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ABSTRACT: The bubble size distribution, location distribution,
and gas holdup in a gas−liquid−solid flow three-phase stirred tank
were numerically simulated by the Eulerian−Eulerian method and
the population balance model (PBM). The Euler−Euler method
combined with the PBM model included the influence of bubble
aggregation and fragmentation on the interfacial force, which can
better predict the bubble size distribution and phase holdups. The
simulation results show that there are some differences in the fluid
morphology and gas dispersion characteristics in the stirred tank
under different rotating speeds. With the increase of rotating speed,
the content of small-diameter bubbles increases obviously, and they
are mainly concentrated in areas with higher speeds. The higher
the rotational speed, the more the bubbles with small diameters, but the content of bubbles with large diameters is less affected by
the rotational speed. Small-size bubbles mainly exist in the region of high fluid velocity, while large-size bubbles mainly exist in the
region of low hydrostatic pressure. Compared with the change of the bubble content at different speeds, the content of bubbles with
diameters of 0.50−1.90 mm is largest at 2000 rpm, while the content of bubbles with diameters of 2.65−10.09 mm is largest at 1500
rpm. The simulation work has certain guiding significance for the research and development of the forced mineralization device and
the understanding of the dispersion characteristics of bubbles in the stirred tank.

■ INTRODUCTION

In dispersed gas−liquid−solid three-phase flow, bubble size
distribution plays an important role in the phase structure and
interphase force, which determines multiphase hydrodynamic
behavior. Especially in the stirred vessel with forced mixing,
bubbles coalescence and break up frequently, which leads to
wider range of bubble size distribution (BSD).1 Nevertheless,
this is a major unresolved problem in the gas−liquid−solid
flow three-phase stirring system. The calculation of bubble size
distribution and the understanding of bubble aggregation and
breakage after stirring are very important for the following
reasons: bubble size is significantly affected by the rotation
speed, which directly affects the collision between bubble
particles and solid particles. In fact, this is the mineralization
stage of the flotation process, and the collision efficiency
between particles needs to be strengthened. Therefore, a fluid
simulation model with bubble size prediction is needed to
understand foam flow.
Over the years, computational fluid dynamics (CFD) has

made significant progress in the hydrodynamic behavior of the
gas−liquid−solid flow multiphase. A population balance model
(PBM) can predict the size distribution of bubbles and
determine the average diameter of bubbles by describing the
aggregation and breakage of bubbles in multiphase flow. By
combining the CFD framework with PBM, a CFD−PBM

coupling model is established, which not only couples the
change of bubble size to the interaction between phases but
also obtains the average bubble diameter and calculates the
interface area and the mass transfer coefficient more
accurately.2−4 In fact, bubble coalescence and breakage
occurred and the bubble sizes varied for many gas−liquid
stirred tanks. In the literature, scholars such as Luo and
Svendsen,5 Prince and Blanch,6 Lehr et al.,7 Wang et al.,3 and
Laakkonen et al.8 have proposed different breakage and
coalescence rate models. Combining PBM with the multiphase
model, the bubble size distribution and flow field in a gas−
liquid stirred tank have been predicted. The simulation results
are in good agreement with the experimental data. Krishna et
al.9 and Abbasi et al.10 proposed that the hydrodynamic
behaviors of a gas−liquid bubble column and a gas−solid
fluidized bed are not only qualitatively but also quantitatively
similar. The average bubble diameters in the two systems are
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comparable, especially at low gas velocities. These results
inspire the authors to study the possibility of applying the
global equilibrium model (PBM) to simulate the gas−solid
bubbling fluidization system. Computational simulations of the
fluid flow and drop dispersion by Jasinśka et al.11 gave results
that agree qualitatively with experimental data demonstrating
that CFD−PBM approaches are useful for the design of high-
shear rotor−stator mixers. Laakkonen et al.8,12 predicted
bubble size distribution in gas−liquid stirred tanks using the
population balance model (PBM), and the simulation results
are verified by the experimental data. Li et al.13 simulated gas−
liquid dispersion in a stirred tank with low and high gas
loadings. Alves et al.14 studied local average bubble sizes in
aerated stirred tanks using a capillary suction probe. However,
to date, there has not been a systematic simulation of the
distribution position of bubbles and the relationship between
bubbles of different sizes in the solid−liquid-gas three-phase
flow in the stirred tank.
In this work, the size distribution and interrelationship of

bubbles with different particle sizes will be simulated in the
stirred tank. The PBM will be used to numerically study the
interactive relationship between bubbles and bubbles, fluids,
and containers at different speeds.

■ MATHEMATICAL MODELS
Turbulence Model. Turbulence occurs in the area where

the speed changes, and it is a nonlinear complex flow. The
Lagrange method and the Euler method are the two most
common methods for analyzing multiphase flows. In the Euler
method,15,16 each phase can derive a set of conservation
equations. The equations are closed by constitutive relations or
statistical kinematics theory. The Euler method includes the
volume of fluid (VOF) model, the mixture model, and the
Euler model. In this work, the Euler model was used because of
the high concentration of gas hydrated mineral particles.
The continuity equation of the qth phase in the Euler model

is expressed as
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where v⃗q, ṁqp, and ṁpq represent the speed of the qth phase, the
mass transfer from phase q to phase p, and the mass transfer
from phase p to phase q, respectively. The mass transfer
mechanism can be formulated separately. Sq is the source item,
with its default value 0, and it can also be specified as a
constant or user-defined quality source item.
The momentum equation of the qth phase in the Euler

model is expressed as
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where g⃗ is the acceleration of gravity and τ̿q is the stress−strain
tensor of the qth phase.
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where μq, λq, F⃗q, F⃗lift,q, F⃗vm,q, and R⃗pq represent the shear
viscosity coefficient, volume viscosity coefficient, external
volume force, lift force, virtual mass force, and interphase
interaction force, respectively.
The realizable k−ε turbulence model introduces content

related to rotation and curvature, including rotating shear flow,
free flow containing jet and mixed flow, flow in a pipe,
boundary layer flow, and band separation flow. It has good
performance for rotating flow, boundary layer flow with strong
inverse pressure gradient, flow separation, and secondary flow,
so the realizable k−ε model was selected in this paper. The
transport equation for k and ε is expressed as
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where μ ρ= μ ε
Ct

k2

, =μ ε+ *C
A A U k

1
/S0
, and U* is used to

indicate the effect of rotation.
The virtual mass force FV and the lift force FL are modeled as

follows17
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where CV is the virtual mass coefficient and CL is the lift
coefficient. The theoretical value for CL is 0.5 for a spherical
bubble in a potential flow.18 CV strongly depends on the
bubble shape and decreases with db.

19

The turbulent dispersion force FTD represents the force that
causes the bubble movement to disperse due to turbulent
pulsation.20
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Population Balance Model. Based on the Euler model,
the CFD−PBM model has the same solid−liquid model as the
Euler model in three-phase flow. PBM is used to describe one
or more properties of bubble, droplet, and particle swarm
changing with time. As a method, the multiphase model
divides the dispersed phases into categories of different sizes,
where each category represents a fluid group.21 Therefore, the
model can predict the flow behavior and distribution of slurry
bubbles, and then the mechanism of gas−liquid−solid flow can
be further studied. From a mathematical point of view, these
effects can be expressed as

∂
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where X is a set of internal and external coordinates(x, y, z)
comprising the phase space R. By including the density, the
transport equation for each class is

ρ ρ ρ
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Birth and death rates due to breakup are expressed as
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where β and g represent the probability distribution function
and breakage frequency, respectively.
The aggregation kernel is given as the product of two

quantizations: the frequency of the collision of particles of
volumes V′ and V and the probability that particles of volume
V will coalesce with particles of volume V′. Birth and death
rates due to coalescence are expressed as
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Two methods can be used to solve the population balance
equation: the discrete method and the method of moment.
The discrete method is adopted, which discretizes the particle
population into a set of finite size intervals. Assuming that the
gas phase consists of spherical bubbles with diameter L, the
volume fraction of the dispersed phase can be expressed as1

∫α π=
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x t n x X t L L( , ) ( , , )
6

dp
0

3
(16)

where the bubble state vector is represented by a set of external
coordinates (x⃗), which shows the spatial position of the
bubble, and X is called internal coordinates. And n(x, X, t) is a
number density function.
The Luo model5 rate defines the aggregation rate as follows
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where (ωag) is the collision frequency, which is defined as
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where vij is the characteristic velocity of the collision between
two bubbles with diameters of Li and Lj. The expression is as
follows
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where ε is the turbulent dissipation. Pag is the probability of
merging caused by collision, which can be written as
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where c1, Li/Lj, and ρp/ρq represent a constant of order unity,
the bubble size ratio, and the ratio of bubble density and liquid
density, respectively.
We is the Weber number, which is defined as

ρ ρ
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where σ is the interfacial tension.
The Luo and Lehr breakage kernel breakage rate per unit

volume is written as5,7
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m

br
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min (22)

where parameters K, n, b, and m are reported in Table 1. ξ and
f represent the dimensionless vortex size and the breakage
volume fraction, respectively.

Model Grid. A stirred tank with a diameter of 150 mm and
a height of 200 mm was employed for simulations. The stirred
tank is divided into 297 126 three-dimensional units by the
structured grid method. The multiple reference frame method
and the sliding grid method are two commonly used methods
to cope with the stirring area in stirred reactors.
The multiple reference frame method is an approximate

calculation method of the steady flow field, which uses two
reference frames.22 The rotating coordinate system is invoked
as the reference system in the moving region of the agitator
blade, and the static coordinate system is used in the rest
regions.23 The sliding grid method can deal with the unsteady
problem,24,25 which is the biggest difference between it and the
MRF model. In a sliding grid, the relative movement between
the stationary and rotating parts triggers a transient interaction
effect, and the generated data is transformed and transmitted
through the interface.
In this work, the sliding mesh was adopted, which is a special

case of general dynamic mesh motion where the nodes move
rigidly in a dynamic mesh zone. For a moving mesh with
boundary motion, the integral form conservation equation of
the universal scalar u on any control volume V can be written
as

∫ ∫
∫ ∫
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where ρ is the fluid density, u⃗ is the flow velocity vector, u⃗g is
the mesh velocity of the moving mesh, Γ is the diffusion
coefficient, and Sφ is the source term. V refers to the boundary
of the control volume.
In the sliding grid, the derivative term of time can be written

as
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Δ

+d
t
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( ) ( )
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Table 1. Parameters of Both Luo and Lehr Breakage Models

Luo Lehr

k 0.9238ε1/3d−2/3α 1.19ε−1/3d−7/3σρ−1f−1/3

n 11/3 13/3
b 12( f 2/3+(1 − f)2/3-1)σρ−1ε−2/3d−5/3 2σρ−1ε−2/3d−5/3f−1/3

m −11/3 −2/3
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where n and n + 1 stand for the current time and the next time,
respectively.
Boundary Condition. The three-fluid method in Fluent

19.0 is utilized to simulate the fluid dynamics and gas−liquid
transfer characteristics of the slurry and gas in the mixing barrel
(Figure 1). Gas, liquid, and solid phases are considered as

three independent pseudo-continuous phases.26 The liquid
phase is an ongoing primary phase, and the gas and solid
phases are dispersed secondary phases. The pressure and
viscosity of dispersed solids are simulated by granular flow
theory.27 In the computational domain, three phases are
interpenetrating and interacting.
The parameters of the working conditions were as follows:

the inlet velocity of the slurry was 0.264 m/s; the velocities of
the two air inlets were both 0.594 m/s; the solid particles were
coal with a density of 1400 kg/m3, a solid particle size of 0.1
mm, and a slurry concentration of 80 g/L. The major project
of this work is to study the bubble size, the range of which is
subdivided into 10 groups. The velocity inlet boundary was
adopted at the inlet of the model and the pressure outlet
boundary was adopted at the outlet. The default parameter
setting of 5% turbulence intensity was fixed at the entrance of
air and slurry, and their actual diameter was set as the hydraulic
diameter. Under-relaxation factors were set to 0.3 for pressure
and momentum, 0.5 for the volume fraction, and 0.8 for
turbulent kinetic energy, turbulent dissipation rate, and
turbulent viscosity. A time step of 0.001 s with 20 iterations
per time step was used, and all residual values were set to 0.001
as the convergence criterion. Besides, more details of the
simulation setting are presented in Table 2.

■ RESULTS AND DISCUSSION
Flow Field Analysis. As shown in Figure 2, the flow field is

studied by the contours or data on five cut planes (P1−P5)
and two straight lines (L1−L2), mainly including the fluid
characteristics of the solid−liquid−gas three phase, especially
the data characteristics of the gas phase. Figure 3 shows the
velocity vector diagram of the P1 surface under different speed
conditions. It can be observed that there are more vortices
generated by the fluid at 1500 rpm speed. Vortex can cause the
bubble to break and make the solid particles involved and
gathered.

Based on the Euler model, Figure 4 shows the contours of
the speed change, static pressure change, turbulent dissipation
rate change, and coal volume fraction change in the stirred
tank at different rotation speeds. With the increase of the
rotating speed, the velocity range of the fluid increases
gradually, and the velocity near the impeller is highest. The
pressure in the upper part of the drum and the center of the
impeller is smaller, especially the higher the rotating speed, the
more noticeable this phenomenon. With the increase of
rotating speed, the volume fraction of coal in the mixing drum
decreases gradually, which means that the higher the rotating
speed, the higher the average velocity of coal particles and the
shorter the residence time in the drum.

Distribution of the Bubble Volume Fraction. Figure 5
shows the distribution of the bubble volume fraction of
different particle sizes on the cut planes (P2−P5) at different
rotational speeds. With the increase of rotating speed, the
content of small-diameter bubbles increases obviously, and
they are mainly concentrated in areas with higher speeds. The
higher the rotating speed, the more obvious the turbulence of
the liquid phase, and the greater the bubble breaking effect.
Regardless of the rotation speed, the content of large-diameter
bubbles is obviously higher, and they are mainly concentrated
in areas with lower static pressure.

Statistical Analysis of Bubble Size. Figure 6 shows the
number density of bubbles with different particle sizes at
different rotating speeds. Regardless of the rotation speed, the

Figure 1. Three-dimensional structured grid of the stirred tank
model: (a) Grid, import, and export of the stirred tank and (b) grid
and interface of the rotor.

Table 2. Simulation Settings in a Gas−Liquid−Solid Flow
Stirred Tank

granular viscosity Gidaspow
granular bulk viscosity Lun et al.
frictional viscosity Schaeffer
granular temperature algebraic
solid pressure Lun et al.
radial distribution Lun et al.
rotation domain mesh motion
pressure−velocity coupling phase coupled SIMPLE
spatial discretization momentum second-order upwind
spatial discretization volume fraction QUICK
spatial discretization turbulent kinetic energy first-order upwind
spatial discretization turbulent dissipation rate first-order upwind
spatial discretization air bin first-order upwind
surface tension in the Luo and Lehr models 0.71
critical weber number in the Lehr model 0.1

Figure 2. Schematic diagram of the position of the cut plane and the
straight line: (a) XZ plane coordinate view and (b) XY plane
coordinate view.
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particle number density of small-diameter bubbles is obviously
higher, and the smaller the diameter, the greater the particle
number density. The particle number density of bubbles with
diameters of 0.50−1.90 mm is the maximum at a rotation
speed of 2000 rpm, while the particle number density of

bubbles with diameters of 2.65−10.09 mm is the maximum at
a rotation speed of 1500 rpm. Comparing the results of the
rotation speed conditions of 1000 and 2000 rpm, the particle
number density of bubbles with diameters of 0.50−2.65 mm is
greater for the latter, while the particle number density of

Figure 3. Speed vector diagram of the P1 surface at different speeds.

Figure 4. Contours of the speed change (a), static pressure change (b), turbulent dissipation rate change (c), and coal volume fraction change (d).

Figure 5. Gas holdup distribution of bubbles with different particle sizes at different speeds.
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bubbles with diameters of 3.71−10.09 mm is greater for the
former. Comparing the results of the speed conditions of 1000
and 1500 rpm, the particle number density of bubbles in all
diameter ranges is larger for the latter.
Figure 7 shows the volume density and proportion of

bubbles with different particle sizes at different rotating speeds.
Regardless of the rotation speed, the larger the diameter, the
greater the volume density of the bubbles. Comparing the
results from different speed conditions, the change trend of the
volume density of all bubbles in the diameter range is
completely the same as the change trend of the particle
number density. From the proportion of each diameter bubble
in total gas volume, with the increase of diameter, the
proportion first increases slowly and then increases rapidly.
This happens because the CFD−PBM model treats the gas
gathered in the low-pressure area as large-diameter bubbles,
such as bubbles with a diameter of 10.09 mm.
Figure 8 shows the surface area density and proportion of

bubbles with different particle sizes at different rotating speeds.
The surface area density of bubbles with diameters of 0.50−

1.90 mm is the maximum at a rotation speed of 2000 rpm,
while the density of bubbles with diameters of 2.65−10.09 mm
is the maximum at a rotation speed of 1500 rpm. Comparing
the results of the rotation speed conditions of 1000 and 2000
rpm, the surface area density of bubbles with diameters of
0.50−2.65 mm is greater for the latter, while the density of
bubbles with diameters of 3.71−10.09 mm is greater for the
former. Comparing the results of the speed conditions of 1000
and 1500 rpm, the surface area density of bubbles in all
diameter ranges is larger for the latter. From the proportion of
each diameter bubble in the total gas volume, with the increase
of diameter, the proportion no longer increases in one
direction but fluctuates.

Effect of Fluid Behavior. Figure 9 shows the relationship
between some bubbles and fluid behavior on line L1. There is
a positive correlation between fluid velocity and the turbulent
dissipation rate. The volume fraction of bubbles with diameters
of 1.36 and 5.18 mm are opposite to each other along the x-
axis. The content of bubbles with a diameter of 10.09 mm in
the center of the x-axis is much greater than those at other
positions, which is exactly the opposite of the static pressure
value. The content of bubbles with a diameter of 0.70 mm
increases slowly with the increase of fluid speed. The content
of bubbles with a diameter of 2.65 mm has a positive
correlation with static pressure at 1000 rpm, with a positive
correlation with the fluid velocity at 1500 rpm, and without
obvious regularity at 2000 rpm.
Figure 10 shows the relationship between some bubbles and

fluid behavior on line L2. The static pressure decreases along
the y-axis. The fluid velocity value and the turbulent dissipation
rate value are still positively correlated. The volume fraction of
bubbles with diameters of 1.36 and 5.18 mm still shows the
opposite relationship along the y-axis. The content of bubbles
with a diameter of 10.09 mm suddenly increases at some
positions along the y-axis at a speed of 1500 rpm, especially the
position where the static pressure is lowest. The content of
bubbles with a diameter of 0.70 mm is obviously higher at the
position where the static pressure is highest and increases
slowly with the increase of fluid velocity at other positions. The

Figure 6. Particle number density of bubbles with different particle
sizes at different rotating speeds.

Figure 7. Volume density and proportion of bubbles with different particle sizes at different rotating speeds.
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content of bubbles with a diameter of 2.65 mm has no obvious
law along the y-axis.

■ CONCLUSIONS

In this study, a relatively comprehensive Eulerian three-phase
model coupled with the PBM was established, and the
distribution of the gas volume fraction, statistical analysis of
bubble size, flow field analysis, and effect of fluid behavior were
realized. The realizable k−ε turbulence model was used to
simulate the complex fluid flow in the stirred tank at different
speeds. The size distribution and statistics of the bubbles were
studied under different rotation speeds. The following
conclusions can be drawn

(1) The fluid velocity near the impeller is highest, and the
pressure in the upper part of the mixing drum and the
center of the impeller is lower. With the increase of
rotating speed, the volume fraction of coal in the mixing
drum decreases gradually.

(2) The number density, volume density, and surface area
density of bubbles with diameters of 0.50−1.90 mm are
largest at a speed of 2000 rpm, while the number
density, volume density, and surface area density of
bubbles with diameters of 2.65−10.09 mm are largest at
a speed of 1500 rpm.

(3) The contents of bubbles with diameters of 1.36 and 5.18
mm always exhibit an opposite relationship along the x-

Figure 8. Surface area density and proportion of bubbles with different particle sizes at different rotating speeds.

Figure 9. Relationship between some bubbles and fluid behavior on line L1.
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or y-axis. Bubbles with a diameter of 0.70 mm mainly
appear in areas where the fluid velocity is higher, while
bubbles with a diameter of 10.09 mm mainly appear in
areas where the static pressure is lowest. Bubbles with a
diameter of 2.65 mm did not show obvious regularity.
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(24) Jahoda, M.; Mosťek̆, M.; Kukuková, A.; Machoň, V. CFD
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