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ABSTRACT: This study delves into the formation of nanoscale polyhedral block
copolymer particles (PBCPs) exhibiting cubic, octahedral, and variant geometries. These
structures represent a pioneering class that has never been fabricated previously. PBCP
features distinct variations in curvature on the outer surface, aligning with the edges and
corners of polyhedral shapes. This characteristic sharply contrasts with previous block
copolymers (BCPs), which displayed a smooth spherical surface. The emergence of these
cornered morphologies presents an intriguing and counterintuitive phenomenon and is
linked to process parameters, such as evaporation rates and initial concentration, while
keeping other variables constant. Using a system of coupled Cahn−Hillard (CCH)
equations, we uncover the mechanisms driving polyhedral particle formation, emphasizing
the importance of controlling relaxation parameters for shape variable u and microphase
separation v. This unconventional approach, differing from traditional steepest descent
method, allows for precise control and diverse polyhedral particle generation. Accelerating
the shape variable u proves crucial for expediting precipitation and aligns with experimental observations. Employing the above
theoretical model, we achieve shape predictions for particles and the microphase separation within them, which overcomes the
limitations of ab initio computations. Additionally, a numerical stability analysis discerns the transient nature versus local minimizer
characteristics. Overall, our findings contribute to understanding the complex interplay between process variables and the
morphology of polyhedral BCP nanoparticles.

1. INTRODUCTION
The study of phase separation in block copolymers (BCPs)
within confined spaces has emerged as a captivating research
frontier, largely attributed to the striking distinctions between
confined and bulk morphologies. Notably, extensive inves-
tigations have been dedicated to one-dimensional (1D)
confinement1−5 within thin films and two-dimensional (2D)
confinement6 within anodic aluminum oxide templates.7

Phase-separation structures in three-dimensional (3D) con-
fined spaces have attracted much attention as well and various
structures different from the bulk state have been reported.8−10

Typical examples of 3D confined space entities are BCP
nanoparticles.11−14 Additionally, extensive research has been
conducted on a wide range of cylindrical confinement
scenarios.7,15−34 Onion, ellipsoid, and slightly deformed shapes
associated with these two morphologies are most frequently
observed in experiments and are well-studied.35,36 A
distinguishing feature of these particles is the smooth, spherical
shape of their associated 2D boundaries without edges and
corners. This holds true even when the internal structure, such
as k-noids, exhibits complexity.
This paper embarks on a comprehensive exploration of BCP

nanoparticles, specifically those adopting polyhedral shapes
such as cubes, octahedra, and their derivatives that have never

been fabricated before. A notable departure from previous
BCPs lies in the pronounced variation of curvature on the
outer surface, closely aligning with the edges and corners of
polyhedral shapes. A pivotal revelation lies in the profound
influence of process variables, such as evaporation and
precipitation rates, on the formation of these polyhedral
particles, even when other experimental parameters, including
composition and molecular weights, remain fixed. Hence, this
study delves deeply into the intricate interplay between these
process variables and the resultant polyhedral particle shapes
from a theoretical standpoint through the application of a
mathematical model.
Various factors contribute to the morphological diversity of

BCP nanoparticles.37 For instance, symmetric composition of
polystyrene-block-polyisoprene (PS-b-PI) in solution often
results in nanoparticles with layered morphology,38 while
asymmetric compositions lead to an array of configura-
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tions.35,39,40 A diverse array of recent investigations has delved
into the self-assembly of BCP in 3D space.12−14,36,41 One
notable study delves into the factors that influence
nanostructures during the confined self-assembly of BCP
within emulsion droplets. The focus is specifically on the
spatial arrangement of inorganic nanoparticles on the resulting
scaffolds.12 Another study explores the 3D confined assembly
of BCPs, highlighting its potential for efficiently creating
unconventional polymer materials with desired shapes and
internal nanostructures. This study systematically summarizes
key experimental parameters, including evaporation, that
influence the assembly structures.13 In the realm of 3D soft
confinement, a semicrystalline triblock terpolymer self-
assembles into frustrated multicompartment nanoparticles.14

Furthermore, the exploration of controlling metastable states
during chemical reduction is undertaken to fabricate multi-
metallic mesoporous nanospheres. This introduces a novel
aspect in material synthesis by tuning both compositions and
mesopore morphology.41 The design of BCP nanoparticles
with stimuli-responsive reversible morphology is also pre-
sented.36 This design facilitates dynamic transformations

between onion, layered, and ellipsoidal structures. The
comprehensive examination of polymers manifesting intricate
configurations, such as polymer brushes42 and terpolymer-
based nanoparticles,43 remains notably constrained within the
existing literature on chemical synthesis and assembly
behavior. Manipulating molecular weights and chain rigidities
within confined BCP nanoparticles induces a transition from
onion-like concentric structures to striped ellipsoids. This
transition is attributed to the elevated entropic penalty
associated with bending lamella domains in BCP particles
with large molecular weights.35,39,40,44 Furthermore, temper-
ature variations have been shown to drive transformations,
with particles transitioning from layered to onion-like
morphologies when the temperature of annealing increased
from 20 to 40 °C.45 Additionally, microwave annealing has
proven effective in accelerating phase separation into thermally
stable structures.46

A myriad of experimental conditions affect the shape of
particles. For instance, ultraviolet and visible light exposure
influence the amphiphilicity of the surfactants to different
polymers blocks causing changes of the shape in nanoparticles

Figure 1. (A) TEM image displaying PS-b-PI particles obtained from a particle dispersion prepared using a 1.0 mg/mL THF solution. (B)
Dynamic light scattering (DLS) measurement results for the aqueous dispersion of particles obtained from a 1.0 mg/mL solution of PS-b-PI. (C)
TEM images showcasing PS-b-PI particles of various sizes. Insets within each image provide size and D/L0 values for the respective particles. The
scale bar represents 100 nm. (D) Upper row: tilted TEM images illustrating PI and PS phases with dark and bright contrasts, respectively. Bottom
row: tilted electron tomography (ET) images displaying PI and PS phases as blue and green, respectively, for PS-b-PI particles with a D/L0 value of
3.8.
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from onion-shaped spherical particles to striped ellipsoids and,
ultimately, to inverse onion-like particles.47 The rate of solvent
evaporation, a dynamic process, remarkably affects final
morphologies,48 adding an unexpected layer of complexity to
the origin of polyhedral particles. In contrast to the inherently
spherical or spherical-like particles, the emergence of
polyhedral BCP morphologies necessitates the control of
external factors, here referred to as process variables. Recently
there is an increasing interest in developing nanoparticles with
polyhedral structure. Although there are some studies involving
membranes and shells with polyhedral shape,49−51 faceted
polymersomes52,53 and BCP-directed morphogenesis of
polyhedral metal nanoparticles,54 to the best of our knowledge
there are not exhaustive studies of BCP particles with
nonspherical shape.
Several computational investigations on BCP systems

subjected to spherical confinement have been documented in
prior studies.55−68 Numerous attempts to understand BCP
particle morphological transformations via simulations have
employed coupled Cahn−Hillard (CCH) equations, success-
fully guiding nanoparticle design.69 In ref 70, the authors used
the CCH to transform ellipsoidal BCP nanoparticles into
onion-like spheres by modulating the parameters, accommo-
dating temperature-induced changes during heating. Manipu-
lating solvent interactions with BCP segments, as seen in
ternary blended polymers71 plays a vital role in nanoparticle
morphology, structure, and properties. Precisely adjusting
solvent preferences for specific BCP segments allows precise
control over exposed surface areas in nanoparticles,69 holding
potential for diverse applications, including drug release
modulation in nanomedicine.
Typically, researchers seek BCP morphologies by finding the

steepest descent direction of an appropriate free energy,
yielding a set of model equations describing different
minimizers based on energy functional parameters and initial
conditions (ICs). In contrast, this work introduces an
alternative approach using the CCH model with time-
relaxation parameters (τu and τv) to dynamically model
nonspherical BCP particles. The relaxation parameter τv,
governing nonspherical morphologies, emerges as a key factor
shaping final morphology of the particle. This novel approach
connects dynamic processes to nanoparticle morphology,
aligning computational findings with experimental evidence.
The key distinction between these approaches lies in how
resulting morphologies are determined. In the first, commonly
used approach, morphologies depend on the parameters of the
energy functional, while in the second approach, the ratio of
the speed factors in front of the time-derivatives of the Euler−
Lagrange equations, which have nothing to do with inherent
chemical parameters, plays a crucial role to find a right regime
for polygonal morphologies.
Our aim is to elucidate the relationship between dynamic

processes governed by τv and the final morphology of the
particle. We explore how speed factors influence both transient
and final-stage morphologies, consistent with experimental
evidence. In a field dominated by spherical or quasi-spherical
particles, this study provides fresh insights into nonspherical
BCP nanoparticle formation and governing principles.
Through dynamic modeling and process variable control, we
illuminate previously uncharted territory in BCP nanoparticle
research, opening avenues for innovative applications in drug
delivery, materials science, and beyond.

2. RESULTS
2.1. Experimental Results. The Figure 1A shows the

transmission electron microscopy (TEM) image of the
particles prepared in a 40 °C water bath. The TEM images
show the formation of spherical nanoparticles with an onion-
like phase separation structure,35,38,72 which is similar to the
phase separation structure observed in the unconfined
nanoparticles.35

In what follows we will present the results for the case where
reduced pressure is used to produce the particles unlike a
conventional setting as in Figure 1A. The results of DLS
measurements in Figure 1B show that the resulting particles
have a unimodal size distribution. Although the size
distribution is sufficiently narrow, it contains particles of
different sizes within it. Figure 1C shows the TEM images of
the obtained particles with different sizes arranged from the
smallest to the largest. The smallest particle size is 260 nm and
the largest size is 480 nm. As depicted in Figure 1B, particle
size distributions become apparent due to the particles forming
through a spontaneous precipitation process. The size and
distribution of these particles are influenced by factors such as
the concentration of the polymer solution, the mixing ratio
between the polymer solution and water, and evaporation
speed, as discussed in the literature.73

In this report, we investigate the effects of 3D confinement
on BCP phase separation. We selected particles of various sizes
and observed their internal structures using TEM to uncover
the relationship between particle size and internal structures.
The normalized size ratio, D/L0, representing the ratio
between the particle size, D, and the periodicity of BCP
phase separation in bulk, L0, serves as a crucial metric for
gauging the extent to which the BCP is confined within the
particles. This value plays an important role in controlling the
phase-separated structures of the BCP under 3D confinement.8

The size of each particle and the value of D/L0 are shown in
Figure 1C on the bottom right. As the particle size increases,
the value of D/L0 also increases. Figure 1C-a shows a TEM
image of the smallest particle with a size of 260 nm and D/L0 =
2.6. The particles are spherical in shape and form a core−shell
structure with the OsO4-stained PI phase as the core and the
unstained PS phase as the shell. It is reasonable that the core−
shell structure can be obtained from the almost 1:1 BCP used
in this experiment. And the reason for this is that BCPs
exhibiting lamellar structures in the bulk, also form uniaxially
stacked lamellar structures and onion-like microphase sepa-
rated structures in the bulk.
On the other hand, gradually increasing the particle size and

D/L0, transforms the inner PI phase of the particle into a bowl-
shaped structure, as it is shown in Figure 1C-b,c. Similarly, the
shape of the facet of particle changed to a triangular shape
according to the bowl indentation as it is shown in Figure 1C-
d. As the size of the particles increased, the TEM images
showed quadrangular (Figure 1C-e) and pentagonal (Figure
1C-f) structures, suggesting that the actual structure is
polyhedral, as the TEM images were obtained using trans-
mitted electrons. At larger grain sizes, polyhedral particles with
a complex distribution of bowl-shaped PI phases were formed
(Figure 1C-g−i).
Figure 1D shows ET images of the nanoparticles with D/L0

= 3.8. The upper panel shows TEM images obtained by
rotating the sample stage from −60 to +60° in 30° steps, and
the lower panel shows ET images corresponding to the upper
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panel obtained by tilting the sample stage ±60° in 1° steps.
The 0° TEM image shows the formation of a plate-like PI
phase at the top and bottom of the nanoparticles, and four
bowl-shaped phase-separated structures inside the particle.
From the ±60 to ±30° images, four bowl-shaped structures
were observed in the central part, each with a concave central
part. Formation of polyhedral shapes were accelerated for the
reduced pressure.
2.2. Theoretical Results. Reduced pressure speeds up

precipitation, leading to the frequent appearance of polyhedral
particles. Then it raises the question of how these nonspherical
particles acquire their shape. To address this question, we
employ the mathematical model described in Section 5.2
providing a key insight. Our analysis unveils a dynamic
perspective consistent with the experimental setup. The model,
featuring two unknowns (u and v), is defined by energy in eq 1
where u represents particle shape, while v signifies microphase
separation within. The associated Euler−Lagrange system is
given by eqs 3−6. Crucially, the ratio of relaxation parameters
τu and τv, governing time-derivative rates and process speeds, is
pivotal. We maintain τu at a fixed value of 1, concentrating
solely on varying τv. This dynamical reasoning arises from the
contrast in speed between particle formation and microphase
separation. As τv increases, microphase separation lags behind
particle formation, indicating the emergence of polyhedral
shapes, consistent with the accelerated particle precipitation
observed experimentally.
2.2.1. Diagram of Cubes, Spirals, Layered Particles and

Onions. Before discussing the relation between polyhedral
shapes and the parameter τv, it is instructive to present a
general diagram of morphologies for a variety of settings as
depicted in Figure 2. The parameters and IC of this figure are
in Appendix A.

The parameter b1 serves as an indicator of the relative
hydrophilicity or hydrophobicity of each polymer. As per
convention, in Figure 2, the blue polymer exhibits a higher
affinity for the solvent compared to the green polymer. For
negative values of b1, we have appropriately adjusted the
corresponding ICs in reverse. We have organized six subsets of
morphologies based on the magnitude of the b1 parameter,
with each subset encompassing morphologies for both small
and large values of τv that are suitable for the given system size.
We first discuss the symmetric case of b1 = 0 (d1−d2). A

small value of τv results in a layered particle (d2), which is
expected because both segments of the copolymer have the
same interaction with the solvent. To show the symmetry of
the layered particle in (d2), we have calculated the external
area of each component of the particle in contact with the
solvent to show that in fact both areas are identical, AextB =
AextG, where AextB is the external area of the particle with v < 0
(shown in blue) and AextG is the external area of the particle
with v > 0 (shown in green).
To maintain consistency across all different cases shown in

this figure, all morphologies shown in this figure were
constructed at the end of 10,000 time steps with the same
IC. In most cases, the energy evolution suggests that a steady
state has been reached. In particular for the layered particles
shown in (d2) we verified the same morphology persists
beyond 20,000 time steps.
At an early stage of the simulation of the layered particle we

notice a plateau of energy with a transient cubic particle on it
as in (d2). As the value of τv increases, the cubic particle persist
and remain steady for over 10,000 time steps (d1) for the
larger system size L = 0.9. It is not clear at this point that this
cubic particle is a local minimizer or just a transient pattern by
looking at the long-lasting plateau. In Section 2.2.3 it is shown

Figure 2. Diagram with a variety of morphologies for different values of the interaction with the solvent with appropriate system size. The
parameters of this figure are in the Appendix A.
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that this nonspherical morphology is robust against a numeric
perturbation. In addition to the difference of τv, we use the
appropriate system size for the layered and cubic particles. The
choosing of the appropriate system size depends on the
morphology and will be clarified in a subsequent section. For
the moment it suffices to say that the system size is such that it
promotes robustness of the corresponding particle against
perturbations.
Now we discuss the nonsymmetric case of b1 = 0.04 (e1−

e2). A small value of τv results in a spiral particle (e2) whose
segments no longer have equal interaction with the solvent and
therefore the external areas of each component are different
AextB ≠ AextG. Similarly as in the previous case, as the value of τv
increases, so does the lifetime of the cubic particle on the
plateau, and thus for larger values of τv we obtain a steady
cubic particle (e1). For b1 = 0.04 we have selected the most
appropriate value of the system size, which is different from the
case of b1 = 0. In Section 2.2.3 we study in detail the
dependence of morphologies on the system size so as to clarify
under which conditions the cubic particle maintains its shape.
The last case to discuss is the largest value of the interaction,

b1 = 0.2. Since this value of b1 is quite big, we find onion
morphologies for small and big values of τv, which is expected.
The case of negative values of b1 is also included on the left-
hand side of Figure 2. Since the interaction is being reversed
then the morphologies are all reversed versions of the cases
discussed above. All morphologies shown in this figure are
robust against a small perturbation.
It is important to make explicitly clear that the cubic

morphology may be a transient one in general for a given τv
and the system size, though it is possible to extend their
lifespan by increasing the value of τv. In other words, there is
an appropriate regime for the parameters τv and the system size
in which they are realized as local minimizers. To distinguish
between a local minimizer and a transient pattern is in general
a quite subtle issue. We discuss more about this in subsequent
sections.
A summary of the expected behavior of the external areas is

shown at the center of the diagram. This diagram depicting the
areas is intended solely for providing a qualitative explanation
of the interaction between morphologies and the solvent. It is
evident that the specific numeric values of the external areas
are contingent upon the system’s size. Nevertheless, it serves as
an illustrative tool to discern that AextB ≠ AextG when b1 > 0,
while AextB = AextG when b1 = 0.
Here we remark about graphical representations of particles

in this work�such as spirals, onions or cubes�consist of
drawing the v component only. However, it is important to
mention that the component u, at some given threshold, is a
closed surface establishing a well-defined boundary around the
nanoparticle and it decays quickly to −1 deserving of being
called localized particles.
2.2.2. Plateau and Robustness of Cubic Morphologies. It

is instructive to see the morphological changes as the ratio of
speed factors is changed. Let us examine the case for the right
middle class of Figure 2 with b1 = 0.04. In Figure 3, as τv
increases from (a) to (d), the final morphology is a particle
resembling a layered ring morphology. It is noteworthy that
intriguing morphologies for τv = 1 are absent, as demonstrated
in the Supporting Information.
As depicted in the Figure 3, larger values of τv lead to an

extended period during which the cubic morphology remains
almost unchanged, forming a plateau. This suggests that the

role of τv is to postpone the transition from the cubic
morphology to the layered ring morphology. Thus, it is
reasonable to expect that if a large enough value of τv is chosen
then the final morphology would be a cubic particle.
The bottom two cases of Figure 3e,f show that this could be

in fact true. Using τv = 100 results in a morphology with a quite
long plateau and the energy appears to reach a steady level.
Nevertheless, it is crucial to note that an extended plateau of
(e) for τv = 45 does not necessarily indicate its status as a local
minimizer, resilient against numerical perturbations. In other
words, it might represent a transient phase (possibly very close
to a saddle point), albeit with weak instability. A meticulous
examination of the profiles in Figure 3e reveals slight
discrepancies from those in (f) when τv = 100. As will be
shown in the next section, the cubic morphology (f) for τv =
100 turns out to be a local minimizer. This disparity implies
that the plateau morphology observed at τv = 45 is indeed a

Figure 3. (a−f) Morphologies for increasing τv values. The cubic
morphology sustains for an extended duration as τv is increased. The
bottom row (f) illustrates an extreme case where τv must surpass a
large value to maintain morphology for over 10,000 time steps. Note
that morphology (e) slightly differs from morphology (f), yet both
persist beyond 10,000 time steps. It turns out that (f) is a local
minimizer, but (e) is transient pattern. See the text for details. Each
snapshot on the plateaux corresponds to 3000 time steps. Parameters:
σ = 310, ϵu = 0.02, ϵv = 0.04, τu = 1, b1 = 0.04, b2 = 1.0, L = 0.93.

ACS Omega http://pubs.acs.org/journal/acsodf Article

https://doi.org/10.1021/acsomega.3c10302
ACS Omega 2024, 9, 17276−17288

17280

https://pubs.acs.org/doi/suppl/10.1021/acsomega.3c10302/suppl_file/ao3c10302_si_001.pdf
https://pubs.acs.org/doi/10.1021/acsomega.3c10302?fig=fig3&ref=pdf
https://pubs.acs.org/doi/10.1021/acsomega.3c10302?fig=fig3&ref=pdf
https://pubs.acs.org/doi/10.1021/acsomega.3c10302?fig=fig3&ref=pdf
https://pubs.acs.org/doi/10.1021/acsomega.3c10302?fig=fig3&ref=pdf
http://pubs.acs.org/journal/acsodf?ref=pdf
https://doi.org/10.1021/acsomega.3c10302?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as


transient state, and a transition between basins has taken place
between τv = 45 and τv = 100. Another important
consideration involves the careful selection of the system size

to ensure robustness. We determined the best value for L by
introducing perturbations to the final morphology at 10,000
time units. This involved systematically decreasing the value of

Figure 4. Cubic morphology stability at L = 0.9, b1 = 0, and τv = 100. Parameters: ϵu = 0.02, ϵv = 0.04, σ = 310. A perturbation of magnitude η is
introduced to a cubic morphology, recovering the original shape for η = 0.02 (a) and η = 0.2 (b). The “rand” variable represents a random number
in the interval [−1, 1]. The energy plotted on the right side remains nearly constant after the perturbation suggesting the stability of the cubic
morphology.

Figure 5. Cubic morphology stability at L = 0.93, b1 = 0.04, and τv = 100. Parameters: ϵu = 0.02, ϵv = 0.04, σ = 310. A perturbation of magnitude η
is introduced to a cubic morphology, resulting in recovery only for the smaller perturbation η = 0.02 (a). The “rand” variable represents a random
number in the interval [−1, 1]. For a larger perturbation η = 0.2 (b), the cubic structure transforms into a layered ring pattern resembling
morphologies in Figure 3a−d.
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L from an initial L = 1.0. The objective was to identify the
system size that maintains the cubic morphology for the
longest interval of time at τv = 100. Through this process, it
was verified that the most suitable value is L = 0.93, as
substantiated by the subsequent stability assessment in the next
section.
2.2.3. Stability of Morphologies. To test the stability of the

3D morphologies of Figures 2 and 3, we introduced small
random uniform perturbations η with mean zero to order
parameters u and v. These perturbed ICs were used to solve
the CCH equations. The cubic-like particle in the top right of
Figure 2d1 proved quite robust with L = 0.9 as shown in
Figure 4. However, when simulated in a slightly larger system
size (L = 1.0), it transformed into a different morphology (not
shown here). We also confirmed the robustness of the layered
and spiral particles in Figure 2d2,e2 with L = 0.8 (not shown
here).
In Figure 5, we perturbed a cubic particle Figure 3f with L =

0.93, which is exactly the same as Figure 2e1, revealing its
ability to withstand minor perturbations. For larger perturba-
tions, the orbit crosses the border of basin of cubic and is
attracted to a layered ring pattern.
Note that the configuration of Figure 3e is slightly different

from (f) and not robust against small perturbation, therefore it
occurs a basin switch from ring to cubic at some value of τv
between 45 and 100.
Overall, these observations highlight the intricate and rugged

nature of the free energy landscape. Nevertheless, by using an
appropriate system size, we successfully reproduced polyhedral
morphologies of cubic type for large values of τv. Remarkably,
the structure of the landscape of free energy remains the same;
however, the orbit dynamically changes the route as τv is
increased, which corresponds to the change in experimental
settings, such as a decrease in pressure.
2.2.4. Variation of Cubic Morphologies. Figure 6 presents

several illustrative examples of particles exhibiting cubic or
cubic-like morphologies. One intriguing aspect is the versatility
in creating a wide spectrum of cubic shapes by manipulating
the parameters detailed in eqs 3−6. This figure shows that,

despite employing identical ICs, the resulting cubic particles
exhibit notable structural variations depending on the
parameters. The purpose of this figure is to display a variety
of cubic-like particles for a broad range of σ = 360, 290, and
250 from top to bottom. The parameter σ is described Section
5.2. It is important to observe in this figure that the ϵv values
differ: ϵv = 0.02 for (a), ϵv = 0.04 for (b), and ϵv = 0.02 for (c).
Notice that, for instance, in the case depicted in Figure 6b, the
green-colored component, representing v > 0 displays the
presence of six voids, while the same component in case (c)
lacks such voids. This observation suggests that cubic-like
morphologies is ubiquitous, particularly when τv assumes
significant values, albeit with distinct characteristics depending
on the specific parameters. In essence, this flexibility enables
the deliberate design of intricate internal structures within
cubic morphologies, expanding the scope for detailed structural
engineering within this cubic class of nanoparticle morphology.

3. DISCUSSION
The traditional exploration of particles in 3D confinement has
predominantly centered on spherical particles, with inves-
tigations primarily focused on understanding the changes in
their internal structures, as illustrated in Figure 1. However, the
systems under scrutiny in our study reveal a departure from
this conventional paradigm, where the polyhedral nano-
particles spontaneously emerge under an appropriate exper-
imental condition. This intriguing observation constitutes a
novel aspect of 3D confinement, one that has not been
previously reported. Figure 7a presents a comprehensive view
of the molecular weights and D/L0 values associated with
BCPs characterized by the typical 3D structures that have been
extensively studied in prior research (refer to refs 8, 74 and
75). In this context, the red squares represent particles
subjected to 3D confinement, featuring high molecular weights
and D/L0 values ranging from approximately 1.0 to 2.0.
Notably, these conditions predominantly lead to the formation
of lamellar phases, including uniaxially stacked lamellae and
onion structures, resembling those observed in bulk systems. In
stark contrast, our investigation focuses on a different region of
parameter space, symbolized by the orange diamonds in Figure
7a. The BCP nanoparticles in this region possess molecular
weights and D/L0 values that significantly diverge from the
previously reported 3D confinement systems. Specifically, the
D/L0 values in this regime range from approximately 3.0 to 4.5,
a range that is conducive to the formation of intricate
polyhedral morphologies. These contrasting characteristics
between the two types of structures underscore the presence
of additional influencing parameters beyond molecular weight
and D/L0 that shape the resulting particle structures. Another
point of concern is the alignment between the theoretical
model and the experimental system concerning the ratio D/L0,
which warrants additional elucidation. While acknowledging
the validity of this point, it is crucial to note a computational
limitation that hinders an extensive exploration of system sizes
in three dimensions. Despite this constraint, there exists partial
agreement between the theoretical model results and
experimental findings. Notably, the sequence of diamonds
along the vertical red line in Figure 7a corresponds to the
polyhedra depicted in Figure 1C as D/L0 increases. This
correspondence can be reproducible to some extent numeri-
cally, as exemplified in Figure 7b−d within a suitable context.
This observation poses a challenge for future investigations.

Figure 6. Variations of cubic morphologies. From top to bottom: (a)
ϵv = 0.02 and σ = 360. (b) ϵv = 0.04 and σ = 290. (c) ϵv = 0.02 and σ
= 250. All three cases above were initialized using the same ICs and τu
= 1, τv = 400, ϵu = 0.02, b1 = 0.04, b2 = 1.0, L = 1.0.
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One notable departure between our current study and the
previous work lies in the difference in pressure conditions. In
the present study, particle formation occurred under reduced
pressure conditions. This reduction in pressure has a
substantial impact on the evaporation dynamics of the solvent,
resulting in a more rapid deposition of particles. As evidenced
in Figure 7a, two distinct TEM images depict slow and fast
evaporation conditions. Remarkably, both images align along
the same vertical axis, representing the molecular weight (Mn/
kg/mol), with the only difference being the evaporation speed.
Rapid evaporation under reduced pressure conditions notably
leads to the formation of polyhedral nanoparticles. We
establish a connection between this experimental parameter
and the speed factor τv in one of the coupled Cahn−Hilliard
equations. Numerical simulations affirm that cubic-like
particles emerge and exhibit robustness against slight
perturbations for large τv values and an appropriately chosen
system size. These stable polyhedral nanoparticles persist even
under small variations in both τv and system size. The swift
precipitation of fine particles in reduced pressure environments
is associated with a rapid decrease in polymer solubility,
fostering the formation of fine particle seeds. Consequently,
the ICs for particles in the early stages of formation differ
substantially from those in slow particle formation scenarios
conducted in a water bath at 40 °C. The role of concentration
further supports these observations (see Appendix B). It is
worth noting that a diverse range of cubic morphologies can be
achieved through parameter adjustments, such as modifying σ,
as detailed in Section 2.2.4. While our primary focus has
centered on the cubical class of polyhedrons in this study, it is
noteworthy that other types of Platonic polyhedra can be
obtained within a different parameter regime, as demonstrated
in Figure 7b−e. Crucially, the prerequisite for achieving
polyhedral shapes remains the imposition of large τv values
with τu being fixed to be 1. This opens a promising avenue for
designing a diverse array of polyhedral nanoparticles by
modulating the precipitation speed, in addition to considering
the polymer species. The rugged landscape of the free energy
function described in eq 1 of Section 5.2 presents a formidable

challenge when attempting systematic searches for specific
shapes. Conventional random search methodologies prove
inadequate in this context, necessitating the development of
novel guiding principles. Our work has embraced a unique
dynamic regime, characterized by the acceleration of
precipitation through the selection of large τv values, diverging
from the conventional steepest descent approach (τv = 1.0, see
also Supporting Information). In conclusion, our study has
unveiled a hitherto unexplored facet of nanoparticle formation
within 3D confinement, where microphase-separated struc-
tures play a pivotal role in shaping particle morphology. The
interplay of pressure, evaporation dynamics, and parameter
selection, notably the speed factor τv, introduces an exciting
dimension to our understanding of nanoparticle formation.
This work not only expands the horizons of particle design but
also underscores the intricate nature of free energy landscapes
in guiding complex shape evolution. The elucidation of the
underlying mathematical structure remains a significant
challenge and a fertile ground for future research endeavors.

4. CONCLUSIONS
In conclusion, our study sheds light on the intricate challenges
inherent in shaping experimental environments to achieve
desired outcomes in scientific endeavors, particularly when
dynamic processes are at play. Through the utilization of the
CCH model, we have provided a tangible example of how
precise control over experimental conditions can lead to the
creation of polyhedral nanoparticles.
A key finding of our research centers on the morphology

induced by formation speed, specifically, how a reduction in
pressure intensifies the precipitation rate. This, in turn, leads to
the efficient production of PBCP particles, vividly exemplified
in Figure 1. This acceleration is achieved by carefully
manipulating the ratio of the relaxation parameters, τu and
τv, within the CCH model. The impact of concentration, as
elaborated in Appendix B, further bolsters our findings.
Our work highlights the unique challenges posed by

dynamic processes and the fundamental role played by the
CCH model in shaping outcomes. Notably, the emergence of

Figure 7. (a) Plot of D/L0 and Mn values for phase-separated BCP particles, incorporating literature data (black dots and red squares) and results
from this study (orange diamonds). The red-shaded region highlights particles forming 3D confinement structures. The scale bars in (a) represent
100 nm. (b−e) Examples of polyhedral particles obtained using the theoretical model proposed in this study. The particles, from (b) to (e), exhibit
4, 6, 8, and 12 faces, respectively. While the precise morphology depends on various parameters, generally, the number of faces increases with the
width of the interface of the v component. The values of ϵv for these particles are 0.02, 0.02, 0.0208, and 0.036. The speed factors for the first and
second particles are τv = 10 and τv = 400, while for the third and fourth cases, τv = 100. In all instances, τu = 1. In case (b), the value of σ is 310,
while for the remaining cases, σ is set to 370. The system size is L = 0.8 for the first case, and L = 1.0 for the rest.
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polyhedral morphologies is intricately linked to the ratio of
relaxation parameters, and conventional steepest descent
approaches prove inadequate in capturing this phenomenon.
This suggests that the solution trajectory is not orthogonal to
the contour lines but rather inclined, underscoring the critical
role of dynamic processes.
Importantly, we do not alter any parameters of the free

energy; thus, the experimental outcome is solely dictated by
the dynamical processes. This implies the significance of
dynamic processes in shaping experimental results, emphasiz-
ing that a thorough understanding of the free energy landscape
alone is insufficient for prediction, as it does not elucidate how
the solution trajectory navigates this landscape. This aspect
also poses a formidable mathematical challenge for future
research endeavors.
Moreover, we emphasize that the influence of pressure on

the formation of polyhedral particles is independent of
chemical species or molecular weights. Elevating τv has been
identified as a crucial factor to produce polyhedral particles in
our CCH mode. Additionally, our calculations underscore the
pivotal role of selecting an appropriate system size L in
generating a diverse array of transient and local minimizers
(See the Subsection 2.2.3 and the diagram in Supporting
Information).
In sum, our research not only offers practical insights into

controlling the formation of polyhedral nanoparticles but also
highlights the intricate interplay of dynamic processes,
relaxation parameters, and environmental factors. This work
contributes to the broader understanding of experimental
design and provides valuable guidance for future studies in
materials science and nanotechnology.

5. METHODS
5.1. Materials. Polystyrene-block-polyisoprene (PS-b-PI,

MnPS = 201.8 kg/mol, MnPI = 210 kg/mol, ϕPI = 0.54, Mw/
Mn = 1.13) was purchased from Polymer Source, Inc.
(Quebeck, Canada). Tetrahydrofran (THF/GR) and aqueous
solution of osmium tetraoxide (OsO4) 0.2 wt % were
purchased from Fujifilm Wako Chemical Industry, Inc.
(Osaka, Japan).
5.1.1. Preparation of Diblock Copolymer Particles. PS-b-PI

was dissolved in THF to prepare 0.1−5.0 mg/mL solution. 1.0
mL of membrane-filtered water was mixed into the solution in
a glass bottle at its mixing speed of 1.0 mL/min with stirring.
After stopping the stirring, THF was evaporated at 40 °C water
bath or in vacuo at room temperature using a Smart
Evaporator K4, BioChromato, Inc. (Fujisawa, Japan). After
complete evaporation of THF, aqueous dispersions of PS-b-PI
particles were obtained. The size distribution of particles was
measured by DLS (ZS-1, Malvern, U.K.).
5.1.2. Observation of Nanostructures. PI phases were

stained and cross-linked with OsO4 by mixing 500 μL of 0.2 wt
% OsO4 aq. into the 1 mL of particle dispersion and standing
for 2 h. The stained particles were corrected by centrifugation
(12,000 rpm, 15 min, 5 °C) and washed with membrane-
filtered water. Cu grids with an elastic carbon membrane were
hydrophilized with UV−O3 treatment for 5 min. One drop of
an aqueous dispersion of particles was dropped onto a grid
surface and dried at room temperature. The particles on the
Cu grid were observed by TEM (H-7650, Hitachi, Japan). The
samples were observed by TEM with varying tilt angles from
−60 to 60 with a step of 1 (120 images were obtained) (ref
71). The obtained images were stacked using the imaging

software ImageJ (ver. 1.48v, NIH, United States), and then
tilting axis alignment and reconstruction of xy sliced images
were performed using a plug-in for ImageJ, TomoJ (freely
provided by Centre Universitaire d’Orsay, France).76 The
generation of 3D reconstruction images and abstraction of the
outlines were performed using HawkC, which was freely
provided by Osaka University, Japan.77 Cross-sectional images
and reconstruction of the 3D images were generated using
CINEMA 4D (MAXON Computer, GmbH, Germany).
5.2. Theoretical Model. The dynamics of the state of the

two mixed systems under consideration, the two order
variables u and v evolve to minimize the value of an energy
functional in the following expression. Here u represents a
shape of the particle and v for microphase separation inside the
particle.
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Loosely speaking, the constant-height surface u = 0 stands
for the boundary of the particle, and v = ± 1 shows A (or B)-
polymer rich region, respectively, for the BCP A-b-B. In eq 1,
Ω is a smooth bounded domain in IRN. Here we focus on 3D
confinement and thus N = 3. Parameters ϵu and ϵv control the
size of the interface of u and v.
In this investigation, although the systematic exploration of

σ′s impact on polyhedral particles is not undertaken, it is
crucial to acknowledge its significance. σ is associated with the
bonding between block A and block B in the copolymer,
exhibiting an inverse proportionality to the square of the BCP
length (or molecular weight). Shorter BCP units result in
larger σ, fostering stronger long-range interactions among
particles. The parameter σ plays a pivotal role in Figure 7a,
delineating the red-shaded region (representing prior studies)
from the orange diamonds (representing the current study).
The variable u minimizes the free energy by segregating the
space into copolymer and solvent-rich domains, defining the
shape of the particle. Conversely, v governs the microphase
separation within the copolymer domain, leading to a variety of
morphologies. Larger σ values often lead to more intricate
particle shapes due to an increased number of interfaces in the
spatial domain.
The associated Euler−Lagrange system of equations

corresponding to the mixed system are the following
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where the parameters τu and τv are time constants to control
the speed at which parameters u and v evolve. Since τu and τv
are dimensional parameters, the value of τu = 1 is fixed
throughout this work to avoid any confusion. For the majority
of the calculations we used an onion-like morphology as IC
consisting on a spherical core with v < 0, a shell with v > 0, and
v = 0 outside the particle. The radius of the core and the
thickness of the shell are approximately of the same length. We
use a 3D cubic domain of length L and periodic boundary
conditions to solve the CCH equations.
To integrate eqs 4 and 6, we employ a modified version of

the linear implicit scheme discussed in refs 78 and 79,
addressing nonlinearity by dividing the cubic term into a
quadratic term for the system’s state at the initial time-step and
a linear term for the subsequent time-step. This modification
ensures numerical stability with larger time steps (e.g., Δt ≈
0.01) but requires caution. While the energy remains bounded,
achieving a monotonous decrease is challenging. We suspect
that nonlinear terms in the energy expression related to the
double-well potential contribute to energy growth. Nonethe-
less, a spectral scheme confirms that cubic morphologies
persist with the same ICs and parameters. The numerical
solution of these coupled equations yields morphologies of
minimum free energy with sufficient simulation time. Addi-
tionally, solving the CCH equations maintains constant total
volume, where v0 represents the initial distribution of BCP
across the domain. Our model employs a 128 × 128 × 128
cubic lattice with periodic boundary conditions along X, Y, and
Z axes to simulate morphologies similar to experimental
observations. The system size L is related to the number of
grid points, N. For example, in the X axis, N = 128 and L =
NΔx (similarly for Y and Z), where Δx is the mesh size, which
determines the spacing between nodes in the X axis. Similarly
Δy, and Δz in the y, and z axes, respectively. 3D morphologies
are visualized using isosurfaces at suitable values of the order
parameter v.

■ APPENDIX A

Scheme of morphologies
The parameters employed in Figure 2 are the following. The
parameters common to all cases are σ = 310, ϵu = 0.02, ϵv =
0.04, u = −0.50, v = 0.0. τu = 1, b2 = 1.0. Total simulation time
is 10,000 time steps. The IC is an onion-like morphology as
described in Section 5.2.
The parameters for each particular case: (a1) Cube with τv =

100 (L = 0.9). (a2) Layered particle with τv = 10 (L = 0.78).

(a3) Transient cube at early time in (a2), (L = 0.78). Common
parameters: b1 = 0.0. (IC reversed).
(b1) Cube with τv = 100 (L = 0.93). (b2) Spiral with τv = 10

(L = 0.8). (b3) Transient cube at early time of (b2), (L = 0.8).
Each plateau of energy has a cubic morphology. When τv
becomes large the spiral is delayed and eventually it vanishes
for sufficiently large τv. Common parameters: b1 = −0.04. (IC
reversed).
(c1) L = 1.0, (c2) L = 0.8. When b1 is large we get onions, as

expected. Common parameters: b1 = −0.2, (IC reversed).
(d1) Cube with τv = 100 (L = 0.9). (d2) Layered particle

with τv = 10 (L = 0.78). (d3) Transient cube at early time in
(a2), (L = 0.78). Common parameters: common parameters:
b1 = 0.0. (IC original).
(e1) Cube with τv = 100 (L = 0.93). (e2) Spiral with τv = 10

(L = 0.8). (e3) Transient cube at early time of (b2), (L = 0.8).
Common parameters: b1 = 0.04. (IC Original).
(f1) L = 1.0, (f2) L = 0.8. When b1 is large we get onions, as

expected. Common parameters: b1 = 0.2. (IC original).

■ APPENDIX B

Effect of concentration
An additional critical parameter influencing the deposition rate
of particles under experimental conditions is the initial
concentration of the polymer solution. In the sequential
osmotic-reduction precipitation method employed in our
study, particle formation occurs during the precipitation of
the polymer from the polymer solution into the aqueous phase.
Consequently, for a constant molecular weight and consistent
solubility, it is observed that higher concentrations lead to a
more rapid precipitation process.
To illustrate the significant role of concentration in shaping

particle morphology, Figure 8 depicts the structural character-
istics of nanoparticles of identical size (with a D/L0 ratio of
3.6) at varying solution concentrations.
At lower concentration values, such as 0.5 and 0.1 mg/mL,

as shown in (c,d) respectively, a lamellar-like phase is formed,
with the PI phase predominantly occupying the particle
surface.
In contrast, when the concentration is increased to 1.0 mg/

mL, cubic-like particles are observed, as depicted in (b).
However, when the concentration is raised to a significantly
higher level, exemplified by the particle produced from a 5.0
mg/mL solution, as seen in (a), a complex morphology
emerges. This particle exhibits a PS (polystyrene) phase on its
surface and a dot-like PI (polyisoprene) phase in its interior,
despite possessing a similar size to the previously mentioned
particles. This observation suggests that the two fundamental
processes, namely particle shape formation and microphase

Figure 8. TEM images of PS-b-PI particles obtained from THF solutions of 5.0 mg/mL (a), 1.0 mg/mL(b), 0.5 mg/mL(c), and 0.1 mg/mL(d),
respectively.
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separation, do not evolve in a synchronized manner, leading to
the production of polyhedral shapes.
In summary, the concentration of the initial polymer

solution exerts a profound influence on the resulting particle
structure. Our observations demonstrate that subtle variations
in concentration can lead to dramatically different morphol-
ogies, highlighting the intricate interplay between concen-
tration, microphase separation, and particle formation. This
phenomenon underscores the complexity of nanoparticle
design in confined environments and presents exciting
opportunities for further exploration and control of particle
morphology in such systems.
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