑥)𝑎 = (𝑎𝑥𝑎)𝑥𝑎 = 𝑎𝑥𝑎 = 𝑎
and 𝑏 = 𝑥𝑎𝑥 ∈ 𝑆𝐹 (𝛼)𝑆 ⊆ 𝐹 (𝛼). Therefore, 𝑎 is regular in 𝐹 (𝛼). Again 
let 𝑐 ∈ 𝐹 (𝛼) be any element of 𝐹 (𝛼). Then 𝑎𝑏𝑐 = 𝑎(𝑥𝑎𝑥)𝑐 = (𝑎𝑥𝑎)𝑥𝑐 =
𝑎𝑥𝑐 = 𝑥𝑎𝑐 = 𝑥(𝑎𝑥𝑎)𝑐 = (𝑥𝑎𝑥)𝑎𝑐 = 𝑏𝑎𝑐, 𝑐𝑎𝑏 = 𝑐𝑎(𝑥𝑎𝑥) = 𝑐(𝑎𝑥𝑎)𝑥 = 𝑐𝑎𝑥 =
𝑐𝑥𝑎 = 𝑐𝑥(𝑎𝑥𝑎) = 𝑐(𝑥𝑎𝑥)𝑎 = 𝑐𝑏𝑎. Therefore, 𝑎 ∈ 𝐹 (𝛼) is completely regu-

lar in 𝐹 (𝛼). Then 𝐹 (𝛼) is completely regular for all 𝛼 ∈ 𝐴. Therefore, 
(𝐹 , 𝐴) over 𝑆 is completely regular. So we can say that every soft ideal 
over 𝑆 is completely regular.

Conversely, suppose that every soft ideal over 𝑆 is completely regu-

lar. Define a soft ideal (𝐹 , 𝐴) over 𝑆 such that 𝐹 (𝛼) = 𝑆 for some 𝛼 ∈𝐴. 
Since (𝐹 , 𝐴) is completely regular, 𝐹 (𝛼) is completely regular for all 
𝛼 ∈𝐴. Therefore, 𝑆 is completely regular. □

Theorem 5.9. [6] The following conditions in a ternary semigroup 𝑆 are 
equivalent:

(1) 𝑆 is completely regular.

(2) 𝑆 is left and right regular i.e. 𝑎 ∈ 𝑎2𝑆 ∩𝑆𝑎2 for all 𝑎 ∈ 𝑆.

(3) 𝑎 ∈ 𝑎2𝑆𝑎2 for all 𝑎 ∈ 𝑆.

Theorem 5.10. Let 𝑆 be a ternary semigroup. Then the following conditions 
are equivalent:

(1) 𝑆 is completely regular ternary semigroup.

(2) Every soft ideal over 𝑆 is soft left and soft right regular.

(3) Let (𝐹 , 𝐴) be a soft ideal over 𝑆. Then 𝑎 ∈ 𝑎2𝐹 (𝛼)𝑎2 for all 𝑎 ∈ 𝐹 (𝛼)
and for all 𝛼 ∈𝐴

Proof. (1) ⟺ (2)
By Theorem 5.9, 𝑆 is completely regular ternary semigroup if and 

only if 𝑆 is left and right regular. Again by Lemma 5.3, 𝑆 is left and right 
regular if and only if every soft ideal over 𝑆 is left and right regular. 
Therefore, 𝑆 is completely regular if and only if every soft ideal over 𝑆
is soft left and soft right regular.

(2) ⟹ (3)
Let (𝐹 , 𝐴) be a soft ideal over 𝑆. Then (𝐹 , 𝐴) is soft left and soft 

right regular over 𝑆. Let 𝛼 ∈ 𝐴 be such that 𝐹 (𝛼) ≠ ∅. Then 𝐹 (𝛼) is left 
and right regular ternary semigroup, by definition. Let 𝑎 ∈ 𝐹 (𝛼). Then 
there exists 𝑐, 𝑑 ∈ 𝐹 (𝛼) such that 𝑑𝑎𝑎 = 𝑎𝑎𝑐 = 𝑎. Now 𝑎𝑐𝑥 = (𝑑𝑎𝑎)𝑐𝑥 =
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𝑑(𝑎𝑎𝑐)𝑥 = 𝑑𝑎𝑥 for all 𝑥 ∈ 𝑆. So 𝑎 = 𝑑𝑎𝑎 = 𝑎𝑐𝑎 = 𝑎𝑎𝑐𝑐𝑎 = 𝑎𝑎𝑐𝑐𝑑𝑎𝑎. Since 
𝐹 (𝛼) is ideal of 𝑆 and 𝑐, 𝑑 ∈ 𝐹 (𝛼), we have 𝑐𝑐𝑑 ∈ 𝐹 (𝛼). Therefore, 
𝑎 = 𝑎𝑎(𝑐𝑐𝑑)𝑎𝑎 ∈ 𝑎𝑎𝐹 (𝛼)𝑎𝑎, i.e. 𝑎 ∈ 𝑎2𝐹 (𝛼)𝑎2.

(3) ⟹ (1)
Let 𝑎 ∈ 𝑆 be an element of 𝑆 and 𝐼 be an ideal of 𝑆 containing 

𝑎. Define (𝐹 , 𝐴) such that 𝐴 = {𝛼} and 𝐹 (𝛼) = 𝐼 . Then 𝑎 ∈ 𝐹 (𝛼) implies 
that 𝑎 ∈ 𝑎2𝐹 (𝛼)𝑎2 ⊆ 𝑎2𝑆𝑎2. Therefore, for all 𝑎 ∈ 𝑆, 𝑎 ∈ 𝑎2𝑆𝑎2. Then from 
Theorem 5.9, we get 𝑆 is completely regular. □

Theorem 5.11. [6] A ternary semigroup 𝑆 is completely regular if and only 
if every bi-ideal of 𝑆 is completely semiprime.

Theorem 5.12. A ternary semigroup 𝑆 is completely regular if and only if 
every soft bi-ideal over 𝑆 is completely semiprime.

Proof. Let (𝐹 , 𝐴) be a soft bi-ideal over 𝑆 and 𝑆 is completely regular 
ternary semigroup. Then 𝐹 (𝛼) is a bi-ideal of 𝑆 for all 𝛼 ∈ 𝐴, where 
𝐹 (𝛼) ≠ ∅. Then by Theorem 5.11, 𝐹 (𝛼) is completely semiprime for all 
𝛼 ∈𝐴, where 𝐹 (𝛼) ≠ ∅. Therefore, (𝐹 , 𝐴) is completely semiprime.

Conversely, suppose that every soft bi-ideal over 𝑆 is completely 
semiprime. Let 𝐵 be any bi-ideal of 𝑆. Define (𝐹 , 𝐴) such that 𝐴 = {𝛼}
and 𝐹 (𝛼) = 𝐵. Then (𝐹 , 𝐴) is soft bi-ideal over 𝑆. Hence (𝐹 , 𝐴) is 
completely semiprime and this implies that 𝐹 (𝛼) = 𝐵 is completely 
semiprime. Therefore, every bi-ideal of 𝑆 is completely semiprime. Thus 
by Theorem 5.11, 𝑆 is completely regular. □

Theorem 5.13. [6] If 𝑆 is a completely regular ternary semigroup, then 
every bi-ideal of 𝑆 is idempotent.

Theorem 5.14. If 𝑆 is a completely regular ternary semigroup, then every 
soft bi-ideal over 𝑆 is idempotent.

Proof. Let 𝑆 be a completely regular ternary semigroup and (𝐹 , 𝐴) be 
a soft bi-ideal over 𝑆. If 𝐹 (𝛼) = ∅, then 𝐹 (𝛼)𝐹 (𝛼)𝐹 (𝛼) = 𝐹 (𝛼). Again if 
𝐹 (𝛼) ≠ ∅, then 𝐹 (𝛼) is a bi-ideal of 𝑆. Now by Theorem 5.13, 𝐹 (𝛼) is 
idempotent, i.e. 𝐹 (𝛼)𝐹 (𝛼)𝐹 (𝛼) = 𝐹 (𝛼). Therefore, 𝐹 (𝛼)𝐹 (𝛼)𝐹 (𝛼) = 𝐹 (𝛼)
for all 𝛼 ∈ 𝐴. Hence (𝐹 , 𝐴) ⊙ (𝐹 , 𝐴) ⊙ (𝐹 , 𝐴) = (𝐹 , 𝐴). Therefore, every 
soft bi-ideal over 𝑆 is idempotent. □

6. Conclusion

Soft set is a very useful tool in mathematics and its related areas. 
In this paper, we study about soft prime ideal, semiprime ideal, prime 
bi-ideal, semiprime bi-ideal and their interrelations. Here we also char-

acterize soft right regular, soft left regular and soft completely regular 
ternary semigroup and their relations. It can be developed the notions 
of other soft ideals like soft quasi prime and soft quasi semiprime ide-

als over a ternary semigroup. In future, soft ternary semigroups can be 
developed in the light of spherical sets and also can be applied to solve 
decision-making problem as in the paper [22], spherical fuzzy sets are 
discussed. Since soft set theory has a large number of application in 
different area of real life problem, development of the theory of soft 
ternary semigroup will be helpful to enlarge the area of application. As 
we have developed various area of soft ideals of soft ternary semigroup 
this is a motivational work for future. We may generalize soft rough 
semigroups of [23] and soft filters of ordered semigroup of [24] in soft 
ternary semigroup and soft ordered ternary semigroup also.
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