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This work is a case study whose objective is prediction of irrigation needs of corn crops in 
different regions of Ecuador; being this a fundamental basic food for the country’s economy, 
as in the remaining countries of the Andean area. The proposed methodology seeks to help 
improving the quality of corn crop. Specifically, we propose the application of regression models, 
within the framework of Functional Data Analysis (FDA), to predict the amount of rainfall (scalar 
response variable) in the places with the highest production of corn in Ecuador, as a function of 
functional covariates such as temperature and wind speed. From the estimation of the amount 
of rainfall, effective precipitation is calculated. This is the fraction of water used by the crops, 
from which the value of real evapotranspiration or ETc is obtained and, more importantly, the 
irrigation requirements at each stage of the corn crop, for its adequate physiological development. 
Application of regression models based on functional basis, Functional Principal Components 
(FPC) or Functional Partial Least Squares (FPLS) for scalar response variable, allows us to use 
the information of variables such as wind speed and temperature (of functional nature) in a 
better way than using multivariate models, for predicting the amount of rainfall, obtaining, as a 
result, very explicative models, defined by a high goodness of fit (𝑅2 = 0.97, with 6 significant 
parameters and an error of 0.14) and practical utility. The model has been also applied to North 
Peru regions, obtaining rainfall prediction errors between 9% and 22%. Thus, the geographical 
limitations of the model could be the Andean regions with similar climate. In addition, this study 
proposes the application of FDA exploratory analysis and FDA outlier detection techniques as a 
common and useful practice in the specific domain of rainfall prediction studies, prior to applying 
the regression models.

1. Introduction

The current technological developments related to sensorics and IoT have made it possible for researchers in many areas to have 
large volumes of information; so, there is a great interest in learning and developing statistical tools for their analysis [1,2]. These 
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databases, composed of features or variables continuously monitored with respect to time, and often dependent on meteorological 
weather, are usually complex, both in terms of variety and dimension. These characteristics in data collection mean that many 
variables are of a functional nature, i.e., whose realizations can be considered curves of infinite dimension [3]. Thus, developing of 
specific statistical techniques, such as those corresponding to Functional Data Analysis (FDA), to deal with this increasingly common 
paradigm of data, are needed.

FDA is a powerful and relatively new statistical tool that provides a series of techniques related to descriptive statistics, analysis 
of variance, regression and classification models specially designed and adapted to be applied to infinite dimensional data [4,5] such 
as curves or time or frequency dependent surfaces. Generally, data monitored continuously versus time have a discrete nature, so one 
of the first tasks in FDA is the application of smoothing methods in order to obtain smooth functions as a basic unit of information 
[6]. FDA has experienced exponential growth over the last two decades [3]. This development has been driven mainly by its great 
utility within the new paradigm of data provided by the advancement of sensor technology and the Internet of Things (IoT), within 
the framework of digitalization of science, and Industry and Services 4.0 [1]. Its use was popularized by the seminal monographs 
of Ramsay and Silverman [4] and, from a non-parametric approach, Ferraty and Vieu [5]. Now, a great deal of FDA approaches 
for univariate and multivariate statistical techniques are developed, ranging from descriptive analysis [7], outlier detection [8], 
statistical quality control [9], analysis of variance [10], classification [11], to regression [12] and time series [13], among others. 
All these techniques have been successfully applied to solve problems in many scientific domains such as engineering [14], material 
science [15], geosciences [16], medicine and genetics [17], environmental sciences (dealing many times with the spatio–temporal 
domain) [18], and of course agriculture [19], among many others. The current popularity of FDA techniques is also due, in part, to 
the large number of freely available computational tools that allow their application, available in the R statistical software, such as 
the fda and fda.usc packages [20,21], among others.

In the agriculture domain, Ogden et al. [22] proposed a FDA regression model to predict a lodging score for a rice field from digital 
images, whereas Yang et al. [23] developed a FDA methodology for variable selection and prediction in ecological applications. On 
the other hand, Shi and Cao [19] performed a robust functional principal component analysis method for dimension reduction in 
such frameworks with presence of outliers, as is the case of agricultural and biological datasets. The works of Kantanantha et al. 
[24] and Lewis-Beck et al. [25] are focused on crop studies. In fact, Kantanantha et al. [24] have proposed a functional regression 
model from functional principal component analysis to forecast the yield and price in crop decision planning, whereas Lewis-Beck 
et al. [25] proposed a FDA spatio–temporal model for predicting the time when crops reach their peak each season, from remote 
sensing data. Among all the crops, corn is crucial for the diet of the Ecuadorian population [26], and, by extension, for the people of 
whole Andean region and Latin America. In Ecuador, the primary sector is of great importance (in 2010–2014 it contributed 9.60% 
of the country’s wealth, in terms of GDP) [27], with a great variety of crop production. In this context, corn is far the first cereal 
by production (1742000 ton in 2021, twice the rice production and also ahead of sorghum) [28]. Its productivity or production 
capacity is largely affected by climatic factors. In relation to climatic factors and their relationship with corn production, the amount 
of rainfall received during the planting cycle, until the harvest of the crop is of significant importance. In fact, there are certain 
conditions, regarding the amount of precipitation, that must be met for the correct physiological development of the plant, and in 
order to benefit crop productivity.

In the context of climate change studies, the estimation of the quantity of precipitation is a task currently performed by applying 
multivariate regression techniques [29,30]. Alternatively, the FDA techniques have been used to study the rainfall from descriptive 
and classification point of view [31,32]. We would like also to highlight the use of techniques that take into account the temporal 
and spatial dependence of the observations, such as kriging, both from the traditional approach [29,31] and also using the new 
functional approach [33].

In the present work, FDA regression techniques are applied to solve the specific case study of the prediction of mean daily rainfall 
in Ecuadorian maize regions, in a specific year, from functional data such as temperature and wind speed annual curves. Considering 
that regression could be defined a statistical procedure whose objective is to model the relation that exists between one or more 
explanatory covariates with a response variable, from a FDA approach, this relationship can be addressed by fitting Functional Linear 
Regression (FLR) models with scalar response. Indeed, FLR models with functional bases, FLR models with Functional Principal 
Components (FPC) basis, FLR model with Functional Partial Least Squares (FPLS) basis, and adaptation of the FLR model using 
two functional explanatory covariates [4], among others, can be applied to estimate a scalar response, such as the present case. 
Subsequent application of usual hydrological models to the rainfall predictions will allow us to obtain estimates of the corn irrigation 
requirements. This is the objective of the present work.

Currently, lack of economic and technological resources of small Ecuadorian farmers (the focus of this study) makes it impossible 
for them to have access to meteorological information that is crucial for the development of their crops, such as corn. In fact, there 
are currently no weather stations in each of the country’s provinces or cantons, which makes it difficult to find accurate data on 
meteorological variables such as the amount of precipitation, which is the variable for which predictions are made in this study. In 
short, many productive areas of Ecuador, defined by the activity of small producers, suffer from a lack of information that this work 
aims to help amend by implementing new techniques for predicting the amount of rainfall, which will be very useful for decision 
making. The aim is, therefore, to provide small farmers with tools to improve their production levels.

2. Case study of corn regions in Ecuador

For development of this work, information of the most influential meteorological factors in the agricultural productivity of corn 
2

in Ecuador, such as rainfall, temperature, and wind speed has been collected. For this purpose, 25 places strategically located in the 
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Fig. 1. The procedure to estimate the rainfall and then the irrigation requirements of corn in Ecuadorian regions.

country because of their great production of corn, have been considered. In this context, we have taken daily data between 2010
and 2020 from the NASA web page. After the collection, in the case of rainfall, the means of each place are obtained given a vector 
of dimension equal to 𝑚 = 25. Regarding the temperature, daily mean is calculated for each place, obtaining a matrix structure of 
𝑛 × 𝑚 = (365 × 25) dimension. In a similar way, daily means for wind speed are obtained. In addition, other variables such as solar 
radiation and humidity are also included in the dataset. Finally, the FRL models are applied, validated and compared, with the aim 
to select the best option to predict precipitation, as a scalar response variable, as a function of functional explanatory variables such 
as temperature and wind speed. In this way, the model can be used to predict precipitation in any place of the country with corn 
production. The results are useful in a practical way, in order to understand the behavior of corn productivity in Ecuador and its 
irrigation requirements. All data generated or analyzed during this study are included in this published article (and its supplementary 
information files).

3. Methodology

This section shows the main parts of the methodology (Fig. 1) proposed to estimate the irrigation requirements of the corn crop 
in Ecuador.

Firstly, in order to estimate the amount of rainfall during a specific interval of time, in a specific region of Ecuador, the application 
of functional linear regression models with one or two functional covariates and scalar response is proposed. This estimation is 
crucial to be able to compare the real rainfall (predicted by functional regression models) with corn plant irrigation requirements. 
The difference will be provided by irrigation. Thus, a brief introduction to these models is also included.

Once the mean daily rainfall in a specific year is predicted, the second step is to apply traditional hydrological balances to estimate 
actual evapotranspiration or real water requirements of the plant, 𝐸𝑇𝑐 .

3.1. Hydrological balance, relationship with crop productivity

Turk [34] proposed an index to determine the agricultural productivity of crops per hectare with greater accuracy, in which 
meteorological variables are involved. Thus, in the last century, different traditional mechanisms have been developed to detect the 
benefits provided by water use in planted crops. In recent years, modified versions of the Turk index have been developed, specifically 
applied in Andean countries for crops such as corn and soybean, that provide evidences of direct importance of precipitation in 
agricultural productivity levels [35,36].

Using these indicators, a hydrological balance is made, determined by the loss of moisture in the soil as a result of evaporation 
and transpiration of water, a process known as evapotranspiration. This balance will make it possible to verify the productive yield 
of the crop from planting to harvest. In this way, it is possible to estimate whether or not the precipitation in the places where corn 
is grown is sufficient for the crop to have an adequate physiological development process such that its productivity will benefit.

This balance is developed by estimation of the reference evapotranspiration (𝐸𝑇𝑜), that can be defined by the following expression 
proposed by Allen et al. [37], which is more suitable (exact) for the Andean country crops:

𝐸𝑇𝑜 =
0.408Δ(𝑅𝑠 −𝐺) + 𝛾

900
𝑇+273 𝑢(𝑐𝑠 − 𝑐𝑎)

Δ + 𝛾(1 + 0.34𝑢)
, (1)

where 𝐸𝑇𝑜 is reference evapotranspiration (𝑚𝑚∕𝑑), 𝑅𝑠 is solar radiation at the ground surface (𝑀𝐽𝑚−2𝑑−1), 𝐺 is heat flux density at 
the ground surface (𝑀𝐽𝑚−2𝑑−1), 𝑇 is average temperature (◦𝐶), 𝑢 is average wind speed (𝑚∕𝑠), 𝑐𝑠 is saturation vapor pressure (𝑘𝑃𝑎), 
𝑐𝑎 pressure (𝑘𝑃𝑎), Δ slope of the vapor pressure curve (𝑘𝑃𝑎∕◦𝐶), and 𝛾 psychrometric constant (𝑘𝑃𝑎∕◦𝐶).

𝐸𝑇𝑜 is defined as the evapotranspiration that occurs under optimal conditions to satisfy the plant’s water requirement. In addition, 
the main meteorological factors affecting 𝐸𝑇𝑜 are radiation, temperature, atmospheric humidity and wind speed. In addition, the 
actual evapotranspiration (𝐸𝑇𝑐) is defined as the evapotranspiration that actually occurs under existing conditions of each crop and 
is calculated using
3

𝐸𝑇𝑐 =𝐾𝑐 ⋅𝐸𝑇𝑜, (2)

https://power.larc.nasa.gov/data-access-viewer/
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where 𝐾𝑐 is the constant of the stage in which the crop process is. In the Initial Stage, 𝐾𝑐 = 0.3, in the Development Stage, 𝐾𝑐 = 0.8, 
in the Middle Stage, 𝐾𝑐 = 1.2, whereas in the Ripening Stage 𝐾𝑐 = 0.35.

Based on these indicators, it can be determined whether the water requirements are met in the study areas [38]. Productivity 
levels are favored or affected by these indicators that are involved in each stage of the plant physiological development process. In 
Ecuador, planting cycles are usually carried out during rainy seasons, since rainfall is used precisely to obtain an adequate process 
of the crop, so that these levels increase.

3.2. Functional linear regression models

FLR models will be applied in order to improve the predictions of rainfall quantities obtained by applying multivariate approaches. 
That is, we search for better explanation of relationship between the explanatory and response variables, when high dimensionality 
is considered.

It is proposed to use regression models for functional data to estimate the amount of precipitation as a function of meteorological 
variables collected in areas strategically located in the country, specially due to their agricultural properties and high corn production 
level. The FLR model with representation in functional bases estimates the parameters sought from a set of basis functions [4], 
whereas Hastie and Mallows [39] have introduced an estimator function based on the minimization of a cubic spline criterion, 
and Marx and Eilers [40] use a smoothed B-splines basis, introducing a penalty for the estimator. The FLR model with Functional 
Principal Component (FPC) basis is also applied. Its objective is to select a subset of the orthonormal basis functions, so that define 
the bases that are used to estimate the parameters sought [41].

On the other hand, the FLR model based on Functional Partial Least Squares (FPLS), called projection on latent structures, is a 
technique that combines and generalizes features of Principal Component Analysis and multiple linear regression [42]. Prediction 
is achieved by extracting a set of orthonormal factors called latent variables with the best predictive ability, computing functional 
linear regression using partial least squares of the functional data to find the principal components, and then proceeding similarly 
to the previous model. This criterion maximizes the covariance between the functional variable and the scalar response through the 
partial least squares components.

The previously mentioned functional regression models consider only one functional explanatory covariate. Therefore, it is pro-
posed to use at least two functional covariates (whose information is commonly used in this type of studies) that allow to obtain 
better fits, better predictions of rainfall, and thus better values of the irrigation requirements if compared to the previous methods.

The use of FLR models will make it possible to obtain highly accurate predictive results that will be useful for understanding the 
behavior of agricultural productivity in Ecuador. The obtained results can be divulged in order to implement projects and/or studies 
to improve the socio-economic conditions of the agricultural sector.

4. Functional data analysis

FDA is a branch of statistics that studies the information contained in curves, i.e. samples of random functions and, in general, 
any element that is varying over a continuous space. In the practical analysis, we start working with discrete observations of the 
sample curves from which the functional form is reconstructed. Thus, the properties of the continuous variables are maintained and, 
therefore, less information is lost. The FDA has substantial advantages, since it has less demanding assumptions compared to common 
techniques such as time series analysis, which impose, among other assumptions, that the process is stationary, the observations are 
equally spaced and the process belongs to a specific class.

A variable {(𝑡)}𝑡∈[0,𝑇 ] defined on a probability space (Ω, 𝐴, 𝑃 ) is said to be a functional variable if it takes values in an infinite 
dimensional space (functional space), i.e. a complete normed or semi-normed space. An observation 𝜒𝑖 of (𝑡) is called a functional 
data. See the Appendix A for more information about the functional variable definition.

4.1. Smoothing method

Smoothing is the method by which each high-dimensional observation is identified with a function. The objective of this method 
is to construct the functional data from its discrete observations [21]. The problem is that instead of using continuous observations {
𝜒𝑖
}𝑛
𝑖=1, we will start working with discrete observations 

{
𝑥1(𝑡𝑖0),… , 𝑥𝑛(𝑡𝑖𝑚𝑖

)
}

such that 𝑡𝑖𝑘 ∈ [0, 𝑇 ] is the moment with 1 ≤ 𝑖 ≤
𝑛 y 1𝑙𝑒𝑞𝑘 ≤ 𝑚𝑖. Thus, the sample is considered to be determined by the vectors 𝑥𝑖 = (𝑥𝑖(𝑡𝑖0), … , 𝑥𝑖(𝑡𝑖𝑚𝑖

))′ such that 𝑥𝑖𝑘 is the observed 
value of the sample trajectory at moment 𝑡𝑖𝑘.

It is proposed to build the functional form of the sample trajectories 𝑛 =
{
𝜒𝑖
}𝑛
𝑖=1 that describe the discrete data behavior from a 

representation in terms of functional basis. These recovered functions are considered functional data.
A set of functions 

{
𝜙1, 𝜙2,…

}
is a functional basis in 2[0, 𝑇 ] if all function 𝜒 ∈ 2[0, 𝑇 ] have a decomposition

𝜒(𝑡) =
∞∑
𝑗=1

𝑐𝑖𝑗𝜙𝑗 (𝑡), (3)

such that 𝑐𝑖𝑗 ∈ℝ ∀𝑖 = 1, … , 𝑛. In practice, a finite quantity (𝜅𝑥) of base functions must be chosen, such that if the observed points are 
4

taken into account 𝑥𝑖 = 𝜒(𝑡𝑖𝑘) para 𝑖 = 1, … , 𝑛 y 𝑘 = 1, 2, … , 𝑚𝑖 then the decomposition can be expressed by:
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𝑥𝑖 = 𝜒(𝑡𝑖𝑘) =
𝜅𝑥∑
𝑗=1

𝑐𝑖𝑗𝜙𝑗 (𝑡𝑖𝑘). (4)

In Ramsay and Dalzell [6], some types of bases are studied, such as Fourier basis for smoothing periodic data and B-Splines basis 
[43] for smoothing non-periodic data. In addition, there are other useful functional basis types such as Wavelets [44], exponential, 
and polynomial basis [4]. See the Appendix A for more information about the description of each type of basis

4.2. Functional depth measures

Depth measures are used to summarize a functional data set. The concept of depth measures how central or deep a piece of data 
is with respect to a given population. That is, it is a statistical tool that provides information about the internal order of the data, so 
that they are ranked from the less deep to the deepest. There are many different approaches of functional data depth, namely the 
functional depth based on the functional median, defined by Fraiman and Muniz [45] and those based on the proximity to the mode 
or calculated from random projections [46], also including the variant of Tukey random depth [47] (for more information see the 
Appendix A).

4.3. Functional linear regression models with scalar response

The classical FLR model seeks to estimate the relationship between scalar response variable 𝑌 and a unique functional covariate 
𝑋𝑡 = {(𝑡)}𝑡∈[0,𝑇 ] which is a second order stochastic process. Without loss of generality, we consider that 𝐸[𝑌 ] = 0 and 𝐸[𝑋𝑡] = 0 ∀𝑡 ∈
[0, 𝑇 ]. Therefore, the FLR model with scalar response 𝑌 and the functional explanatory covariate 𝑋𝑡 is determined by:

𝑌 = 𝛼 +

𝑇

∫
0

𝑋𝑡𝛽(𝑡)𝑑𝑡+ 𝜖. (5)

In other words, let 
{
𝑦𝑖
}𝑛
𝑖=1 be a sample of a random variable from 𝑌 and the sample curves 𝑛 =

{
𝜒𝑖(𝑡)

}𝑛
𝑖=1 in 2[0, 𝑇 ]. The FLR

model is expressed by:

𝑦𝑖 = 𝛼 +

𝑇

∫
0

𝜒𝑖(𝑡)𝛽(𝑡)𝑑𝑡+ 𝜖𝑖, (6)

where 𝛽(𝑡) ∈ 2[0, 𝑇 ] is the functional parameter and 𝜖𝑖 ∼𝑁(0, 𝜎2) is the residual such that 𝐶𝑜𝑣(𝜖𝑖, 𝜖𝑗 ) = 0 ∀𝑖 ≠ 𝑗.
In this work, different FLR approaches have been applied, such as FLR model with functional basis, with functional principal 

components basis, with functional partial least squares basis [48], and with two functional bases (for more information see the 
Appendix A).

5. Results and discussion

First, the daily means, for each day of the year, corresponding to the temperature and wind speed, in each of the 25 places 
previously chosen, are calculated. Therefore, for each one of the meteorological variables, we have a matrix structure composed of 
𝑛 = 365 rows or observations and 𝑚 = 25 columns corresponding to the places of corn production. In the case of the rainfall feature, 
the daily weighted average is obtained for each chosen place, giving a 25–dimensional vector. The values of the original discrete 
data for each corn producing region (i.e. wind speed, temperature and rainfall amount), can be observed in the map of Fig. 2. The 
most productive regions in terms of corn are mainly placed in the coast, as shown in Fig. 2. The highest wind speed tend to be in the 
Pacific coast (center and north), whereas the regions with highest amount of rainfalls tend to be those of the north, inland, close to 
the Convento Mountains. In addition, the highest temperatures tend to be reached in those areas more protected from the wind, i.e. 
the Gulf of Guayaquil and those inland areas with relatively low altitude over the sea level.

Fig. 3 shows discrete original data and functional data (after data smoothing) corresponding to the temperature and wind speed, 
measured in the 25 different locations studied in this work. The smoothing process was performed for the point-wise means of 
temperature and wind speed, since they are the functional covariates that will be used to predict precipitation. In order to smooth 
the temperature, a 12 dimensional functional Fourier basis has been chosen by generalized cross-validation. In the same way, a 
Fourier basis of 11 elements has been fitted to smooth the wind speed. In both cases, Fourier bases are used taking into account the 
periodic nature of each variable to be smoothed (see Fig. 3).

The next step is to study the central position and dispersion of each variable by obtaining the functional approaches for the 
mean, median, and variance (Fig. 4). In order to prevent the effect of outliers on means and variance, the trimmed mean has been 
also calculated, discarding the 15% of the curves with less depth. In order to calculate these statistics, the concept of data depth is 
used. In this regard, three different approaches have been applied, that proposed by Fraiman and Muniz [45], the Mode approach, 
and the Random Projections alternative [46]. Depending on the functional data depth approach, the results for the statistics can 
be slightly different, as pointed out in Naya et al. [49]. There are not many differences in the estimates corresponding to the wind 
speed variable, i.e. its median, mean and variance do not almost vary regardless of the used data depth approach. Otherwise, when 
5

temperature is studied, we can observe more differences in the estimates depending on the data depth approach. The presence of 
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Fig. 2. Mean values of wind speed, temperature, and rainfall for each one of the most productive regions of Ecuador in terms of corn.

Fig. 3. Discrete (left) and functional data (right), after smoothing.

outliers could play some role in this finding. On the other hand, the functional measures of centrality and dispersion provide very 
interesting information about the weather in corn production areas of Ecuador. Regarding the temperatures, they do not vary much 
during the year, being in the equatorial region, however a tendency to decrease towards the middle of the year can be observed. 
The evolution of wind speed is particularly interesting, presenting a clear functional nature, with a minimum in the first months of 
the year (between March and April) and a clear maximum between September and October. As can be observed, maximum wind 
speed corresponds to local minima in temperature (see Fig. 4) and vice versa. In terms of variability, we can observe that the highest 
dispersion is observed in those intervals of times corresponding to the maxima and minima of the wind speed and temperature 
curves.

Taking into account the information of Fig. 4, the presence of outliers is expected. In order to detect these outliers, prior to 
the application of the FLR models, a procedure based on Fraiman and Muniz data depth and bootstrap (including also a weighted 
alternative) is used [49,14]. The results can be observed in Fig. 5, that shows the identification of two outlier curves of temperature 
and one outlier curve of wind speed. The curves corresponding to the functional temperature of Loja (21) and Loreto (25) were 
identified as atypical due to their low values. The wind speed curve corresponding to Loja (21) has been also detected by the two 
approaches (weighted or not) of the outlier detection method.

These areas are located in the extreme east (Loreto), in the Amazon, and in the extreme south (Loja), presenting, consequently, 
more pronounced climatic differences with respect to the other regions of the country. Taking into account that these curves of 
temperature and wind speed should be used to estimate the FLR models that provide the predictions of the rainfall scalar variable, the 
identified outliers have been previously discarded in order to obtain the best possible fit for the regression model and, consequently, 
6

more reliable predictions of the rainfall.
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Fig. 4. Descriptive statistics of the temperature and the wind speed based on functional data depth: trimmed mean 15% (left), median (center), trimmed variance 15%
(right).

Once the database contains no outliers, the FLR regression models introduced in the previous section are fitted. Before their 
application, it is important to stress that the overall data have been separated in two sets: a training or calibration sample from 
which the FLR models are fitted and the test sample, used to evaluate the prediction performance of the models previously fitted 
from the calibration sample. Table 1 shows which sample (training or test) correspond to each region. The data corresponding to 25 
regions are associated to the calibration sample, from which the FLR regression models are fitted. Then, their prediction performance 
is assessed by applying them to the 6 regions of the test data.

It is important to note that the FLR models are fitted only by the training sample data. Regarding the data availability, we have 
different climate variables provided by NASA. These are solar radiation, humidity, temperature, and wind speed. Of course, we 
would improve the model by studying also the role of variables such as vapor pressure or cloud cover, but we are restricted by 
the data availability. We will work on incorporating new variables from new source of information in order to improve the models 
and extend them to other climate areas. Moreover, the final model to predict rainfall (scalar variable) as a function of temperature 
and wind speed curves (functional variables) was chosen taking into account the criteria of increasing the determination coefficient, 
R2, or proportion of explained information or variability. Table 2 shows the adjusted R2 (see the definition in the Appendix B) 
corresponding to each combination of covariates.

Table 2 shows that the model with best performance, in terms of goodness of fit (adjusted R2) is the one composed by two 
functional covariates, the annual curves of temperature (mean) and wind speed (adjusted 𝑅2 = 0.97). In fact, its determination 
coefficient is the same as that corresponding to the model composed of four variables. Thus, for the sake of simplicity, the chosen 
model is the one that corresponds to just two covariates.

Summarizing, the scalar response is the rainfall, whereas the functional explanatory covariates are the wind speed and the 
temperature. It is also interesting to know how informative is each variable to explain the rainfall. Table 2 shows different goodness 
of fit measures (see definitions in the Appendix B) corresponding to each of the possible models composed of only one variable and 
two variables. The first fitted model is that including just one explanatory variable, the temperature. The second model is also a 
FLR model with one covariate; in this case the wind speed is used. Subsequently, the model that considers both functional variables, 
temperature and wind speed, is also fitted. This extension of traditional functional regression models, consisting in the introduction 
7

of more than one covariate (specifically the temperature and wind speed), is another contribution of the present work.
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Fig. 5. The curves identified as outliers by a bootstrap method based on Fraiman and Muniz data depth are shown. The upper panels correspond to the temperature 
study, whereas the lower panels show the results for the wind speed. Moreover, the panels on the left show the results of the application of the outlier detection 
method, whereas, on the right, the results of the application of a weighed bootstrap approach.

Table 3 shows the results of fitting of each one of the FLR models. When just one covariate is introduced, either the temperature 
or the wind speed, the FLR models using functional basis, FPC basis, and FPLS basis have been fitted, obtaining their measures 
of goodness of fit (𝑅2; residual standard error, RSE; mean absolute error, MAE; mean absolute percentage error, MAPE; corrected 
Akaike information criterion, AIC𝑐 ; Bayesian information criterion, BIC) and including the number of significant parameters. In the 
case of including the two covariates, an extension of the FLR model with functional basis (B-splines) is fitted. In the case of FLR 
models with a single explanatory covariate, the best one in terms of goodness of fit is the FPLS approach that includes the wind 
speed as covariate. In fact, it explains 85% of all the variability of the rainfall, with also the lower RSE (0.6). The corresponding 
FPLS regression model as a function of temperature has also a similar goodness of fit. In any case, in terms of goodness of fit, the 
most explanatory model is the one estimated as a function of the two functional variables, i.e., temperature and wind speed. In fact, 
this model, which uses B-spline bases, explains 97% of the variability of the amount of precipitation or rainfall, also presenting the 
lowest RSE value (0.14). This model meet the assumptions of normality (p-value of Shapiro–Wilk test = 0.28), independence (p-value 
of Durbin–Watson test = 0.83) and homoskedasticity of the residuals (p-value of Breusch–Pagan test = 0.3), in addition to complying 
with the good specification or linearity of the model (reset test p-value = 0.83).

Considering the comparison of models in terms of goodness of fit, the FLR model with B-spline functional basis is chosen, as a 
function of the two covariates, temperature and wind speed. Using the estimated model, rainfall predictions are made in 6 cantons 
(apart from those used to estimate the model) producing dry hard corn. The results of the predictions are the following: the reainfall 
prediction for Eloy Alfaro canton is 2.32 ml/m2 , for Palenque 2.82, for Valencia 4.07, for Salitre 2.09, for San Vicente 2.15, and 
for Santo Domingo 4.14. Specifically, temperature and wind speed data are collected these new 6 different places located in the 
provinces with significant corn productivity in the framework of Ecuador and located besides the sea or close to the coast. From 
the new collection of the meteorological variables in the same period of time (10 years), these data are smoothed in order we can 
subsequently fit the FLR model in a proper and reliable way. It can be seen that there are high values of daily precipitation in the 
cantons of Santo Domingo and Valencia, whereas in Eloy Alfaro, Palenque, Salitre, and San Vicente the levels of daily rainfall are 
8

lower.
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Table 1

The data corresponding to different corn production regions are associated to the training sample or to the test sample in order to 
subsequently evaluate the rainfall prediction performance of the models.

Province Canton Coordinates Database sample

Latitude Longitude

Esmeraldas San Lorenzo 1,29 -78,84 Training
Quinindé 0,33 -79,48 Training
Esmeraldas 0,96 -79,65 Training

Manabí Pedernales 0,08 -80,05 Training
Chone -0,70 -80,09 Training
El Carmen -0,27 -79,43 Training
Manta -0,96 -80,71 Training
Portoviejo -1,05 -80,45 Training
Jipijapa -1,35 -80,58 Training
San Vicente -0,58 -80,40 Test

Los Ríos Buena Fe -0,89 -79,49 Training
Quevedo -1,03 -79,46 Training
Babahoyo -1,80 -79,53 Training
Valencia -0.95 -79,35 Test
Palenque -1,43 -79,74 Test

Guayas Balzar -1,37 -79,88 Training
Guayaquil -2,20 -79,89 Training
Simón Bolívar -2,02 -79,48 Training
Pedro Carbo -1,82 -80,23 Training
Naranjal -2,67 -79,62 Training
Salitre -1.82 -79,81 Test

Santa Elena Santa Elena -2,23 -80,85 Training

El Oro Pasaje -3,33 -79,81 Training
Zaruma -3,68 -79,62 Training
Arenillas -3,55 -80,07 Training

Loja Loja -3,99 -79,00 Training
Paltas -4,07 -79,63 Training

Sucumbíos Shushufindi -0,19 -76,65 Training

Orellana Loreto -0,69 -77,31 Training

Santo Domingo Santo Domingo -0,25 -79,17 Test

Table 2

Goodness of fit of measurement, in terms of adjusted R2 , corresponding to the different possible 
FDA regression models (using functional basis) to estimate the rainfall as a function of two or three 
functional covariates.

Variables Adjusted 𝑅2

Temperature + Wind speed 0.97
Temperature + Wind speed + Radiation + Humidity 0.97
Radiation + Humidity 0.86
Temperature + Humidity 0.85

Temperature + Radiation 0.87
Wind speed + Radiation 0.92
Wind speed + Humidity 0.92
Temperature + Wind speed + Radiation 0.94
Temperature + Wind speed + Humidity 0.95
Wind speed + Radiation + Humidity 0.96
Radiation + Temperature + Humidity 0.93

Summarizing, in order to tackle the problem of rainfall estimation, from the original data we obtain the following structure:

• A scalar response variable: mean daily rainfall in one year and in one region.
• Two functional covariates: the annual mean temperature and wind speed curves (each consisting of 365 observations).

It is important to note that data have been collected from 2010 to 2021. On the one hand, functional regression models with scalar 
9

response have been fitted from data obtained between 2010 and 2020. These models then allow predicting the value of precipitation 
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Table 3

Goodness of fit measures for the FLR models with scalar response estimates.

Functional Regression Models with Scalar Response

Functional Covariable Type 𝑅2 𝑎𝑑𝑗𝑢𝑠𝑡𝑒𝑑 𝑅𝑆𝐸 Significant Parameters 𝑀𝐴𝐸 𝑀𝐴𝑃𝐸 𝐴𝐼𝐶𝐶 𝐵𝐼𝐶 𝑃𝑅𝐸𝑆𝑆

Temperature Functional Basis 0.67 0.52 4 0.66 22.28 54.69 65.77 15.89
FPC Basis 0.76 0.44 3 0.60 20.34 54.40 65.48 13.50
FPLS Basis 0.85 0.21 3 0.60 21.54 53.98 65.05 12.01

Wind Speed Functional Basis 0.80 0.38 5 1.11 27.50 54.36 63.84 45.57
FPC Basis 0.65 0.52 3 1.10 27.66 54.19 63.68 44.98
FPLS Basis 0.85 0.16 4 1.10 28.01 54.12 63.60 44.69

Temperature and Wind Speed Functional Basis 0.97 0.14 6 0.23 8.31 66.13 79.19 2.08

Fig. 6. Plot of observed values of precipitation versus predicted values estimated by the functional regression model, corresponding to the six studied regions.

in the year 2021, for each one of the Ecuadorian regions, defined by their corresponding temperature and wind speed curves for the 
years between 2010 and 2020. Then, this make it possible to anticipate irrigation needs by using the usual hydrological models.

In order to assess the prediction ability of the model, Fig. 6 shows the plot of observed values versus predicted corresponding to 
the six studied regions. As shown in Fig. 6, all the points are close to bisector, thus, the model is able to make good estimates (close 
to the real values) of the rainfall. In addition, some of the most used measurements to assess the prediction capability of regression 
models have been calculated, such as 𝑅2 = 0.884, 𝑀𝐴𝐸 = 0.246, 𝑃𝑅𝐸𝑆𝑆 = 0.611, and 𝑀𝐴𝑃𝐸 = 8%. These results support the fact 
that predictions are very close to the real values.

Rainfall prediction is a task for which multivariate regression methods are usually used, as is the case of the work of Chen et 
al. [30] and Martínez-Cob [29]. Some of the difficulties to be faced when using the multivariate perspective are the selection of 
variables and the verification of starting hypotheses: distribution of the response variable, independence of the observations, non-
multicolinearity, homoskedasticity, among others. Martínez-Cob [29] approached the problem of precipitation estimation from a 
multivariate perspective, applying three geostatistical interpolation methods of ordinary kriging (KG), cokriging (CK) and modified 
residual kriging (MRK). These methods are used to estimate the long-term average total Annual PREcipitation (APRE) in a moun-
tainous region from meteorological covariates. In these works, the hypothesis of stationarity is assumed, although it is probably 
not fulfilled for the whole region, but it is met locally. If the present functional proposal is used, the assumption of such a starting 
hypothesis is not required. The results of adjusted 𝑅2 obtained by KG, CK, modified MRK for precipitation estimation are 0.89, 0.91 
and 0.88, respectively, which are slightly lower than that obtained by FLR (0.97). In addition, the MAE values corresponding to the 
application of the multivariate KG, CK, MRK methods are higher than that corresponding to the FRM model. On the other hand, 
Chen et al. [30] proposed another alternative estimation of daily precipitation using SVM classification and regression models, on 
the one hand, and in classification analysis and multivariate linear regression, on the other hand, as a function of predictors related 
to humidity and vorticity. The first step is the application of classification models to determine whether the day is dry or wet, while 
the second is the estimation of regression models to estimate the amount of precipitation conditional on the occurrence of a wet day. 
The use of SVMs tends to provide predictions closer to reality (although no goodness-of-fit indices are provided), performing well 
for precipitation levels less than 100 mm. The use of FLR models prevent the starting assumptions such as the requirement of no 
multicoliniarity of the predictors. In addition, the resulting models are simpler, in terms of the number of predictors, as they take 
advantage in a more complete way of the information of variables that are actually functional in nature, as is the case of temperature 
and wind speed.

Once we have estimated the model that allows us to predict the amount of rainfall accurately and precisely, the next step of the 
methodology is to include this prediction in the standard calculations of the ideal irrigation requirement of the corn crops in Ecuador.

The predicted value of the amount of rainfall in a region will now be used to perform the water balance in the study areas, which, 
in turn, will provide an estimate of the irrigation requirements during the planting cycle, until the maize harvest. This balance will 
be carried out as indicated in section 3.1. In this way, it will be possible to estimate the production capacity of each region, taking 
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into account their irrigation needs, and also taking into account the water resources available to them.
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Table 4

Water balance corresponding to Santo Domingo and Valencia regions, obtained from the rainfall predictions.

Months Santo Domingo Valencia

𝐸𝑇𝑜 𝑚𝑚∕𝑑 𝑃𝑡 𝑚𝑚 𝑃𝑒 𝑚𝑚 𝐸𝑇𝑜 𝑚𝑚∕𝑑 𝑃𝑡 𝑚𝑚 𝑃𝑒 𝑚𝑚

January 3.58 128.3 78.6 4.22 126.2 100.7
February 3.48 115.9 68.7 3.78 114 93.2
March 3.4 128.3 78.6 3.73 126.2 100.7
April 3.33 124.2 75.4 3.53 122.1 98.2
May 3.19 128.3 78.6 3.69 126.2 100.7
June 3.2 124.2 75.4 3.43 122.1 98.2
July 3.6 37.1 12.3 4.12 26.4 25.3
August 4.45 19.4 1.6 4.63 15.2 14.8
September 5 29.1 7.5 5.27 18.9 18.3
October 4.89 59.2 25.5 4.91 40.3 37.7
November 4.67 64 28.4 4.84 51 46.8
December 4.31 128.3 78.7 4.67 126.2 100.7

Mean 3.93 90.5 50.8 4.24 84.6 69.6

The results of Tables 4 and 5 correspond to the year 2021. They are obtained from the prediction of the mean daily rainfall, 
which has been obtained from the application of the functional regression model to the annual curves of temperature and wind 
speed between 2010 and 2020.

To illustrate the methodology for estimating irrigation needs for corn crops in Ecuador, the specific cases of the regions of Santo 
Domingo and Valencia will be considered (Table 4).

Taking into account the data corresponding to these two regions, the first step calculation of the reference evapotranspiration, 
𝐸𝑇𝑜, as indicated in section 3.1. In parallel, the rainfall amount predicted by the present methodology will be taken to find the 
effective precipitation, defined as the fraction of precipitation that actually reaches the plant. The effective precipitation can be 
calculated using several criteria, among which we have selected the reliable precipitation criterion, one of those available in the 
software CropWat [50]:

𝑃𝑒 = 0.6𝑃𝑡 − 10 for 𝑃𝑡 < 70 𝑚𝑚, and 𝑃𝑒 = 0.8𝑃𝑡 − 24 for 𝑃𝑡 > 70 𝑚𝑚,

where 𝑃𝑒 is the effective precipitation and 𝑃𝑡 is the monthly total precipitation.
Only the months in which corn is sown in Ecuador are considered. It is important to note that corn is a transitory crop. The 

calculations of evotranspiration are performed by using the Cropwat and are shown, jointly with the effective and total precipitation, 
in Table 5.

The next step to estimate corn irrigation requirement is calculation of real evapotranspiration 𝐸𝑇𝑐 . It is the real precipitation 
value that the crop needs and depends on the crop phase.

Therefore, the irrigation requirements should be determined in each stage of the crop, that is initial, development, middle and 
final, taking into account that each stage depends on a constant 𝐾𝑐 that is strictly defined by the type of product, in this case corn. 
In general, corn begins its cycle in mid-December and ends in mid-April.

Table 5 shows the results grouped by periods of 10 days for each month corresponding to corn cultivation. Specifically, it 
provides the 𝐸𝑇𝑐 values calculated according to the section 3.1, per day and per period. As previously mentioned, these values are 
representative of the actual amount of precipitation required by the crop at each stage. The irrigation requirements (IR) will be 
𝐼𝑅 = 𝐸𝑇𝑐 − 𝑃𝑒, when 𝐸𝑇𝑐 − 𝑃𝑒 > 0, and 0 when 𝐸𝑇𝑐 − 𝑃𝑒 ≤ 0. This expression is used to calculate the water requirements per day 
(Table 5).

Table 5 shows that, in Santo Domingo, from the 3rd period of January, in the development stage, until the 2nd period corre-
sponding to March that corresponds to the middle stage, the predicted precipitation of 4.14 𝑚𝑚 does not satisfy the real rainfall 
requirement necessary for the plant to carry out its physiological processes properly, i.e., productivity levels are negatively affected 
during all that time. Therefore, additional water requirements are necessary in these stages. For instance, in February, between the 
days 11 − 20, that correspond to the second period of the middle stage, an irrigation system should supply 1.8 𝑚𝑚 of water per day 
so that the plant has good physiological development, maintaining or even increasing the levels of productivity given in this area. 
In Valencia region, the irrigation with 0.6 𝑚𝑚 of water per day is necessary during the third period of January, in the development 
stage. Thus, at least 1 𝑚𝑚 of water is needed daily in the middle and final stages.

The Santo Domingo corn-producing canton had an annual production of 1974 𝑡𝑜𝑛𝑠 during 2020, the lowest of all the cantons of 
Ecuador. On the other hand, the province of Los Ríos, where Valencia is located, has a corn production of 642761 𝑡𝑜𝑛𝑠, being the 
province with the highest corn production [51]. The implementation of procedures in order to estimate in a proper way the amount 
of precipitation in each period and in each region, and subsequently to calculate the corresponding irrigation requirements could 
help to better administrate the hydric resources, improving the health of plants, and increasing the production in regions such as 
Santo Domingo, Valencia and other places of Ecuador and Andean area, as is the aim of the present study. In this way, reliable 
precipitation values can be obtained that allow to find the water needs that the corn crop or, in general, of any other crop needs for 
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its correct development and subsequent commercialization.
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Table 5

Irrigation requirement for corn productivity, obtained from the rainfall predictions.

Irrigation Requirement

Month Period 𝑝 = 10 days Stage Kc 𝐸𝑇𝑐 𝑚𝑚∕𝑑 𝐸𝑇𝑐 𝑚𝑚∕𝑝 Effec.Prec. Efec 𝑚𝑚∕𝑝 Irr.Req 𝑚𝑚∕𝑑

Santo Domingo

Dec 2 Inic 0.3 1.4 8.4 21.6 0
Dec 3 Inic 0.3 1.36 14.9 35.2 0
Jan 1 Des 0.37 1.61 16.1 33.8 0
Jan 2 Des 0.6 2.55 25.5 33.9 0
Jan 3 Des 0.86 3.5 38.5 32.9 0.8
Feb 1 Med 1.1 4.31 43.1 31.4 1.5
Feb 2 Med 1.15 4.34 43.4 30.4 1.8
Feb 3 Med 1.15 4.32 34.6 31.4 0.8
Mar 1 Med 1.15 4.31 43.1 33 1.4
Mar 2 Fin 1.15 4.28 42.8 34 1.2
Mar 3 Fin 0.96 3.53 38.8 33.6 0.9
Apr 1 Fin 0.68 2.46 24.6 32.9 0
Apr 2 Fin 0.44 1.56 12.5 26 0

Valencia

Dec 2 Inic 0.3 1.4 8.4 21.6 0
Dec 3 Inic 0.3 1.36 14.9 35.2 0
Jan 1 Des 0.37 1.61 16.1 33.8 0
Jan 2 Des 0.6 2.55 25.5 33.9 0
Jan 3 Des 0.86 3.5 38.5 32.9 0.6
Feb 1 Med 1.1 4.31 43.1 31.4 1.2
Feb 2 Med 1.15 4.34 43.4 30.4 1.3
Feb 3 Med 1.15 4.32 34.6 31.4 0.3
Mar 1 Med 1.15 4.31 43.1 33 1.0
Mar 2 Fin 1.15 4.28 42.8 34 0.9
Mar 3 Fin 0.96 3.53 38.8 33.6 0.5
Apr 1 Fin 0.68 2.46 24.6 32.9 0
Apr 2 Fin 0.44 1.56 12.5 26 0

Once tested the accuracy of this methodology to estimate the rainfall (and then, by applying hydrology models, the irrigation 
requirements) in the Ecuadorian maize regions, the next step is to estimate the scope or limitations of the present approach. This is 
done taking into account two perspectives, one regarding the data availability and the other taking into account the geography. Thus, 
on the one hand, the proposed regression model with scalar response and two functional covariates is applicable if yearly curves of 
temperature and wind speed are available. Without these variables of a functional nature, it is not possible to obtain estimates of 
the amount of rainfall and, therefore, of the subsequent irrigation needs. On the other hand, the geography (and the corresponding 
differences in weather) could play a significant role in the results of the proposed model. In order to check the geographical scope 
of the proposal, the rainfall of several new regions placed in Peru (also in de Andean region) are now estimated by using the model 
trained with the Ecuadorian counterparts. Thus, the performance of the model has been tested in the following two sets of regions:

• Set 1: Areas defined by similar geographical features to those corresponding to the studied Ecuadorian regions. The set is 
composed by the regions of Pucallpa, Tarapoto, Picota, and Lamas, between the Andes and the Amazonian area.

• Set 2: Areas defined by different geographical and weather features. Specifically, two regions of the Pacific coast specially 
defined by a desert and semi-desert climate, with very scarce precipitation (more arid weather than the studied Ecuadorian 
regions). The studied areas are Piura and Ferreñafe, on the Peru northwest Pacific coast.

Table 6 shows that the rainfall predictions for the set 1 are relatively close to the real values (the relative error is between 9% and 
22%, depending on the region). Otherwise, the regression model trained with data of the Ecuadorian regions is not able to predict 
accurately the rainfall of the more arid regions, namely Piura and Ferreñafe. Therefore, we can infer that the results of the model 
will be better the closer geographically and climatically the regions to be predicted are to those from which the model is constructed. 
In the present case, the high dependence of the amount of rainfall on the wind speed and temperature curves has been observed 
in the Ecuadorian maize regions. We also observed that the estimated model can provide useful estimates of the rainfall in regions 
with relatively similar geography and climate. It is assumed that the greater the climatic and geographic difference, the worse the 
estimates will be. It remains for further studies to analyze whether in other regions of the Americas the relationship between rainfall 
with respect to annual temperature and wind speed curves exists in similar magnitude as in Ecuador and, therefore, to evaluate the 
possibility to obtain a new expression of the model corresponding to those areas. In any case, as a general conclusion of the work, 
12

the potential usefulness of the functional regression models fitting in the hydrology domain is observed.
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Table 6

Rainfall real values and model predictions corresponding to six Peruvian regions. Set 1 includes those areas with similar geograph-
ical and climate features than those corresponding to the Ecuadorian regions, whereas set 2 shows two regions defined by a more 
arid weather.

Set Area Coordinates Rainfall prediction Real rainfall

Latitude Longitude

Set 1 Pucallpa -8.38 -74.55 2.61 2.87
Tarapoto -6.48 -76.36 2.42 3.11
Picota -6.92 -76.33 2.24 2.56
Lamas -6.42 -76.53 2.47 3.12

Set 2 Ferreñafe -6.64 -79.78 3.68 0.27
Piura -5.20 -80.63 3.57 0.26

6. Conclusions

This work has proposed a new alternative based on the analysis of functional data for the estimation of rainfall and, as a result, 
of the water balance and irrigation needs in corn growing areas in Ecuador, a basic food for feeding the population of the entire 
Andean mountain range. Specifically, several regression models have been proposed for scalar response, precipitation, and functional 
predictors, wind speed and temperature (proposed by specialists in agronomy and forestry engineering), which have been applied 
and validated through a real case study of corn cultivation in different regions of Ecuador.

The fitted scalar response functional regression models have shown good performance in terms of goodness of fit, providing 
reliable, accurate and precise rainfall predictions. Given the functional nature of the explanatory variables, the use of these techniques 
in agriculture should be considered as an alternative approach to the usual methods of multivariate statistics, such as multivariate 
regression models or outlier detection methods.

Regarding the choice of the model, it is concluded that the best FLR model is the one that considers two functional explanatory 
covariates to obtain the prediction of precipitation, also fulfilling all the starting assumptions, i.e., normality, independence and 
homoscedasticity of the residuals, in addition to the assumption of specification or linearity of the model.

On the other hand, in terms of goodness of fit, the best FLR model as a function of functional covariates explains 97% of the 
variability of the data (𝑅2 = 0.97), being also defined by 6 significant parameters and an error of 0.14.

Concerning the limitations of the functional regression model, it has been also applied to North Peru regions close to Ecuadorian 
areas where the model has been estimated, obtaining rainfall prediction errors between 9% and 22%. The magnitude of the error is 
related to the climate differences with respect to the Ecuadorian regions. Thus, the geographical limitations of the model could be 
those Andean regions with similar climate.

Regarding the practical information obtained from the case study in the agricultural field, it was possible to calculate the water 
balance and irrigation requirements during the physiological development cycle of hard corn in the corn producing cantons of 
Ecuador based on the estimation of precipitation through FDA techniques, including descriptive statistics, outlier detection methods, 
and the fitting of FLR models. This methodology intends to help to assign properly the water resources in corn crops in Ecuador.
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Appendix A. Functional data analysis definitions

Functional Random Variable. A variable {(𝑡)}𝑡∈[0,𝑇 ] defined on a probability space (Ω, 𝐴, 𝑃 ) is said to be a functional variable if it 
takes values in an infinite dimensional space (functional space), i.e. a complete normed or semi-normed space. An observation 𝜒𝑖 of 
(𝑡) is called a functional data.

Let Ω be a measurable compact subset of ℝ with positive Lebesgue measure. We define the Hilbert space  = {2[𝑇 ] ∶ 𝑇 = [0, 𝑇 ] ∈
Ω} which is the space of square integrable functions over the real interval 𝑇 and is determined by 2[𝑇 ] = {𝑓 ∶ 𝑇 →ℝ ∶ ∫

𝑇
𝑓 2(𝑡)𝑑𝑡 <

∞}, whose usual scalar product is

⟨𝑓, 𝑔⟩ = ∫
𝑇

𝑓 (𝑡)𝑔(𝑡)𝑑𝑡 ∀𝑓, 𝑔 ∈2(𝑇 ). (A.1)

This product is the equivalent of the inner product of vectors in ℝ𝑛. Consequently, the FDA explores data that are functions 
belonging to the space 2[𝑇 ] with the aim of extending multivariate data analysis methodologies to functional data. Thus, it is 
possible to extract concepts such as:

• Sample mean: ̄(𝑡) = 1
𝑛

∑𝑛

𝑖=1 𝜒𝑖(𝑡).
• Sample variance: 𝑠2 = 1

𝑛−1
∑𝑛

𝑖=1[𝜒𝑖(𝑡) − ̄(𝑡)]2.

Fourier basis For this case study, Fourier bases were used in order to smooth the discrete data, so that the building of the 
functional data 𝜒𝑖(𝑡) is performed from discrete data [4]. This approximation is achieved according to the following expression:

𝜒(𝑡) ≈
𝑎0
2

+
𝑁∑
𝑖=1

(𝑎𝑖𝑐𝑜𝑠
2𝜋𝑖𝑡
𝑁

+ 𝑏𝑖𝑠𝑒𝑛
2𝜋𝑖𝑡
𝑁

),

where 𝑎0, 𝑎𝑖 y 𝑏𝑖 (𝑖 = 1, 2, … , 𝑁) are constants.
This type of basis is generally used when the trajectories to be estimated are regular and have a periodic nature.
B-splines basis A spline is a function that is constructed by sections, i.e. a spline is formed by pieces of polynomials that are 

connected to each other by a node [43]. The number of sections is usually denoted as 𝐿. In order to determine a spline function one 
must have a number of values greater than 𝐿 + 𝑔 +1 where 𝑔 is the degree of the polynomial used in each interval. The number 𝑔 +1
is called the order of the spline and the number 𝐿 + 𝑔 + 1 is called the degrees of freedom of the spline family.

A function 𝜙 ∶ 𝑇 → ℝ is a spline function if a partition 
{
𝜏𝑙
}
𝑙=1,…,𝐿

of 𝑇 exists, in addition to polynomial functions 
{
𝛽𝑘
}
𝑘=1,…,𝐿

with each 𝛽𝑘 ∶ 𝜏𝑘 →ℝ of degree 𝑚 such that

1. 𝜙𝜏𝑘
= 𝛽𝑘 and

2. for every pair of adjacent polynomials 𝛽𝑗 , 𝛽𝑖, its derivatives coincide at the point 𝑡 ∈ 𝑇 such that 𝜙(𝑡) = 𝛽𝑗 (𝑡) = 𝛽𝑖(𝑡), for 𝑞 =
1, … , 𝑚 − 2.

The set of splines functions make up a vector space whose dimension is given by the degrees of freedom. Therefore, various bases 
can be used to generate the mentioned space. Thus, any spline function is represented 𝛽(𝑡) as follows:

𝛽(𝑡) =
𝑁+𝑘∑
𝑖=0

𝑐𝑖𝐵𝑖,𝑘(𝑡), 𝑡 ∈ [𝑡0, 𝑡𝑁+1],

where 𝑐𝑖 are called control points or Boor points. For a B-spline of degree 𝑘 with 𝑁 interior nodes, there are 𝑀 =𝑁 + 𝑘 + 1 control 
points.

Fraiman-Muniz Depth (FMD). Let 𝐹𝑛,𝑡 be the empirical distribution of the sample i.i.d 𝑛 =
{
𝜒𝑖
}𝑛
𝑖=1 of a functional random variable 

𝑋𝑡. For each 𝑡 ∈ [0, 𝑇 ] the univariate depth 𝑍𝑖(𝑡) of the data 
{
𝜒𝑖(𝑡)

}
is given by:

| 1 |
14

𝑍𝑖(𝑡) = 1 − ||| 2 − 𝐹𝑛,𝑡(𝜒𝑖(𝑡))||| .
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Then, the FM depth is defined as the average of the univariate depth along the domain of the functional data:

𝐹𝑀𝐷(𝜒𝑖) =

1

∫
0

𝑍𝑖(𝑡)𝑑𝑡 ∀𝑖 = 1,… , 𝑛.

The FMD will match the deepest data, i.e. the function is ordered 𝐹𝑀𝐷(𝜒𝑖(𝑡) for which 𝐹𝑀𝐷(𝜒𝑖) is maximal [45].

Modal Depth (MD). In Cuevas et al. [46], a depth measurement is based on how surrounded the curves are with respect to a distance 
(metric or semi-metric), selecting the path most densely surrounded by other paths of the process. Let the sample i.i.d 𝑛 =

{
𝜒𝑖
}𝑛
𝑖=1

of a functional random variable. The kernel is defined by:

𝐾(𝑡) = 1√
2𝜋

𝑒
−𝑡2
2 .

The h-depth over a neighborhood 𝑧 is determined by:

𝑀𝐷ℎ(𝑧) = 𝑛−1
𝑛∑
𝑖=1

𝐾ℎ

(‖‖𝑧− 𝑥𝑖
‖‖) , (A.2)

where 𝐾ℎ(𝑡) = ℎ−1𝐾( 𝑡
ℎ
) is the rescaled kernel and ℎ is a fitting parameter.

Random Projections Depth (RPD). In Cuevas et al. [46], the depth measurement calculated through Random Projections (RP) are 
also considered. Let the sample i.i.d 𝑛 =

{
𝜒𝑖
}𝑛
𝑖=1 of a functional random variable. Let ℎ ∈ a direction of the independent direction 

process . The projection 
{
𝜒𝑖
}

along the direction ℎ is given by:

𝑃ℎ
𝑖
= ⟨ℎ,𝜒𝑖⟩ =

𝑇

∫
0

ℎ(𝑡)𝜒𝑖(𝑡)𝑑𝑡.

The RPD is defined as:

𝑅𝑃𝐷(𝜒𝑖, ℎ) =(𝑃ℎ
𝑖
),

where  is the univariate depth measure. If we consider a collection of random projections 
{
ℎ𝑗
}𝑚
𝑗=1, the depth is obtained using all 

the projections

𝑅𝑃𝐷(𝜒𝑖,
{
ℎ𝑗
}𝑚
𝑗=1) =

1
𝑚

𝑚∑
𝑗=1

(𝑃ℎ𝑗

𝑖
).

Tukey Random Depth (RTD). On the other hand, in Cuesta-Albertos and Nieto-Reyes [47], a variant of the depth of random projec-
tions is defined as:

𝑅𝑇𝐷(𝜒𝑖,
{
ℎ𝑗
}𝑚
𝑗=1) = min(𝑃ℎ𝑗

𝑖
). (A.3)

FLR Model with Functional Basis. It is proposed to estimate the function 𝛽(𝑡) using functional bases. This procedure considers a 
functional basis large enough to express the estimated function 𝛽 of the regression (6). To do this, 𝛽 is approximated using a finite 
number of functional bases of the B-splines type. That is, the functional basis 

{
𝜃𝑗
}𝜅𝐵
𝑗=1 is considered such that:

𝛽(𝑡) =
𝜅𝐵∑
𝑗=1

𝑏𝑗𝜃𝑗 (𝑡) = 𝐛𝑇 𝜽. (A.4)

Now, we consider the smoothing of the functional data 𝜒𝑖(𝑡) through the representation of bases given by:

𝜒𝑖(𝑡) =
𝜅𝑥∑
𝑗=1

𝑐𝑖𝑗𝜙𝑗 (𝑡) = 𝐜𝑇
𝑖
𝝓. (A.5)

Replacing these matrix representations in the model (6) you get that

𝑦𝑖 = 𝛼 +

𝑇

∫
0

[𝐜𝑇
𝑖
𝝓][𝜽𝑇 (𝑡)𝐛]𝑑𝑡+ 𝜖𝑖

= 𝛼 + 𝐜𝑇
𝑖

⎡⎢⎢⎣
𝑇

∫
0

𝝓(𝑡)𝜽𝑇 (𝑡)𝑑𝑡
⎤⎥⎥⎦𝐛+ 𝜖𝑖

(A.6)
15

= 𝛼 + 𝐜𝑇
𝑖
[𝐽𝝓𝜽]𝐛+ 𝜖𝑖,
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such that 𝐽𝜙𝜃 is the matrix of internal products given by 𝝓(𝑡) and 𝜽(𝑡) of size (𝜅𝑥 × 𝜅𝐵). Thus, we consider the matrix 𝑍𝑖 = [𝐜𝑇
𝑖
𝐽𝜙𝜃] and 

the vector 𝐛 = (𝑏1, … , 𝑏𝜅𝐵 ) in such a way that the problem is reduced in the following way:

𝑦𝑖 = 𝛼 +𝑍𝑖𝐛+ 𝜖𝑖. (A.7)

This regression model allows estimating 𝛼 and the coefficients 𝐛 of 𝛽(𝑡) by least squares:

�̂� = (𝑍𝑇𝑍)−1𝑍𝑇 𝑌 .

Therefore, the following problem arises:

𝑦𝑖 = 𝑐0 +

𝑇

∫
0

[𝜒𝑖(𝑡)][𝛽(𝑡)]𝑑𝑡+ 𝜖𝑖. (A.8)

The functional parameters 𝛽(𝑡) are estimated using a B-spline basis.

FLR Model with Functional Principal Components.

This method allows associating a multivariate regression model with a functional regression model by using the scores of the 
FPC components. From the functional observations 𝑛 =

{
𝜒𝑖
}𝑛
𝑖=1 and the covariance function 𝐶𝑜𝑣(𝑠, 𝑡) the first functional principal 

components PC are used, 
{
𝜉𝑗 (𝑡)

}𝑝
𝑗=1, so that we have the decomposition given by:

𝜒𝑖(𝑡) =
𝑝∑

𝑗=1
𝜉𝑗 (𝑡)𝑓𝑖𝑗 . (A.9)

The model associated with the functional regression (6) is expressed by

𝑦𝑖 = 𝑏0 +
𝑝∑

𝑗=1
𝑏𝑗 (𝑡)𝑓𝑖𝑗 + 𝜖𝑖. (A.10)

This model is a standard multivariate regression model, that is, solved by least squares. Thus, the estimate of 𝐛 =
(
𝑏1,…𝑏𝑝

)
is 

obtained by:

�̂� = (𝐹𝑇 𝐹 )−1𝐹𝑇 𝑌 , (A.11)

where 𝐹 =
{
𝑓𝑖𝑗

}
𝑛𝑥𝑝

. Since the components FPC form an orthogonal system, it is taken

𝛽𝐹𝑃𝐶 (𝑡) =
𝑝∑

𝑗=1
𝑏𝑗𝜉𝑗 (𝑡),

so that you can get to the model (6) through

𝑦𝑖 = 𝑏0 +

𝑇

∫
0

[𝜒𝑖(𝑡)][
𝑝∑

𝑗=1
𝑏𝑗𝜉𝑗 (𝑡)]𝑑𝑡+ 𝜖𝑖. (A.12)

After performing the functional regression using FPC components, the estimated functional regression function is recovered, 
determined by

𝛽𝐹𝑃𝐶 (𝑡) =
𝑝∑

𝑗=1
�̂�𝑗 𝜉𝑗 (𝑡).

Therefore, the following problem arises:

𝑦𝑖 = 𝑐0 +

𝑇

∫
0

[𝜒𝑖(𝑡)][𝛽𝐹𝑃𝐶 (𝑡)]𝑑𝑡+ 𝜖𝑖. (A.13)

In this case, the 𝛽𝐹𝑃𝐶 (𝑡) parameters are estimated as functional principal components.

FLR Model with Functional Partial Least Squares Basis.

This process is based on decomposing the response variable and the functional covariate in terms of random variables, so that the 
prediction is maximized. The use of the least squares criterion to estimate the model (6) results in a poorly posed problem because 
the covariance operator, in general, is not invertible [48]. In fact, the estimation of the regression coefficient function 𝛽(𝑡) under the 
least squares criterion results in the Wiener Hopf integral equation:

𝐸(𝑌 ⋅𝑋𝑡) =

𝑇

𝐸[𝑋𝑡 ⋅𝑋𝑠]𝛽(𝑠)𝑑𝑠. (A.14)
16

∫
0
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The PLS approach is an efficient solution to the inverse problem presented by the above equation [42]. From the functional 
observations 𝑛 =

{
𝜒𝑖
}𝑛
𝑖=1, the FPLS component scores, 

{
𝑛ℎ
}𝑝
ℎ=1, are used as shown below:

𝜒𝑖 =
𝑝∑

ℎ=1
𝑝ℎ(𝑡)𝜂ℎ

𝑦𝑖 =
𝑝∑

ℎ=1
𝑐ℎ(𝑡)𝜂ℎ

(A.15)

the way to get the FPLS components is recursive, then

𝑝ℎ(𝑡) =
𝐶𝑜𝑣(𝜒ℎ−1, 𝜂ℎ)

𝑉 𝑎𝑟(𝜂ℎ)
=
𝐸[𝜒ℎ−1𝜂ℎ]
𝐸[𝜂2

ℎ
]

𝑐ℎ(𝑡) =
𝐶𝑜𝑣(𝑦ℎ−1(𝑡)𝜂ℎ)

𝑉 𝑎𝑟(𝜂ℎ)
=
𝐸[𝑦ℎ−1𝜂ℎ]
𝐸[𝜂2

ℎ
]

(A.16)

The model associated with the functional regression (6) is expressed by:

𝑦𝑖 = 𝑐𝑜 +
𝑝∑

ℎ=1
𝑐ℎ⟨𝜒𝑖(𝑡), 𝜅ℎ(𝑡)⟩+ 𝜖𝑖, (A.17)

where

𝜅ℎ(𝑡) =
𝐶𝑜𝑣(𝜒ℎ−1(𝑡), 𝑦ℎ−1)‖‖𝐶𝑜𝑣(𝜒ℎ−1(𝑡), 𝑦ℎ−1)‖‖ . (A.18)

From here, 𝜂ℎ can be rewritten as

𝜂ℎ = ⟨𝜒ℎ−1, 𝜅ℎ⟩ = ⟨𝜒𝑖,𝜙ℎ⟩,
such that

𝜙ℎ = 𝜅ℎ − ⟨𝑝1, 𝜅ℎ⟩𝜙ℎ −…− ⟨𝑝ℎ−1, 𝜅ℎ⟩𝜙ℎ−1,

with 𝜙1 = 𝜅1. So that

𝑦𝑖 = 𝑐0 + ⟨𝜒𝑖(𝑡),
𝑝∑

ℎ=1
𝑐ℎ𝜙ℎ(𝑡)⟩+ 𝜖𝑖. (A.19)

This model is a standard multivariate regression model that is solved for least squares. In this way, the estimate of 𝐛 =
(
𝑐1,… 𝑐𝑝

)
is given by:

�̂� = (𝑆𝑇 𝑆)−1𝑆𝑇 𝑌 , (A.20)

where 𝑆 =
{
𝜙ℎ

}
𝑛𝑥𝑝

. Therefore, it is considered that

𝛽𝐹𝑃𝐿𝑆 (𝑡) =
𝑝∑

ℎ=1
𝑐ℎ𝜙ℎ(𝑡),

so that the model (6) can be reached by:

𝑦𝑖 = 𝑐0 +

𝑇

∫
0

[𝜒𝑖(𝑡)][
𝑝∑

ℎ=1
𝑐ℎ𝜙ℎ(𝑡)]𝑑𝑡+ 𝜖𝑖. (A.21)

After performing the functional regression using FPLS components, the estimated function can be retrieved, given by:

𝛽𝐹𝑃𝐿𝑆 (𝑡) =
𝑝∑

ℎ=1
𝑐ℎ𝜙ℎ(𝑡). (A.22)

Therefore, the following problem is presented:

𝑦𝑖 = 𝑐0 +

𝑇

∫
0

[𝜒𝑖(𝑡)][𝛽𝐹𝑃𝐿𝑆 (𝑡)]𝑑𝑡+ 𝜖𝑖. (A.23)

In this case the model estimates the parameters 𝛽𝐹𝑃𝐿𝑆 (𝑡) as partial least squares components. For the development of the models { }

17

(A.8), (A.13) and (A.23) is considered as the sample of the scalar variable 𝑦𝑖
𝑛

𝑖=1 as the sample of the 𝑌 scalar variable, represented 
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by the precipitation and the sample 𝑛 =
{
𝜒𝑖
}𝑛
𝑖=1 corresponds to the temperature as a functional explanatory covariate. Similarly, the 

same process will be performed using the wind speed as the functional explanatory covariate.

FLR Model with two Functional Bases. The FLR model is generalized to estimate the relationship between a scalar response variable 
𝑌 and a finite number 𝑞 of functional covariates 𝑋𝑗

𝑡
=
{ 𝑗 (𝑡)

}𝑞
𝑗=1. Without loss of generality, we consider that 𝐸[𝑌 ] = 0 and 𝐸[𝑋𝑗

𝑡
] =

0 ∀𝑡 ∈ [0, 𝑇 ]. In the case of a non-centered process should be used 
{
𝑋

𝑗

𝑡
− 𝜇(𝑡)

}
. Thus, the FLR model with scalar response 𝑌 and a 

finite number 𝑞 of functional explanatory covariates 𝑋𝑗

𝑡
is determined by:

𝑌 = 𝛼 +
𝑞∑

𝑗=1

𝑇

∫
0

𝑋
𝑗

𝑡
𝛽𝑗 (𝑡)𝑑𝑡+ 𝜖. (A.24)

We consider 
{
𝑦𝑖
}𝑛
𝑖=1 as sample of the scalar response variable 𝑌 and a set of sample curves 

{1
𝑛
,… ,𝑞

𝑛

}
such that 

{𝑗
𝑛

}𝑞

𝑗=1
={

𝜒
𝑗

𝑖
(𝑡)
}𝑛

𝑖=1
in 2[0, 𝑇 ]. The regression function can be expressed by:

𝑦𝑖 = 𝛼 +
𝑞∑

𝑗=1

𝑇

∫
0

𝜒
𝑗

𝑖
(𝑡)𝛽𝑗 (𝑡)𝑑𝑡+ 𝜖𝑖, (A.25)

where 𝛽(𝑡) ∈ 2[0, 𝑇 ] is the functional parameter and 𝜖 ∼𝑁(0, 𝜎2) is the residual such that 𝐶𝑜𝑣(𝜖𝑖, 𝜖𝑗 ) = 0 ∀𝑖 ≠ 𝑗.
In this work, for the case study on the estimation of precipitation, an adaptation of this model is proposed using temperature and 

wind speed as functional explanatory covariates. Thus, the following problem arises:

𝑦𝑖 = 𝛼 +

𝑇

∫
0

𝜒1
𝑖
(𝑡)𝛽1(𝑡)𝑑𝑡+

𝑇

∫
0

𝜒2
𝑖
(𝑡)𝛽2(𝑡)𝑑𝑡+ 𝜖𝑖. (A.26)

In this case, 
{
𝑦𝑖
}𝑛
𝑖=1 is the sample of the scalar variable 𝑌 , the precipitation, whereas the samples 1

𝑛
=
{
𝜒1
𝑖

}𝑛
𝑖=1 and 2

𝑛
=
{
𝜒2
𝑖

}𝑛
𝑖=1

correspond to the temperature and wind speed functional explanatory variables, respectively. Thus, the estimation of 𝛽1(𝑡) and 𝛽2(𝑡)
is obtained by the representation in functional bases of the B-spline type.

Appendix B. Definitions of goodness of fit and error measurements

Mean Absolute Error: It is a measure of the absolute prediction error defined by

𝑀𝐴𝐸 = 1
𝑛

𝑛∑
𝑖=1

|𝑦𝑖 − �̂�𝑖|, (B.1)

where 𝑦𝑖 are the real observations, �̂�𝑖 are the predicted values and 𝑛 is the sample size.

Mean Absolute Percent Error: It is an error measurement expressed in percent and defined by

𝑀𝐴𝑃𝐸 = 1
𝑛

𝑛∑
𝑖=1

|𝑦𝑖 − �̂�𝑖||𝑦𝑖| . (B.2)

This measure expresses the errors as a percentage, which allows the study of the errors. As it is measured in percentage terms, it 
allows the performance of a model to be evaluated in absolute terms, without having to compare it with others.

Predicted Residual Error Sum of Squares: It is a measure of the deviation between the fitted values and the observed values of the 
forecast error. It is defined by

𝑃𝑅𝐸𝑆𝑆 =
𝑛∑
𝑖=1

|𝑦𝑖 − �̂�𝑖|2. (B.3)

Adjusted 𝑅2: It measures the proportion of explained variability of the response variable by fitting a regression model and it is 
defined by

𝑅2
𝐴𝑑𝑗𝑢𝑠𝑡𝑒𝑑

= 1 −
𝑆𝑆𝑅∕(𝑛− (𝑘+ 1))

𝑆𝑆𝑌 ∕(𝑛− 1)
, (B.4)

whereby, SSR is the residual sum of squares, 𝑆𝑆𝑅∕(𝑛 − (𝑘 + 1)) is the residual variance, SSY is the response variable sum of squares, 
and 𝑆𝑆𝑌 ∕(𝑛 − 1) is the response variable variance.

Akaike Information Criteria: It is a measure of the relative quality of a statistical model, and is defined by
18

𝐴𝐼𝐶 = 2𝑘− 2 ln(𝐿[𝛽(𝑘)]), (B.5)
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whereby (𝐿[𝛽(𝑘)] is the maximum likelihood function of the observations and 𝑘 is the number of independent parameters estimated 
within the model. The first term indicates a penalty that increases as the number of parameters increases; while the second term can 
be interpreted as a measure of goodness of fit. As lower is the 𝐴𝐼𝐶 as better is the model.

Corrected Akaike Information Criteria: It is a measure of second-order correction of the value of the 𝐴𝐼𝐶 , defined by

𝐴𝐼𝐶𝑐 =𝐴𝐼𝐶 + 2𝑘(𝑘+ 1)
𝑛− 𝑘− 1

, (B.6)

where 𝑛 is the sample size.

Bayesian/Schwarz Information Criterion: It is an alternative measure to AIC with a Bayesian approach, defined by

𝐵𝐼𝐶 = 𝑘 ln(𝑛) − 2 ln(𝐿[𝛽(𝑘)]). (B.7)

This coefficient penalizes the number of parameters by means of ln(𝑛) becoming much more reliable as the sample size increases. 
It estimates the loss of information when approximating a real model with an estimated model. The best model will be the one with 
the smallest value of 𝐵𝐼𝐶 .

Appendix C. Supplementary material

Supplementary material related to this article can be found online at https://doi .org /10 .1016 /j .heliyon .2023 .e18334.
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