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A matrix representation
for sustainable activities

A.S. Mahmud & D. S. Zachary™

The present paper develops a matrix framework to determine the sustainability of multiple activities
simultaneously. We define an activity as an action or process involving multiple resources; each
activity depends upon other activities at a higher level. First, the problem of sustainability is framed
in the context of an input—-output model. Later, an infinite layer approach is adopted to represent
different sectors of the economy and both renewable and non-renewable resources. Using the infinite
layer approach, the concentration of renewable energy usage is calculated for each activity. The
conversion to productive use varies from one resource to another. The current endeavor also focuses
on enhancing energy efficiency to reduce non-renewable resource dependency.

Multiple activities require various primary energy resources in an economy. Moreover, different activities of the
production economy interact with each other at different levels. For example, to produce industrial goods, one
needs energy resources. To transport the raw materials of the final industrial output, the firms need transportation
facilities. The transportation sector itself consumes energy. Therefore, to address the question of sustainability,
we need to consider all activities in multiple sectors along with all the energy resources.

Given the above background, specific energy policy questions arise: What is the best renewable energy to
invest in given the efficiency of all systems, technologies, and contributing processing used to deliver that energy?
The complement of this question is: What non-renewable energy sources should be prioritized for reducing
emissions?

The present paper develops a matrix framework to determine the sustainability of multiple activities simulta-
neously. We define an activity as an action or process involving multiple resources. First, the problem of sustain-
ability is framed in the context of an input-output model. In the input-output model, all activities depend upon
primary energy resources that include both renewable and non-renewable. Furthermore, each activity depends
upon other activities at a higher level. Therefore, we can calculate the aggregate contribution of each activity in
the consumption of energy in the economy.

In the following section, an infinite layer approach following Zachary' is adopted to represent different sec-
tors of the economy and both renewable and non-renewable resources. The first layer includes energy that is
directly used in each activity. The second layer of energy is utilized to produce the first layer of production. So,
on and so forth. Again, the infinite layer approach allows calculating the concentration of renewable energy
usage for each activity. The breakdown of sectors and infinite layer approach enable us to calculate the aggregate
energy consumption in multiple sectors in the economy at the same time simultaneously. We illustrate a specific
example where four different but interconnected sectors of the economy are represented: industrial, residential,
commercial, and transportation.

The current endeavor also focuses on enhancing energy efficiency to reduce non-renewable resource depend-
ency. In the last model, we discuss the efficacy of investment in increasing the efficiency of both renewable and
energy resources. The important finding is that a more effective policy from the sustainability point could increase
the efficiency of a non-renewable energy source®. At the aggregate level, the paper identifies the concentration
of renewable energy usage across different sectors. A policy combination of taxes and subsidies in the economy
as a whole can be drawn using this information. Also, conversion to productive use is not uniform. The present
context also discusses how an economy can maximize the return on research and development investment
research and development investment return to improve efficiency. In summary, we develop the general sus-
tainability problem from Zachary' in a matrix framework focusing upon multiple and simultaneous activities
in contrast to a single activity.

The hidden energy cost for renewable energy systems (RES) is sometimes not fully taken into account when
the issue of considered when sustainability is discussed’. Authors de Groot and le Pair point out that “wind-
generated electricity requires back up the capacity of conventional power stations...when wind supply is falling
short” More generally, understanding the economic challenges of mixed renewable and fossil energy systems
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requires a full understanding of all supporting energy systems. A model to understand all supporting systems was
discussed by Zachary. The sustainability condition was determined for a given duration and cost. This condition
was determined if and only if all the proceeding activities and their respective energy and resources satisfy the
notion of sustainability.

In contrast to Zachary, where only activity was considered, the current endeavor is concerned with multiple
activities at the aggregate level. Since energy sources are required for all activities while activities themselves are
related to production relations, a matrix framework is developed to address the problem. Production relations
across multiple activities can be expressed in an input-output matrix. Furthermore, different layers of production
can also be manifested in the adopted framework.

Renewable energy replacement considerations are also be considered in view of other attributes, including
the popular importance-performance analysis by Chen et al.%. This tool considered actions both in terms of
importance and performance’ and has been used in a number of applications including competitive analysis (e.g.
Pezeshki and Mousavi®) and employment impacts (Garrett-Peltier”). The latter, for example, utilizes matrices to
analyze the economic and environmental impacts of renewable energy and describes the employment generation
when the economy is transforming towards cleaner energy.

Cost and the related technical considerations must also be considered in terms of replacement® as well as
the closely-related added value consideration by Bagheri et al.’. Bagheri et al. also illustrate the path of green
growth in the context of Canada that prioritizes economic and job opportunities without sacrificing environ-
mental concerns.

The present endeavor does not focus upon economic impacts per se; our main aim is to analyze the sustain-
ability of multiple activities in the economy.

A related question to ask in the present context is where money should be invested? Is it better to invest in
renewable energy or use carbon sequestration? This question, posed by Turner in the 1990s'°, represents the
type of choices going forward to produce a cleaner energy portfolio. Our paper also discussed the potential
avenues for R & D investment to increase the energy efficiency of the overall economy where the sustainability
of multiple activities is concerned.

Understanding national politics of energy transition is key to having solutions available early enough to
minimize the cost of impact. Work by Jacobsson and Lauber!! emphasizes this issue with the diffusion of renew-
able energy in Germany’s political system. Other authors emphasize the importance of niche markets. Kemp
et al., for example, mentioned examples from history (e.g., the steam engine developed by Newcomen to pump
water from mines). These driving forces represent only part of the story behind the dynamics of new markets.
The relatively new market of renewable energy is driven by these forces, but also, in part, by economic, social,
and environmental drivers'?.

The matrix model is developed in “Model” section. "Infinite layer approximation’ is developed in “Infinite layer
approximation” section. A specific numerical application is shown in “Specific approximation” section. “Aggre-
gate values” section calculates aggregate values. An application of the model is for innovation is demonstrated
in “Efficiency” section. Finally, we provide a discussion and conclusion in “Discussion and conclusion” section.

Model
Consider an economy producing a vector of activities a using activities themselves and resources (both renewable
and non-renewable types) as inputs. The economy can be expressed as follows:

[a] =[C]la +x (1)
[a] =[I—C] '[x] )
[a] =[M][x] 3)

C is the input-output matrix or production relations among activities. Without any source of energy sources,
none of this production can take place. Therefore, if the vector [x] is null, no production can take place. [x]is the
amount of energy that is required to sustain a certain level of activity [a].

The value, [M] is also known as the inverted Leontief matrix. The matrix aggregates all the chains through
which each activity contributes to the other. Expanding the matrix, we obtain:

ai miyp miz mi3 miq Mis Mie X1
as X2
as | X3
a4 my3 X4
as X5
ae Mee X6

The total production of good g; is:

a; = Z miir Xir . (4)

i'=1

A= ;ai = Z Z mii Xir . (5)

i=1i'=1
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Production of each good (activity) a; requires resource the amount x;. The required resource is obtained from
both renewable and non-renewable sources. We assume that a certain portion «; is produced from renewable
and the rest from non-renewable sources:

Xi = Xpj + Xuris Xri = 0iXi, Xnri = (1 — aj)x;. (6)

The total energy required is as follows:
> %= 7)
i=1

The total production from renewable and non-renewable sources of energy are:

Ay‘ = Z Z miir iy X . (8)

i=1 i'=1

Apr = Z Z miy (1 — ay)xy. )

i=1i'=1

Renewable energy applications. Since we want to produce more from a renewable energy, we raise the
question which resource adjustment will have the great impact? By increasing oty on A,, we find:

am—me (10)

The total amount of energy required to produce this amount of goods can be found by summing over the activi-
ties. The impact of resource x;y in the total production is as follows:

a
=S = e =y = ZLE w
1 Mii

peoglE]

i'=1

where a;; is the contribution of good i’ in the production of good i and a’ is the total contribution from goodz
in the entire economy. Whereas ay is the total production of good i’; hence., a' is different from a;. Suppose i’
is the agriculture sector. Many other sectors besides agriculture itself including manufacturing, transportation
depend upon agriculture directly and indirectly. a’ encapsulates the contribution of agriculture to all such sec-
tors and ay is the entire agricultural production The resource used for the sole purpose of producing good 7' is
xy. The total resource utilized in the economy is x.

Expansion of [M]. The input-output model described the activities of the present period as a function of
activities of the last period and the energy used in the current period:

[a(t — D] + [x(©)] — [a(D)] (13)
If we expand the matrix [M] into an infinite series, we obtain:
[a] =[M][x] (14)
=[-C]'[x] (15)
=[x] + [Cl[x] + [C*][x] + - - (16)

The first term in the series is the direct usage in the current period, t. The second term is the energy used during
the last period, (¢ — 1) for activities to be utilized as inputs in the current period. The activities of the period
(t — 1) itself depend upon activities of the period (t — 2) as inputs. The third term describes the energy content
of the period (¢ — 2) that is involved in the production of the current period, t. By showing how the past activities
relate to the present, the matrix expansion illustrates the total energy content to sustain a certain level of activities.

Infinite layer approximation
We alternatively view production using a an infinite layer approach. This approach models the capacity levels
of Zachary'. The first layer is energy that is directly used in each activity. The second layer is the energy that is
used to produce the means of production that produces the first layer. The third layer describes the energy that
is utilized to produce the second layer and so on and so forth. The first layer is customized to according to each
activity specifically. However, supporting level activities require contributions of still other supporting activities.
In terms of energy, each successive layer subsequently contributes less energy content to support the imme-
diate activity in question. Supporting levels contributed to other activities and therefore dilute their energy
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Figure 1. 2016 Energy flow Chart for the USA. This figure is not covered by the CC BY license. (Lawrence
Livermore National Labs)'. All rights reserved, used with permission.

contribution. Using the example from Zachary', the truck carrying apples for the lunch for the bicycler is also
used for many other activities. The trucks energy is therefore diluted and only a small fraction is used in the
bicycle trip activity.

In the previous section, all energy sources were added into one column; here, each energy source is now
considered separately. About three non-renewable and six renewable energy sources are taken into account.
Therefore, [x] is no longer a vector but a matrix itself.

A simple analogy from Roemer!® could further assist our understanding of the techno-economy model.
Consider an economy that produces corn using only labor and corn as input. Each unit of corn requires ¢ < 1
corn and 1 unit of labor. To maintain the current level of production of corn, the society requires cL units of corn
and L units of labor. Therefore, the first layer of production requires L units of labor. The second layer requires cL
units of labor to produce the required unit of corn as seed. The third layer requires cL units of labor. Therefore,
the aggregate requirement becomes:

L+cL+c*L+---

Now we frame the arbitrary matrix [M] (Eq.14) in terms of techno-economy subsectors [T] and consider the
set of energy sources that are readily available, both renewable and non-renewable energy sources. Recalling, an
activity is described using a list of resources, (previously, x! := {'tuna’, salad’, bread’,/milk’}, n = 4). Now, in
terms of technology sub-sectors, we define x! = {xl, X xé, x}z}, representing industry, transportation, com-
mercial, and residential sub-sectors. We expect the initial (top-level) activity to be customized according to the
specific situation but the next layer, represented by [T] is generic and depends on the available energy situation.
Furthermore, each supporting layer would have similar dependencies. There are the energy flows required to
support the activity, or more specifically, produced the technology used in the supporting level. The contribution
of the nth level is therefore,

i(n) =B -T. (17)

The term B(n) is a monotonically decreasing function, representing the fraction of energy content for higher
supporting levels (Fig. 1,'). This is a technology matrix [T]:

t1 131ty
T = t1y 1 132 ta2
113 13 133 143
t14 trg 134 taq

(18)

The [T] matrix has constant elements for any n and represents a 4 x 4 matrix that contains the input-output
values, similar to the construction of [M]. The inputs and outputs of the fifth sector, the electric sector, are inter-
mediate energy flows and not represented in [T], but none-the-less will be considered the calculation of each
energy source. The initial resources (first level) is represented as:
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1 1
xl,l e xll’g
x .. -x
xl= |73 2, (19)
x .. .x
3,1 39
X417 X49

and therefore the general energy expression (activity) is,

[a] =x' + Zﬁ(ﬂ)Ti,j - Xije (20)

The valuesi = 1,. .. 4 represent the technology sub-sectors: Industry, Transportation, Commercial, and Residen-
tial (See Fig. 1). The valuesv = 1,. .. 9 represent the six renewable energy sources: solar, hydro, wind, geothermal,
biofuels, and nuclear energy, and the three non-renewable (fossil fuel) energies, natural gas, coal, and petroleum.
Nuclear energy can be argued as renewable energy. Specific values of [T] are identified using estimates from the
U.S. Department of Energy.

Specific approximation. Empirical data shows that the energy required for an activity is large compared
to the energy required to to produce the technology needed for that activity. An example is helpful: it takes
approximately 260 gallons of petroleum to produce a car weighing 3000 pounds. Given a 15-year lifetime for a
car and assuming a consumption of 750 gallons per year (corresponding to an average of 15,000 miles for 1 year
and consuming on average 20 miles per gallon) the consumption over the 15 year lifetime is 11,250 gallons,
giving a ratio of B, &~ 1/43". A renewable energy system, producing energy in this case as compared to using
it in the above car example, also requires energy to produce the technology. This amount of energy is also small
compared to the energy produced by the turbine during its lifetime, B, & 1/20 as a conservative value (Kubisze-
wski et al. 2010). The converging terms are > oo, (8,)" = 1/(1 — ;) — 1, or specifically, > oo ;(1/20)" = 0.053
for renewable energies and Zzozl (Bur)" = 0.024. The actual value of 8 probably is slightly larger than B, since
the techno-economy is comprised primarily of non-renewable technologies. Necessarily, the first level energy
resource is equivalent to the nth level resource in this approximation,

Xl =x. (21)

Assuming a constant value for 8, and B, for renewable and non-renewables,

Br

la] =x; + 5 Tii " %rip (22)
B
[anr] :x;r + s Ti,j * Xnr,iyj- (23)
1 - ,Bnr

For the six renewable energy sources. As a zero-emissions fuel, we group nuclear with renewable energy. The
first level values for renewable energies are,

1 1
X1 %r16
1 1

1 X ol X

X, = x’i,z,l x'i,2,6 (24)
r1,3,1 e 1,3,6

Xra1 - Xra6

and for non-renewable energies they are,

1 1
xrllr,1,7 R 'x?il?’,l,g
1 X, oo X
xl = xrltr,2,7 xﬁtr,2)9 (25)
rllr,3,7 e rltr,3,9
xnr,4,7 e xnr,4,9

We drop the superscript on the activity on the r.h.s. as this now represents a general activity. Combining above
equations, we obtain:

1 1
xrl,l,l = 'x71,1,6 ti1 1 31 ta X1 -+ - X116
_ | X1 %26 Br tia tn 132 la2 Xr21 - Xr 206

larl = | ] 1 + : > (26)
Xe31---%X36 1— B | t13 f23 133 143 Xr3,1 -+ -Xr3,6
Xrg1---Xrag t1g o4 134 t44 Xr4l - Xr46

and similarly for non-renewables
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1 1

xrllr,1,7 . 'xrfr,l,9 ti1 b 131ty Xnr,1,7 « - - Xnr,1,9
[a,,] = Xpr27 - Xnr29 + Bur t1y o 133 ta2 | Xnr27 - Xnr2,9 27)
nrl — b)
Xnr3,7 - Xnr3.9 1— By | 13 123 133 143 Xnr3,7 « - Xnr,3,9

Xpra7 - Xprao ti4 trg 134 taq Xnrd7 - - - Xnr4,9

Energy policies can benefit by having detailed knowledge of the cost of energy change, not only at the top-level
but also for all supporting levels. Details of energy processes of supporting process is difficult to assess resulting
from the uncertainty of the contribution of supporting processes. Each supporting process that is further removed
from the top-level has rapidly increasing uncertainty. The National Renewable Energy Laboratory (NREL) has
none-the-less developed rules and cut-off LCA procedures'® to partially address this related issue.

In this work, an example of an energy transfer matrix to address an infinite number of supporting layers can be
constructed for the four energy sectors would have elements that connect the other three sectors: [T]:#1; (industry
to industry), f,; (transportation to industry), £33 (commercial to commercial), t44 (residential to residential). A
weak coupling between sectors would result in T = 1, a good first order approximation.

The total estimated energy for the USA is: 97.4 Quads (1 quad is equal to a 1015 BTUs, a short-scale quadril-
lion) or 1:055 1018 joules. According to the Energy Information Administration (EIA) the energy usage breaks
down in the following way: Industry (22%), Transportation (29%)), Commercial (11%), and Residential (39%)
(USA Energy Information Administration, Monthly Energy Review, April, 2017). The fraction of the energy to
total energy demand are: natural gas (28.4%), coal (14.2%), petroleum (35.9 %), renewables (10.2%) and nuclear
(8.4%), (USA primary energy consumption by section, 2017, USA Energy Information Administration, Monthly
Energy Review, April, 2017). These are used in the various sectors.

Aggregate values. An Aggregate energy value is obtained from by summing over technologies
i, aj = > _; a ;. Likewise, technology-based aggregates are found by energy sources j, a; = ; a ,i;. The first-
level technology aggregated values become,

4
=1 1
%= [ oal (28)
i
and for non-renewables,
4
=1
Xpyr = Z [xnr,l,% cee axnr,l,9} (29)
i
Likewise, the energy-aggregated values become,
1
xr,l,j
1
Xon s
~1 22,
H=> |0 (30)
; xr,3,j
j=1 1
Xraj

Earlier we defined «; as the proportion of energy comes from renewable sources. The share of renewables in
each sector is as follows:

o = AT % (31)
' },1+Qr'T'%r+§;%r+Qnr'T'§nr
where

B
S (32)

Bnr

Q =

"= (33)

The lowest o; will identify the sector that has smallest portions of renewable resource usage. An increase in the
production of the sector with the highest «; will enhance the overall usage of renewable energy. In contrast, a
decline in the production sector with the lowest «; will decrease the overall dependence on non-renewables. By
aggregating activities, we obtain:

aa, B

" 1—/3rT.}r+}’ir+

T - xu (34)

and the matrix values are,
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arl 0‘1%% t11 t 31 ta 0‘13?%
ErZ _ 012563 4 Br tio tao t32 tap | Olzizl 35
a3 | | oax; 1—B | ti3 t23 33 ta3 a3x) (35)
rg 04X, f14 tra t34 tay X}

The derivative with respect to ; is calculated in order to determine the increase or decrease of an energy use in
a particular sector. For example,

~1 Br ~
R > i (36)
This value calculates the immediate impact on the direct usage and the impact on the techno-economy as well.
An increase in production of the sector with the highest o; will increase the overall usage of renewable energy.
In contrast, a decline in the production of the sector with the lowest «; will decrease the overall usage of the
non-renewable energy.

Efficiency

We now explore the possibility of improving the efficiency of energy conversion. We can disaggregate the use of
resources into two components: the raw energy and the level of efficiency in converting the raw energy. The first
level disaggregation for renewable energies is as follows:

1~ 1~
. €r11%11 €r1,6%r,1,6
A 1~ (37)
€ra1¥ra1 €ra6¥ra6
where e, ; . denotes efficiency and X ; j the corresponding raw energy, and ® indicates product by product multi-
plication between two matrices of equal dimensions. Similar disaggregation is done for higher levels:

la ] =% ®¢€ + Prr%ee (38)
1— ﬂr
and for non-renewables,
~1 1 Bur ~
[an ] = Xur ® €, T ———T - Xpr @ €pr (39)
1- lgnr

We make the following simplifying assumptions:

A 1: The efficiency level of a particular energy in a specific technology is the same at all levels:
Erl,i,j = €nij> ei}zr,i,j = €nrij Vi J.

A 2: The incremental change possible at a time is the same across all technologies:(1 — 8) (1 — €;).

To reduce the level of raw energy usage for non-renewables which can be achieved by either increasing the
efficiency of renewables or non-renewables. We can increase a, by increasing €, ; and decrease the use of raw
non-renewable energy by the corresponding amount. The most effective renewable energy to choose is as follows:

4 4
j =1,...,6Max |:(1 —4) Z (1 — Er,i,j) <%rl,t,] + 1 ﬁrﬁ Z tii’%r,i,j>:| . (40)
- Pr

i=1 i'=1

By increasing the efficiency of non-renewables, we can use the less of raw non-renewable energy while keeping
the production [a,,]. The most effective non-renewable energy is as follows:

4 4
) ~ B -
j=7,8,9Max [(1 =8> (1—enjj) (x;ni)j L P s ) |. 1)

i—1 1- ,Bnr =1

The maximum between the above two equations determines the optimal policy response. It is possible that a
policy-maker can increase the efficiency of a renewable energy to a greater extent but because of extensive usage,
it is better to invest in the improvement of a non-renewable. Figure 2 gives the values for energy flow, T;; - x,.;;
in Egs. (22) and (23), using T = 1. Superimposed on these values, are the (non-aggregate) efficiency adjusted
values, x;; ® €;;. The aggregated values are described in Egs. (37) - (39).

Discussion and conclusion

Figure 2 shows the variations in energy flow (shaded bars) for residential, commercial, industrial, and transporta-
tion sectors. The efficiency for each of these sectors is also various. Generally, the residential sectors demonstrate
an even difference between the level of energy flow and efficiency. The highest efficiency to energy flow values
(xi/€i;) includes residential and commercial hydro 0.61 and 0.62, respectively. Energy flows are extracted from
Fig. 1; efficiencies from standard production values. The lowest efficiency ratios to energy flow values include
the transportation sector using biomass and nuclear fuels, both giving values of 0.07. No efficiencies values are
show for solar, hydro, wind, and geothermal for the transportation sector. Also, no efficiency value is given for
geothermal in the industrial sector.
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Figure 2. Quad input for each sector. Bar plot for raw energy flow (Eqs. 22-23) and square for efficiency
adjusted data (Eqs. 37-39).

Any activity requires energy. Each activity also depends upon other activities. So, characterizing the sustain-
ability of an entire economy requires complex modeling. The present paper has simplified the analysis by reducing
the relationships across activities into a matrix format. In the matrix format, we can identify the contribution
of each activity in energy consumption in the overall economy. In addition, our approach allows calculating the
most effective way to reduce the dependency on non-renewable resources. Future works can focus upon the
following topics:

e A subsequent work needs to go beyond matrix analysis to include more general interactions across activities
in an economy.

® So far, the analysis does not have actors such as firms or consumers. How the inclusion of such agents affects
the analysis needs to be investigated.

e Theissue of sustainability involves the impact on future generations. Therefore, the interaction across difter-
ent generations will be another avenue to pursue.

e The optimal choice of techniques in the context of general sustainability needs to be analyzed as well.

e The social and environmental impacts on energy policies need to be undertaken.
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