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1 Introduction

The COVID-19 virus first occurred in Wuhan, China in December 2019. COVID-19 has
been named novel because it is a completely new variant (genetically variant, chain) of
virus and due to emerging in the year 2019, it was given the numerical suffix 19. The said
virus survives on surfaces of human body variably ranging from few hours to several days
and causes complications for the respiratory system of the human population across the
whole world. Coronavirus is considered to be the most challenging virus of the community
of flu viruses. As the transmission of coronavirus occurs, we must be aware of the fact that
the future will involve a war between health and disease caused by strange microorganism
of every sort (viruses and bacteria, etc.). More than 4 million people have died from the
epidemic and at the time of writing, approximately 180 million people have acquired
the infection of coronavirus [1]. The story of the COVID-19 outbreak began in Wuhan,
China in December 2019. The outbreak spread very quickly to all parts of the world,
and many people have been infected with COVID-19. The Italian Government issued
an order on March 8, 2020 to close the borders of its country to reduce the spread of
the epidemic in the country. The data were taken from the Center for Systems Science
and Engineering (CSSE) at Johns Hopkins University, Baltimore, the United States [2].
These data were analyzed in a study to capture the period January 22, 2020 to March
15, 2020.

The recent COVID-19 pandemic is a respiratory system virus that is picked up by con-
tact with an infectious man or woman through droplets in the air when a person coughs or
sneezes or through small drops of saliva [3, 4]. People can also be infected by COVID-19 by
touching a surface that is contaminated with the virus and then touching their face, espe-
cially their mouth or nose. The disease to appear in body takes 5 or 6 days and remain up to
14 days [5, 6]. By March 26, 2020 WHO declared it as pandemic. In the same time Chinees
government had tried to control it. During 2020 Italy has been affected by COVID-19.
Majority of COVID-19 cases in New York had been due to Europe not China [7]. On June
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11, 2020 several locally reported cases of COVID-19 were reported in USA [8]. On June 15,
2020 nearly 79 cases were reported in locality of Wuhan [9]. On June 29, 2020, the World
Health Organization (WHO) warned people that transmission of this virus was still
spreading increasingly as various countries reopened their businesses, although several
countries were progressively decreasing the spread [10].

As of August 28, 2020, more than 24.4 million cases had been confirmed worldwide.
More than 831,000 people had died from COVID-19 and more than 16 million people
had recovered [2, 11, 12]. People fear COVID-19 because a similar disease before this killed
more than 100,000 humans.Researchers and physicians try to suggest some precautionary
measures for reducing the transmission of COVID. To know the fundamental causes for
the COVID-19 pandemic, data of statistics and some mathematical formulations, con-
cepts are needed. The idea of mathematical modeling was used first in 1927. The appli-
cation of statistics data on different pandemics will contribute to the development of a
mathematical model. This model will be used to model different real-world phenomena.
Therefore, several real problems may be represented by one formula, as can be studied in
[13-16]. So far, several scholars have analyzed the COVID-19 pandemic using some ana-
lytical methods as in [17-21]. Some of them have modeled the pandemic applying math-
ematical modeling that provides future predictions in light of the recent pandemic. The
story, coupled with current information on such a disease, can help policy makers to build
a few successful strategies for controlling it. Given the significance of mathematical
modeling, the pandemic has been studied in many research articles [22-26]. Construction
of mathematical models that involves parameters and various compartments which gives
us information about transmission dynamics of infectious disease. As COVID-19 can
spread easily in social situations, therefore some scholars have analyzed the dynamics
of such a type of disease for transmission due to immigration as given here:

I =F(t)a-F ()b #(t)+F(t)e,
G =S )b g(t)+(~d—e+c) £(1), (1)
Z(0)=8, F(0)= 2,

The mathematical models that we used in this chapter are inspired by the classic Lotka-
Volterra model [27, 28] for analyzing predator-prey dynamics. The classic model has been
suitably modified to build the susceptible-infected individual population dynamics model.
The susceptible individual population is given by .#(¢) at time t. The infected individual
population is given by .#(¢) at time . The infection rate is given by b = (1 —protection rate).
The immigration rate of susceptible individuals is given by a. The immigration rate of
infected individuals is given by c. The death rate is given by d and the recovered rate is given
by e. Furthermore, the dynamics of COVID-19 epidemic models have been studied by sev-
eral researchers for the numerical solution of COVID-19 models, and some methods have
been introduced. In the last few years, several researchers used semianalytical techniques
including the Sumudu decomposition method, Laplace Adomian decomposition method,
the variation iteration method and many more from other sources; for numerical purposes,
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recent researchers used only the simple Euler method and the modified Euler method to
handle the solution of the COVID-19 model. To the best of our knowledge, the Taylor’s series
method has not been applied yet to handle the solution of biological models in past
decades. Therefore, we are now going to adopt the Taylor’s series method to obtain the
numerical solution of our new four compartmental integer-order model for COVID-19
given as

4 (1)

- =-rZ)I(1),
4 ony1(0) - (ar die),
dr @
%:a[(t),
dD(t) _
U= ai).

The given initial conditions are .(ty) = %, I (fo) =Io, R(ty) = Ry, and D(fy) = Dy, 1 is the
infection rate, a is the recovered rate, and d is the death rate due to infection. Therefore,
in this chapter, we investigate a SIRD-type model for the numerical solution of COVID-19.
We will use the Taylor’s series method to find the appropriate solution of the above
COVID-19 model. We will also investigate the fractional order of Eq. (2), as the
fractional-order differential equation gives a more realistic result than that of the
integer-order differential equation. The fraction-order equation for Eq. (2) is

DY S (1) =-rL(0)I(1),

CDYI(t) =rs(0)I(t) — (a+d)I(1),

CDYR(t) =al (1),

“DyD(t)=dI(t),

S (t) =So,1(t) =1,

R(ty) =Ry, D(to) =Dy,

3

where 0 < p < 1.

The area of fractional calculus has received a great deal of attention in the last three
decades. Renowned scientists have provided their contribution in this area by introducing
different fractional operators in different articles. Modern calculus provides more realistic
results compared to classical calculus. It describes the dynamics of different real-world
phenomena lying between two integers. Furthermore, the fractional differential operators
have greater degree of freedom and include the integer differential operators as special
case. Up to now, various researchers have published many research articles, books, and
different monographs which discuss the said area. Podlubny gave the physical and geo-
metrical explanation of the fractional-order derivatives [29]. Analysis of various dynamical
systems in the sense of fractional-order operators can be seen in [30-37]. The applications
of this calculus in physics may be studied in [38]. Some fuzzy fractional-order linear and
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nonlinear dynamical problems have been analyzed for semianalytical solutions using the
fractional Sumudo transform [39, 40]. Many types of publications have also been com-
posed of existence, uniqueness, and numerical analysis under fractional-order concepts.
The first notable definition was given by Riemann-Liouville in 1832. Then in 1967, this def-
inition was modified by Caputo, and was mostly used to deal with various real-world prob-
lems. Recently in 2015, a new definition named the Caputo-Fabrizio (CF) derivative was
provided by Caputo and Fabrizio by replacing the singular kernel in the previous defini-
tion with a nonsingular one. Later on, in 2016, Atangana, Baleanu, and Caputo further gen-
eralized the CF derivative to an ABC-type derivative. In our work, we will apply the Caputo
fraction operator to our considered operator.

2 Fundamental results

In this section, we provide some fundamental lemmas and definitions from Refs. [29, 30, 41].
Definition 1. Let us present the arbitrary-order integral w.r.t z as

19 (1) :ﬁ/or (r—n)"'S(n)dn, >0,

where the integral on right-hand side converges.
Definition 2. Let us have an operator, say .#(r); we give the Caputo fractional differ-
entiation w.r.t = as

DA = iy | ) Sl >0,

rn—gp
with all operators are point-wise continuous on R,, n = [p] + 1. If p € (0, 1], then one has

1 d

DY) = | 1

[ (n)ldn.
Lemma 1. Podlubny [29]. The solution of
D¢ F(r)=X(1), 0<p<1
is given by

SO =+ gy, =0 Xl

Definition 3. The general Taylor’s series mathematical expression for g(#) is as
follows:

xR D" 9g(g)
ZF(ip+1)D’gg(0)+F((n+1)p+1)'

g(r)=

i=0

with 0 < ¢ <7, Vr € (0, a], 0 < g < 1. From this result, we can evaluate Euler’s iterative
technique.
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Definition 4. Lipschitz conditions. Take a rectangular form R= (t, y):a<t< b, c<y<d
and consider that f (¢, y) is conditional on R. Then the operator fwill fulfil the Lipschitzian
condition in y on R for L > 0 and

fot)—f@OI<Lly =yl (1n0,F:1)€R,

where L* is called the Lipschitzian constant for f.

Theorem 1. Iff (t, y) is continuous on R then 3 L* > 0; | f,(t, y)|< L*, V (t, y) €R. Then f
fulfils the Lipschitzian condition in'y with a Lipschitzian constant 1L* on R.

Proof. Let t be fixed and ¢ € (a, b), then

IF(y) =t y2)| = fy ()31 = y2)l-

By using the mean value theorem, we satisfy

[(6,y) = f(t,y2)| <L |y1 —y2l. O

Theorem 2. Existence and uniqueness. Takef (t, y) as defined on R= (t, y):tp <b,c <y <
d if it satisfies L-condition on R iny and (ty, Yo) €R, then the IVPY' =f (t,y), y(0) =y, has one
solution on ty < ty + 6.

Definition 5. Contraction operator. Consider an operator 7: X — X, where Xis Banach
space, then it is called contraction if for all x, y € X, we have

T,—Ty|<klx—y|, 0<k<]l1.
y

Theorem 3. Banach contraction principle. In 1922, Banach stated that if T is a
contraction operator on a Banach space X and let D C X be a closed convex subset of X then
T: X — X has a unique fixed point such that

[Te=Ty| <kllx=yll,

forallx,ye D,0 < k < 1.

Definition 6. Definition of Taylor’s series. If a function f (x) is such that f (x), f (x), f (x),
f " (x),..., f"~1(x) are said to be continuous on the closed interval [x, x + ] and f*(x) exist in
the open interval (x, x + h) then there exists real number 6 between 0 and 1 such that
fx+h)=F(x)+hf (x) + 5F" () + B f" (x) + - + L7 (x+ Oh).

n!

3 Feasibility of solution and stability analysis
Lemma 2. The root of the proposed problem is bounded in the feasible region, provided as
T={(S,I,RD)ER*: 0<X(t)<Xo}

and the disease will occur if .# > @.
Proof. Let

X(t)=L(t)+1(t) +R(t) + D(t).
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This implies that
X(@t) @) 1) R D)
Tar  dr T ar ar *ar

On addition of all equations of Eq. (3), we obtain

%§:>4YUHM+ﬂUp40—M+mHn
val(t)+dI(t) )
=0.
Evaluating Eq. (4), we have
X(t)=Xo,
=S +1o+ Ry + Dy,
=So+ 1.

This implies that X(¢) < Xjp. This derived the first part of the lemma.
Further, from the first equation of Eq. (3)

as
7 <
dt <0

or
y(t) <.

Therefore, .#(t) is always decreasing and hence no disease will occur. From the second
equation of Eq. (3) we have

%: rI(t)(t) — (a+d)I(t),
atd jg called the threshold phenomenon or critical community size for epidemic.
If
a+d N dal(t)
dt

then the infection class will decrease and hence no COVID-19 will occur. If

Fo < <0,

1
) >M:>5/(t) >M:>d—(t)>0,
r r dt
then the infection class will increase and a pandemic will occur. By this we proved the sec-
ond part of the lemma. m|

Theorem 4. The basic number of reproduction for Eq. (3) is computed as

r
Ry=——if S~ 1.
0 a+dl S

Proof. Let from second equation of Eq. (3) for computing the number of basic repro-
ductionas N=1
CDY(N) =CDP(I) = rI(H)S(1) — (a+dI(D),
CDY(N) =F-V.
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Here F=rI(t)#(¢t), V= (y +x)3(t), Fis new infection, and Vis the transferring of infection.
Further, we calculate the matrix of next generation as F V!, where

F=[gr0s®)] =)

and
V= [%((md)l(t))} =l(a+a), V7= [ﬁld]
then

Here R, is defined as the highest eigenvalue of the matrix of next generation FV !, as
follows:

. 1S
p(FV )Eg 7(a+d)’ (5)
R N rSO
" T(a+d)

is the required reproduction number. Or if #(¢) ~ 1, then

T
Ca+d
Now as we know that Sy =24, which leads us to R, = 1 having no meaning in biological

terms, therefore, we can either take Sy <44 for nonoccurrence of the pandemic or for

t
disease-free equilibrium, Sy > 24 for the occurrence of a pandemic or for disease equilib-
0>

rium point. This shows that

Ry

RO <].fOI'So <_a:d;

d
Ry >].f01'30>a+. O

Theorem 5. System (3) will be locally asymptotically stable before a pandemic if

Ry<1 f01'50<a%d

and locally asymptotically stable after a pandemic if
a+d

Ry > 1f0r50>

Proof. The proof of this theorem can be seen in Theorem 4. O
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4 Qualitative analysis

In this section, we shall analyze some characteristics for the root of the fractional-order
problem (3). The qualitative analysis of a problem is provided by fixed-point theory. Thus
we use Banach and Schauder fixed-point theorems for the proof of the required results. We
have considered the arbitrary-order model (3) as follows:

Dy (1) =01 (t,7(1),1(t),R(),D(1)),

“DYI(t) =Te(t, (1), 1(1), R(1), D(1)),

“DYR(t) =0s(t,.7(1),1(t),R(t), D(t)),

“DPD(t) =04(t, 7 (1),1(),R(1), D(1)),

S(t0) = So,1(t0) = Io, R(fy) = Ro, D(o) = Dy,

0<p<l.

(6)

We apply an integral with order g € (0, 1] on Eq. (17), to get the nonlinear integral equa-
tions as follows:

stt) = S"*ﬁ/o[<tf:1)@*161(n,sw),1(n>,R<n>,D<n>>dn,

1) = Io+ / (¢ = )1, (1), 1(n), R(n), D)),

L
I'(p)Jo

R(t) = Rﬁ/ (t — )"~ "5, S(n), I(n), R(n), D)) din

@

D(r) = Dm@ / (¢ = )04 (1, S(n),1(n), R(m), D)) .

Next, taking co > T > t > 0, we have closed norm space by E, = C([0, T] xR*+, R,), clearly E
= E; x E, x E3 x E; is also “closed norm space” having the norm

S,I,R,D)|= S(t I(r R(t D(t
Il ( )l gg[l:}%l ()|+£?§,"T‘]|()+£?oa¥]‘ ()+tg[10a>;]| (1)l

We write system (16) as

FO=Falt)+ 1 | (=), F ), ®
where
S(t
I<(t>) }9°<(§)
_ ) 1o(2
FO=1 rey P97 R ®)

Dy(1)
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and
OL(t,S(2),1(1),R(t),D(1))

0a(t,5(1),1(2), R(1), D(1))
w(t,F(1) = : (10)
Os3(t,8(t),1(t),R(t),D(t))
a(6,8(1), 1(1), R(1), D(1))
For derivation of existence and uniqueness, we take some growth conditions on mapping
vector y: [0,7] x R? — R, as follows:

(E1): There exist L, > 0 for all F(z), F(f)c Rx RxRxR;

lw (£, F(£)) —w (8, F(1))| < L, |F(t) = F(2).
(E2): There exist C, > 0 and M,, > 0;
ly (6, F(1))| < G, [F| + M.
Theorem 6. If y is continuous along with (E2), problem (3) has at least one solution.

Proof. Using the fixed-point theorem of Schauder, we have to prove the existence of a
solution. We take a close subset C of E as

B={FeE: ||F||<R,R>0}.

We take a mapping B: C — C by Eq. (8) as

B(F) = Fo(t) + %@ / (t— )"y, E ()l an

For any FeC, we have

IB(F) (1) SIFoI+$ / (t— )"y, F )\l

1 /! ,

< - _ -1

_|F0|+ﬂm/0 (t—n)""'[C,|F| + M, )dn
F T G IF] +M

< JE—

<] o|+r(p+1)[wll | +M,],

which implies that

T®
IBE) | <IFo|+

W[C«p I Fl +M,]
<R.

(12)

Eq. (19) shows that FeC. Thus B(C) C C. This also shows that the mapping B has bounds.
Next, for complete continuity, we go ahead as follows:
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We take t, > t; € [0, T], then propose

n

IB(F)(t;) —B(F)(t1)| = \% / (1 —n)*"-l,wm,F(n))dn—ﬁ / (t—n)* V(0. Fn))dn,

< [ / " (tr = 1) = (62 =) Yy, Fn)l N

+/t2(tz*n)”’lw(mF(n))dn}
(G, R+M,)
T I(p+1)

From Eq. (13), as t; approaches f,, the right-hand side approaches to zero. So we conclude
that

(1 — 1] +2(tz—1)").

|B(F)(t2) *B(F)(tl)‘ —0,ast) — b.
Directly we say that
| B(F)(t;) —B(F)(t1) ||— 0, as t; — t5.

Therefore, B is equi-continuous. By the Arzela-Ascoli theorem, the mapping B is
completely continuous and shown to be uniformly bounded. By Schauder’s theorem,
the given model (3) has at least one solution. m|

Next we have to prove the uniqueness of solution as follows:

Theorem 7. Under assumption (E1), the considered problem (3) has one solution if
el <L .

Proof. As B: E — E given presection, we consider F and Fe< E and proposed as

IB(F)~B(F) | = sup

ﬁ/{) (t—n)" "y (n,F(n))dn

te(0,T)
1 ! -1 l
i | = v s (14
TY _
< Fpr I FF -
Eq. (14) implies
_ T _
| B(F) —B(F) HSWLW [F-F]|. (15)

So B is contracted. Therefore, by the Banach contraction theorem, the proposed model
has a unique solution. m|
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5 Series solution for model (2)

In this section, we will investigate the general solution and its numerical solution of the
proposed COVID-19 model (2), by using the Taylor’s series method.

5.1 General solution of COVID-19 model

For the general solution of the considered COVID-19 model (2), we will perform some
steps:

Step 1: First of all we compute the first derivative of the S(t), I (1), R(t), and D(t) as

S,(Z'()) =—1rSoly,
I,(to) = T’SOIO — (61+ d)[(),

, (16)
R (t()) =al,
D (ty) = dl,.
Step 2: We compute the second derivative of S(¢), I (f), R(t), and D(¢) as
S’ (to) = —r2S2I2 + rSolo(a+d) + r*12Sy,
I (ty) = 2S21Z — 2rSolo(a+d) — r*Sol2 + (a+d)* Iy, an
R” (tg) = arSOIO — [l(d + d)](),
D' (t) =drSoly —d(a+d)ly.
Step 3: We compute the third derivative of S(t), I (£), R(t), and D(t) as
S (o) =-PS3B +2r2S2ly(a+d) — S — r2Spl3 (a+d)
—rSoly(a+d)* —rP3Sol3 + 4 S3 Iy + 2 So I3 (a+d)* — 212 S22 (a+d),
I"(to) =2r383Iy — 2r*S312 (a+d) — 2138313 — 2 S3Iy(a+d)
+1Soly(a+d)* + 23 So(a+d) — 238312 + 212 8o I3 + 12138, — 1S3l (18)

+18oly(a+d) +r2Sol2(a+d) + rSoly(a+d)* —Iy(a+d)?,

"

R (to) = ar*S2Iy — 2a(a+ d)rSoly — ar*SolZ + a(a+d)*Ip,

D" (ty) = dr?Sily — 2d(a+ d)rSoly — dr*Solg + d(a+d)*I.
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Step 4: We compute the fourth derivative of S(¢),I1(¢t),R(¢t), and D(¢) as
S (ty) = 1Sl + (a+d)r*S3ly + 313 Ss + 1 (a+d) Sy Iy
—12(a+d)SiIy —2r* (a+d) I3 S5 — 3r°SyI3 + 3r (a+ d) S5 I3
+2P° 1383+ 13 (a+d)S3ly — 1 (a+d)*S3ly — 2r33S2 — 13 (a+ d) Sl
+r(a+d)>Soly+12(a+d)*Sol? —2r3(a+d)S2I2 + 212 (a+d)*Sol2
+73(a+d)Sol§ —3r'S3I3 +3r3 (a+d)Sol§ + r* I} So +2r°SgI2
—2r*(a+d)S3I2 —3r°3S% + 213 (a+ d)*S3ly — 21 (a+d)* SoI2
—13(a+d)]’Sol} —4r*(a+d)SII3 +4r3(a+d)* S3IZ +4r¥(a+d)S3I3,
I (1) =2r*Sply — 2r° (a+d)Saly — 6r* S3IZ — A(a+d)r’SI2
+4(a+d)?*rPSEE + T 3SE — 61 Sz + 613 (a+ d)SAI3
+4r' RS — 3 (a+ d)[hSS + 212 (a+d)*S2ly + 2r3S21E + r(a+d)* Sy 1
—3r(a+d)*Soly — 6r2(a+d)*Sol2 —2r3(a+d)So I3 + 413 (a+d)SaI?
—ArSII2 +4r3(a+d)SHI3 + Ar* I3 S5 + AP S — Ar?(a+d)So I}
—2r880I3 — r3SoI3 — 3r2(a+d)SoI3 — r’Syly + r(a+d)S; I
+2r38212 + 12 (a+d)S2ly — r(a+d)Soly — r(a+d)Sol2 + (a+d)* Iy,
RY(ty) = ar’S3ly — 3a(a+d)r’Sily — 4ar’ 1S3 + 3a(a + d)*rSoly
+da(a+d)r*2So+ar’Sl} —a(a+d)’ Iy,

D" (ty) = dr3S3ly —3d(a+d)r?Saly — 4dri 12 S? + 3d(a+d)*rSoly

+4d(a+d)r*ESo +driSl} —d(a+d)’ .
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Step 5: We compute the fifth derivative of S(¢), I (#), R(t), and D(t) as

S'(to) = —r°SyI5 +4r*(a+d)Soly + Ar* SIS — 4rd(a+d) Sy I
—5r%(a+d)’ Sl — 17r* (a+d)SIZ — 9r2S3I3 + 612 S, 12
—6r(a+d)SIZ +3r2(a+d)S3ly + 1413 (a+d)* S22 — 17r5SAI3
+36r%(a+d)SSI3 + 179831} — 24(a+d)*r* SEI3 — 6(a+d)r5S2IE
—4r8S3I5 — 810 (a+d)S5I3 + AT I3 S5 — Ar' STz +4r° (a+ d)S5 12
—r(a+d)’Sily+r3(a+d)> Sty +2r* (a+d)*S2I?
—r(a+d)*Soly—3r2(a+d)*12Sy + 261 (a+d)S2I3
—4r%(a+d)>Solt — 1413 (a+d)*Sol§ — 4r*(a+d)Sol} —9r°Sa I3
+ 6101383 — 1S IZ — Ar°S5ly + ArSSSI2 — 161° (a+d)Sgl}
+24r* (a+d)*SyI2 + 6181382 — 9r8S3I3 + 915 (a+ d)S2I3
—1213(a+d)*S3B +r*(a+d)*Solt +3r3(a+d)* So I} +12r* (a+ d)SII3
—12r%(a+d)*S3I3 — 8r* (a+d)IS3,
1"(ty) = 215851y — 4(a+d)r* Sgly — 2815 SgI2 + 4(a+d)*r3S3 1,
+37(a+d)r*S32 + 42158313 — 8(a+ d)r*Sal2 +16(a+d)*r3S312
+38(a+d)*S3I3 —8(a+d)’r’SaI2 —8(a+d)* P [} S: —18r*SaL}
+21MS3 S —12(a+d)r*I3 S5 — 18r°S, I3 + 181° I3 S,
+18(a+d)*rPI3Sy —28(a+d)r*[}S2 — (a+d)r*Segly + 2(a+ d)r’S31,
—4(a+d)r’Saly—33(a+d)*r’S3I2 —30(a+d)r3SiI3 — 141 3 S?
+r2(a+d)S3ly—r(a+d)’Sily—r*(a+d)*Sily + 3(a+d)*rSoly
+15(a+d)*r?Sol2 +23(a+d)r3Sol} —30(a+d)r*S2I3 + r* (a+d)°ILS,
—815S2IL + 8138312 + 11 (a+ d)*r?Sol2 + 21 I3 Sy + 413 (a+ d)So I}
+7480I5 +9(a+d)*r2Soli + r*(a+d)Solt + r(a+d)*Solo — (a+d)° Iy,
R"(ty) = ar*Sgly — 4a(a+d)r*Syly — 11ar*SyIz + 20a(a+d)r’ S5 I

(20

+6a(a+d)*r2Sily + 11ar*SI3 — 4a(a+d)*rSoly — 11a(a+d)>Sol3 1
—7a(a+d)r3Sl} — ar*Solt + ala+d)* L,

D" (ty) =dr*Syly — 4d(a+d)r*Saly — 11dr*SyIZ +20d(a+ d)r’SaI2
+6d(a+d)*r2Sily+ 11dr* S2 I3 — ad(a+d)*rSoly — 11d(a+d)* SoI2r?
~7d(a+d)rPSol§ — dr*Sol} +d(a+d)* L.
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Now the solution for the first six terms is given by
S'(to) | 58" (to) | 48" (t0) | 5S"(to)

ar TUTgr g P v
I'(to) 51" ()  41"(t0)  5I"(to)

ot Thgr thoyp theg
R (1) +t3R'”(t0) +tU’?iv(l‘O) L pR(t)

2! 3! 4! 5!
D' (ty) . 4D"(to) = 5D"(to)

TR TR R
Substituting the values of Egs. (3), (17)-(20) in Eq. (21), we have

S(t)=8(ty) +tS (ty) + 12

I(t) =1I(to) +tI (to) + £?

’

21
R(t) =R(ty) + LR (ty) + t*

+ ey,

+13

D(t) = D(to) + 1D (1) + 222 (&)

2
S(t) = S(to) + t[~rSolo) + %stgfg +rSolp(a+d)+ 12 I25y)

t3
t3 [~PS3E +2r°S3ly(a+d) — S —r*Sol2 (a+d)
—1Solp(a+d)* —r3SI3 + 1 S31y + 12 SpI3 (a+d)* — 2r2 S22 (a+d))

t4
+ E[—rSﬁIé +(a+d)r*Sily+ 312 S+ (a+d)S3Iy
—r¥(a+d)SiIy—2r*(a+d) S5 —3r°SaI3 + 3r*(a+ d)S5 I3
+2P° 882 + 13 (a+d)S3Iy — r*(a+d)*Saly — 2r3 1282 — 1* (a+ d)* Sy
+r(a+d)’Soly+ 12 (a+d)*Sol2 —2r3(a+d)SaI3 + 212 (a+d)* Sol2
+13(a+d)Sol§ —3r'S3I3 + 313 (a+d)Sol§ + r* I} So + 2r°SyI2
—2r*(a+d)SI2 —3r93S% + 213 (a+d)*Sily — 21 (a+d)* Spl}
—(a+d)*Sol} —4r*(a+d)S3 +4r’(a+d)* S +4r3(a+d)S3L3)

t5
+ 5[—r58813 +4rt(a+d)Syly +Ar*SSIY (22)
—4r3(a+d)SpI3 — 513 (a+d)*S3ly —17r* (a+ d)SSIE — 9SS I3
+6r2SyI2 —6r(a+d)SSIZ +3r*(a+d)S3ly + 1413 (a+ d)* S1I
—17r98313 +361° (a+d)SI3 + 17198312 —24(a+d)*r* ST}
—6(a+d)r’SaI2 —4r8S315 — 8r°(a+d)S3IE + Ar* I3 S?
—4r' S + 413 (a+ d)SEE — 1 (a+d)*S3ly+ 13 (a+d)* S2Iy
+2r'(a+d)*SEIE —r(a+d) Soly — 3r(a+d)* 138y + 261* (a+ d)S2I3
—4r?(a+d)’Sol} — 1413 (a+d)*Sol§ — 4r*(a+d)Sol} —9r°S3I3
+6r9 4S5 — r°SpIZ —Ar°Saly +4r8SI2 — 167° (a+d) Syl
+24r% (a+d)*SyI2 + 6101382 — 9r8SyI3 + 915 (a+d)S3 I3
—121%(a+d)’SaB3 +r*(a+d)*Solt +3r3 (a+d)*SoI§ + 12r* (a+ d) S I3
—12r%(a+d)*S3I3 — 8r*(a+ d)IES3] + -+,
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2
I(t) =I(ty) + t[rSoly — (a+d)Iy] + %[rzSﬁlg —2rSoly(a+d) —r*Solg

3
+(a+d)Io) + % 23831y — 2r*S3I (a+d) — 23 S5I3 — r* Sily(a+d)
+1Solo(a+d)* + 1213 So(a+d) — 2138312 + 2128, I2 + 1*I3 Sy
12821+ 1rSoly(a+d) + r2Sol3(a+d) + rSoly(a+d)* —Ih(a+d)’]

t-4
o [2rtSely — 213 (a+d)Ssly — 6r*S2IZ — 4(a+d)r*S3I2
+4(a+d)’r2SyIE + T3 S5 — 61 SyI3 + 6r% (a+ d) SIS
+Ar IS — 13 (a+ d)hS3 + 212 (a+ d)*Saly + 2138312 + r(a+d)* Saly
—3r(a+d)*Soly — 612 (a+d)*Sol2 — 2r3(a+d)S,I3 + 4r3(a+d)S2I?
—4r'S + 413 (a+d)SAIE + At I3 S5 + Ar3S5I2 — Ar? (a+d)SoIR

—21380I3 — r3SoIf —3r2(a+d)SoI3 — 3 Syly + r*(a+d)S51y

+2r38212 + r*(a+d)Sily —r(a+d)Soly — r(a+d)Sol3 (23)
5
+(a+d) Iy + %[er’sglo —4(a+d)r*Syly —28r°S¢ I3

+4(a+d)*r3S31y+37(a+d)r* SSI2 + 42r°S3 I3 — 8(a+d)r* Sal?
+16(a+d)*r*SyI2 +38(a+d)r*S3I3 — 8(a+d)* r2SAI2
—8(a+d)’rPI3S: — 18 St + 214 S8 — 12(a+ )P I3 S3

18158313 + 18r° ISt + 18(a+ d)*r*I3 Sy — 28(a+ d)r* ILS?
—(a+d)r*Sily +2(a+d)r3S3 Iy — 4(a+d)r*Saly — 33(a+d)*r3SiL;
—30(a+d)r3S2I2 —14r* 1382 + 2 (a+ d)S3ly — r(a+d)* S,
—r2(a+d)*S2ly+3(a+d) rSoly + 15(a+d)*r2Sol3 + 23(a+d)r’ Sol}
—30(a+d)r*S3 + r*(a+d)* 1L Sy — 8r°S2IL +8r3S3 I2
+11(a+d)*r?Sol? + 2r* 13 So + 413 (a+ d)Solf + r* Solf +9(a+d)*r*SeI3

+r*(a+d)Sol} +r(a+d) Solp — (a+d)°Ip] + -+,
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2 3

R(t) = R(to) + t]aly) + %[ar&)lo —a(a+d)h) + %mﬁsé I

4
—2a(a+d)rSoly — ar*Solg +a(a+d)*I) + %[arssglo

—3a(a+d)r*Sily —4ar’3S3 + 3a(a+ d)*rSoly + 4a(a+ d)r* 2 Sy

t5
+ar’Sol} —a(a+d)*I) + = lar*Sgly — 4a(a+d)rSil,

—11ar*S3I2 +20a(a+d)r’SaIZ +6a(a+d)*r*Saly + 11ar* SaI3

—4a(a+d)’rSoly —11a(a+d)>Sol¢r?

—7a(a+d)rPSol} —ar*Solt +a(a+d)*Io] + -, -
2

3
D(t) =D(ty) + t[dlp] + 21 [drSoly —d(a+d)lp) + %[drzéﬁlo

—2d(a+d)rSoly — dr2Sol2 + d(a+d)*Iy) + %[dﬁsﬁm
—3d(a+d)r*S¢ly — 4dr3I3 St + 3d(a+ d)*rSoly + 4d(a + d)r* I3 S,
+dr3Sol3 —d(a+d)*I) + g[dr4sgfo —4d(a+d)r*Sly

—11dr* S35 +20d(a+ d)r3 SAI3 + 6d(a+d)’r*Saly + 11dr* S3 I3
—4d(a+d)’rSoly —11d(a+d)*Sol2r* — 7d(a+d)r3S,I3
—dr*Sol} +d(a+d)*Io) + - .

6 Numerical solution for Eq. (3)

In this section, we have to calculate numerical result of the Caputo arbitrary-order prob-
lem (3) and the presentation of iterative simulations will be established by the proposed
Euler’s or Taylor’s series iterative method. To achieve this, we apply the fractional-order
Caputo differentiation to get an approximate scheme for the graphical representation
of our chosen problem (3). To construct an approximate procedure, we go further with
the process for Eq. (3) as

“DyS(t)=01(t,S(t),1(t),R(t), D(t)) = —rS()(t),
CDYI(r) =0y(8,8(2),1(1),R(t),D(t)) = —rS(0)I(t) — (a+d)I(¢),
CDYR(t) =03(t,S(¢),1(t),R(¢),D(t)) = al(t), (25)
“DyD(t) =04 (t,S(t),I(t),R(t),D(t)) = dI(t),
S(0)=Sy, I1(0)=I), 0<O<1, t>0.
Let [0, ¢] be an interval for computation of the series solution of system (25). We cannot

calculate the compartments S(¢), I (£), I(¢), D(t) solution of the initial value problem (25).
Instead of this, a set of points (7, S(#,)) can be taken and their points are taken for our
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numerical scheme. Thus, we further subdivide the interval [0, @] into i small subintervals
[t4 t4.1] of the same length h = o/n only applying the nodes ¢, = gh, forg=0,1,...,n. Con-
sider that

S(0),1(t),R(t), D(t)°DYS(r), ° DY I(1), ° DY R(¢), DY D(t)

and
CD}S (1), “D} (1), DI R(1), D D),

are continuous on [0, T]. Using the general Euler’s or Taylor’s method about ¢ = t, = 0 to the
considered problem given in Eq. (25) and for all ¢ taking a € (0, T), the mathematical form
for t;, we have

2 2
S(tl) = S(l’o) + Ul(to,S(to),[(to),R(to),D(to))r(;i_ 1) + CD?K’S([)M:“#‘{;I),
1) = 1(0)+ 1 0, 10, R(0) D10) s + D0
(26)
2] 20
R(t) = R(to) a0, (10), 110, R(1), Do) 725+ DR -
v G2y 129
D(tl) :D(to) +U4(tg,5(fo),I(to),R(to),D(to))W + DtPD(I)‘t=um'

Taking the value of / very small then we omit the heist power of /2, then we may remove the
high-order terms having #*’ and get Eq. (26) as

t
Tp+1)

¥
Ip+1)

S(tl) :S(I()) + Ul(to,S(to),[(l’o),R(l’o),D(l’o))

I(ty) =1(to) + O2(t0, S(20), I (t0), R(t0), D(1o))

" 27

r(p+1)’
34
I(p+1)
On writing again by the same method, a set of points that approximated the solution
(S(t),1(t),R(r),D(t)) is obtained. The generalized formula on #,,, = f, + h is

R(t1) = R(o) + Us(t0,S(t0),1 (%), R(f), D(to))

D(t1) = D(to) + U4 (to, S(t0), I (t0), R(t0), D(t0))

h?
Ip+1)

ho
Ip+1)

he
Ip+1)
Tp+1)

S(tg+1) = S(tg) + U1(1g,S(1q),1(tq), R(tq), D(tq))
I(tg:1) =1(1tg) + O2(1g, S(tq),1(tq), R(1q), D(1y))

(28)
R(t41) = R(ty) + O3(t4,S(14),1(14), R(t4), D(1q))

D(ty.1) = D(tg) + a1, S(tg), (L), R(tg), D(1y))

where ¢=0,1,2,...,n—1.
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7 Computational of the numerical solution of the COVID-19
model for model (2)
In this section, we investigate the numerical solution of the COVID-19 model (2). For this
we need to take the following values for the concerned parameter of the model, and we
consider the initial values as: r = 0.0000033, a = 0.0000035, d = 0.019, Sy = 8.8 million,
Iy = 0.57 million, Ry = 0.53 million, and Dy = 0.015 million as,

S (ty) = —0.00001655,

S (ty) =0.000000314,

S" (ty) = —0.00000000631, (29)

S (£y) = 0.000000000923,

S§”(tp) = —0.000000002123.

I'(fy) =—0.01081544,

I"(tp) =0.0002022,

1" (ty) = —0.00000356, (30)
1" (ty) = 0.0000000471,

I”(ty) = —0.00000000635.

R (ty) =0.00000199,

R’ (ty) = —0.000000664,

R" (ty) =0.000000000717, (€1))
R™(ty) = —0.00003522,

R"(ty) = 0.00000357.

D (t)) =0.01083,

D' (ty) = —0.000205,

D" (t,) =0.00000389, (32)
D™ (ty) = —0.0000000739,

D" (ty) = 0.000000001125.
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Plugging the values of Egs. (29)-(32) in Eq. (21), we obtain

12 3
S(t) =8.8+1(~0.00001655) + (0.000000314) + 7(~0.00000000631)

t I
+ I(0.000000000923) + 5(—0.0000000002123) Foe,

2 3
I(£) = 0.57+ 1(—0.01081544) + %(o.ooozozz) . %(70.00000356)

t4 P
+7(0.0000000471) + = (—0.00000000635) + -+,

) 5 (33)

t r
R(t) =0.53+£(0.00000199) + (~0.000000664) + 7 (0.000000000717)

4 5
* %(*0-00003522) + %(0.00000357) +o

2 3
D(t)=0.015+£(0.01083) + %(—0.000205) + ;(0.00000389)

t I
+47(—0.0000000739) + = (0.000000001125) + --- .

The series solution uses the following values of the parameters: r = 0.0000033, a =
0.0000035, d = 0.019, Sy=8.8 million, I, = 0.57 million, Ry=0.53 million, and
Dy =0.015 million. We can write

(34)

By using software like Mathematica, we plot the solution up to 100 terms as shown in Figs.
1-4. From the plot given in Figs. 1-4 we see that the Taylor’s series is a powerful technique
for finding the numerical solution of the nonlinear problem.

In Figs. 1-4, we have provided graphical representations of different classes for the pro-
posed model.

8 Graphical results and discussion for model (3)

To present the concerned approximate solutions (28) of the model under consideration,
we recall some numerical values for the parameters in Table 1. Figs. 5-8 are the represen-
tations of all the four compartments of the model (3) at various fractional orders by Euler’s
method using data I, similar to the data used for the integer-order problem (2). Both the
approaches of the integer-order model and the fraction-order model are comparable with
each other and by increasing the fractional values will converge to the integer values. Also
in data I we can see that r < a + d; this means that the infection will vanish, as can be seen
from Fig. 6.
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0 50 100 150 200 250 300
Time t (days)

FIG. 4 Dynamical behavior of death class.

Table 1 Parametric values for our model (3).

Parameters Data | Data Il Data Il
So 8.8 million 8.8 million 8.8 million
lo 0.57 million 0.57 million 0.57 million
Ro 0.53 million 0.53 million 0.53 million
Do 0.015 million 0.015 million 0.015 million
a 0.0000035 0.00000030 0.00003
d 0.00000033 0.000003
r 0.0000036 0.00000003 0.00058

88 T T T T T
8.79999 - re=0.78 | |
N ==+ $=0.85
B\
8.79998 - I == ©=0.95|
BN
RN —p=1.0
= 8.79997 - BN
N “N
%) '.{\‘\‘
© 8.79996 RN i
b "‘-,"\‘
£ 8.79995 -
2
N 879994 -
8.79993 -
8.79992 -
8.79991 L L L L L
0 50 100 150 200 250 300

Time t (days)

FIG. 5 Graphical representation of numerical solution for 5(t) at various arbitrary order of o for data I.
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FIG. 6 Graphical representation of numerical solution for / (t) at various arbitrary order of g for data I.
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FIG. 7 Graphical representation of numerical solution for R(t) at various arbitrary order of & for data I.

Figs. 9-12 are representations of different compartments of model (3) at different frac-
tional orders for data II. In this case r = a + d, which implies that if S(¢) =1 then no pan-

demic will occur, as can be seen from Fig. 10, or there will be very small amounts of
infection.
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FIG. 8 Graphical representation of numerical solution for D(t) at various arbitrary order of o for data I.

8.8 T T T T T

8.7995 [

==t ©=0.85
== p=095

8.799 -

87985 $=10

8.798 -

8.7975

Susceptible S(t

8.797 -
8.7965 |-

8.796 - 7

8.7955 L L L L L
0 50 100 150 200 250 300

Time t (days)

FIG. 9 Graphical representation of numerical solution for S(t) at various arbitrary order of o for data II.

Figs. 13-16 are the representation of all agent of model (3) for data III at different frac-
tional orders of . Here r > a + d, which means that the infection will occur and will be
increasing as can be seen from Fig. 14.

9 Concluding remarks

In this chapter, we have studied a four-compartmental mathematical model of COVID-19
in both integer and fractional orders. The concerned model consist of susceptible,
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FIG. 11 Graphical representation of numerical solution for S(t) at various arbitrary order of o for data II.
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FIG. 12 Graphical representation of numerical solution for S(t) at various arbitrary order of o for data II.
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FIG. 14 Graphical representation of numerical solution for S(t) at various arbitrary order of g for data Ill.

infected, recovered, and death classes. The feasibility and stability analysis of the pro-
posed fractional-order model has been achieved by the techniques of basic reproduction
number. The fractional-order model has also been analyzed for existence and uniqueness
of solution using some well-known theorems of fixed-point theory. We have investigated
the general and numerical solution for the proposed COVID-19 model through the Taylor’s
series method to compute a series solution to the considered models of integer and
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FIG. 15 Graphical representation of numerical solution for S(t) at various arbitrary order of p for data Ill.

0.0101 T T T T T
........ ©=0.75
0.01008 - =" 9=0.85
-~ $=0.95
= 0.01006 -
Q
=
§
QA 0.01004 -
0.01002 -
oE
0.01 L L L L L
0 50 100 150 200 250 300

Time ¢t (days)

FIG. 16 Graphical representation of numerical solution for S(t) at various arbitrary order of p for data Ill.

fractional order, for three different values of parameter in the considered model. The pro-
pose schemes have been simulated to show the validity of our proposed schemes and the
investigation of fractional-order calculus. Both the numerical schemes are comparable
with each other. The proposed techniques of qualitative, stability, and numerical analysis
may be applied to various integer and fractional-order differential equations or mathe-
matical models representing some real-world phenomena.
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