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Abstract

The purpose of present article is to examine the peristaltic flow of Jeffrey fluid in a curved
channel. An electrically conducting fluid in the presence of radial applied magnetic field is
considered. Analysis of heat and mass transfer is carried out. More generalized realistic
constraints namely the convective conditions are utilized. Soret and Dufour effects are
retained. Problems formulation is given for long wavelength and low Reynolds number
assumptions. The expressions of velocity, temperature, heat transfer coefficient, concentra-
tion and stream function are computed. Effects of emerging parameters arising in solutions
are analyzed in detalil. It is found that velocity is not symmetric about centreline for curvature
parameter. Also maximum velocity decreases with an increase in the strength of magnetic
field. Further it is noticed that Soret and Dufour numbers have opposite behavior for temper-
ature and concentration.

Introduction

Undoubtedly the peristalsis of fluids in a channel is useful in several applications in engineer-
ing and biomechanics. The importance of topic can be recognized by its numerous physiologi-
cal and industrial applications about swallowing food through esophagus, capillaries and
arterioles, in the vasomotion of venules, in sanitary fluid transportation, toxic liquid transport
in the nuclear industry, locomotion of worms, roller and finger pumps etc. Peristalsis is a radi-
ally symmetrical contraction and relaxation of muscles so as to propagate in a wave down a
tube, in an anterograde way. In digestive tract (for instance the human gastrointestinal tract) a
peristaltic wave is produced due to smooth muscle tissue contraction which forces a ball of
food (entitled a bolus as in the upper gastrointestinal tract, in the esophagus and chyme in the
stomach) across the tract. A non-Newtonian fluid model for the study of peristasis in a non-
uniform rectangular duct has been investigated by Ellahi et. al [1]. Another useful article, peri-
staltic flow with thermal conductivity of water with copper nanofluid is done by Akbar et. al
[2]. Peristaltic transport of magnetohydrodynamic (MHD) physiological fluids are important
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in medicine and bioengineering. In fact electric current is induced due to movement of con-
ducting liquid across the magnetic field. Fluid flow is modified because of mechanical forces
arising in view of magnetic field on these currents. MHD compressor operation, blood pump
machines, design of heat exchangers, flow meters, power generators, radar systems etc are
based upon MHD principles. Such principles in bioengineering and medical sciences have
been utilized for targeted drugs transport, bleeding reduction during surgeries, magnetic
devices development for cell separation, magnetic tracers development, hyperthermia etc.
Magneto therapy largely involve MHD non-Newtonian materials. In particular, the MHD
peristaltic flows have relevance for problems about urinary tract, cells and tissues behavior
modification and cure of gastrointestinal motility related disorders. Having all such in mind,
some advancements have been made for peristaltic flows of MHD fluids in a channel (see
[3-15]). It should be noted that much alteration in the past has been focused to such flows
using constant applied magnetic field. Distinct from the previous studies are in present
attempt will deal with the peristalsis through non-uniform applied magnetic field in the radial
direction. We believe that such consideration in the peristaltic flows of physiological fluids is
more realistic.

Impact of heat transfer in peristaltic transport of fluid is quite significant in food processing,
oxygenation, hemodialysis, tissues conduction, heat convection for blood flow from the pores
of tissues and radiation between environment and its surface. Mass transfer is useful in the
aforementioned processes. Especially mass transfer cannot be under estimated when nutrients
diffuse out from the blood to neighboring tissues. Further mass transfer involvement is quitee
prevalent in distillation, chemical impurities diffusion, membrane separation and combustion
process. It should be noted that relationships between fluxes and driving potentials occur
when both heat and mass transfer act simultaneously. Here temperature gradient generates
energy flux. However mass flux and composition gradients are due to temperature gradient
(which is called Soret effect). Thermal diffusion (or Dufour effect) is the energy flux induced
by concentration gradient. Although sizeable information exists about peristaltic flows in pres-
ence of heat and mass transfer but Soret and Dufour effects are less emphasized (see [16-25]).

Previous literature on the topic witnesses that peristaltic flows of fluids in a curved geomet-
rical configurations have been scarcely examined. To our knowledge there are only few
attempts [26-34] which address this aspect. Also there is not any attempt available which
investigates the effect of radial magnetic field on the peristaltic flow of Jeffrey liquid in a curved
complaint wall channel. The objective here is to address this problem. Thus relevant equations
are modeled. These equations are then reduced subject to lubrication approach. The resulting
problems for heat and mass transfer in a curved channel with convective conditions are also
considered. Function formulation are adopted. Stream results for stream function, tempera-
ture, concentration and heat transfer coefficient are obtained and discussed. Streamlines are
plotted and studied.

Problem development

Consider an incompressible Jeffrey liquid in curved channel of thickness 2d and mean radius
R*. The wave is propagating along the walls of channel with velocity c. Let u(r, x, t) and v(r, x,
t) represent the components of velocity in the axial x and radial r directions respectively (see
refs. [28] and [29]). The peristaltic wave shape is represented by

2
r==4n(x,t) =+ d+asin7n(x—ct) , (1)
A

and the physical geometry of the problem is given by Fig 1
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Peristaltic waves

Fig 1. Schematic picture.
doi:10.1371/journal.pone.0164854.9001

where a is the amplitude of wave, A the wavelength and ¢ the time. The displacements of the
upper and lower walls are represented by +7 respectively. Further in radial direction we
applied a magnetic field B by which the fluid is electrically conducting. The magnetic field in
radial direction is defined by

BU
:—67
r+R 7

(2)

where B, shows the magnetic field strength and e, is unit vector in the radial direction. Utiliza-
tion of Ohm’s law gives the following expression

]xg_i (3)
TRy

in which J represents the current density, o the electrical conductivity, u the velocity compo-
nent in axial direction and e, corresponds to unit vector in axial direction.
The constitutive equations for Jeffrey model are given by [9]:

T = —pI+S,

u d

- 1+/3{1+A*dt] v .

1&1 _ VV+ (Vv)tmnspose (5)

and in component form, S can be written as follows:

s, = iy (04,2 Ru 9oy
T 14 B T \ot T Tor r+ROx)]or
2 0 0 Ru 0 Ou R* Ov u
S, = S.= 1 LA L Y v _ 6
o = 1+[f{+A<t+var+r—|—R*6x>}<8r+r+R*3x r—i—R*)’ (6)
2u | 0 0 Ru 9\|(/ R Ou %
= S 1 ;L: —_— —_— —_—
Ses 1+ 8| * 3(8 Jrv(r“)rJrr’—&—R"(%c)_(1’—|—R*83c+r—i—R*)’
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where 7 is the Cauchy stress tensor, p the pressure, I the identity tensor, S the extra stress ten-
sor, A; the first Rivlin Ericksen tensor, y the fluid dynamic viscosity, j ratio of the relaxation
to retardation times and A the retardation time.

The governing equations in absence of body forces are given by

Equation of Continuity:

ov R* Ou %

ov ou —0 7
8r+r+R*8x+r+R* ’ @)
Component of momentum equation in radial direction:
ov  Ov  Ru Ov u? op 0 urR* 0 U
AT pas = =—Ey - = (8,) - S.). (8
p{8t+v8r+r+R*8x r—&—R*] 8r+'u8r(") r—i—R*ax("‘) r+R*(’”‘) ®)
Component of momentum equation in axial direction:
Ou Ou Ru Ou uv R* 0Op 0 uR* 0
—+ v — = - —+u-—(§ — (S
p[at JrVé)rJrr—i—R*aerr—i-R*} r+R*8x+'u8r( ”‘)Jrr—&—R*Bx( )
> ©)
_ oBju
(r+R)"

Energy equation comprising viscous dissipation and Dufour effects:

Poloc T Var T iR ox o triror T \rir ) oe

Dk, [8*C 1 aC R\ &°C (10)
T [ —_—
[ <r—|—R*> ax?] + tr(LS),

d Ru a} {82T 1 9T (R* )82T]
T = «k +

Cs

o2 r+ R Or

Concentration equation with Soret effect is

94_ 24_ R*uﬁc — D@—F 1 a£+ R 827(1‘
ot V@r r + R*Ox o orr r+ROr r+ R*) Ox?

T, \Or* r+ROr r+R ) ox*)

In above equations p the density of fluid, v the kinematic viscosity, T the fluid temperature, C
the concentration of fluid, T and C, the temperature and concentration at the lower and
upper walls respectively, c, the specific heat at constant pressure, C the concentration suscep-
tibility, D the mass diffusivity coefficient, kr the thermal diffusion ratio and «; the thermal con-
ductivity. Here L = VV and T,, the mean fluid temperature.

(11)
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The convective boundary conditions for the exchange of heat and concentration, no slip
condition and compliant nature of the walls are described through the expressions

K,? = _hl(T_To)v at r=mn,
6; (12)
R L
u=0, at r = &, (13)
D% = —h(C-C), atr=n,
82 (14)
DE = —h(C, —0Q), at r=—n,
—R* _Ta_g+m* 63 +d/ 82 _ %-’-V@—‘r R'u %_'_ uy
r+ R Ox3 L oxor? atox|T = Pl Or r+ROx r+R
1 \'0 ) R 0
- R*)°S ——(S 15
+<r+R*> Or((r+ ) "‘)+r+R*8x("") (15)
2
—%, at r = 1.
(r+Rv)

In above expressions h; and h, are the heat and mass transfer coefficients at the upper and
lower walls of the channel respectively, 7 the elastic tension in the membrane, m] the mass per
unit area and d' the coefficient of viscous damping.

On setting velocity in terms of stream function in polar cordinates

o R oY
L = - 16
or’ YTy + R* 0x (16)

and using the non-dimensional variables

* v X ., . c . u
= — = — = —. 1 = — = —
v T Tt Tt T e
n -1, c-6G d’p
* — =21 0: — * = 17
v o= T, X0 c P T (17)
R uc uc uc
k = —, 8. =5 =—=8§8,85 ==85,8 ==—8§,.
d’ Xr X d xr? XX d xx) rr d rr

The long wavelength and low Reynolds number assumptions are commonly used in the
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analysis of peristalsis flow [35-38]. Using this approach Eqs (5)-(10) becomes
9 _

= 18
o = 0 (18)
—k Op 1 0 ) Y
A — k)'S H =)
r+ kax (r + k)2 ar [(1’ + ) xr] + (T + k)z 9 (19)
0 1 90 ’Fo 1 99 1 oy Oy
e —— - —— 2P Tl g = 20
8r2+r+k8r+ PrDu(8r2+r+k8r)+Br(r+k8r 8r2>s"’ 0, (20)
o 1 99 0 1 00
el > ot = 21
8r2+r+k6r+scsr(8r2+r+k8r> ! (21)
with the dimensionless conditions
n = 1+esin2n(x—t), (22)
?JrBil@ = 0atr=ny,
8; (23)
E—leﬁ = Oa‘(r:—;/]7
Y, = 0atr=d=n, (24)
?4—31'2(;5 = Oatr=n,
8; (25)
E—Blg(b = 0Oatr=—n,
k & bk & ) ,
rik(Bae T B aar T B o) T Grapar " TR
2 (26)
+—= t = 4.
(r+ k)2 vy atr 1

In above equations, J corresponds to the dimensionless wave number, Re the Reynolds num-
ber, Pr the Prandtl number, H the Hartmann number, E;(i = 1 — 3) the non-dimensional elas-
ticity parameters, E the Eckert number, Br the Brinkman number, Sr the Soret number, Du the
Dufour number, € the amplitude ratio parameter and Bii ("= 1, 2) the heat and mass transfer
Biot numbers respectively. The values of these parameters can be defined as follows:

d d ¢ ?
o = -, Re:C—7 Pr :h,e:E,E:C—7
A v K, d Tyc,
d$ * d3 d3d/
E, = —— g =02 g %% Br—EPr, Sc=-"L (27)
Auc Al A pD
h.d h,d B? Dk, T, Dk,C
Bi, = ——, Bi,=-, 2 R O et Wt
t D uT,C, uCC,T,
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Through Eqs (17) and (18) we have

0 1 0 9 V]

— s—|[(r+k)°S,] + H® r =0. 28

8?’ (7' + k)z ar [( ) xr] (T’ + k)Q ( )
where non-dimensional tensor is

2 4
S =—|— |,
Xr 1 + ﬂ [ lpff’ + r + k}
Method of solution
The closed form solutions of Eqs (20), (21) and (28) are
I,D _ (k + ’,)1+\/1+1-12(1+/i)D1 + (k + r)17\/1+H2(1+ﬁ)D2 + krDS + %’ng + D4, (29)

0 = C2C,(k + r)’VI I L 20, (k+ 1) VI AL 4 A Loglk + 1] — C,C,C,Log[k + 1), (30)

¢ = B,0[r] + B,Log[k 4 r] + B, (31)
and the heat transfer coefficient is defined by

Z = nxer(n>7

where A(i=1-2),B{(j=1-3),D(I=1-4),C,(m=1-5)and Z are mentioned in
appendix.

Results and discussion

In this section the results of velocity, temperature, concentration, heat transfer coefficient and
streamlines are discussed physically.

0.1 Velocity profile

The impacts of elasticity parameters E;, E, and E; on the velocity distribution is presented in
Fig 2. The obtained results illustrate the increase in velocity via larger wall parameters E; and
E,. The velocity decays when parameter E; is decreased. Because of elasticity of walls there is
less resistance to flow and thus velocity increases. The variations of Hartmann number H on
velocity profile are depicted in Fig 3. Velocity profile decreases due to an applied magnetic
field. This magnetic field creates a resistive force similar to drag force that acts in opposite
direction of fluid motion. The results for the ratio of relaxation and retardation times j are pre-
sented in Fig 4. The graph indicates the increase in velocity when the ratio of relaxation and
retardation times /3 enhances. It is possible only when there is increase in relaxation time and
decrease in retardation time. Fig 5 indicates an increase in velocity for larger curvature param-
eter. In fact through increase in curvature parameter the velocity is tilted towards lower wall.

0.2 Temperature

Figs 6-16 are developed for the physical interpretation of embedded parameters on tempera-
ture distribution 6. From Figs 6 and 7 it is observed that temperature rises inside the channel
for Dufour Du and Soret Sr effects. As increase in Du or Sr shows decrease in viscosity and so
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Fig 2. Variation in velocity u for wall parameters E;, E,, E; when ¢=0.1,1=0.2, x=0.3, k=3, 8=0.4and H=0.5.

doi:10.1371/journal.pone.0164854.g002

velocity increases. The fast moving fluid particles with larger molecular vibrations rises the
temperature. The results plotted in Fig 8 perceive the increasing behavior of Prandtl number
Pr due to increase in specific heat of fluid. Fig 9 shows an increase in temperature by increasing
Schmidt number Sc. Clearly Sc causes reduction in viscosity. Decrease in temperature with
increasing values of heat transfer Biot number Bi, is seen through Fig 10. It is due to the fact
that thermal conductivity of fluid reduces with an increase in Bi; and so fluid temperature
drops. On the other hand an increase in mass transfer Biot number Bi, does not effect temper-
ature of fluid (see Fig 11). The behavior of Hartmann number H is decreasing (see Fig 12).
Since temperature and velocity are in direct relation so similar results are obtained. It is seen
from Fig 13 that with an increase in ratio of relaxation and retardation times parameter j3 the
temperature increases. Temperature profile is an increasing function of Brinkman number Br
and curvature parameter k (see Figs 14 and 15). It is in view of the fact that Brinkman number
involves the viscous dissipation effects that are responsible for the heat generation inside the
channel. In Fig 16 the temperature increases for wall parameters which is similar to velocity
profile. The results are found in good agreement with those obtained in limiting sense by Hina
etal [28].
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doi:10.1371/journal.pone.0164854.g003

0.3 Heat transfer coefficient

The graphs displayed in Figs 17-27 show oscillatory behavior of Z due to propagation of peri-
staltic waves. It is indicated from Figs 17 and 18 that for increasing Soret Sr and Dufour Du
numbers the heat transfer increases inside the channel. The heat and mass transfer Biot num-
bers Bi; and Bi, give no net change on absolute value of heat transfer coefficient (see Figs 19
and 20). Figs 21 and 22 also show increasing behavior of heat transfer for larger Prandtl Pr and
Schmidt Sc numbers respectively. The Hartmann number H reduces the magnitude of heat
transfer coefficient Z near centerline of channel whereas it increases near the boundaries (see
Fig 23). However § increases the heat transfer coefficient near centerline and it decreases along
the boundary walls (see Fig 24). Fig 25 elucidates that magnitude of heat transfer coefficient
enhances for wall parameters E;(i = 1, 2) and it reduces for E;. The obtained results from Figs
26 and 27 show increasing behavior of heat transfer coefficient for larger values of k and Brink-
man number Br.
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doi:10.1371/journal.pone.0164854.9004

0.4 Concentration

From Figs (28)—-(38) the concentration profiles have been mentioned graphically. Opposite
behaviour for concentration profile is noted when compared with temperature. The overall
effect of concentration distribution is greater inside the walls of channel. In clinical practice
the nutrients diffuse out of the blood vessels to neighboring tissues and thickens the mass of
vessels. In Figs 28 and 29 the concentration decreases with the increase in Soret and Dufour
numbers. Moreover the effect is also decreasing with the increase in Prandtl and Schmidt
numbers (see Figs 30 and 31). By increasing Schmidt Sc number the mass diffusion decreases
which show decrease in concentration. The heat transfer Biot number Bi; has negligible effect
on concentration distribution (see Fig 32). Increasing effect of mass transfer Biot number Bi,
on concentration distribution has been observed in Fig 33 when compared with Bi;. The
obtained result from Fig 34 show that concentration enhances with increasing values of Hart-
mann number. In Fig 35 the concentration decreases for wall parameters which is opposite to
temperature. Figs 36-38 show similar behavior of concentration distribution for increasing
values of ratio of relaxation and retardation times parameter j, curvature parameter k and
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doi:10.1371/journal.pone.0164854.g005

Brinkman number Br. It is because of the fact that the concentration distribution is higher
when compared to straight channel in the upper half portion.

0.5 Streamlines pattern

Fig 39(a) and 39(b) reveal that increasing values of Hartmann number H decrease the number
of circulating streamlines in the lower half of the channel whereas size of bolus enhances.
However the pattern of streamlines remain unchanged in the upper half of the channel. It is
noticed from Fig 40(a) and 40(b) that larger values of 8 increases the number of circulating
streamlines in the upper half of channel whereas size of bolus contracts.

Concluding remarks

Peristaltic flow of Jeffrey fluid in curved channel with compliant walls is studied in the pres-
ence of convective boundary conditions and radial magnetic field effect. The major findings of
presented analysis are listed below:
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« Similar response of wall parameters on the velocity, temperature and heat transfer coefficient
is noticed inside the curved channel.

« Temperature is increasing function of Brinkman, Soret, Dufour, Prandtl, and Schmidt
numbers.

 Temperature decreases for larger heat and mass transfer Biot numbers.

o Concentration drops with the increase in Soret, Dufour, Prandtl, Schmidt and Brinkman
numbers and it increases for heat and mass transfer Biot numbers.

Opposite effects of Hartmann number and ratio of relaxation and retardation times parame-
ter B are observed for the velocity, temperature, concentration and heat transfer coefficient.

Similar effects of curvature parameter are seen on the velocity, temperature, concentration
and heat transfer coefficient.

o Behavior of streamline pattern is increasing with ratio of relaxation and retardation times
parameter.
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o The Hartmann number on streamline pattern has opposite effects when compared with the
ratio of relaxation and retardation times parameter.

Appendix

L

D, =C,(1++/1+H1+p)), D,=C,(1—+/1+H(1+p)), D3:m, D, =0,

o MRGe= VI () VR ke ) VI (g ) V)
b 2 2 9 ) P
H (L4 B)((k — )V P (g
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Fig 28. Variation in concentration ¢ for Soret number Srwhen ¢=0.2, t=0.1, x=0.2, k=5, E; =0.3, E; = 0.2, E;=0.1, 3=0.5, H=0.8, Bi; =10,

Sc=0.3, Bi=10, Du=15, H=0.8, Pr=2and Br=2.

doi:10.1371/journal.pone.0164854.g028
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Fig 31. Variation in concentration ¢ for Schmidt number Scwhen ¢=0.2, t=0.1,x=0.2, k=5, E; = 0.3, E; =0.2, E;=0.1, Br=2, $=0.5, Bi; =10, Bi, =
10, H=0.8, Du=15, Sr=5and Pr=2.
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