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Abstract. Local congruences are equivalence relations whose equiva-
lence classes are convex sublattices of the original lattice. In this paper,
we present a study that relates local congruences to attribute reduction
in FCA. Specifically, we will analyze the impact in the context of the use
of local congruences, when they are used for complementing an attribute
reduction.
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1 Introduction

Formal Concept Analysis (FCA) is a mathematical framework to analyze
datasets introduced by Ganter and Wille in eighties [12]. The main goals of FCA
are the following: to obtain the knowledge from data, to represent the obtained
knowledge by means of the mathematical structure called concept lattice and
to discover dependencies in data. The applied potential of FCA has encouraged
the development of different generalizations.

One of the most intensively studied research lines by the research community
of FCA in the last years, consists on decreasing the number of attributes of a
dataset, preserving the information provided by the dataset [1,2,7,8,10,11,13–
18]. In [6], authors proved that every reduction of attributes of a formal con-
text induces an equivalent relation whose equivalent classes are join-semilattices.
In [3], local congruences were introduced and applied to this attribute reduction.
Local congruences are equivalence relations on lattices whose equivalence classes
are convex sublattices. The idea in [3] was to find the least local congruence
containing the equivalent relation induced by an attribute reduction of a for-
mal context, in order to group the concepts of the original concept lattice using
closed structures.

Partially supported by the the 2014-2020 ERDF Operational Programme in collabora-
tion with the State Research Agency (AEI) in project TIN2016-76653-P, and with
the Department of Economy, Knowledge, Business and University of the Regional
Government of Andalusia. in project FEDER-UCA18-108612, and by the European
Cooperation in Science & Technology (COST) Action CA17124.

c© Springer Nature Switzerland AG 2020
M.-J. Lesot et al. (Eds.): IPMU 2020, CCIS 1239, pp. 748–758, 2020.
https://doi.org/10.1007/978-3-030-50153-2_55

http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-50153-2_55&domain=pdf
https://doi.org/10.1007/978-3-030-50153-2_55


Local Congruences and Reduction in FCA 749

Sometimes, the induced equivalent relation by a reduction of the context is
already a local congruence but sometime it is not. In the latter case, the fact
of using a local congruence that contains the induced equivalence relation has
an influence on the original reduction. In this paper, we present an initial study
about the relationship between local congruences and the induced equivalent
relation by an attribute reduction of a formal context. This study provides a
first step to know the influence that this special kind of equivalence relations
has on the reduction procedure. We will include several examples to illustrate
the obtained result.

2 Preliminaries

We need to recall some basic notions used in this work. In order to present the
preliminary notions as clearly as possible, we will divide this section into two
parts. The first one will be devoted to recall those necessary notions of FCA and
the second one to those related to local congruences.

2.1 Formal Concept Analysis

In FCA a context is a triple (A,B,R) where A is a set of attributes, B is a set of
objects and R : A × B → {0, 1} is a relationship, such that R(a, x) = aRx = 1,
if the object x ∈ B possesses the attribute a ∈ A, and R(a, x) = 0, otherwise. In
addition, we call concept-forming operators to the mappings ↑ : 2B → 2A and
↓ : 2A → 2B defined for each X ⊆ B and Y ⊆ A as:

X↑ = {a ∈ A | for all x ∈ X, aRx} (1)
Y ↓ = {x ∈ B | for all a ∈ Y, aRx} (2)

Taking into account the previous mappings, a concept is a pair (X,Y ), with
X ⊆ B and Y ⊆ A satisfying that X↑ = Y and Y ↓ = X. The subset X is called
the extent of the concept and the subset Y is called the intent. The set of extents
and intents are denoted by E(A,B,R) and I(A,B,R), respectively.

In addition, all the concepts together with the inclusion ordering on the left
argument has the structure of a complete lattice, which is called concept lattice
and it is denoted as C(A,B,R).

From now on, we will say that an attribute-concept is a concept generated
by an attribute a ∈ A, that is (a↓, a↓↑).

On the other hand, we need to recall the notion of meet-irreducible element
of a lattice.

Definition 1. Given a lattice (L,�), such that ∧ is the meet operator, and an
element x ∈ L verifying

1. If L has a top element �, then x �= �.
2. If x = y ∧ z, then x = y or x = z, for all y, z ∈ L.
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we call x meet-irreducible (∧-irreducible) element of L. Condition (2) is equiv-
alent to
2′. If x < y and x < z, then x < y ∧ z, for all y, z ∈ L.

On the other hand, with respect to the attribute reduction in FCA, it is
important to recall that when we reduce the set of attributes in a context,
an equivalence relation on the set of concepts of the original concept lattice is
induced. The following proposition was proved in [6] for the classical setting of
FCA and it is recalled below.
Proposition 1 ([6]). Given a context (A,B,R) and a subset D ⊆ A. The set
RE = {((X1, Y1), (X2, Y2)) | (X1, Y1), (X2, Y2) ∈ C(A,B,R),X↑D↓

1 = X↑D↓
2 } is

an equivalence relation. Where ↑D denotes the concept-forming operator
X↑D = {a ∈ D | for all x ∈ X, (a, x) ∈ R} restricted to the subset of attributes
D ⊆ A.

In [6], the authors also proved that each equivalence class of the induced
equivalence relation has a structure of join semilattice.
Proposition 2 ([6]). Given a context (A,B,R), a subset D ⊆ A and a class
[(X,Y )]D of the quotient set C(A,B,R)/RE. The class [(X,Y )]D is a join semi-
lattice with maximum element (X↑D↓,X↑D↓↑).

2.2 Local Congruences

The notion of local congruence arose with the goal of complementing attribute
reduction in FCA. The purpose of local congruences is to obtain equivalence
relations less-constraining than congruences [3] and with useful properties to be
applied in size reduction processes of concept lattices. We recall the notion of
local congruence in the next definition.
Definition 2. Given a lattice (L,�), we say that an equivalence relation δ on
L is a local congruence if each equivalence class of δ is a convex sublattice of L.

The notion of local congruence can be characterized in terms of the equiva-
lence relation, as the following result shows.

Proposition 3. Given a lattice (L,�) and an equivalence relation δ on L, the
relation δ is a local congruence on L if and only if, for each a, b, c ∈ L, the
following properties hold:
(i) If (a, b) ∈ δ and a � c � b, then (a, c) ∈ δ.
(ii) (a, b) ∈ δ if and only if (a ∧ b, a ∨ b) ∈ δ.

Usually, we will look for a local congruence that contains a partition induced
by an equivalence relation. When we say that a local congruence contain a par-
tition provided by an equivalence relation, we are making use of the following
definition of inclusion of equivalence relations.

Definition 3. Let ρ1 and ρ2 be two equivalence relations on a lattice (L,�). We
say that the equivalence relation ρ1 is included in ρ2, denoted as ρ1 
 ρ2, if for
every equivalence class [x]ρ1 ∈ L/ρ1 there exists an equivalence class [y]ρ2 ∈ L/ρ2
such that [x]ρ1 ⊆ [y]ρ2 .
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3 Analyzing Local Congruences

In this section, we will present an initial study about the role of local congruences
when they are used along or together with other mechanisms to attribute reduc-
tion. In particular, we will analyze the relationship between local congruences
and the induced equivalence relation by an attribute reduction from the perspec-
tive of the attribute of the context as well as from the meet-irreducible elements
of the concept lattices. We are interested in discovering under what conditions
the induced equivalence relation is a local congruence. We are also interested
in analyzing the influence of the use of local congruence in the reduction of
attributes, when the induced equivalence relation is not a local congruence.

Firstly, in the first example we will illustrate the main idea of this study.

Example 1. Let us consider a formal context (A,B,R) composed of the
attributes A = {a1, a2, a3} and the objects B = {b1, b2, b3}, related by a rela-
tionship R ⊆ A×B, which is shown in the left side of Table 1, together with the
list of concepts which appears in the right side of the same table. The associated
concept lattice is displayed in the left side of Fig. 1.

Table 1. Relation and list of concepts of the context of Example 1.

R b1 b2 b3

a1 1 0 1

a2 0 1 1

a3 0 0 1

Ci Extent Intent

b1 b2 b3 a1 a2 a3

0 0 0 1 1 1 1

1 1 0 1 1 0 0

2 0 1 1 0 1 0

3 1 1 1 0 0 0

In order to analyze the influence of local congruences in the reduction of the
set of attributes of the considered context, we include a list in which we show
the attribute that generates each concept of the concept lattice:

C0 = (a↓
3, a

↓↑
3 )

C1 = (a↓
1, a

↓↑
1 )

C2 = (a↓
2, a

↓↑
2 )

If we consider, for example, the subset D1 = {a2, a3} to carry out the reduc-
tion of the set of attributes, that is, we remove the attribute a1, we obtain a
partition of the concept lattice induced by the reduction that is highlighted by
means of a dashed Venn diagram in the middle of Fig. 1. We obtain that the con-
cepts C1 and C3 are grouped in the same class whereas the concepts C0 and C2

provide two different classes composed of a single concept each one. Therefore,
according to Proposition 2, we can see that the obtained equivalence classes are
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C1

C0

C3

C2 C1

C0

C3

C2 C1

C0

C3

C2

Fig. 1. Concept lattice of Example 1 (left), the partition induced by the subset D1

(center) and the least local congruence containing the partition (right).

join semilattices. Indeed, all classes are convex sublattices of the original concept
lattice.

As a consequence, the least local congruence containing such a reduction is
the induced partition itself as it is shown in the right side of Fig. 1, where the
local congruence is highlighted by means of a Venn diagram. In other words,
the induced equivalence relation by the reduction is already a local congruence
and, as a consequence, the consideration of local congruences does not alter the
attribute reduction originally carried out on the set of attributes.

However, if the user decides to remove the attributes a1 and a2, that is, only
the subset of attributes D2 = {a3} is considered, the induced partition by the
reduction is shown in the left side of Fig. 2.

C1

C0

C3

C2
C1

C0

C3

C2

Fig. 2. The partition induced by the elimination of the attributes a1 and a2 of Exam-
ple 1 (left) and the least local congruence containing the induced partition (right).

The equivalence classes induced by the the reduction are the following:

[C0]D2 = {C0}
[C1]D2 = [C2]D2 = [C3]D2 = {C1, C2, C3}

In this case, the obtained equivalence classes are non-trivial join-semilattices
since the concepts C1, C2 and C3 do not form a convex sublattice of the original
concept lattice. In this case, the infimum of the equivalence class [C1]D2 is de
concept C0, which has not been included in [C1]D2 . This concept is not in [C1]D2

because it is generated from the attribute a3, which means that this attribute
differences concept C0 from the rest. Therefore, if this attribute is not removed
in the reduction procedure, then it continues differentiating this concept from
the rest and it cannot be in the same class of the rest.



Local Congruences and Reduction in FCA 753

If we compute the least local congruence containing the equivalence relation
above, it groups all concepts in a single class, that is, the local congruence
includes the infimum of the concepts C1, C2 and C3, that is, the concept C0, in
the equivalence class [C1]D2 . This local congruence is depicted in the right side
of Fig. 2. Clearly, this local congruence does not coincides with the equivalence
relation induced by the attribute reduction which entails certain consequences
with respect to the initial attribute reduction, since the inclusion of the concept
C0 in the equivalence class [C1]D2 , can be seen as a kind of elimination of the
attribute a3 (since the attribute a3 generates the concept C0). ��

The previous example has shown different possibilities of applying local con-
gruences for complementing an attribute reduction process. Hence, we have that
some times the obtained equivalence relations is already a local congruence and
other cases is not. In particular, we have seen a case that when the infimum of
an induced equivalence class is generated by an attribute, which has not been
removed during the reduction process, proper join semilattices arise and the
induced equivalence relation is not a local congruence. In the following example,
we will analyze another possible situations we can find when the set of attributes
is reduced.

Example 2. We will consider a context composed of the set of attributes A =
{a1, a2, a3, a4} and the set of objects B = {b1, b2, b3}, related by R : A × B →
{0, 1}, defined on the left side of Table 2 together with the list of the correspond-
ing concepts which appear in the right side of the same table. The associated
concept lattice is given on the left side of Fig. 3.

Table 2. Relation and list of concepts of the context of Example 2.

R b1 b2 b3

a1 1 1 0

a2 1 0 1

a3 0 1 1

a4 0 0 1

Ci Extent Intent

b1 b2 b3 a1 a2 a3 a4

0 0 0 0 1 1 1 1

1 1 0 0 1 1 0 0

2 0 1 0 1 0 1 0

3 0 0 1 0 1 1 1

4 1 1 0 1 0 0 0

5 1 0 1 0 1 0 0

6 0 1 1 0 0 1 0

7 1 1 1 0 0 0 0
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From this context we obtain the following attribute-concepts:

C3 = (a↓
4, a

↓↑
4 )

C4 = (a↓
1, a

↓↑
1 )

C5 = (a↓
2, a

↓↑
2 )

C6 = (a↓
3, a

↓↑
3 )

For instance, if we are interested in considering the subset of attributes D1 =
{a1, a3} and we carry out the corresponding reduction (removing the attributes
a2 and a4), we obtain the partition induced by D1, which is shown in the middle
of Fig. 3. Once again, as in Example 1, the equivalence classes obtained from the
reduction considering the subset D1 are convex sublattices of the original concept
lattice. Therefore, the least local congruence that contains such a reduction is
the induced equivalence relation itself, as it can be seen in the right side of
Fig. 3. Consequently, local congruences do not modify the considered attribute
reduction.

C0

C1 C2 C3

C4 C5 C6

C7

C0

C1 C2 C3

C4 C5 C6

C7

C0

C1 C2 C3

C4 C5 C6

C7

Fig. 3. Concept lattice of Example 2 (left), the partition induced by the subset D1

(center) and the least local congruence containing the induced partition (right).

Now, if the attributes a2 and a3 are removed, i.e., only the subset of attributes
D2 = {a1, a4} is considered, then the partition induced by the reduction is shown
in the left side of Fig. 4 and the induced equivalence classes are listed below.

[C0]D2 = {C0}
[C1]D2 = [C2]D2 = [C4]D2 = {C1, C2, C4}

[C3]D2 = {C3}
[C5]D2 = [C6]D2 = [C7]D2 = {C5, C6, C7}

Notice that two of the obtained equivalence classes are not convex sublattices
of the original concept lattice. The first one contains the concepts C1, C2, C4

and the other one contains the concepts C5, C6, C7. However, the reasons that
make these classes are not convex sublattices are well differentiated.
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On the one hand, with respect to the equivalence class of the concept [C5]D2

we find a similar situation than the one shown in Example 1, that is, the infi-
mum of the equivalence class [C5]D2 is the concept C3 which is generated from
attribute a4 that has not been removed in the reduction of the context.

On the other hand, the infimum of the equivalence class [C1]D2 is the concept
C0 which is not generated by any attribute of the context. Nevertheless, C0 /∈
[C1]D2 since in the decomposition of meet-irreducible concepts of the concept
C0, that is C0 = C4 ∧C5 ∧C6, we can find two meet-irreducible concepts C5 and
C6 satisfying that C5, C6 /∈ [C1]D2 .

In this case, the least local congruence whose equivalence classes contain the
induced partition can be seen in the right side of Fig. 4. In this figure we have
that the local congruence includes the infimum of the equivalence classes [C1]D2

and [C5]D2 in their respective classes. Thus, the least local congruence provides
two different equivalence classes.

C0

C1 C2 C3

C4 C5 C6

C7

C0

C1 C2 C3

C4 C5 C6

C7

Fig. 4. The partition induced by the elimination of attributes a2 and a3 in Example 2
(left) and the least local congruence containing the induced partition (right).

Now, we will analyze how this local congruence influences in the reduction of
the attributes. We can see that the inclusion of the concept C3 in the equivalence
[C5]D2 , is equivalent to the elimination of attribute a4. We can also observe that
the intension of the concept C0 includes attribute a4 which is ignored when C0

is introduced in the equivalence class [C5]D2 . Hence, in spite of the reduction of
the context was carried out originally from the elimination of attributes a2 and
a3, somehow the consideration of the local congruence implies the elimination
of attribute a4. ��

From the previous examples, we deduce that when the induced equivalence
relation does not provide convex sublattices as equivalence classes, the use of
local congruence relations alters the original attribute reduction, increasing the
number of attributes to be removed. Moreover, it would be interesting to high-
light these attributes, record its relationship with the removed attributes and
the impact in attribute implications [4,5,9,19].

Next result relates the equivalence relations induced by an attribute reduction
with the attributes-concepts and the meet-irreducible elements of the concept
lattice. Due to the closely relation between the ∧-irreducible concepts and the
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set of attributes of the context. This result summarizes the influence of local
congruences in the attribute reduction of relational datasets.

Proposition 4. Given a context (A,B,R), a subset of attributes D ⊆ A, an
equivalence class [C]D, with C ∈ C(A,B,R), of the induced equivalence relation
which is not a convex sublattice and the concept C ′ =

∧
Ci∈[C]D

Ci. Then, one
of the following statements is satisfied:

– There exists at least one attribute a ∈ A such that C ′ = (a↓, a↓↑).
– There exists a concept C∗ ∈ MF (A,B,R) in a meet-irreducible decomposition

{Cj ∈ MF (A,B,R) | j ∈ J} of C ′, such as Ci0 �≤ C∗ for a concept Ci0 ∈
[C]D.

Proof. Let us assume that we reduce the context (A,B,R), by considering a sub-
set of attributes D ⊆ A, and that given C ∈ C(A,B,R), the induced equivalence
class [C]D is not a convex sublattice of the original concept lattice.

Therefore, although by Proposition 2 the class [C]D is a join-semilattice, the
concept C ′ =

∧
Ci∈[C]D

Ci is not in [C]D = {C1, . . . , Cn}. Now, we will distin-
guish two cases:

(i) If there exists a0 ∈ A such that C ′ = (a↓
0, a

↓↑
0 ), the first statement holds.

(ii) Otherwise, let {Cj ∈ MF (A,B,R) | j ∈ J} be a meet-irreducible decompo-
sition of C ′, that is, C ′ =

∧
j∈J Cj . If there exists j0 ∈ J and i0 ∈ {1, . . . , n},

such as Ci0 �≤ Cj0 for all Ci ∈ [C]D, we finish the proof. Otherwise, we have
that Ci ≤ Cj for all Ci ∈ [C]D and j ∈ J . As a consequence, the set
{Cj ∈ MF (A,B,R) | j ∈ J} is in the meet-irreducible decomposition of
every concept in [C]D, in particular in the maximum element of the class,
denoted as CM . Hence, we have that

C ′ < CM ≤
∧

j∈J

Cj = C ′

which leads us to a contradiction.

It is important to mention that the items exposed in the previous result are
not exclusive, that is, we can find a concept C ′ satisfying simultaneously both
conditions of the previous result. In this situation, this fact means that the intent
of the concept C ′ has at least two different attributes, a0 and a1 such that these
attributes do not belong to the intent of any concept Ci ∈ [C]D for all i ∈ I.

Notice also that the requirement “Ci0 �≤ C∗ for a concept Ci0 ∈ [C]D.” in the
second condition can be rewritten as Ci0 and C∗ are incomparable, or C∗ < Ci0 .
This last inequality detects a possible non-distributivity lattice and discover the
following consequences of Proposition 4.

Corollary 1. Let (A,B,R) be a context where its concept lattice C(A,B,R)
is distributive, D ⊆ A a subset of attributes and C ∈ MF (A,B,R). If C ′ =∧

Ci∈[C]D
Ci is not in [C]D, then there exists an attribute a ∈ A such that C ′ =

(a↓, a↓↑).
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These results show that the application of local congruences offers an advance
and complemented procedure to reduce concept lattices, selecting and removing
appropriate new attributes.

4 Conclusions and Future Work

In this paper, we have addressed an initial study about the relation between
the equivalence classes provided by both an attribute reduction and the least
local congruence containing such a reduction in FCA. In particular, we have
analyzed more in detail the cases when the induced equivalence relation does not
provide convex sublattices as equivalence classes and the behavior of the local
congruence when we use it in these cases. As a consequence, we have observed
that the use of local congruence relations modifies the subset of unconsidered
attributes. Moreover, we have stated conditions on the attribute-concepts and
the meet-irreducible elements of the concept lattice associated with a context in
order to detect when an equivalence class is not a convex sublattice. All ideas
presented in this paper have been illustrated by means of different examples.

As future work, we are interested in continuing the study of influence of
local congruences in the attribute reduction of a dataset. For example, we will
analyze the relationship of the use of local congruences with attribute implica-
tions and how the removed attributes can be recovered from the set of attribute
implications associated with the context. Furthermore, we will explore the ideas
presented in this paper in the fuzzy framework of the multi-adjoint concept
lattices.
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