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Abstract
Avian lungs are remarkably different from mammalian lungs in that air flows unidirectionally

through rigid tubes in which gas exchange occurs. Experimental observations have been

able to determine the pattern of gas flow in the respiratory system, but understanding how

the flow pattern is generated and determining the factors contributing to the observed

dynamics remains elusive. It has been hypothesized that the unidirectional flow is due to

aerodynamic valving during inspiration and expiration, resulting from the anatomical struc-

ture and the fluid dynamics involved, however, theoretical studies to back up this hypothesis

are lacking. We have constructed a novel mathematical model of the airflow in the avian

respiratory system that can produce unidirectional flow which is robust to changes in model

parameters, breathing frequency and breathing amplitude. The model consists of two piece-

wise linear ordinary differential equations with lumped parameters and discontinuous, flow-

dependent resistances that mimic the experimental observations. Using dynamical systems

techniques and numerical analysis, we show that unidirectional flow can be produced by

either effective inspiratory or effective expiratory valving, but that both inspiratory and expi-

ratory valving are required to produce the high efficiencies of flows observed in avian lungs.

We further show that the efficacy of the inspiratory and expiratory valving depends on airsac

compliances and airflow resistances that may not be located in the immediate area of the

valving. Our model provides additional novel insights; for example, we show that physiologi-

cally realistic resistance values lead to efficiencies that are close to maximum, and that

when the relative lumped compliances of the caudal and cranial airsacs vary, it affects the

timing of the airflow across the gas exchange area. These and other insights obtained by

our study significantly enhance our understanding of the operation of the avian respiratory

system.

Author Summary

Birds and mammals have similar metabolic demands and cardiovascular systems, but they
have evolved drastically different respiratory systems. A key difference in birds is that gas
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exchange occurs in rigid tubes, through which air flows unidirectionally during both inspi-
ration and expiration. How this unidirectional flow is generated, and the factors affecting
it, are not well understood. It has been hypothesized that the unidirectional flow is due to
aerodynamic valving resulting from the complex anatomical structure. To test this
hypothesis we have constructed a novel mathematical model that, unlike previous models,
produces unidirectional flow through the lungs consistently even when the amplitude and
frequency of breathing change. We have investigated the model both analytically and com-
putationally and shown the importance of aerodynamic valving for generating strong air-
flow through the lungs. Our model also predicts that the timing of airflow through the
lungs depends on the relative compliances of the different airsacs that exist in birds. The
lumped parameters approach we use means that this model is generally applicable across
all birds.

Introduction
The anatomical structure and airflow dynamics of the avian respiratory system are remarkably
different to that of mammalian lungs [1]. The anatomical structure is complex, with multiple
flexible airsacs that act like bellows to ventilate rigid tubes (parabronchi) in which gas exchange
occurs, and a complicated branching structure that produces aerodynamic valving [1, 2]. The
airflow through the parabronchi (lungs) is unidirectional; flowing from the caudal (back)
group of airsacs to the cranial (front) group of airsacs during both inspiration and expiration.
(More precisely, the flow is unidirectional through the paleopulmonic-parabronchi that lie
between the caudal and cranial airsacs. Some birds also contain neopulmonic-parabronchi in
which airflow is bidirectional, but it forms a small part of the gas exchange surface area—less
than 30% [2]. In this paper we use the term parabronchi to refer to the paleopulmonic para-
bronchi unless otherwise indicated.)

Unlike in the mammalian respiratory system, the functions of ventilation and gas exchange
have been uncoupled in the avian respiratory system; specifically, the flow of air through the
system is caused by large flexible airsacs, whilst gas exchange occurs in narrow parabronchi
which are rigid and firmly bound to the ribs [2]. The narrow, rigid structure of the parabronchi
is thought to be related to the finding that birds have a thinner but mechanically stronger
blood-gas barrier than equivalent mammals [3, 4]. Furthermore the structure of the para-
bronchi and blood capillaries allows for cross-current gas exchange. These features are thought
to contribute to the increased gas exchange efficiency of birds compared to mammals, espe-
cially at high-altitude or in a hypoxic environment [3, 5–8].

The airflow pattern within the avian respiratory system is widely agreed upon. It has been
determined by direct measurements of flow rates [9–11], as well as by experiments that used
tracer gas, or CO2 and O2 measurements to indirectly determine the flow [10, 12–15]. An
important factor leading to unidirectional flow is hypothesized to be the effective inspiratory
and expiratory aerodynamic valving that results from the interaction between the complex ana-
tomical structure, including airway branching and constrictions, and the fluid dynamics
involved [1, 2]. The relative importance of the two valves has not been investigated. Addition-
ally, the complex branching structure within the system affects the resistance to airflow of the
different sections of the system. The effect of these resistances and the importance of their rela-
tive differences in generating the flow pattern is not known. Recently unidirectional airflow has
been found in the lungs of some reptiles (specifically alligators [16, 17], crocodiles [18, 19],
iguanas [20], and monitor lizards [21]). Comparing avian and reptile systems, which have very
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different levels of anatomical complexity in terms of the branching structures and the presence
or absence of airsac separation, will provide important insights into the aerodynamic valving in
both birds and reptiles.

Mathematical modelling of the avian respiratory system has focused mainly on the gas
exchange in the parabronchi (for example, [6, 22–28]). These studies determined that gas
exchange is cross-current and found gas exchange parameters for a range of avian species and
experimental conditions [1, 2]. Existing mathematical models of the airflow through the avian
system had limited success in producing unidirectional flow [29, 30]. Urushikubo et al. [30]
used a three dimensional spatial model with simplified geometry for the pathways within the
respiratory system, coupled with flexible airsacs. They found unidirectional flow through the
parabronchi, but only for some parameter values. Additionally, the flow did not show any inspi-
ratory or expiratory valving. Maina et al. [29] investigated aerodynamic inspiratory valving in
ostriches by constructing a three dimensional anatomical model of the junction between the
ventrobronchial branches and the main mesobronchus (i.e. the junction between the airways
that lead air to the caudal airsacs and the airways that lead air from the cranial airsacs). Using
computational fluid dynamics simulations they were only able to reproduce inspiratory valving
if they included additional branches downstream (the secondary dorsobronchi branches), show-
ing the importance of including the whole system when investigating aerodynamic valving.

Unidirectional flow exists in all birds, despite massive inter-species differences in anatomy,
and across most experimental conditions—including when ventilating the respiratory system
post-mortem [31]. Thus, a useful mathematical model of the airflow in the avian respiratory
system must produce unidirectional flow through the parabronchi across a broad range of
parameter values and frequencies. In this paper we present a new, relatively simple, mathemati-
cal model of avian respiration that reproduces the airflow pattern described above. The unidi-
rectional flow in our model is robust to changes in frequency and model parameters, and has
efficiencies, flow rates, and pressures that match experimental findings. Additionally, our
model generates several novel insights on the role of inspiratory and expiratory valving and the
importance of variations in the airflow resistances and airsac compliances within the system
that are thought to occur during respiration and in response to stimuli including hypoxia (lack
of oxygen) and hypercapnia (excess of carbon dioxide). We first describe the mathematical
model and then the new insights it produced. The model development and mathematical anal-
ysis are described later in the Methods section.

Results

The model
A schematic model of the avian respiratory system is shown in Fig 1. For simplicity, only one
side of the respiratory system is shown (see Fig 12 for the full model). The caudal and cranial
airsacs are considered to be flexible with lumped compliances C1 and C2 respectively and aver-
aged pressures P1 and P2 respectively. The pressure in the coelom (thoracic-abdominal cavity)
outside both sets of airsacs, Pext(t), varies periodically due to the respiratory muscles, which
causes the airsacs to inflate and deflate. During inspiration (indicated by blue solid arrows in
Fig 1), air flows in through the beak along the trachea (qT), through the primary and meso-
bronchi to the caudal airsacs (q1), and from the caudal airsacs to the cranial airsacs through the
parabronchi (qP). During expiration (indicated by green dashed arrows in Fig 1), air flows
from the caudal airsacs to the cranial airsacs through the parabronchi (qP), from the cranial air-
sacs through the ventrobronchi (q2) and along the trachea to exit the beak (qT). The airflow
pathways are considered to be rigid (no compliance) and to have resistance to airflow, Ri,
where i 2 {1, 2, T, P}. Note that since our aim is to create a model that is applicable generally
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across all birds, and we are primarily interested in understanding the unidirectional flow
through the paleopulmonic-parabronchi, we have chosen to include only the paleopulmonic-
parabronchi explicitly. However, the neopulmonic-parabronchi are included indirectly in our
model through the lumped resistance parameters.

From the pressures P1, P2 and Patm (atmospheric pressure) and the resistances, Ri, we can cal-
culate the airflow, qi, through every pathway in the system (Eqs (17)–(20)). Using the relation-
ship between the pressure, compliance, and volume, assuming that the compression of air is
negligible, and applying some algebraic manipulations (refer to the Methods section for more
details), we get the following two equations for the rate of change of the pressures P1 and P2:

dP1

dt
¼ �RPR2ðP1 � PatmÞ � ðRPRT þ �RÞðP1 � P2Þ

C1
�RRP

þ dPext

dt
ð1Þ

dP2

dt
¼ �RPR1ðP2 � PatmÞ þ ðRPRT þ �RÞðP1 � P2Þ

C2
�RRP

þ dPext

dt
ð2Þ

where �R ¼ R1R2 þ R2RT þ RTR1.
The resistances R1 and R2 are discontinuous and vary depending on the flow direction as

shown in Fig 2. This allows us to produce effective inspiratory and expiratory valving:

• Inspiratory valving. During inspiration, it is observed that air flows through the junction PJ
into the caudal airsacs (q1 � qT), with very little fresh air flowing into the cranial airsacs (q2
� qT). This is attributed to anatomical features including the T-shape of the junction, the
narrowing of the airway at the segmentum accelerans, and the branching nature of the airway
tree [2, 14, 29, 32–36]. We incorporate this valving effect into our model by increasing R2

during inspiration (see Fig 2B) and we measure the effectiveness of the valving by calculating
how much of the flow into the animal flows through to the caudal airsacs during inspiration

Fig 1. Schematic model of the avian respiratory system. The caudal and cranial airsacs have pressures
P1 and P2 respectively, and compliancesC1 andC2 respectively. The pressure outside both sets of airsacs,
Pext(t), varies periodically due to the respiratory muscles, which causes the airsacs to inflate and deflate. The
pressure Patm is atmospheric pressure. Between each node in the system there is resistance to flow, Ri, and
airflow, qi. Blue arrows represent the flow during inspiration, and green arrows represent the flow during
expiration. The grey shaded area indicates the parabronchi, where gas exchange occurs.

doi:10.1371/journal.pcbi.1004637.g001
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(labeled INSP).

Inspiratory valving efficacy ¼
R
INSP

q1 dtR
INSPqT dt

ð3Þ

• Expiratory valving. During expiration, it is observed that most of the air from the caudal air-
sacs flows through the parabronci into the cranial airsacs (qP), with very little fresh air flow-
ing back without undergoing gas exchange (q1 � qT). Expiratory valving is thought to be due
to the specific anatomical structure and alignment of airsacs and dorsobronchial airways [37]
but is not as well studied as the inspiratory valving. We incorporate this valving into our
model by increasing R1 during expiration (see Fig 2A) and we define the effectiveness of the
valving as how much of the flow out of the system comes from the cranial airsacs during
expiration (labeled EXP).

Expiratory valving efficacy ¼
R
EXPq2 dtR

EXP
ð�qTÞ dt

ð4Þ

Note that other definitions of expiratory valving efficacy exist in the literature, see Eq (49).

Model outputs
A representative example of the results found in this model is shown in Fig 3, with the parame-
ter values listed in Table 1. In Fig 3A we see that the pressure differences between the airsacs

Fig 2. The resistancesR1 and R2 are discontinuous and depend on the flow direction. A: The
resistance R1 is discontinuous at P1 = PJ, which is when q1 = 0. For q1 > 0, R1 = R1,insp, while for q1 < 0, R1 =
R1,exp� R1,insp. B: The resistance R2 is discontinuous at P2 = PJ, which is when q2 = 0. For q2 > 0, R2 = R2,exp,
while for q2 < 0, R2 = R2,insp � R2,exp.

doi:10.1371/journal.pcbi.1004637.g002
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and atmospheric pressure (x1 = P1 − Patm and x2 = P2 − Patm) are orders of magnitude greater
than the difference between the two airsac pressures (x1 − x2). This matches experimental mea-
surements, e.g. [12, 15]. Fig 3B shows that the flow through the parabronchi is unidirectional
(qP > 0) and that the valving is working well as q2 � 0 during inspiration and q1 � 0 during
expiration. The tidal volume is 36.0 mL and the combined flow through the parabronchi per
breath is 31.3 mL on both sides, so most of the air which is breathed in passes through the gas
exchange area.

Fig 3C shows the volumes of the caudal set of airsacs, V1, and the cranial set of airsacs, V2,
on one side of the respiratory system (see also Fig 12). The volumes can be calculated directly
from Eqs (9) and (10). The ventilation volume into each set of airsacs is calculated using max
(Vi)-min(Vi) for i = 1, 2 and is independent of the chosen parameters Pc, and Vi,res. For the
results shown in Fig 3 the ventilation volume is found to be 21.5 mL per breath in total for the
caudal airsacs, on both sides, and 16.3 mL per breath in total for the cranial airsacs, on both
sides. These values match experimental data [38]. Note that the sum of the ventilation of all the
airsacs can be greater than or less than the tidal volume, as some air flows past the airsacs, and
some air flows into both sets of airsacs.

Fig 3. Model outputs for the chosen default parameter values (Table 1). A: the pressure differences from atmospheric pressure, x1 = P1 − Patm and x2 =
P2 − Patm, which are the outputs of the model.B: the flow rates qT, qP, q1, and q2 in one side of the respiratory system.C: the volumes of the caudal set of
airsacs, V1, and the cranial set of airsacs, V2, on one side of the respiratory system. Inspiration and expiration phases are labelled (INSP and EXP).

doi:10.1371/journal.pcbi.1004637.g003
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Conditions for unidirectional airflow
By analysing the phase plane dynamics of the system of Eq (1) (see Methods section), we can
show that airflow through the parabronchi will be unidirectional (qP > 0) when γR1 � R2 dur-
ing inspiration and γR1 � R2 during expiration, where γ = C1/C2. In the borderline case, where
γR1 = R2 during both inspiration and expiration, the flow through the parabronchi, qP, is zero.
A combination of effective inspiratory and expiratory valving (γR1 < R2 during inspiration and
γR1 > R2 during expiration) will produce unidirectional flow. However, unidirectional flow
could also be achieved by inspiratory or expiratory valving alone, e.g. effective inspiratory val-
ving, where γR1 < R2 during inspiration and γR1 = R2 during expiration, or effective expiratory
valving, where γR1 = R2 during inspiration and γR1 > R2 during expiration.

Fig 4 shows a sketch of the phase plane dynamics in the case of effective inspiratory valving,
where the variables are transformed such that x1 = P1 − Patm and x2 = P2 − Patm. The stable
equilibrium P1 = P2 = Patm in the absence of pressure variations (no breathing) is then at the
origin (0, 0). The line x2 = x1 marks all the possible pressures for which the flow qP is zero.
Above this line (x2 > x1) qP is negative (marked in shaded grey), and below it (x2 < x1) qP is
positive. The dark blue curves show the solutions to the system from different initial conditions
when there is no breathing, and thus no change in the external pressure. All these solutions
approach the origin (0, 0). The red curve shows the solution (not to scale) of the system when
the external pressure Pext is changing due to breathing. This change in pressure is the same out-
side both sets of airsacs and thus acts along the vector [1, 1]T. It can be seen that the system is

Table 1. Model parameters and default values used in the numerical calculations.

Parameter Meaning Value and Units

Patm atmospheric pressure 1033.6 cmH2O

Rtrachea tracheal resistance 1 cmH2O/L�s
REPPB resistance of extrapulmonary primary bronchi (EPPB) including segmentum accelerans 8 cmH2O/L�s
RT* effective tracheal and primary bronchus resistance 10 cmH2O/L�s
RP dorsobronchi and parabronchial resistance 2.5 cmH2O/L�s
R1,insp mesobronchus resistance during inspiration 1 cmH2O/L�s
R2,insp

† effective ventrobronchi resistance during inspiration 100 cmH2O/L�s
R1,exp

† effective mesobronchus resistance during expiration 50 cmH2O/L�s
R2,exp ventrobronchi resistance during expiration 5 cmH2O/L�s
γ ratio of caudal to cranial airsac compliance 1.35

Ctot total parallel compliance of caudal and cranial airsacs 450 mL/cmH2O

C1
‡ lumped compliance of caudal airsacs 258.5 mL/cmH2O

C2
‡ lumped compliance of cranial airsacs 191.5 mL/cmH2O

V1,res resting volume of the caudal airsacs 105.6mL

V2,res resting volume of the cranial airsacs 103.6mL

Pc baseline pressure in the coelom (thoracic-abdominal cavity) 1033.6 cmH2O

Pamp peak-to-peak amplitude of pressure variation due to breathing 0.5 cmH2O

T respiratory period 3 s

* RT is calculated from Rtrachea and REPPB, and will change if Rtrachea and REPPB are not the default values.
† R2,insp and R1,exp are calculated from R1,insp and R2,exp respectively and depend on the strength of effective valving. If the strength of valving changes, or

R1,insp and R2,exp are not the default values, R2,insp or R1,exp will change.
‡ C1 and C2 are calculated from Ctot or γ, and will change if Ctot or γ are not the default values.

doi:10.1371/journal.pcbi.1004637.t001
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‘trapped’ below the line x1 = x2 and therefore the airflow is unidirectional (see Methods section
for more details).

In Fig 4 inspiration is marked by the light blue region and expiration is marked by the green
region. When both P1 and P2 are greater than Patm (upper right quadrant) it is obvious that
expiration will occur (qT < 0). When both P1 and P2 are less than Patm (lower left quadrant),
inspiration will occur (qT> 0). The exact place (in the lower right quadrant) where the transi-
tion from inspiration to expiration occurs in the phase plane will depend on the chosen param-

eter values. Specifically, the flow qT will change direction on the line x2 ¼ � R2;insp
R1;exp

x1 with

inspiration occurring if x2 < � R2;insp
R1;exp

x1 and expiration occurring if x2 > � R2;insp
R1;exp

x1 (see Methods

section and Fig 13). For simplicity, in Fig 4 we consider the case where R2,insp = R1,exp and the
transition between inspiration and expiration occurs on the line x2 = −x1.

Unidirectional flow is robust to changes in the breathing amplitude and
frequency
The conditions for unidirectional flow do not depend on the frequency or amplitude of breath-
ing. Consequently, unidirectional flow will persist as long as the conditions on the resistances
and compliances (stated in the previous section) are satisfied. Increasing the amplitude, Pamp,
increases the flow rates proportionally (see Fig 5). As the period, T, decreases (the frequency
increases) the mean flow through the parabronchi remains relatively constant, but the variation
in the flow rate during the breathing cycle decreases and the flow becomes more constant (see

Fig 4. Sketch of the system dynamics (not to scale), showing conditions for unidirectional flow when
there is effective inspiratory valving. The variables are x1 = P1 − Patm and x2 = P2 − Patm. The line x2 = x1
marks all the possible pressures for which the flow qP = 0. Above this line qP < 0 (marked in shaded grey),
and below this line qP > 0. Inspiration is marked by the light blue region and expiration is marked by the green
region. Dark blue curves show the solutions to the system from different initial conditions, when the external
pressure is constant. Superimposed in red is an example of a solution to the system when the external
pressure changes (along the vector [1, 1]T) due to the respiratory muscles during breathing. This solution is
‘trapped’ below the line x1 = x2 in the region qP > 0 and hence the flow is unidirectional. See Methods and Fig
13 for a detailed analysis.

doi:10.1371/journal.pcbi.1004637.g004
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Fig 6). This matches what is seen experimentally [11], and may have an impact on the efficacy
of gas exchange.

Efficient airflow requires two effective valves
In the avian system, the aerodynamic valving is not 100% effective. Inspiratory valving is found
experimentally to be 95–100% effective [14, 32–34, 39]. However, expiratory valving efficacy
varies greatly between species and experimental conditions: 76–90% in chickens [12, 40], 88%
in ducks [14], and 95% in geese [37], with a strong dependence on gas velocity; at higher flow
rates (exercise conditions) the valve is more effective than at rest.

When fresh air flows into the cranial or caudal airsacs and is then breathed back out without
passing through the parabronchi, this air does not undergo gas exchange, and is thus wasted.
We define the efficiency of the whole system as the fraction of the tidal volume that passes
through the parabronchi. For example, when efficiency = 1 all the air that is inhaled will pass
through the parabronchi and undergo gas exchange. We calculate the efficiency in our model
by numerically integrating the airflow qP during one cycle of breathing to find the total volume
of air that flows through the parabronchi per breath, and numerically integrating the flow qT
during inspiration to calculate the tidal volume (the total air inhaled per breath). The ratio of
volume through parabronchi per breath to tidal volume gives us a measure of how efficient the

Fig 5. Unidirectional flow is robust to changes in amplitude. In this figure we plot the flow through the
parabronchi, qP, against time for a range of Pamp values. The flow rates increase linearly as the amplitude of
breathing, Pamp increases. Inspiration and expiration are labelled (INSP and EXP). All parameters, except
Pamp, are as in Table 1.

doi:10.1371/journal.pcbi.1004637.g005

Fig 6. Unidirectional flow is robust to changes in frequency. The flow through the parabronchi, qP, during
a single breath, is plotted for breathing period, T, ranging from 1–6 seconds (frequency ranging from 1–1/6 Hz
respectively). The traces are aligned such that phase = 0 is at the beginning of inspiration. Inspiration and
expiration are labelled (INSP and EXP). All the parameters, except the breathing period, are as in Table 1.

doi:10.1371/journal.pcbi.1004637.g006
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lung system is.

Efficiency ¼
R
INSPþEXPqP dtR

INSPqT dt
ð5Þ

where
R
INSP indicates the definite integral during inspiration and

R
INSP+EXP indicates the defi-

nite integral during one breath.
If the model includes effective inspiratory valving only (R2,insp � γR1,insp and R2,exp = γR1,

exp) with R1,insp = R1,exp, the flow qP is unidirectional (qP > 0), but the maximum efficiency we
can find numerically is around 50%. The cause of this low efficiency is that a large proportion
of the fresh air that flows into the caudal airsacs, then flows back out (q1 < 0) without partici-
pating in gas exchange, as shown in Fig 7A. In Fig 7A, the inspiratory valving efficacy = 98.7%,
the expiratory valving efficacy = 47.7%, the overall efficiency is 47.1%, the tidal volume is 38.1
mL whilst the flow through both parabronchi per breath is only 17.9 mL.

Similarly, if the model includes only effective expiratory valving (γR1,insp = R2,insp and γR1,exp

� R2,exp) with R2,insp = R2,exp, we find numerically that the maximum efficiency we can reach is
around 50%, due to flow into the cranial airsacs during inspiration (q2 < 0). An example of

Fig 7. Inspiratory and expiratory valving both produce unidirectional flow, qP > 0. Flow rates qT, qP, q1, and q2 against time for the parameters R1,insp =
R2,exp = 3 cmH2O/L�s, C1 = C2 (γ = 1), andCtot = 450 mL/cmH2O. PanelA shows the case where there is effective inspiratory valving: R2,exp = γR1,exp and R2,

insp = 100 × R1,insp, with R1,exp = R1,insp. Panel B shows the case with effective expiratory valving: R1,insp = γR2,insp and R1,exp = 20 × R2,exp, with R2,insp = R2,exp.
All other parameters are given in Table 1.

doi:10.1371/journal.pcbi.1004637.g007
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effective expiratory valving is shown Fig 7B, where the inspiratory valving efficacy is 48.6% and
the expiratory valving efficacy is 87.0%. This gives an overall efficiency of 42.3%; from a tidal
volume of 38.4 mL and only 16.2 mL flow through both parabronchi per breath.

By including both inspiratory and expiratory valving we find that we can reduce this back
flow, and when we match the experimental valving efficiencies of 98–100% for inspiratory val-
ving and�88% for expiratory valving, we find that the overall efficiency of the system matches
those found experimentally, whilst maintaining realistic resistance and compliance values. The
flow rates for our chosen parameter values are shown in Fig 3B, where the inspiratory valving
efficacy is 98.0%, the expiratory valving efficacy is 88.6%, and the overall efficiency is 86.8%.

Efficiency is affected more by asymmetries in the resistance to flow than
by the compliances
In our model, we can investigate the impact of varying the resistances R1,insp and R2,exp. We
need to keep R1,insp + R2,exp constant so that there is no change in the total resistance of the sys-
tem, here we choose R1,insp + R2,exp = 6 cmH2O/L�s. Additionally, it is important to keep R2,insp

= 100 × R1,insp and R1,exp = 10 × R2,exp, so that the strength of the valving isn’t changing. Fig 8
shows that depending on the ratio of compliances, γ, the maximum efficiency will be for 0.2<
R1,insp/R2,exp < 1. This is consistent with experimental observations that found R1,insp to be
lower than R2,exp (see Methods section). Comparatively, we find that varying γ and Ctot affect
the efficiency by less than 1% (see Selecting model parameters).

The timing of the airflow through the parabronchi depends on the relative
airsac compliance, γ
The airflow through the parabronchi is not constant during the breathing cycle. An important
feature of the flow through the parabronchi is that it can be observed to occur mostly during
inspiration, or expiration, or both, depending on parameter values and experimental condi-
tions [10, 11].

Fig 8. Changing the relative resistance ofR1,insp / R2,exp affects the efficiency of the system. Plot of the
overall efficiency when R1,insp / R2,exp is varied whilst keeping the total resistance of the system constant (R1,

insp + R2,exp = 6 cmH2O/L�s). The effect is similar for a range of γ values. All other parameters are given in
Table 1.

doi:10.1371/journal.pcbi.1004637.g008
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From Fig 7 we can see that the aerodynamic valving affects the timing of the airflow through
the parabronchi; effective inspiratory valving increases parabronchial flow during inspiration
(Fig 7A), whereas effective expiratory valving increases parabronchial flow during expiration
(Fig 7B). However, once we fix the valving efficacy to physiologically realistic levels (e.g. inspi-
ratory valving 98%, expiratory valving 88%), the ratio of volume flowing through the para-
bronchi during inspiration and expiration (I:E parabronchial volume flow ratio) due to the
valving is fixed. We calculate the ratio of volume flowing through the parabronchi during
inspiration and expiration from the output of our model as follows:

I : E parabronchial volume flow ratio ¼
R
INSPqP dtR
EXPqP dt

ð6Þ

For the default parameter values (Table 1) the I:E parabronchial volume flow ratio is 0.862, i.e.
there is slightly less flow during inspiration than during expiration, as shown in Fig 3.

Varying γ has a major impact on the timing of the flow through the parabronchi (recall that
γ = C1/C2). When γ is low the majority of the flow through the parabronchi occurs during
inspiration, while when γ is high the flow through the parabronchi occurs mostly during expi-
ration. In Fig 9 we plot the I:E parabronchial volume flow ratio as a function of γ. As γ increases
we find that the majority of the flow qP moves from being during the inspiratory phase to being
during the expiratory phase. This result is conserved for a range of total compliance (C1 + C2 =
Ctot) values. Despite this change in the timing of the flow, the system’s overall efficiency only
decreases slightly (from 87.7% to 86.4%) when γ increases (see S1A Fig), and the airflow
through the parabronchi remains unidirectional.

These results are consistent with experimental observations. Anatomically, the caudal and
cranial airsacs are found to have different properties [2]. In ducks, Scheid et al. [38] found that
the caudal airsacs are more compliant and have larger ventilation volume changes than the cra-
nial airsacs, especially during relaxed (anaesthetized) breathing. Furthermore, the ratio of com-
pliances varies between individuals and species [1] and many variations in the flow pattern are

Fig 9. Varying the ratio of compliances γ =C1/C2 changes the timing of the flow through the
parabronchi. As γ increases (C1 increases relative to C2) more air flows through the parabronchi during
expiration. The dashed line at 1 indicates when the total flow during expiration and inspiration are equal. All
the parameters are as given in Table 1. The vertical dotted line shows the selected default γ value.

doi:10.1371/journal.pcbi.1004637.g009
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also observed [10, 11]. For example, in spontaneously breathing geese the flow through the
parabronchi increases at the end of inspiration and peaks during expiration [10]. Looking at
ducks it is found that the flow during inspiration is higher than the flow during expiration
when panting, the flow during inspiration and expiration are similar in spontaneous breathing,
and when relaxed (anaesthetized) the flow rate is much stronger during expiration [11]. Our
results as we vary γ provides similar changes in flow patterns (Fig 10), which agree with experi-
mental findings; γ should decrease during exercise when the abdominal and chest muscles are
stiff, and increase under relaxation conditions when the muscles relax.

We find that changing the relative resistances R1,insp/R2,exp does affect the timing of the flow
through the parabronchi slightly, with more flow during expiration as R1,insp/R2,exp increases
(see S2A Fig). We also find that varying the total compliance Ctot does not change the timing of
the flow through the parabronchi substantially, but the strength of the effect decreases at high
Ctot (see S2B Fig). Overall, the ratio of compliances, γ, is the dominant effect.

The durations of inspiration and expiration depend primarily on the
relative resistances R1,insp and R2,exp

We observe that although the forcing of the system is symmetric (sinusoidal function), the
duration of inspiration, Ti (measured as the time during which qT > 0), is not always equal to
the duration of expiration, Te (measured as the time during which qT< 0). For our chosen
default parameter values (Table 1), with period T = 3s, Ti = 1.4s and Te = 1.6s, and the ratio of
inspiration duration to expiration duration (I:E time ratio = Ti/Te) is 0.89. This asymmetry var-
ies depending on parameter values.

We investigate the impact of varying the resistances R1,insp and R2,exp, while the overall resis-
tance of the system and the strength of the valving constant, as before. We find that when we
decrease R1,insp relative to R2,exp the duration of expiration increases, with a concordant
decrease in the duration of inspiration (Fig 11).

The ratio of compliances, γ, and the total compliance, Ctot, do affect the I:E time ratio
slightly, but the impact of varying the relative resistances is much stronger (see Selecting model
parameters).

Discussion
We have constructed a relatively simple mathematical model of the avian respiratory system
which, for the first time, produces unidirectional airflow through the parabronchi that is robust
to changes in breathing frequency, breathing amplitude, and model parameters. Using

Fig 10. The ratio of compliances γ = C1/C2 changes the shape of the oscillatory flow qP. This figure
plots the flow rate qP versus time, for γ = 1/4 (red), γ = 1 (green), and γ = 4 (blue). The inspiratory period
(INSP) is shaded blue, and the expiratory period (EXP) is shaded green. All other parameters are as given in
Table 1.

doi:10.1371/journal.pcbi.1004637.g010
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physiologically reasonable parameters (in this case we use those found for ducks) the model
produces efficiencies, flow rates, and pressures that match experimental findings.

It has been hypothesized that the unidirectional flow is due to inspiratory and expiratory
aerodynamic valves, resulting from the anatomical structure and the fluid dynamics involved.
We incorporated these aerodynamic valves into our model by increasing the resistance to flow
from the primary bronchus to the cranial airsacs (R2 in our model) during inspiration, and
increasing the resistance to flow from the caudal airsacs to the primary bronchus (R1 in our
model) during expiration. We showed that both of these resistances as well as the airsac com-
pliances (C1 and C2 in our model) affect the efficacy of the inspiratory and expiratory valving.
This result could explain why models that focused on limited areas of the respiratory system or
that oversimplified the pathways’ geometry were unable to produce the valving [29, 30]. We
further showed that unidirectional flow could be produced by either an effective inspiratory or
an effective expiratory valve (Fig 7), but that both inspiratory and expiratory valves are
required to produce the high efficiencies observed in avian lungs.

In existing models, the compliances of the caudal and cranial airsacs has been assumed to be
the same [29, 30]. However, there is no anatomical reason why this should be the case, and
indeed this is not what has been found experimentally [38]. Using our model, we varied the sin-
gle parameter γ = C1/C2, whilst keeping the total compliance constant (Ctot = C1 + C2). We
found that the ratio of compliances does not affect the total flow through the parabronchi sig-
nificantly, but that it has a strong impact on the timing of the flow; for physiological parameter
values when C1 < C2, the majority of the flow through the parabronchi occurs during inspira-
tion, and when C1 > C2, the majority of the flow through the parabronchi occurs during expi-
ration (Fig 9). The overall compliance of the airsacs is affected by the chest wall and muscles
surrounding them. This means that the effective compliance is a parameter that could vary in
different conditions, and would strongly influence the dynamics of the flow through the para-
bronchi and thus the gas exchange.

Our model provides additional novel insights into the operation of the avian respiratory sys-
tem. We showed that changing the relative resistance of R1,insp / R2,exp whilst keeping the total

Fig 11. The relative resistance of R1,insp/R2,exp affects the duration of the expiration and inspiration
phases. Here we plot the ratio of the inspiration and expiration phase durations (I:E time ratio) against the
relative resistance of R1,insp/R2,exp whilst keeping the total resistance constant (R1,insp + R2,exp = 6 cmH2O/
L�s). The same effect is seen for a range of γ values. The dashed line indicates where the period of expiration
and inspiration are equal, Te = Ti.

doi:10.1371/journal.pcbi.1004637.g011
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resistance (R1,insp + R2,exp) constant, affects the efficiency of the system and that maximum effi-
ciencies appear to exist near physiologically realistic parameter values (Fig 8). Another interest-
ing observation is that the ratio of R1,insp/R2,exp affects the period of expiration and inspiration.
Specifically, we found that Te > Ti when R1,insp < R2,exp (Fig 11).

Limitations
The complex anatomical structure of the avian respiratory system has been represented in our
model by discontinuous resistances (R1 and R2) that depend on the direction of airflow through
them. These resistance values could depend on the properties of the flow and would then vary
with frequency and amplitude of breathing, as well as with other parameters such as muscle
tone that we did not take into account in our model. Nevertheless, we have shown that as long
as γR1 � R2 during inspiration and γR1 � R2 during expiration, where γ = C1/C2 is the ratio of
the airsac compliances, unidirectional flow will persist.

We also assumed that both the inspiratory and expiratory valving are highly effective which
is true during regular breathing but may not be the case if breathing consists of very high or
very low frequencies or amplitudes. In particular, we note that experimentally it is found that
panting and other breathing patterns (bird song/calls) do not have the same pattern. For exam-
ple, during panting the expiratory valving is not strong and there is a large amount of air
shunted into the primary bronchus (q1 < 0) which bypasses the parabronchi [9].

The two discontinuous resistances in our model make the system nonlinear, despite the
assumptions of constant resistance and compliance elements. The presence of discontinuities
in models is known to produce complicated phenomena, especially in non-autonomous sys-
tems with external forcing [41]. In this model, we have found the intriguing result that the
inspiratory and expiratory periods are uneven in response to regular (sinusiodal) forcing. The
phenomenon underlying this disparity is not clear yet. Further theoretical analysis is left for
future investigations.

Conclusions
In summary, the new mathematical model we have developed, and the analytical and computa-
tional study we have conducted, significantly increase our understanding of unidirectional air-
flow in avian lungs. Our new model is broadly applicable across all birds and can be extended
or integrated into larger systems-level studies of the avian respiratory system. Our model also
provides a new example of a non-smooth dynamical system and will be used in future investi-
gations of the human respiratory system through comparative physiology.

Methods

Model formulation
Fig 12 shows the full model including left and right sides of the respiratory system. The caudal
and cranial airsacs have pressures P1 and P2 respectively, and compliances C1 and C2 respec-
tively. All other pathways and junctions are assumed to be rigid. To simplify our analysis, we
assume that the left and right sides of the bird are symmetrical; this enables us to reduce the
model to the system shown in Fig 1, where RT = 2Rtrachea + REPPB. In the remainder of this
work we will use the model shown in Fig 1, which considers only one side. To find the overall
flow in the whole animal, we simply double the flow rates found from this single side.

To construct the mathematical model we begin by calculating the rate of change of volume
in the caudal and cranial airsacs (dV1/dt and dV2/dt, respectively), assuming that the
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compression of air is negligible:

dV1

dt
¼ q1 � qP ð7Þ

dV2

dt
¼ qP � q2 ð8Þ

where qi with i 2 {1, 2, P} is the airflow through the corresponding section. Next we assume
that the airsacs are elastic, with compliance C1 and C2. Additionally, surrounding both sets of
airsacs there is an external pressure Pext(t), which has a time-varying component that repre-
sents the change in pressure generated by the muscles of the chest and abdomen during breath-
ing. This gives the equations:

V1 ¼ C1 P1 � Pextð Þ þ V1;res ð9Þ

V2 ¼ C2 P2 � Pextð Þ þ V2;res ð10Þ

where V1,res and V2,res are the resting volumes of the caudal and cranial airsacs when the pres-
sure difference between the airsacs and the surrounding thoracic-abdominal cavity (coelom) is
zero. In all our simulations we use the sinusoidal function:

PextðtÞ ¼ Pc �
Pamp

2
cos

2pt
T

� �
ð11Þ

to model the time-varying pressure outside the airsacs. This function oscillates with a peak-to-
peak amplitude of Pamp, which is the amplitude of the forcing from breathing, around a pres-
sure Pc, which is the baseline pressure in the coelom. Differentiating Eqs (9) and (10) with

Fig 12. Schematic of the full avianmodel including left and right sides of the respiratory system. The
caudal and cranial airsacs have pressures P1 and P2, respectively. The direction of positive flow rate is
indicated by the red arrows. If we assume symmetry, we can reduce the model to consider only one side,
which gives the model in Fig 1, with RT = 2Rtrachea + REPPB. The flows found in the reduced model will be for a
single side of the animal, and will need to be doubled to find the total flow in the whole animal.

doi:10.1371/journal.pcbi.1004637.g012
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respect to time gives

dV1

dt
¼ C1

dP1

dt
� dPext

dt

� �
ð12Þ

dV2

dt
¼ C2

dP2

dt
� dPext

dt

� �
ð13Þ

with

dPext

dt
¼ Pampp

T
sin

2pt
T

� �
ð14Þ

Equating Eqs (12) and (7), and Eqs (13) and (8) gives:

dP1

dt
¼ q1 � qP

C1

þ dPext

dt
ð15Þ

dP2

dt
¼ qP � q2

C2

þ dPext

dt
ð16Þ

Assuming laminar flow, we obtain expressions for the flow rates qT, q1, q2, and qP in terms
of our variables P1 and P2, as well as the pressures Patm and PJ:

qT ¼ Patm � PJ

RT

ð17Þ

q1 ¼
PJ � P1

R1

ð18Þ

q2 ¼
P2 � PJ

R2

ð19Þ

qP ¼
P1 � P2

RP

ð20Þ

From the geometry of the system, the flow at junction J is conserved (inflexible junction), so
qT + q2 = q1. From this, and flow Eqs (17)–(19) we find:

RTðq1 � q2Þ þ PJ ¼ Patm ð21Þ

�R1q1 þ PJ ¼ P1 ð22Þ

R2q2 þ PJ ¼ P2 ð23Þ
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Solving for q1, q2, and PJ in terms of P1, P2, and Patm we get:

q1 ¼
�R2ðP1 � PatmÞ � RTðP1 � P2Þ

�R
ð24Þ

q2 ¼
R1ðP2 � PatmÞ � RTðP1 � P2Þ

�R
ð25Þ

PJ ¼
R2RTP1 þ RTR1P2 þ R1R2Patm

�R
ð26Þ

where we introduce the combined resistance �R ¼ R1R2 þ R2RT þ RTR1 to simplify the
equations.

Substituting the expressions for the flow rates Eqs (20), (24) and (25) into Eqs (15) and (16),
we get the rate Eqs (1) and (2) for P1 and P2 respectively.

Analysis of the model
The unique steady-state for the system of ordinary differential Eqs (1) and (2) in the absence of

changing pressure due to breathing dPext
dt

¼ 0
� �

, is P1 = P2 = Patm. If we move the equilibrium

point to the origin using the transformation x1 = P1 − Patm, x2 = P2 − Patm, the system of equa-
tions becomes:

dx1
dt

¼ �ðRPRT þ RPR2 þ �RÞ
C1

�RRP

x1 þ
ðRPRT þ �RÞ

C1
�RRP

x2 þ
dPext

dt
ð27Þ

dx2
dt

¼ ðRPRT þ �RÞ
C2

�RRP

x1 þ
�ðRPRT þ RPR1 þ �RÞ

C2
�RRP

x2 þ
dPext

dt
ð28Þ

The flow rates in terms of these new variables are:

qT ¼ �R2x1 � R1x2
�R

ð29Þ

q1 ¼
�R2x1 � RTðx1 � x2Þ

�R
ð30Þ

q2 ¼
R1x2 � RTðx1 � x2Þ

�R
ð31Þ

qP ¼
x1 � x2
RP

ð32Þ

Eqs (27) and (28) can be written in matrix form as:

d~X
dt

¼ A~X þ dPext

dt

1

1

" #
ð33Þ
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where

A ¼

�ðRPRT þ RPR2 þ �RÞ
C1

�RRP

ðRPRT þ �RÞ
C1

�RRP

ðRPRT þ �RÞ
C2

�RRP

�ðRPRT þ RPR1 þ �RÞ
C2

�RRP

2
6664

3
7775 ð34Þ

and ~X ¼ ½x1 ; x2	T .
If we consider the unforced system, where dPext

dt
¼ 0, Eq (33) becomes the autonomous,

homogeneous, linear system d ~XU
dt

¼ A ~XU , where ~XU ¼ ½x1 ; x2	T . The solution to this autono-

mous linear system is:

~XU ðtÞ ¼ a1e
l1t ~V1 þ a2e

l2t ~V2 ð35Þ

where λi are the eigenvalues of A, ~Vi are their corresponding eigenvectors, and ai depend on
the specific initial conditions.

To find explicit expressions for the eigenvalues and eigenvectors of the unforced system, we
simplify our analysis by scaling time by C1

�RRP . This transformation does not change the phase
plane dynamics of the system. The matrix A (Eq (34)) becomes:

Â ¼ �ðR2RP þ bÞ b

gb �gðR1RP þ bÞ

" #
ð36Þ

where b ¼ RTRP þ �R, and γ = C1/C2. The eigenvalues are then given by:

l1 ¼
TrðÂÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
TrðÂÞ2 � 4DetðÂÞ

q
2

ð37Þ

l2 ¼
TrðÂÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
TrðÂÞ2 � 4DetðÂÞ

q
2

ð38Þ

where:

TrðÂÞ ¼ �ðgR1 þ R2ÞRP � ðgþ 1Þb ð39Þ

DetðÂÞ ¼ gðR1R2R
2
P þ bðR1 þ R2ÞRPÞ ð40Þ

These eigenvalues will be real if D ¼ TrðÂÞ2 � 4DetðÂÞ⩾ 0.
In this system all resistance and compliance values must be positive. Using this simple phys-

iological constraint we find that TrðÂÞ < 0 and DetðÂÞ > 0 for all values of Ci, Ri > 0. Addi-

tionally, it can be shown that D ¼ TrðÂÞ2 � 4DetðÂÞ > 0, and thus the system has two real
eigenvalues, λ1 < λ2 < 0, for all parameter values.
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The corresponding eigenvectors are:

~V1 ¼
1

l1 þ RPR2 þ b
b

2
4

3
5 ðfastÞ ð41Þ

~V2 ¼
1

l2 þ RPR2 þ b
b

2
4

3
5 ðslowÞ ð42Þ

All solutions (given by Eq (35)) will tend to the single steady-state (x1, x2) = (0, 0) as t!1
by initially following the fast eigenvector ~V1 and then approaching the steady-state (more

slowly) following the slow eigenvector ~V2 . This behaviour is characteristic of solutions to linear
ordinary differential equations.

In our model, we are looking for solutions where qP� 0. From Eq (32) we know that qP = 0
on the line x2 = x1 and solutions above the line x2 = x1 will have qP< 0 while solutions below
the line x2 = x1 will have qP> 0. Thus, to maintain positive unidirectional flow (qP� 0), solu-
tions must lie on or below the line x2 = x1. Putting this information together with the knowledge
that the unforced system will return to steady state (x1, x2) = (0, 0) following the slow eigenvec-

tor ~V2 , we can conclude that solutions will be pushed into the region qP< 0 if the slow eigenvec-

tor, ~V2 lies above the line x2 = x1. Consequently, in order to maintain unidirectional flow we
must find conditions that ensure that the slow eigenvector lies on or below the line x2 = x1.

From Eq (42), ~V2 ¼ ½1; 1	T when l2þRPR2þb
b ¼ 1. Rearranging this equation, we find that the

slow eigenvector will lie along the line x2 = x1 when γR1 = R2. When perturbed by breathing,
Pext is applied along the vector [1, 1]

T (see Eq (33)). So in the case where γR1 = R2 and
~V2 ¼ ½1; 1	T , the system will oscillate (due to the forcing from breathing) along the line x2 = x1
and qP = 0. This forms a useful boundary case. During inspiration the slow eigenvector will lie

below the line x1 = x2 (qP > 0) if l2þRPR2þb
b > 1, which occurs when γR1 < R2. During expiration,

the slow eigenvector will lie below the line x1 = x2 (qP> 0) if l2þRPR2þb
b < 1, which occurs when

γR1 > R2. If both these conditions are satisfied, then the dynamics of the unforced system tells
us that solutions will move quickly into the region qP > 0 and will stay there. When the system
is perturbed by breathing, the forcing Pext is applied along the vector [1, 1]

T, and thus will not
move the solutions into the region qP < 0.

This analysis gives the following conditions for unidirectional flow: γR1� R2 during inspira-
tion and γR1 � R2 during expiration.

Special case of even compliances. In the special case γ = 1 (that is, C1 = C2), the eigenval-
ues reduce to:

li ¼ � 1

2
ðR1 þ R2ÞRP þ 2b


ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðR2 � R1Þ2R2

P þ 4b2
qh i

ð43Þ

and the corresponding eigenvectors are:

~V1 ¼
1

1

2
ðR2 � R1ÞRP �

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðR2 � R1Þ2R2

P þ 4b2

q
b

2
664

3
775 ð44Þ
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~V2 ¼
1

1

2
ðR2 � R1ÞRP þ

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðR2 � R1Þ2R2

P þ 4b2

q
b

2
664

3
775 ð45Þ

If we set R1 = R2, the eigenvalues simplify further to:

l1

l2

" #
¼

� 1

2
ðR1 þ R2ÞRP � 2b

� 1

2
ðR1 þ R2ÞRP

2
664

3
775 ð46Þ

and the eigenvectors are:

~V1 ¼
1

�1

" #
ð47Þ

~V2 ¼
1

1

" #
ð48Þ

When perturbed by breathing, this system will return along the line x1 = x2, where qP = 0,

which forms the boundary (zero flow) case. If R2> R1, the slow eigenvector ~V2 (Eq (45)) lies

below the line x1 = x2 during inspiration and qP> 0. If R1> R2, ~V2 (Eq (45)) lies below the line x1
= x2 during expiration and once again qP> 0. Fig 4 shows a representative phase plane for γ = 1.

Incorporating aerodynamic valving
The conditions for unidirectional flow stated above can only be satisfied if the resistances or
compliances change between inspiration and expiration. As there is no evidence that the com-
pliances would change during a single breathing cycle, we look instead at changing the resis-
tances. Experimental findings have shown that the complicated anatomical structure causes
effective aerodynamic valving, where the flow through the different pathways differs between
inspiration and expiration. To reproduce this effect in our model we make the resistances R1

and R2 dependent on flow direction.
Inspiratory valving is incorporated into our model by increasing R2 when q2 < 0 (see Fig 2)

to reduce the negative q2 flow during inspiration. The resistance R2 is:

R2 ¼ R2;exp þ ðR2;insp � R2;expÞHðPJ � P2Þ

whereH denotes the Heaviside function, R2,exp is the physiological value for resistance to flow
in the preferred direction (q2 > 0) and R2,insp is the higher effective resistance value during
inspiration due to the inspiratory valving.

Expiratory valving is incorporated into our model by increasing R1 when q1 < 0 to prevent
flow from the caudal airsacs during expiration (see Fig 2). The resistance R1 is:

R1 ¼ R1;insp þ ðR1;exp � R1;inspÞHðP1 � PJÞ

whereH denotes the Heaviside function, R1,insp is the physiological value for resistance to flow
in the preferred direction (q1 > 0) and R1,exp is the higher effective resistance value during
inspiration due to the expiratory valving.
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From Eq (30) the flow q1 = 0 when x2 ¼ R2þRT
RT

x1, for qP> 0 this line lies in the lower left

quadrant of the (x1, x2)-phase plane. From Eq (31) the flow q2 = 0 when x2 ¼ RT
R1þRT

x1, for qP >

0 this line lies in the upper right quadrant of the (x1, x2)-phase plane. From Eq (29) we can

show that inspiration (qT> 0) occurs in the region x2 < � R2
R1
x1, and expiration (qT< 0) occurs

in the region x2 > � R2
R1
x1.

Combining all this information we can sketch the flow direction transitions onto the phase
plane (Fig 13), where:

• In region (1): qT > 0, q1 > 0, and q2 < 0, so R1 = R1,insp, R2 = R2,insp.

• In region (2): qT > 0, q1 < 0, and q2 < 0, so R1 = R1,exp, R2 = R2,insp.

• In region (3): qT < 0, q1 < 0, and q2 < 0, so R1 = R1,exp, R2 = R2,insp.

• In region (4): qT < 0, q1 < 0, and q2 > 0, so R1 = R1,exp, R2 = R2,exp.

Note that the qT = 0 transition always occurs in the lower right quadrant, where q1 < 0 and q2
< 0. This means that we can define inspiration as the region x2 < � R2;insp

R1;exp
x1, and expiration as

the region x2 > � R2;insp
R1;exp

x1. Also note that the transition through regions (2) and (3) is very fast.

Fig 13. The position of zero flow points qT = 0, q1 = 0, and q2 = 0 shown in the phase plane. The grey
shaded region above the long dashed line x2 = x1 is where qP < 0, and the unshaded region below the line x2
= x1 is where qP > 0. The blue shaded region indicates where qT > 0, and the green shaded region where qT <
0. The value of R1 changes on the line q1 = 0 such that: R1 = R1,insp in region (1), and R1 = R1,exp in regions (2),
(3), and (4). The value of R2 changes on the line q2 = 0 such that: R2 = R2,exp in region (4), and R2 = R2,insp in
regions (1), (2), and (3).

doi:10.1371/journal.pcbi.1004637.g013
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Implementation
We used Matlab’s event detection in conjunction with the solver ode23 to change R1 and R2

values when q1 and q2 crossed through zero. Starting at region (1) (q1 > 0, q2 < 0) the sequence
for one breath is:

• set R1 = R1,insp, and R2 = R2,insp, and solve until q1 = 0 (region 1),

• set R1 = R1,exp, leave R2 = R2,insp, and solve until q2 = 0 (regions 2 & 3),

• leave R1 = R1,exp, set R2 = R2,exp, and solve until q2 = 0 (region 4),

• leave R1 = R1,exp, set R2 = R2,insp, and solve until q1 = 0 (regions 2 & 3).

This sequence was then repeated for as many breaths as required until steady state was reached.
Steady state was numerically defined as being reached when the area under the curve qT was
zero (less than 1 × 10−5) over a single breath. That is, the flow into the bird was equal to the
flow out of the bird in each breath.

The volumetric flow (area under the qi curves) through each segment was found numeri-
cally using the trapezoidal method.

In the results presented, a step size of δt = 1 × 10−4 was used. The step size was reduced in
several cases to test convergence and the results were consistent.

Note: We state and discuss resistances with the units cmH2O/L�s, but use the units mL/
cmH2O for compliances and mL for volumes, based on common practice in the field. When
implementing the model it is important to use consistent units (mL or L only).

Selecting model parameters
We selected parameters to match duck respiratory systems, as we have the best data on airsac
compliance and ventilation for this species. The default parameter values given in Table 1 are
used for all the numerical calculations unless otherwise is indicated in the figure legends or in
the text. Below we explain in more detail how we chose the specific parameters.

Resistances. R2,exp = 5 cmH2O/L�s and RP = 2.5 cmH2O/L�s are chosen to match physio-
logical values measured in ducks [42]. There are no direct measurements of R1,insp, but we
select R1,insp = 1 cmH2O/L�s to match measurements of the overall lower respiratory system
resistance in a single side (R1,insp + RP + R2,exp� 9 cmH2O/L�s) [42, 43] and measurements that
show that the pressure drop between the primary bronchi and the caudal airsacs is very small
[34]. The tracheal resistance Rtrachea = 1 cmH2O/L�s is chosen to match the resistance obtained
from measurements in [43] and checked against the resistance to laminar flow in a rigid tube
calculated for the approximate length and diameter [1, 2, 44, 45]. The resistance across the con-
striction known as the segmentum accelerans REPPB = 8 cmH2O/L�s is chosen to generate
observed pressure drop [34]. The overall respiratory system resistance can be calculated as
Rtotal = 2Rtrachea + REPPB + (R1,insp + RP + R2,exp)/2. For our chosen parameter values Rtotal =
14.25 cmH2O/L�s, which is consistent with measurements [42, 43, 46, 47].

Valving. To implement valving, we chose R2,insp = 100 × R1,insp to produce inspiratory val-
ving efficacy in physiological range�96 − 100% [14, 33, 34], and chose R1,exp = 10 × R2,exp to
produce expiratory valving efficacy in physiological range�88% for ducks at rest [14, 48]. We
note here that measurements of expiratory valving efficacy are often calculated using the
amount of air that flows through the lungs qP as a proportion of the total amount of air that
flows out of the caudal airsacs during expiration:

Expiratory valving efficacy ¼
R
EXP

qP dtR
EXPqP þ ð�q1Þ dt

ð49Þ
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This differs slightly from our definition of expiratory valving efficacy (see Eq (4)), and will give
a lower estimate of the valving efficacy compared to our definition. However, using the above
definition, our chosen parameters give 81% expiratory valving efficacy, which is still in the
experimentally measured range of 76–95%.

Total airsac compliance. Because of experimental limitations, the compliance of the air-
sacs has not been measured; measurements have only been made of the total system, including
the body wall. One technique that is used for measuring the compliance is to change the exter-
nal pressure in a box around an anaesthetized bird and measure the resulting volume flow into
or out of the animal. The slope ΔV/ΔP then gives a measure of the ‘static compliance’ of the
total system. Experiments in chickens and ducks estimate the compliance at between 10–30
mL/cmH2O [43, 47]. A different technique for measuring compliance is to apply small oscilla-
tions in volume (at frequencies much higher than resting breathing frequencies) to spontane-
ously breathing birds, and fitting the response to a series R-I-C (resistance-inertance-
compliance) model. Using this technique the ‘dynamic compliance’ of ducks is estimated at 7.7
mL/cmH2O [43]. However, this technique is very dependent on the chosen model being fitted,
and relies on the overall resistance being constant throughout the breathing cycle. The differ-
ences in compliance measured with different techniques suggests that the overall compliance
of the system is sensitive to body position and muscular tone.

The elastance of the airsacs is found to be approximately 1/20th of the overall elastance [49],
this means that we would expect the compliance of the airsacs to be approximately 20 times
higher than the compliance of the overall system (recall that compliance = 1/elastance).
Because of this uncertainty in the compliances, Urushikubo et al.[30] use compliances ranging
from 0.009 to 900 mL/cmH2O for their lumped parameters model. In this work, we find that
varying the total compliance does not affect many of the qualitative dynamics of the flow.
However, with low compliances (less than 100 mL/cmH2O), the flow through the parabronchi
is sharply changing between inspiration and expiration, as shown in Fig 14. We find that com-
pliances over 100 mL/cmH2O produce airflow dynamics that vary smoothly and match experi-
mental observations [10] much better.

Ratio of airsac compliances. To determine the ratio of airsac compliances, γ, we looked at
the phase of airflow through the parabronchi [10, 11] and used data on the ventilation ratios of
the cranial and caudal sets of airsacs [13, 38, 47]. Experiments found that for spontaneously
breathing ducks the effective ventilation of the caudal airsacs is 56.9% of the total ventilation of
all airsacs [38]. In our model, we can achieve this ventilation ratio for different γ values

Fig 14. The shape of the flow qP smoothes out asCtot increases. This figure plots the flow through the
parabronchi qP against time for a range of Ctot, with all traces aligned such that the beginning of inspiration is
at t = 0. The parameter γ = 1, other parameters are given in Table 1. Note: the transition from inspiration to
expiration happens at close to the same time for Ctot � 90 mL/cmH2O and is shown as a black dashed line.
The time of the transition for Ctot = 9 mL/cmH2O is shown with a dark blue dot-dashed line.

doi:10.1371/journal.pcbi.1004637.g014
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depending on Ctot, e.g. if we choose Ctot = 450 mL/cmH2O, we would need γ = 1.35 (the dashed
line in Fig 15). However, for all compliances we found that γ> 1 (i.e., C1> C2) for spontaneous
breathing in ducks. Additionally, in relaxed (anaesthetized) conditions the ventilation ratio is
74.2% to the caudal airsacs, which is thought to be due to large increases in the compliance of
the caudal airsacs [38]. To achieve this with Ctot = 450 mL/cmH2O we would require γ = 3.81
(the dot-dash line in Fig 15), where C1 > C2 as would be expected.

Forcing. In all our simulations we used the sinusoidal function given in Eq (11) to model
the pressure Pext outside the airsacs. The amplitude of the change in pressure due to breathing,
Pamp = 0.5 cmH2O, is chosen to match the tidal volumes [38, 50] and pressures [15] seen exper-
imentally. The period T = 3s is chosen to match the period of respiration of ducks at rest [9, 13,
38, 50]. Using the same Pext(t) for both sets of airsacs is justified, as we can consider the tho-
racic-abdominal cavity (coelom) which contains all the airsacs as a single compartment with
uniform pressures [51]. Experiments show that the baseline pressure in the thoracic-abdominal
cavity (coelom), Pc, can vary depending on physiological conditions, i.e. when crowing roosters
exhibit a transient increase in Pc up to 40 cmH2O above atmospheric pressure [52]. In this
paper we choose Pc = Patm for spontaneous breathing. This choice will not affect the airflow
dynamics, but will alter the calculation of volumes.

Airsac volumes. The total volume of the cranial airsacs is found to be less than that of the
caudal airsacs in a lot of avian species [2, 53]. In ducks, the peak (end-inspiration) volumes of
the caudal and cranial airsacs during spontaneous breathing were found to be 235.4mL and
221.9mL, respectively [38]. We choose V1,res = 105.6mL and V2,res = 103.6mL for a single side
as this gives the experimental peak volumes. In this paper, with Pc = Patm, the steady state vol-

umes in the absence of changing pressures due to breathing dPext
dt

¼ 0
� �

are V1 = V1,res and V2 =

V2,res. This can be calculated from Eqs (9) and (10) with P1 = P2 = Patm and Pamp = 0.

Fig 15. The ratio of caudal to cranial airsac ventilation increases as the ratio of airsac compliances γ =
C1/C2 increases, i.e. the volume of the caudal airsacs changesmore than that of the cranial airsacs.
The experimentally measured ratio [38] in spontaneous breathing (dashed line) and artificial ventilation (dot-
dashed line) ducks are shown. For differentCtot values, we would require slightly different γ values to match
the experimental findings. The required γ values in each case for Ctot = 450 mL/cmH2O are shown with
vertical dotted lines. All other parameters can be found in Table 1.

doi:10.1371/journal.pcbi.1004637.g015
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Supporting Information
S1 Fig. Varying the compliance ratio or the total compliance does not change the overall
efficiency substantially. A: shows the effect of varying the compliance ratio, γ = C1/C2, for five
different Ctot values. B: shows the effect of varying the total compliance, Ctot, for five different γ
values.
(EPS)

S2 Fig. Varying the resistance ratio or the total compliance only has a small effect on the I:
E parabronchial volume flow ratio. A: shows the effect of varying the resistance ratio, R1,insp/
R2,exp, while keeping the total resistance constant (R1,insp + R2,exp = 6 cmH2O/L�s), for five dif-
ferent γ values. B: shows the effect of varying the total compliance, Ctot, for five different γ val-
ues.
(EPS)

S3 Fig. Varying the compliance ratio or the total compliance does not affect the I:E time
ratio substantially. A: shows the effect of varying the compliance ratio, γ = C1/C2, for five dif-
ferent Ctot values. B: shows the effect of varying the total compliance, Ctot, for five different γ
values.
(EPS)

Author Contributions
Analyzed the data: EPH ABT. Wrote the paper: EPH ABT. Conceived and designed the model:
EPH ABT. Performed the simulations: EPH.

References
1. Powell FL. Chapter 10—Respiration. In: Whittow GC, editor. Sturkie’s Avian Physiology ( Fifth Edition).

San Diego: Academic Press; 2000. p. 233—264.

2. Maina JN. The Lung-Air Sac System of Birds: Development, Structure, and Function. Springer Berlin
Heidelberg; 2005.

3. West JB, Watson RR, Fu Z. The human lung: did evolution get it wrong? European Respiratory Journal.
2007; 29:11–17. doi: 10.1183/09031936.00133306 PMID: 17197481

4. West JB. Comparative physiology of the pulmonary blood-gas barrier: the unique avian solution. Ameri-
can Journal of Physiology—Regulatory, Integrative and Comparative Physiology. 2009; 297:1625–
1634. doi: 10.1152/ajpregu.00459.2009

5. Piiper J, Scheid P. Maximum gas transfer efficacy of models for fish gills, avian lungs and mammalian
lungs. Respiration Physiology. 1972; 14:114–124. doi: 10.1016/0034-5687(72)90022-9

6. Piiper J, Scheid P. Gas transport efficacy of gills, lungs and skin: theory and experimental data. Respi-
ration Physiology. 1975; 23:209–221. doi: 10.1016/0034-5687(75)90061-4 PMID: 1144942

7. Maina JN,West JB, Orgeig S, Foot NJ, Daniels CB, Kiama SG, et al. Recent advances into understand-
ing some aspects of the structure and function of mammalian and avian lungs. Physiological and Bio-
chemical Zoology. 2010; 83:792–807. doi: 10.1086/652244 PMID: 20687843

8. Scott GR, Meir JU, Hawkes LA, Frappell PB, MilsomWK. High altitude is/is not for the birds. Journal of
Applied Physiology. 2011; 111:1514–1515. doi: 10.1152/japplphysiol.00821.2011 PMID: 21737822

9. Bretz WL, Schmidt-Nielsen K. Bird respiration: Flow patterns in the duck lung. Journal of Experimental
Biology. 1971; 54:103–118. PMID: 5549756

10. Brackenbury JH. Airflow dynamics in the avian lung as determined by direct and indirect methods. Res-
piration Physiology. 1971; 13:319–329. doi: 10.1016/0034-5687(71)90036-3 PMID: 5158850

11. Scheid P, Piiper J. Direct measurement of the pathway of respired gas in duck lungs. Respiration Phys-
iology. 1971; 11:308–314. doi: 10.1016/0034-5687(71)90004-1 PMID: 5552769

12. Bouverot P, Dejours P. Pathway of respired gas in the air sacs-lung apparatus of fowl and ducks. Res-
piration Physiology. 1971; 13:330–342. doi: 10.1016/0034-5687(71)90037-5 PMID: 5158851

A NewMathematical Model of Unidirectional Airflow through Avian Lungs

PLOS Computational Biology | DOI:10.1371/journal.pcbi.1004637 February 10, 2016 26 / 28

http://www.plosone.org/article/fetchSingleRepresentation.action?uri=info:doi/10.1371/journal.pcbi.1004637.s001
http://www.plosone.org/article/fetchSingleRepresentation.action?uri=info:doi/10.1371/journal.pcbi.1004637.s002
http://www.plosone.org/article/fetchSingleRepresentation.action?uri=info:doi/10.1371/journal.pcbi.1004637.s003
http://dx.doi.org/10.1183/09031936.00133306
http://www.ncbi.nlm.nih.gov/pubmed/17197481
http://dx.doi.org/10.1152/ajpregu.00459.2009
http://dx.doi.org/10.1016/0034-5687(72)90022-9
http://dx.doi.org/10.1016/0034-5687(75)90061-4
http://www.ncbi.nlm.nih.gov/pubmed/1144942
http://dx.doi.org/10.1086/652244
http://www.ncbi.nlm.nih.gov/pubmed/20687843
http://dx.doi.org/10.1152/japplphysiol.00821.2011
http://www.ncbi.nlm.nih.gov/pubmed/21737822
http://www.ncbi.nlm.nih.gov/pubmed/5549756
http://dx.doi.org/10.1016/0034-5687(71)90036-3
http://www.ncbi.nlm.nih.gov/pubmed/5158850
http://dx.doi.org/10.1016/0034-5687(71)90004-1
http://www.ncbi.nlm.nih.gov/pubmed/5552769
http://dx.doi.org/10.1016/0034-5687(71)90037-5
http://www.ncbi.nlm.nih.gov/pubmed/5158851


13. Bretz WL, Schmidt-Nielsen K. The movement of gas in the respiratory system of the duck. Journal of
Experimental Biology. 1972; 56:57–65.

14. Powell FL, Geiser J, Gratz RK, Scheid P. Airflow in the avian respiratory tract: Variations in O2 and CO2

concentrations in the bronchi of the duck. Respiration Physiology. 1981; 44:195–213. PMID: 6789436

15. Cohn JE, Shannon R. Respiration in unanaesthetized geese. Respiration Physiology. 1968; 5:259–
268. PMID: 5693198

16. Farmer C, Sanders K. Unidirectional airflow in the lungs of alligators. Science. 2010; 327:338–340. doi:
10.1126/science.1180219 PMID: 20075253

17. Sanders RK, Farmer CG. The pulmonary anatomy of Alligator mississippiensis and its similarity to the
avian respiratory system. Anatomical record. 2012; 295:699–714. doi: 10.1002/ar.22427

18. Schachner ER, Hutchinson JR, Farmer C. Pulmonary anatomy in the Nile crocodile and the evolution
of unidirectional airflow in Archosauria. PeerJ. 2013; 1:e60. doi: 10.7717/peerj.60 PMID: 23638399

19. Farmer C. Similarity of crocodilian and avian lungs indicates unidirectional flow is ancestral for Archo-
saurs. Integrative and Comparative Biology. 2015. Available from: http://dx.doi.org/10.1093/icb/icv078.

20. Cieri RL, Craven BA, Schachner ER, Farmer CG. New insight into the evolution of the vertebrate respi-
ratory system and the discovery of unidirectional airflow in iguana lungs. PNAS. 2014; 111:17218–
27223. doi: 10.1073/pnas.1405088111 PMID: 25404314

21. Schachner ER, Cieri RL, Butler JP, Farmer CG. Unidirectional pulmonary airflow patterns in the savan-
nah monitor lizard. Nature. 2014; 506:367–370. doi: 10.1038/nature12871 PMID: 24336209

22. Scheid P, Piiper J. Analysis of gas exchange in the avian lung: Theory and experiments in the domestic
fowl. Respiration Physiology. 1970; 9:246–262. doi: 10.1016/0034-5687(70)90074-5 PMID: 5445186

23. Scheid P, Piiper J. Cross-current gas exchange in avian lungs: effects of reversed parabronchial air
flow in ducks. Respiration Physiology. 1972; 16:304–312. doi: 10.1016/0034-5687(72)90060-6 PMID:
4644057

24. Scheid P. Analysis of gas exchange between air capillaries and blood capillaries in avian lungs. Respi-
ration Physiology. 1978; 32:27–49. doi: 10.1016/0034-5687(78)90098-1 PMID: 625612

25. CrankWD, Gallagher RR. Theory of gas exchange in the avian parabronchus. Respiration Physiology.
1978; 35:9–25. doi: 10.1016/0034-5687(78)90037-3 PMID: 734253

26. Piiper J, Scheid P. Models for a comparative functional analysis of gas exchange organs in vertebrates.
Journal of Applied Physiology—Respiratory Environmental and Exercise Physiology. 1982; 53:1321–
1329.

27. Shams H, Scheid P. Efficiency of parabronchial gas exchange in deep hypoxia: measurements in the
resting duck. Respiration Physiology. 1989; 77:135–146. doi: 10.1016/0034-5687(89)90001-7 PMID:
2781158

28. Scott GR, MilsomWK. Flying high: A theoretical analysis of the factors limiting exercise performance in
birds at altitude. Respiratory Physiology and Neurobiology. 2006; 154:284–301. doi: 10.1016/j.resp.
2006.02.012 PMID: 16563881

29. Maina JN, Singh P, Moss EA. Inspiratory aerodynamic valving occurs in the ostrich, Struthio camelus
lung: A computational fluid dynamics study under resting unsteady state inhalation. Respiratory Physi-
ology and Neurobiology. 2009; 169:262–270. doi: 10.1016/j.resp.2009.09.011 PMID: 19786124

30. Urushikubo A, Nakamura M, Hirahara H. Effects of air sac compliances on flow in the parabronchi:
Computational fluid dynamics using an anatomically simplified model of an avian respiratory system.
Journal of Biomedical Science and Engineering. 2013; 6:483–492. doi: 10.4236/jbise.2013.64061

31. Scheid P, Slama H, Piiper J. Mechanisms of unidirectional flow in parabronchi of avian lungs: Measure-
ments in duck lung preparations. Respiration Physiology. 1972; 14:83–95. doi: 10.1016/0034-5687(72)
90019-9 PMID: 5042160

32. Butler JP, Banzett RB, Fredberg JJ. Inspiratory valving in avian bronchi: aerodynamic considerations.
Respiration Physiology. 1988; 72(2):241—255. doi: 10.1016/0034-5687(88)90010-2 PMID: 3375616

33. Banzett RB, Butler JP, Nations CS, Barnas GM, Lehr JL, Jones JH. Inspiratory aerodynamic valving in
goose lungs depends on gas density and velocity. Respiration Physiology. 1987; 70:287–300. doi: 10.
1016/0034-5687(87)90011-9 PMID: 3685652

34. Banzett RB, Nations CS, Wang N, Fredberg JJ, P BJ. Pressure profiles show features essential to aero-
dynamic valving in geese. Respiration Physiology. 1991; 84:295–309. doi: 10.1016/0034-5687(91)
90125-3 PMID: 1925109

35. Wang N, Banzett RB, Butler JP, Fredberg JJ. Bird lung models show that convective inertia effects
inspiratory aerodynamic valving. Respiration Physiology. 1988; 73:111–124. doi: 10.1016/0034-5687
(88)90131-4 PMID: 3175353

A NewMathematical Model of Unidirectional Airflow through Avian Lungs

PLOS Computational Biology | DOI:10.1371/journal.pcbi.1004637 February 10, 2016 27 / 28

http://www.ncbi.nlm.nih.gov/pubmed/6789436
http://www.ncbi.nlm.nih.gov/pubmed/5693198
http://dx.doi.org/10.1126/science.1180219
http://www.ncbi.nlm.nih.gov/pubmed/20075253
http://dx.doi.org/10.1002/ar.22427
http://dx.doi.org/10.7717/peerj.60
http://www.ncbi.nlm.nih.gov/pubmed/23638399
http://dx.doi.org/10.1093/icb/icv078
http://dx.doi.org/10.1073/pnas.1405088111
http://www.ncbi.nlm.nih.gov/pubmed/25404314
http://dx.doi.org/10.1038/nature12871
http://www.ncbi.nlm.nih.gov/pubmed/24336209
http://dx.doi.org/10.1016/0034-5687(70)90074-5
http://www.ncbi.nlm.nih.gov/pubmed/5445186
http://dx.doi.org/10.1016/0034-5687(72)90060-6
http://www.ncbi.nlm.nih.gov/pubmed/4644057
http://dx.doi.org/10.1016/0034-5687(78)90098-1
http://www.ncbi.nlm.nih.gov/pubmed/625612
http://dx.doi.org/10.1016/0034-5687(78)90037-3
http://www.ncbi.nlm.nih.gov/pubmed/734253
http://dx.doi.org/10.1016/0034-5687(89)90001-7
http://www.ncbi.nlm.nih.gov/pubmed/2781158
http://dx.doi.org/10.1016/j.resp.2006.02.012
http://dx.doi.org/10.1016/j.resp.2006.02.012
http://www.ncbi.nlm.nih.gov/pubmed/16563881
http://dx.doi.org/10.1016/j.resp.2009.09.011
http://www.ncbi.nlm.nih.gov/pubmed/19786124
http://dx.doi.org/10.4236/jbise.2013.64061
http://dx.doi.org/10.1016/0034-5687(72)90019-9
http://dx.doi.org/10.1016/0034-5687(72)90019-9
http://www.ncbi.nlm.nih.gov/pubmed/5042160
http://dx.doi.org/10.1016/0034-5687(88)90010-2
http://www.ncbi.nlm.nih.gov/pubmed/3375616
http://dx.doi.org/10.1016/0034-5687(87)90011-9
http://dx.doi.org/10.1016/0034-5687(87)90011-9
http://www.ncbi.nlm.nih.gov/pubmed/3685652
http://dx.doi.org/10.1016/0034-5687(91)90125-3
http://dx.doi.org/10.1016/0034-5687(91)90125-3
http://www.ncbi.nlm.nih.gov/pubmed/1925109
http://dx.doi.org/10.1016/0034-5687(88)90131-4
http://dx.doi.org/10.1016/0034-5687(88)90131-4
http://www.ncbi.nlm.nih.gov/pubmed/3175353


36. Wang N, Banzett RB, Nations CS, Jenkins FA. An aerodynamic valve in the avian primary bronchus.
The Journal of Experimental Zoology. 1992; 262:441–445. doi: 10.1002/jez.1402620411 PMID:
1624915

37. Brown RE, Kovacs CE, Butler JP, Wang N, Lehr J, Banzett RB. The avian lung: Is there an aerody-
namic expiratory valve? The Journal of Experimental Biology. 1995; 198:2349–2357. PMID: 9320272

38. Scheid P, Slama H, Willmer H. Volume and ventilation of air sacs in ducks studied in inert gas wash-
out. Respiration Physiology. 1974; 21:19–36. PMID: 4846935

39. Maina JN, Africa M. Inspiratory aerodynamic valving in the avian lung: Functional morphometry of the
extrapulmonary primary bronchus. The Journal of Experimental Biology. 2000; 203:2865–2876. PMID:
10952884

40. Piiper J, Dres F, Scheid P. Gas exchange in the domestic fowl during spontaneous breathing and artifi-
cial ventilation. Respiration Physiology. 1970; 9:234–245. doi: 10.1016/0034-5687(70)90073-3 PMID:
5445185

41. di Bernardo M, Budd CJ, Champneys AR, Kowalczyk P, Nordmark AB, Tost GO, et al. Bifurcations in
nonsmooth dynamical systems. SIAM Review. 2008; 50:629–701. doi: 10.1137/050625060

42. Macklem PT, Bouverot P, Scheid P. Measurement of the distensibility of the parabronchi in duck lungs.
Respiration Physiology. 1979; 38:23–35. doi: 10.1016/0034-5687(79)90004-5 PMID: 515560

43. Gillespie JR, Gendner JP, Sagot JC, Bouverot P. Impedance of the lower respiratory system in ducks
measured by forced oscillations during normal breathing. Respiration Physiology. 1982; 47:51–68. doi:
10.1016/0034-5687(82)90092-5 PMID: 7071424

44. Hinds DS, Calder WA. Tracheal dead space in the respiration of birds. Evolution. 1971; 25:429–440.
doi: 10.2307/2406936

45. Jones JH, Effman EL, Schmidt-Nielsen K. Control of air flow in bird lungs: radiographic studies. Respi-
ration Physiology. 1981; 45:121–131. doi: 10.1016/0034-5687(81)90054-2 PMID: 7302392

46. Brackenbury JH. Physical determinants of airflow pattern within the avian lung. Respiration Physiology.
1972; 15:384–397. PMID: 5050476

47. Scheid P, Piiper J. Volume, ventilation and compliance of the respiratory system in the domestic fowl.
Respiration Physiology. 1969; 6:298–308. doi: 10.1016/0034-5687(69)90029-2 PMID: 5778476

48. Hastings RH, Powell FL. Single breath CO2 measurements of dead space in ducks. Respiration Physi-
ology. 1986; 63:139–149. PMID: 3083488

49. Barnas GM, Hempleman SC, Harinath P, Baptiste JW. Respiratory systemmechanical behavior in the
chicken. Respiration Physiology. 1991; 84:145–157. doi: 10.1016/0034-5687(91)90113-W PMID:
1876756

50. Scheid P, Worth H, Holle JP, Meyer M. Effects of oscillating and intermittent ventilatory flow on efficacy
of pulmonary O2 transfer in the duck. Respiration Physiology. 1977; 31:251–258. doi: 10.1016/0034-
5687(77)90107-4 PMID: 929001

51. Scheid P, Fedde MR, Piiper J. Gas exchange and air-sac composition in the unanaesthetized, sponta-
neously breathing goose. Journal of Experimental Biology. 1989; 142:373–385.

52. Brackenbury JH. Lung-air-sac anatomy and respiratory pressures in the bird. The Journal of Experi-
mental Biology. 1972; 57:543–550. PMID: 4634498

53. Duncker HR. Structure of avian lungs. Respiration Physiology. 1972; 14:44–63. doi: 10.1016/0034-
5687(72)90016-3 PMID: 5042157

A NewMathematical Model of Unidirectional Airflow through Avian Lungs

PLOS Computational Biology | DOI:10.1371/journal.pcbi.1004637 February 10, 2016 28 / 28

http://dx.doi.org/10.1002/jez.1402620411
http://www.ncbi.nlm.nih.gov/pubmed/1624915
http://www.ncbi.nlm.nih.gov/pubmed/9320272
http://www.ncbi.nlm.nih.gov/pubmed/4846935
http://www.ncbi.nlm.nih.gov/pubmed/10952884
http://dx.doi.org/10.1016/0034-5687(70)90073-3
http://www.ncbi.nlm.nih.gov/pubmed/5445185
http://dx.doi.org/10.1137/050625060
http://dx.doi.org/10.1016/0034-5687(79)90004-5
http://www.ncbi.nlm.nih.gov/pubmed/515560
http://dx.doi.org/10.1016/0034-5687(82)90092-5
http://www.ncbi.nlm.nih.gov/pubmed/7071424
http://dx.doi.org/10.2307/2406936
http://dx.doi.org/10.1016/0034-5687(81)90054-2
http://www.ncbi.nlm.nih.gov/pubmed/7302392
http://www.ncbi.nlm.nih.gov/pubmed/5050476
http://dx.doi.org/10.1016/0034-5687(69)90029-2
http://www.ncbi.nlm.nih.gov/pubmed/5778476
http://www.ncbi.nlm.nih.gov/pubmed/3083488
http://dx.doi.org/10.1016/0034-5687(91)90113-W
http://www.ncbi.nlm.nih.gov/pubmed/1876756
http://dx.doi.org/10.1016/0034-5687(77)90107-4
http://dx.doi.org/10.1016/0034-5687(77)90107-4
http://www.ncbi.nlm.nih.gov/pubmed/929001
http://www.ncbi.nlm.nih.gov/pubmed/4634498
http://dx.doi.org/10.1016/0034-5687(72)90016-3
http://dx.doi.org/10.1016/0034-5687(72)90016-3
http://www.ncbi.nlm.nih.gov/pubmed/5042157

