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A B S T R A C T

Membrane separation has become a panacea for various scientific and engineering problems, including water
treatment, gas separation, purification, hemodialysis, and drug delivery. Modeling and simulation of such systems
are necessary for the design, analysis, and optimization of membrane separation processes. Despite numerous
studies, an efficient numerical solution of such systems is an open problem, especially when speed and reliability
matter. In this study, a generalized numerical framework for solving cocurrent and counter-current membrane
models is proposed, which hinges on a straightforward and reliable Gauss-Seidel method with successive over-
relaxation. The results confirm the speed and reliability of the proposed algorithm, while it is validated by the
experimental data for the separation of a mixture of CH4 and CO2, as well as a mixture of He, CO2, N2, and CH4.
The permeate outlet pressure estimation error can be reduced to any value as low as ~10�14%, while the
computational time on a personal laptop is not more than 4.5 s. This algorithm can be readily implemented in
various programming languages and commercial software applications.
1. Introduction

Separation processes have gained critical attention in several impor-
tant fields of science and engineering. In the oil and gas industries,
membrane separation plays a crucial role in CO2 removal from sour
natural gas [1] and the recovery of hydrogen and helium [2, 3, 4]. In air
separation, it is used for nitrogen production [5]. It is also used for biogas
purification [6] as well as in the water/wastewater treatment [7, 8, 9],
food [10], and pharmaceutical industries [11]. Compared to the typical
separation techniques, including cryogenic distillation, absorption, and
adsorption methods, membrane technology shows higher simplicity,
lower cost, moderate operating conditions, and favorable environmental
features [12, 13].

Among the various membrane systems, hollow fiber membrane
(HFM) modules are widely used in the separation processes because of
their high interfacial area, small size, high performance, and ease of
fabrication [2, 14]. HFMs consist of a large number of tubular fibers
which are compactly placed in a cylindrical shell. The fibers are poly-
meric, inorganic-based, or mixed matrices with different lengths, internal
diameters, and thicknesses in the ranges of 0.15–2 m, 63–389 μm, and
32.5–173 μm, respectively [14, 15, 16]. The performance of the
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membrane modules is a function of flow patterns, fiber properties, fiber
configuration and operating conditions [6, 16].

In HFMs, The flow pattern can be classified into parallel flow
(cocurrent and counter-current) and radial flow (cross flow). A large
number of HFMs can be bundled in a shell and tube-like structure.
The feed/permeate can flow either through shell or tube side [3, 17]. The
design variables include feed-permeate relative direction, feed/permeate
pressure, active fiber length, fiber diameter, and number of fibers [18].
The feed pressure, which provides the driving force, has been reported in
the range of 4.2–80 bar for different membrane modules [16, 19]. The
permeate pressure is usually close to atmospheric or relative vacuum
down to 0.3 bar [20, 21]. Most of the researches have been carried out at
room temperature since the increase in temperature causes a decrease in
competitive gas transport through the membranes [2].

Stage-cut is defined as the ratio of permeate to feed flow and varies in
the range of 0.01–0.87 by changing the feed flow rate for a constant-
length membrane [3, 6].

Many attempts have been employed over the past years to evaluate
the membrane processes and predict their performance in different
conditions. The various numerical methods such as finite difference [22],
finite element [11], shooting method [23], linear approximations [24],
orthogonal collocation [5], and Runge-Kutta integration [3] have been
March 2022
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utilized for the solution of HFMs. But, simulating HFMs is still an open
challenge due to problem complexity and also new applications that arise
as technology advances. This includes flowsheeting applications in which
different separation processes must be integrated and simulated seam-
lessly and efficiently in terms of accuracy and speed.

Hosseini et al. [25]covered the depth of modeling details for binary
gas mixtures. They developed a simplified model with the assumption of
ideal conditions to give a quick and overall way for the prediction of the
separation performance, while a detailed model was developed by the
incorporation of non-ideal conditions. They used the 4th-order
Runge-Kutta method in their shooting method to iteratively solve the
boundary value problem (BVP) formulation.

Khalilpour et al. [22] used the well-known Pan's model [20] and
proposed a general finite difference method coupled with the
Gauss-Seidel (GS) algorithm for the solution of the nonlinear membrane
differential-algebraic equations. They validated their results with
experimental data for natural gas sweetening. However, they did not
elaborate on the details of the implementation of their numerical
algorithm including convergence and computational time.

In another study, Gilassi et al. [26] proposed a numerical algorithm
based on the “succession of states” in which themodule is discretized into
a large number of independent finite elements in which the mass-transfer
driving force is constant. They iteratively used this method for the
simulation of air enrichment and natural gas purification processes using
single- and two-stage units of the asymmetric polymer membrane.

Lock et al. [27] utilized the finite element numerical solution for
quantification of the physical aging process at different film thicknesses
and operating temperatures, while using the succession of states meth-
odology that characterizes solution diffusion model underlying mem-
brane separation mechanism. They implemented the developed model in
Aspen Hysys software for the simulation of the oxygen-enriched air
combustion process.

In another work, Ebadi Amooghin et al. [28] proposed a
time-dependent 2D axisymmetric model of a multilayer hollow fiber
composite membrane for gas separation and validated it with experi-
mental data. They utilized the computational fluid dynamics method on
COMSOL Multiphysics with the finite element numerical approach, and
concluded that temperature increase, leads to the increase of perme-
ability and diffusion coefficient and decrease of the solubility.

Despite this rich research background, finding an efficient numerical
method in terms of accuracy and speed is still an open challenge. In our
previous study, a cocurrent HFM module was simulated for
Figure 1. Schematic representation of the (a) cocurrent and (b) counter-current m
cal framework.
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multicomponent gas separation by a mathematical model based on the
modified shooting method [29]. Using the variable order numerical
differentiation formula (NDF), the permeate outlet pressure estimation
error of ~0.37% and computational time of 3.4 s were obtained.

In this work, a numerical-based algorithm was proposed to simulate
the cocurrent and counter-current HFM modules for gas separation of
multicomponent feed. A modified GS method with successive over-
relaxation (SOR) with variable step size is utilized to obtain pressure
profile, and molar flows in several membrane systems. The numerical
solutions were validated by two sets of experimental data [21, 30] as well
as simulated axial profiles [22].This work unifies the numerical solution
algorithm for both cocurrent and counter-current modes of operation
while reducing the outlet pressure estimation error to any desirable
extent. It also sheds light on the details of the GS method since they are
not fully covered in the open literature.

2. Modeling

The HFM is modeled as an annulus with one end closed, as shown in
Figure 1. The closed end is at the same side as the feed entrance for the
cocurrent mode of operation, while for the counter-current mode, the
closed end is at the opposite side with respect to the feed entrance
location.

The simplifying assumptions considered in this work are the ones
with general acceptance in the literature:

- The gas flow is laminar and the ideal gas behavior is considered on
both sides of the membrane module. In particular, it is included in the
mass transfer driving force term and the derivation of the
Hagen–Poiseuille equation [31].

- The permeate flows inside the fiber for which the Hagen–Poiseuille
equation is used [25, 26, 27].

- The feed pressure is constant at the feed side of the membrane [27,
32].

- The effects of pressure on membrane structure and permeability are
neglected. In particular, constant permeance values are assumed.

- The membrane is isothermal and thermal effects are neglected [32].
- Transient effects are neglected. Hence, the system operates at steady
state [22].

- The diffusion resistance inside the pore path is negligible [25].
- The permeate fluxes of different compositions through the membrane
layer have no mixing [25].
odes of operation with variable step size for the proposed generalized numeri-



Figure 2. Flowchart of the generalized numerical solution framework.
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The material balance for both modes of operation appears as a set of
one-dimensional ordinary differential equations:

dFfi
dz

¼ � 2πroNf LKmi
�
xciPf � yciPp

�
(1)

where Ffi is the feed side flow rate of component i, ro is the outer radius of
hollow fiber, and L is its effective length. Nf , Kmi, xci, and yci are the
number of fibers, permeance, feed-side mole fraction, and permeate-side
mole fraction, respectively. The symbol z is the normalized axial
coordinate. Pf is the feed-side pressure, which is considered to be
constant at feed inlet pressure (Pf ¼ Pf0). Conversely, permeate-side
pressure Pp changes along the module length.

For Nc components under separation, Eq. (1) results in a set of Nc
coupled nonlinear initial value differential equations. The boundary
conditions for this set of differential equations in both cocurrent and
counter-current modes are given at the feed flow inlet:

Ff ðz ¼ 0Þ ¼ Ff0
xciðz ¼ 0Þ ¼ xci0

(2)

noting that Ffi ¼ xciFf.
In Eq. (2), Ff0 and xci0 are the total feed flow rate and mole fraction of

component i at the feed inlet. A set of algebraic equations is also required
to complete the solution as given in Eqs. (3), (4), (5), and (6). For the
cocurrent mode of operation at any point of the z-direction, for each
component, the permeate flow rate for component i (Fpi) is obtained from
the following equation:

Fpi ¼ Ffi0 � Ffi (3)

Similarly, Eq. (4) holds for the overall mass balance in the permeate
side:

Fp ¼ Ff0 � Ff (4)

But for the counter-current mode of operation, the corresponding
equations are:

Fpi ¼ Ffi � Ffiðz¼ 1Þ (5)

Fp ¼ Ff � Ff ðz¼1Þ (6)

As mentioned in the assumptions, the pressure drop in the permeate
side is obtained by the widely accepted Hagen–Poiseuille equation,
which is given here for an ideal gas at temperature T flowing in a long,
constant cross-section, cylindrical pipe.

dPp

dz
¼ � 8RTLμmFp

πr4inNf Pp
(7)

where R is the universal gas constant, T is temperature, rin is hollow fiber
inner radius and μm is mixture viscosity. The minus and positive signs are
for the cocurrent and counter-current modes of operation, respectively.

For the cocurrent mode of operation, the pressure is known at the
outlet condition (downstream pressure, Pp0):

Ppðz¼ 1Þ¼ Pp0 (8)

On the other hand, for the counter-current mode of operation, the
boundary condition is defined as:

Ppðz¼ 0Þ¼ Pp0 (9)

Eqs. (7) and (8) or (9) together form a set of ordinary differential
equations. However, since the boundary conditions do not necessarily
fall in a favorable position, the problem appears as a boundary value
problem, which cannot be solved by the conventional numerical inte-
gration methods such as the Runge-Kutta methods. Instead, other
3



Table 1. System parameters and operating conditions used for validation by the experimental data and simulation results.

Parameter Unit Value

Temperature (T) �C 25 25 25

Feed inlet pressure (Pf0) bar 4.053 21.7 30

Permeate outlet pressure (Ppe) bar 1.013 1.036 1.013

Length of module (L) m 0.15 0.30 1.0

Fiber inner radius (rin) μm 195 64 40

Fiber outer radius (ro) μm 368 160 100

Membrane area (A) m2 0.03 0.00905 25

Total feed flow rate (Ff0) mol/s - - 1.0

Reference - Tranchino et al. [30] Choi et al. [6] Khalilpour et al. [22]

Table 2. Feed composition and permeance values for the components used for validation.

Reference Feed Composition (%) Permeance (mol/m2sPa.)

Tranchino et al. [30] CO2 60 3.16 � 10�9

CH4 40 8.81 � 10�10

Choi et al. [21] He 0.13 2.61 � 10�9

CH4 67.34 6.36 � 10�11

CO2 4.4 1.78 � 10�11

N2 28.1 3.68 � 10�11

Khalilpour et al. [22] CO2 20.0 1.34 � 10�8

CH4 60.0 3.72 � 10�10

C2H6 15.0 1.02 � 10�10

C3H8 5.0 0.2 � 10�10

B. Medi et al. Heliyon 8 (2022) e09053
methods such as the shooting method [29] or the GS iterations are
required [33].

Another critical issue is the problem of stiffness, defined as the case
where differential equations with significantly different rates of changes
are present in the problem. In such cases, a too small integration step
causes massive memory occupation and computational time, while a too
large integration step results in crude accuracy [34].

Another issue that has not been thoroughly studied in the literature is
the relative rate of change of variables in the axial direction. In many
cases, permeate pressure takes an exponentially decaying pattern near
the outlet boundary of the membrane. Similar to the stiffness issue, a too
small or a too large step size for the entire solution domain is problem-
atic. Consequently, in this work, a variable step size GS numerical
Figure 3. Comparison of the CO2 mole fraction in the permeate side from the curren
mode of operation and (b) counter-current mode of operation.
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framework with SOR is proposed, which can handle a wide range of
problems with practical importance.

3. Numerical method

The generalized numerical framework is based on the well-known GS
method with specific modifications, including SOR [33].

The SOR method is originally proposed for solving a linear system of
algebraic equations derived by extrapolating the GS method. This
extrapolation takes the form of a weighted average between the previous
step (g) and the computed GS step (n) successively for each solution
component. This approach can be readily extended to a nonlinear
problem:
t work with the experimental data of Tranchino et al. [30] in the (a) cocurrent



Figure 4. Comparison of the He mole fraction in the permeate side from the
current work with the experimental data of Choi et al. [21].

B. Medi et al. Heliyon 8 (2022) e09053
xg ¼ð1�ωÞxg þ ωf ðxnÞ (10)
In Eq. (10), ω is the relaxation factor and f is any nonlinear function.
Using the upwind differencing scheme (UDS) [35], the discretized

form of Eq. (1) transforms to the following equation:

FfinðjÞ¼ Ffinðj�1Þ � 2πroNf LKmiΔzðjÞ
�
xciðjÞPf � yciðjÞPpgðjÞ

�
(11)

where Δz is the step size and j is the index of the discretized point.
Similarly, Eq. (7) can be converted to the following discretized form:

PpnðjÞ¼Ppnðj� 1Þ � ΔzðjÞ8RTLμmðjÞFpðjÞ
πr4inNf PpgðjÞ (12)

Eqs. (11) and (12) eventually turn into a large but sparse nonlinear set
of algebraic equations, which must be solved iteratively using GS method
as the solution method. Moreover, the user has the option of using the
most recent updates (n index) or the update from the previous iteration
(g index) to calculate Ffin (j) and Ppn(j).
Figure 5. Comparison of the CO2 mole fraction in the permeate and feed sides from
cocurrent and (b) counter-current modes of operation.
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The algorithm is given in the flowchart representation, as shown in
Figure 2. It is implemented so that almost identical steps are taken for
both the cocurrent and counter-current modes of operation. Moreover,
the solution does not rely on using numerical integration formulas.
Hence, the problem of stiffness is alleviated to a great extent in contrast
to other works and even comparable to our previous study, which was
solely for the cocurrent system model, which was solved by the shooting
method with the variable order NDF [29].

From another point of view, as this algorithm does not rely on any
commercial algebraic nor differential equation solvers, it can be readily
implemented in any programming language, commercial application
software or web-based applications.

The numerical algorithm comprises of two nested loops. The inner
loop is responsible for the solution of the pressure equation (Eq. 12),
while the outer loop is for the solution of the material balance equations
(Eq. 11). While various numerical discretization schemes were tested, the
simple and robust UDS with variable steps was utilized.

Using variable steps not only significantly improves the numerical
accuracy, but also reduces the computational time. The variable steps
take large steps in most of the solution domain, but the discretization
steps are refined near the outlet zone (around z ¼ 1 for the cocurrent
mode and z ¼ 0 for the counter-current mode of operation), which are
called minor steps hereafter. This evidence emerges from the fact that
pressure variation near the permeate outlet point is very sharp and
nonlinear, as can be seen in the investigated case studies. It must be
emphasized that the variable steps are utilized for both inner and outer
loops.

Another important advantage of this numerical framework is that the
solution can be started from any direction regardless of the mode of
operation. For the cocurrent mode of operation, the Hagen–Poiseuille
equation (Eq. 12) is discretized backward in such a way that the infor-
mation from the outlet boundary condition (z ¼ 1) is utilized first.
However, for the counter-current mode, Eq. (12) is solved parallel to the
discretized material balance equations starting from z ¼ 0.

The outer loop that deals with the material balance equations is the
same for both modes of operation. The only difference is calculating
permeate flow, which is implemented by Eqs. (3), (4), (5), and (6).

Both loops are initialized by suitable initial guesses for pressure and
molar flows in every discretization point. The initial guess for the pres-
sure points is set at the permeate outlet pressure (Pp0). In the case of flow
rate, a decreasing linear function of feed flow is selected as the initial
guess for each component.
the current work with the simulation results of Khalilpour et al. [22] in the (a)



Figure 6. Computational time of (a) the GS method (cocurrent mode), (b) the shooting method of Medi and Nomvar [29] (cocurrent mode), and (c) the GS method
(counter-current mode). The values in legends are feed pressure (bar).
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As for the relaxation rule of the GS iterations, each time the new value
is calculated, that value is modified as a weighted average of the present
value and the previous value as given by Eqs. (13) and (14):

Ppg ¼ð1�ω1ÞPpg þ ω1Ppn (13)

Ffig ¼ð1�ω2ÞFfig þ ω2Ffin (14)

It should be noted that extrapolations are required for the counter-
current mode of operation. For better accuracy, we recommend the
extrapolation of feed side component molar flow (Ffi) to the point z ¼ 1.
Hence, the piecewise cubic Hermite interpolating polynomial (PCHIP)
was used in this problem [36].

3.1. Convergence criteria

It is essential to elaborate on the convergence criteria of the nested
loops. The inner loop (pressure loop) does not satisfy the boundary
condition unless explicitly involved in the convergence criterion.
Therefore, the convergence criteria for this loop are defined in two parts:

��Ppn �Ppg

�� < ε1 (15)
6

���
Ppout � Pp0

Pp0

��� < ε2 (16)

� �

Eq. (15) is the norm of the difference between current and previous
estimates of pressure profiles in two consecutive iterations. It ensures
that the pressure profile converges to a specific pattern. On the other
hand, Eq. (16) forces the algorithm to satisfy the boundary condition
where Ppout is the extrapolated permeate pressure at the outlet point
(exactly at z ¼ 1 for the cocurrent mode and z¼ 0 for the counter-current
mode of operation and Pp0 is the given permeate pressure outside the
membranemodule as defined earlier. ε1 and ε2 are small tolerances in the
order of 0.01.

The outer loop that controls the flow rates only requires defining a
matrix norm on the flow rates:
��Ffin � Ffig

�� < ε3 (17)

Here in Eq. (17), ε3 is a tolerance in the order of 1 � 10�4. The
component material balance around the membrane module suggests that
this approach satisfies the conservation law with reasonable accuracy.

The proposed algorithm was implemented in the MATLAB program-
ming environment, although apart from the extrapolation tasks, no spe-
cific built-in functionality of this programming environment was utilized.



Figure 7. Permeate outlet pressure error of (a) the GS method (cocurrent mode), (b) the shooting method of Medi and Nomvar [29] (cocurrent mode), and (c) the GS
method (counter-current mode). The values in legends designate feed pressure (bar).
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The simulations were carried out in MATLAB 2016a on a laptop com-
puter with an Intel Core i7-4510U (2.60 GHz) CPU with 8 GB RAM.

4. Results

4.1. Validation

In this section, the proposed numerical method is validated by
comparison with the available experimental data. The first case study
considers the separation of CO2 and CH4 in the cocurrent and counter-
current modes of operation using a composite membrane [30]. The
operating conditions are given in Table 1. The feed specifications and
permeances are given in Table 2. The stage-cut has been changed from ca.
3–50% by varying the feed flow rate, while keeping the other operating
parameters constant.

As can be seen in Figure 3, the CO2 mole fraction decreases with
increasing stage-cut. The proposed numerical method is accurate in a
wide range of stage-cut values. The maximum difference is 0.4 % for both
modes of operation.

The second validation case deals with the experimental separation of
helium from a gas mixture of He, CO2, N2, and CH4 in the cocurrent mode
of operation. The separation was achieved by fabricating a highly
7

helium-selective multilayer thin-film composite HFM for the enrichment
of helium from natural gas [21]. The operating conditions are given in
Table 1. The feed specifications and permeance values are given in
Table 2. The validation and comparison are based on the He mole frac-
tion in the permeate side vs. stage-cut (Figure 4). The He concentration
decreases with increasing the stage-cut value in the range of ca. 1.5–20%.
In this case, the accuracy is better at higher stage-cuts. However, at the
lower stage-cuts, the maximum difference is about 25%. This large error
can be attributed to the very small He concentration.

The numerical method is also validated by comparing axial profiles by
the simulation of the CO2 separation from a gaseous mixture in both
modes of operation. The operating parameters are given in Table 1. The
feed specifications and permeance values are given in Table 2, respec-
tively. The CO2 profile (Figure 5) shows a decreasing trend with a gentle
slope along the module length. It is evident that the error is remarkably
small (below 1 %) in this case.

4.2. Computational time

In the following, the proposed numerical method is assessed based on
the computational time for wide ranges of membrane length (0.1–2.5 m)
and feed pressure (4–70 bar). As discussed in our previous work [29],



Figure 8. Computational time and permeate outlet pressure estimation error of the GS method for (a,c) the cocurrent mode and (b,d) the counter-current mode of
operation for different minor step sizes. The feed pressure is fixed at 4 bar.
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these ranges of operating conditions could give rise to some stiff
problems, which might not be solved by the conventional variable step
Runge-Kutta methods (specifically Runge-Kutta (4,5) formula, the
Dormand-Prince pair [37]). Hence, the proposed numerical method is
assessed on the entire ranges as given above.

In Figure 6a and c, the computational time of the proposed numerical
method is given for cocurrent and counter-current modes of operation,
respectively. In all cases under study, the algorithm has been successful to
converge. The computational time almost monotonically increases with
an increase in the membrane length and feed pressure. The maximum
obtained computational time was below 4.5 s for the given ranges of
membrane length and feed pressure. For the cocurrent mode, the pro-
posed method is overall slower than the shooting method (Figure 6b)
described elsewhere [29].
4.3. Accuracy

The accuracy of the present method in terms of permeate outlet
pressure estimation error is calculated by Eq. (18):

Error ¼ Pp0 � Ppout

Pp0
� 100 (18)
8

As given in Figure 7, it is apparent that the errors of the proposed
numerical method (Figure 7a and c) are significantly smaller compared to
the NDF method (Figure 7b), which can be mainly attributed to the
variable step size approach. The minor error of the presented method can
be assigned to the sensitivity of the HFM permeability toward the
high-pressure side [35].

4.4. Effects of minor step size

To investigate the effects of minor step size (dzmin), this parameter has
been changed for several representative values for the fixed feed pressure
of 4 bar. The results are shown in Figure 8. As can be seen in this figure,
the effects of changing minor step size are complex. In particular, the
computational time does not monotonically decrease with an increase in
minor step size. In the case of outlet pressure estimation error, for the
counter-current mode of operation, the error almost monotonically de-
creases with an increase in the minor step size, which is probably due to
round-off errors. For the cocurrent mode of operation, however, no such
precise functionality can be derived.

In addition and for the sake of comparison, the computational time
and permeate outlet pressure estimation error for a fixed step size (dz ¼
0.01 in the entire solution domain) are shown in Figure 9. For this fixed
step size, the algorithm does not converge in a finite time for many



Figure 9. Computational time and permeate outlet pressure estimation error of the GS method with fixed step size (dz ¼ 0.01 in the entire solution domain) for (a,c)
the cocurrent mode and (b,d) the counter-current mode of operation.

B. Medi et al. Heliyon 8 (2022) e09053
operating conditions. Moreover, the permeate outlet pressure estimation
error is quite large. However, it must be admitted that for many operating
conditions, computational time is slightly larger for the variable step size
approach though there are a few exceptions. For higher feed pressures,
the variable step size approach yields a smaller computational time,
which is remarkable.

5. Conclusion

The numerical solution framework based on the GS method with
successive over-relaxation was successively utilized for concurrent and
counter-current HFMmodels. In this numerical method, the variable step
size results in high accuracy and low computational time. The technique
has been validated by the experimental and simulation works, and good
agreement was achieved.

It must be pointed that the computational time of the GS method is
higher than the shooting method as implemented in our previous work.
However, that shooting algorithm was only applicable for the cocurrent
mode of operation and was much more complicated in the details of
implementation.

The proposed numerical method is independent of differential
equation solvers and can be used by any programming environment.
9

Moreover, this method shows acceptable results in the wide ranges of
module length and feed pressure. The outlet pressure estimation error of
the modified GS method is as low as ~10�14% with the computational
time of maximum 4.5 s. Therefore, the proposed method is promising
particularly for flowsheeting applications in which speed, accuracy, and
reliability are all critical.

The future work can focus on the optimization of effective parameters
such as feed flow rate, pressure, temperature, and membrane length.
Moreover, the non-ideal behaviors such as incorporating fugacity, ther-
mal effects, and polarization may also be considered.
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