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Abstract
Tumours evade immune surveillance through a number of different immunosuppres-
sive mechanisms. One such mechanism causes cytotoxic T-cells, a major driving force
of the immune system, to differentiate to a state of ‘exhaustion’, rendering them less
effective at killing tumour cells. We present a structured mathematical model that
focuses on T-cell exhaustion and its effect on tumour growth. We compartmentalise
cytotoxic T-cells into discrete subgroups based on their exhaustion level, which affects
their ability to kill tumour cells. We show that the model reduces to a simpler sys-
tem of ordinary differential equations (ODEs) that describes the time evolution of the
total number of T-cells, their mean exhaustion level and the total number of tumour
cells. Numerical simulations of the model equations reveal how the exhaustion dis-
tribution of T-cells changes over time and how it influences the tumour’s growth
dynamics. Complementary bifurcation analysis shows how altering key parameters
significantly reduces the tumour burden, highlighting exhaustion as a promising tar-
get for immunotherapy. Finally, we derive a continuum approximation of the discrete
ODE model, which admits analytical solutions that provide complementary insight
into T-cell exhaustion dynamics and their effect on tumour growth.
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1 Introduction

Cancer is a complex and multi-faceted disease. Our understanding of the mechanisms
that drive its progression is constantly improving. For example, recent developments
are unravelling the multitude of factors at play within the tumour micro-environment
and, in particular, the importance of tumour-immune interactions in shaping cancer
evolution (Junttila and De Sauvage 2013).

The tumour-microenvironment (TME) refers to the complex network of cells and
stroma that surround a tumour (Hanna et al. 2009). These include endothelial cells,
pericytes, fibroblasts, immune cells and extracellular matrix. The TME evolves con-
tinuously during tumour growth, with cross-talk between the different cell types
regulating tumour progression (Elmusrati et al. 2021). Within the TME, the immune
landscape—comprising T-cells, B-cells, macrophages, neutrophils, and others—has
a huge impact on whether a tumour regresses or progresses. The primary role of the
immune system is to defend the body against infection and protect a host’s cells.
Cancer, however, often reprogrammes the immune system so that, rather than destroy-
ing cancer cells, it promotes tumour progression. Understanding and quantifying the
mechanisms by which cancer evades immune surveillance is vital for further improve-
ment in treatment.

In practice, the immune system facilitates both tumour suppression and progression,
and the balance between these opposing effects determines whether or not a tumour
grows. To capture the qualitative behaviours that can occur, Schreiber et al. proposed
‘the three E’s of cancer immunoediting’ - elimination, equilibrium and escape (Dunn
et al. 2004). ‘Elimination’ occurs when the immune system successfully kills all of the
tumour cells; ‘equilibrium’ occurs when the suppressive effects of the immune system
balance the tumour’s growth, maintaining it at a fixed size; ‘escape’ occurs when the
suppressive effects of the immune system are unable to control the tumour’s growth.
Immunotherapy aims to bolster the immune response and mitigate the immunosup-
pressive effects of cancer in order to achieve ‘tumour elimination’.

Over the last 40 years, increased understanding of tumour-immune interactions
has stimulated the development of a range of immunotherapeutic treatments for can-
cer (Farkona et al. 2016). These include checkpoint inhibitors which block proteins
that suppress immune-cell activity, and CAR T-cell therapy where a patient’s T-
cells are genetically altered to more effectively locate and kill cancer cells (Tabana
et al. 2021; Sterner and Sterner 2021). In clinical trials (Egen et al. 2020; Kang
et al. 2016), immunotherapies have been administered alone and in combination
with other treatments, such as radiotherapy and chemotherapy, yielding marked
improvements in patient survival rates and quality of life compared with the current
standard of care (Esfahani et al. 2020; Hall et al. 2013; Smyth et al. 2016). However,
immunotherapy has limitations. It is difficult to predict the efficacy of immunothera-
peutic treatments, due to large variations in patient responses. Additionally, treatment
can sometimes induce an inflammatory response against the host’s healthy tissue rather
than the tumour (Taefehshokr et al. 2022; Esfahani et al. 2020). In order to improve
the efficacy of immunotherapy we require a better understanding of the mechanisms
by which tumours evade and/or reprogram the immune system.

123



The Impact of T-cell Exhaustion Dynamics... Page 3 of 47 61

As mentioned above, T-cells play a major role in the immune response against
cancer. There are many subtypes, including helper T-cells and regulatory T-cells. Of
particular importance here are cytotoxic T-cells which locate and kill cancer cells.
Within the TME, chronic stimulation by tumour antigens causes cytotoxic T-cells to
differentiate to a hyporesponsive state of ‘exhaustion’. T-cell exhaustion represents a
dysfunctional state in which cytotoxic T-cells express increased levels of inhibitory
receptors, such as PD-1 and CTLA-4, which reduce their ability to recognise and
kill tumour cells (Jiang et al. 2015; Blank et al. 2019). These behavioural changes
reduce the immune system’s ability to suppress the tumour and are correlated with
poor patient-outcome in multiple cancer types (e.g., head and neck cancer, renal cell
carcinoma, breast cancer, etc.) (Chow et al. 2022; Kansy et al. 2017; Thompson et al.
2007; Sun et al. 2014; Muenst et al. 2013). A number of exhaustion states have been
identified, ranging from precursor-exhausted T-cells with stem-like properties to ter-
minally differentiated T-cells that exhibit a complete loss of effector function (Dolina
et al. 2021). However, it is now understood that T-cell exhaustion is a continuous
process that spans a spectrum of exhaustion states, along which T-cells differentiate
while progressively losing effector function (Chow et al. 2022). If immunotherapy is to
realise its full potential, we must first better understand how T-cell exhaustion impacts
immune evasion and explore treatments that mitigate its adverse effects (Chow et al.
2022). In this study, we develop a mathematical model to investigate how exhaustion
inhibits the ability of cytotoxic T-cells to kill tumour cells and the extent to which
T-cell exhaustion may contribute to the 3 E’s of immunoediting.

Mathematical modelling represents a valuable tool to help oncologists and clin-
icians solve the complex puzzle that is cancer. When combined with experiments,
mathematical models can be used to generate and test hypotheses, and achieve a level
of understanding that surpasses what can be obtained using each approach in isola-
tion (Byrne et al. 2006). A variety of mathematical approaches have been used to
model the growth and response to treatment of solid tumours: these include ordinary
differential equations (ODEs), partial differential equations (PDEs), stochastic mod-
els, agent-based models (ABMs), and hybrid models (further details can be found in
the following review articles (Eftimie et al. 2011; Enderling and AJ Chaplain 2014;
Bull and Byrne 2022; Rejniak and Anderson 2011; Yin et al. 2019)). Many math-
ematical models of tumour-immune interactions are formulated as time-dependent
ODEs. Of these, Kuznetsov et al.’s seminal model serves as a benchmark. Kuznetsov
et al. (1994) use a predator–prey approach, treating the immune system as a single,
generic species and comparing their model with experimental data.Many authors have
extended Kuznetsov’s model to investigate the effect of time-delays in immune cell
recruitment (Khajanchi and Banerjee 2014), the impact of chemotherapy (Kiran and
Lakshminarayanan 2013), and the effects of both the innate and adaptive immune
responses and associated cytokines (Pillis and Radunskaya 2003; Robertson-Tessi
et al. 2012). Detailed bifurcation and asymptotic analyses have also been performed
and have demonstrated that Kuznetsov’s original model exhibits excitable dynamics
(Dritschel et al. 2018; Osojnik et al. 2020).

Additional complexity arises due to phenotypic heterogeneity within a particu-
lar cell type. For example, macrophages exhibit phenotypic heterogeneity as they
transition between pro-inflammatory, phagocytic, M1-like macrophages and anti-
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inflammatory M2-like macrophages (Najafi et al. 2019) and cytotoxic T-cells exhibit
heterogeneity in their exhaustion status (Jiang et al. 2015). Several authors have devel-
oped structuredmathematical models to investigate the effect that heterogeneity has on
tumour growth. For example, cancer cells have been structured by age (Bekkal Brikci
et al. 2008), expression of drug-resistance genes (Lorz et al. 2013; Stace et al. 2020),
cell-cycle position and/or cell-cycle protein content (Hodgkinson et al. 2023; Basse
et al. 2004), and stemness (Celora et al. 2021). While most structured models focus
on a single structure variable, several authors have proposed dual-structured models,
to account for spatial and phenotypic heterogeneity in cancer cells (Celora et al. 2023;
Villa et al. 2021; Hodgkinson et al. 2019; Lorz et al. 2015). By contrast, Bartha and
Eftimie (2022) propose a dual-structured model of macrophage-tumour interactions
which accounts for spatial heterogeneity and where macrophages are structured by
their phenotype. Mathematical models that account for different types of heterogene-
ity provide a nuanced understanding of tumour-immune interactions and may reveal
complex emergent behaviours not captured by simpler homogenous models.

T-cell exhaustion has been incorporated into several mathematical models. For
example, Kareva and Gevertz (2024) explicitly model populations of ‘reversibly
exhausted’ and ‘terminally exhausted’ T-cells using a system of ODEs, where immune
checkpoint blockade only affects the former, and explore how the model behaves
for different treatment protocols. Sahoo et al. (2020) formulate an ODE model that
describes howCART-cells and tumour-cells interact, and use it to explore the potential
of T-cell exhaustion to inhibit CAR T-cell therapy. In practice, most existing models
of T-cell exhaustion focus on a small number of discrete exhaustion states. However,
T-cell exhaustion is now understood to be a dynamic process, spanning a spectrum of
exhaustion states, with T-cells progressively losing effector function as they become
more exhausted (Jiang et al. 2021; Chow et al. 2022). We aim to study this process
and investigate its effect on tumour growth in a mathematical model where T-cells are
structured by their exhaustion status.

In this paper, we present three, related mathematical models of T-cell exhaustion in
cancer: (i) a discrete ODE model, in which the T-cells are structured by their exhaus-
tion level; (ii) a reduced ODEmodel describing the time evolution of the total number
of T-cells, their mean exhaustion level, and the total number of tumour cells, obtained
by taking moments of the discrete model; (iii) a PDE model obtained by treating T-
cell exhaustion as a continuous variable and taking a continuum approximation of the
discrete ODE model. We use these models to investigate how the exhaustion distri-
bution of the T-cells changes over time due to interactions with the tumour cells and
how these changes, in turn, affect the tumour’s growth dynamics. We identify dis-
tinct T-cell distributions with the tumour’s long-term behaviour. In particular, tumour
elimination is associated with a T-cell distribution which is skewed towards highly
active T-cells, tumour escape is associated with a distribution that is skewed towards
exhausted T-cells, and tumour equilibrium is associated with a T-cell population that is
more uniformly distributed across the exhaustion spectrum. The discrete ODE model
and the PDE model are novel in that they are the first structured models to investigate
the impact of T-cell exhaustion on tumour growth. While ODE models investigating
tumour-immune interactions have been proposed, the novelty of the reduced ODE
model is that it is derived from a structured model and, as such, characterises the
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T-cells in terms of their number and mean exhaustion level based on a fundamental
description of the biology. Additionally, comparison of the discrete ODE model with
the reduced ODE model shows how parameters at a discrete scale coarse grain to
macro and population scale.

The remainder of this paper is organised as follows. In Sect. 2, we propose a
spatially-averaged, time-dependent mathematical model of tumour-immune interac-
tions, in which T-cells are structured by their exhaustion level. We show how the
model can be reduced to a simpler system of ODEs describing the time evolution of
the total number of T-cells, theirmean exhaustion level, and the total number of tumour
cells. We then non-dimensionalise the model equations and present parameter values
retrieved from the literature. In Sect. 3, we present numerical simulations showing the
coevolution of T-cells and tumour cells for different parameter values, recapitulat-
ing the 3 E’s of immunoediting and illustrating the T-cell exhaustion distribution in
each case. We then solve the steady states of the system and characterise their linear
stability. We conduct bifurcation analysis and identify distinct regions of parameter
space in which we expect to see these different qualitative behaviours and where the
system exhibits bistability. We also identify parameter values for which the system
exhibits tristability and all 3 E’s of immunoediting are simultaneously stable. Finally,
we present numerical simulations demonstrating the impact of immunotherapy on
model dynamics. In Sect. 4, we propose a PDE model of T-cell exhaustion dynamics,
derived from the discrete ODE model by treating a T-cell’s exhaustion level as a con-
tinuous variable. The PDEmodel admits analytical solutions, which we compare with
solutions to the discrete model.

2 Model Development

In this section,we introduce amathematicalmodel that describes howT-cell exhaustion
and interactions with tumour cells impact the growth dynamics of the tumour cells.
For simplicity, spatial effects are neglected. We compartmentalise the cytotoxic T-cell
population into distinct classes, based on their exhaustion status. Their time-evolution
is governed by a system of time-dependent ordinary differential equations (ODEs)
which are coupled to an ODE describing the time-evolution of the number of tumour
cells. After introducing the governing equations, we show how the model can be
reduced to a closed system of ODEs describing the time evolution of the total number
of T-cells, their mean exhaustion level, and the total number of tumour cells.

2.1 Model Derivation

We consider populations of cytotoxic T-cells and tumour cells, and their interactions
within the tumour microenvironment (see Fig. 1). While existing models of T-cell
exhaustion incorporate a small number of exhaustion states, T-cell exhaustion is now
understood to span a spectrum of exhaustion states, along which T-cells differentiate
while progressively lose effector function (Jiang et al. 2021; Chow et al. 2022; Dolina
et al. 2021). Therefore, we propose a structured model of exhaustion in which we
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Fig. 1 Model schematic. Diagram of the model setup, consisting of a tumour cell population (N (t)), and
a T-cell population compartmentalised into n + 1 subgroups (Tj (t), j = 0, 1, . . . , n) according to their
exhaustion level, j . The system dynamics are dominated by the following processes: (1) influx of T-cells
into the tumour microenvironment in response to chemokines released by the tumour cells; (2) progressive
T-cell exhaustion due to interactions with the tumour cells; (3) logistic growth of the tumour cells; (4) T-cell
induced death of tumour cells at a rate which depends on the T-cell’s exhaustion level; (5) natural death of
T-cells. Created with https://www.biorender.com/ (Color figure online)

decompose theT-cell population into n+1 compartments according to their exhaustion
level j , where j ∈ {0, 1, . . . , n}. We denote by T̂ j (t̂) the number of cytotoxic T-cells at
time t̂ with exhaustion level j , where T̂ j=0(t̂) and T̂ j=n(t̂) denote the numbers of fully
active and fully exhausted cytotoxic T-cells, respectively. While different exhaustion
states may have diverse characteristics, for simplicity, we assume a T-cell’s exhaustion
level only influences its ability to kill tumour cells and its exhaustion rate. We denote
by N̂ (t̂) the number of tumour cells at time, t̂ . We model their co-evolution with the
following equations:
dT̂0
dt̂

= σ0
︸︷︷︸

constant influx of
T-cells

+ σ1 N̂

1 +
(

N̂
N̄

)2

︸ ︷︷ ︸

tumour stimulated
T-cell influx

− (k0 + k1 N̂ )nT̂0
︸ ︷︷ ︸

exhaustion

− γ T̂0,
︸︷︷︸

natural cell death

(1)

dT̂ j
dt̂

= (k0 + k1 N̂ )n

[(

1 − j − 1

n

)

T̂ j−1 −
(

1 − j

n

)

T̂ j

]

︸ ︷︷ ︸

exhaustion

− γ T̂ j ,
︸︷︷︸

natural cell death

j = 1, 2, . . . , n. (2)

d N̂

dt̂
= r N̂

(

1 − N̂

K

)

︸ ︷︷ ︸

logistic growth

−
n
∑

j=0

λ

(

1 − j

n

)

T̂ j N̂

︸ ︷︷ ︸

tumour kill by T-cells with
exhaustion level j

. (3)
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We will refer to equations (1)–(3) as the discrete ODE model. In equation (1), we
assume that when T-cells are recruited to the TME they are fully active (i.e., j = 0).
We assume further that two terms contribute to the rate of T-cell influx: a constant, or
basal, supply rate σ0, and an additional term due to tumour-derived cytokines which,
for simplicity, we assume depends biphasically on N̂ . Thus, we assume that when the
tumour is small, the rate of T-cell infiltration increases approximately linearly with
N̂ , with constant of proportionality σ1, due to increased rates of production of pro-
inflammatory chemokines and cytokines by the tumour and surrounding stroma. As
the tumour increases in size, it inhibits immune cell infiltration into the TME (Joyce

and Fearon 2015). We account for this effect via the factor of

(

1 +
(

N̂
N̄

)2
)−1

which

ensures that the tumour-stimulated influx decreases to zero as N̂ → ∞. The parameter
N̄ denotes the number of tumour cells at which the T-cell influx is maximised. We
note that similar functional forms have been used by other authors (Kuznetsov et al.
1994; Dritschel et al. 2018).

We model T-cell exhaustion via the reaction:

T̂ j

k̂(N̂ )n
(

1− j
n

)

−−−−−−−→ T̂ j+1, j = 0, 1, ..., n − 1.

Here,we assume that the exhaustion rate depends on the number of tumour cells, N̂ , via
the increasing function k̂(N̂ ), since exhaustion is primarily due to overstimulation of T-
cells due to chronically high tumour-antigen load (Blank et al. 2019). For simplicity,we
assume that this function is linear, k̂(N̂ ) = k0 + k1 N̂ , where k0 is the basal exhaustion
rate and k1 N̂ is the increase in this rate due to the presence of tumour cells. We
further assume that the rate at which T-cells become exhausted is a linearly decreasing
function of their exhaustion level, j , since exhaustion upregulates inhibitory receptors
and reduces effector function which, in turn, reduces the rate of further stimulation
by tumour antigens (Saka et al. 2020). We scale the exhaustion rate by a factor of n
to ensure that the average time to transition from ‘fully active’ to ‘fully exhausted’ is
independent of the number of compartments used to structure the T-cell population.
We also assume that all T-cells undergo natural cell death at a constant rate, γ .

We suppose that the evolution of the tumour cell population is dominated by cell
proliferation and T-cell induced cell death. We assume that, in the absence of T-cells,
tumour cells undergo logistic growth, with growth rate r and carrying capacity K .
We note that as T-cells become more exhausted, they express an increased number of
inhibitory receptors and exhibit impaired cytotoxicity (Jiang et al. 2015). Therefore,
we assume that the rate at which T-cells kill tumour cells is a linearly decreasing
function of their exhaustion level, j , of the form:

T̂ j + N̂
λ
(

1− j
n

)

−−−−−→ T̂ j + N̂dead, j = 0, 1, . . . , n,
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where the parameter λ denotes the tumour-cell kill rate for a fully active T-cell. We
close the model by imposing the following initial conditions:

T̂0(0) = σ0

k0n + γ
, (4)

T̂ j (0) = k0(n − j + 1)

γ + k0(n − j)
T̂ j−1(0), j = 1, . . . , n, (5)

N̂ (0) =N̂0. (6)

In equations (4)–(5), we assume that initially there is a population of healthy T-cells
resident in the tissue. We take this distribution to be the steady state distribution in the
absence of tumour cells. We assume further that the tumour comprises N̂0 > 0 cells
before a cytotoxic immune response is initiated.

2.2 Reduced ODEModel

We now use equations (1)–(2) to derive a closed system of ODEs for the total number
of T-cells, �̂, and their mean exhaustion level, μ. Explicitly, we define:

�̂ =
n
∑

j=0

T̂ j and μ = 1

�̂

n
∑

j=0

j

n
T̂ j .

Differentiating these expressionswith respect to time t̂ , and substituting fromequations
(1)–(2), we obtain the following system of ODEs for �̂, μ and N̂ :

d�̂

dt̂
= σ0 + σ1 N̂

1 +
(

N̂
N̄

)2 − γ �̂, (7)

dμ

dt̂
= (k0 + k1 N̂ )(1 − μ) − μ

�̂

⎛

⎜

⎝σ0 + σ1 N̂

1 +
(

N̂
N̄

)2

⎞

⎟

⎠ , (8)

d N̂

dt̂
= r N̂

(

1 − N̂

K

)

− λN̂�̂(1 − μ), (9)

with initial conditions:

�̂(0) = σ0

γ
, μ(0) = k0

k0 + γ
, N̂ (0) = N̂0. (10)

We will refer to equations (7)–(9) as the reduced ODE model. Equation (7) reflects
our assumptions that T-cells infiltrate from the bloodstream at a baseline rate σ0 and

are additionally recruited at a rate σ1 N̂

1+
(

N̂
N̄

)2 due to the tumour cells. Equation (8) shows
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how themean exhaustion level of T-cells increaseswith the number of tumour cells and
decreases as T-cell recruitment increases. This reflects our assumption that T-cells are
fully active when they infiltrate the tumour region, and so reduce the mean exhaustion
level.

Since there is no explicit dependence on {T̂ j : j = 0, 1, . . . , n}, the reduced
ODE model decouples from the exhaustion-structured model of T-cells. In particular,
equations (7)–(10) define a closed initial value problem for �̂, μ and N̂ , that can be
studied independently of equations (1)–(2). We remark that we can further derive an
expression for the variance of the T-cell exhaustion distribution (see Appendix A.1
for more details). Similar reduction of a structured mathematical model to a closed
system of ODEs has been seen in models of lipid accumulation in macrophages in
atherosclerosis (Chambers et al. 2023).

2.3 Non-dimensionalisation

We make the following scaling choices to non-dimensionalise the model:

t̂ = 1

r
t, N̂ = K N , �̂ = σ0

r
�.

Since we are interested in the effects of T-cell exhaustion on the tumour’s growth
dynamics, we scale time with the tumour growth rate, r . We scale the tumour cell
population, N̂ , with its carrying capacity, K , and note that approaching this capacity
signifies ‘tumour escape’ as per the 3 Es of immunoediting (Dunn et al. 2004). Lastly,
we scale the total number of T-cells, �̂, with the basal influx that occurs during the
time scale, r−1, associated with tumour growth. With these scalings (and noting that
μ ∈ [0, 1] is, by definition, dimensionless), the reduced ODE model becomes:

d�

dt
= 1 + σ̃N

1 +
(

N
Ñ

)2 − γ̃ �, (11)

dμ

dt
= (κ0 + κ1N )(1 − μ) − μ

�

⎛

⎜

⎝1 + σ̃N

1 +
(

N
Ñ

)2

⎞

⎟

⎠ , (12)

dN

dt
= N (1 − N ) − λ̃N�(1 − μ), (13)

with initial conditions,

�(0) = 1

γ̃
, μ(0) = κ0

κ0 + γ̃
, N (0) = N0, (14)

where we have introduced the following dimensionless parameter groupings:

σ̃ = σ1K

σ0
, κ0 = k0

r
, κ1 = k1K

r
, γ̃ = γ

r
, λ̃ = λσ0

r2
, Ñ = N̄

K
, N0 = N̂0

K
.
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Similarly, the exhaustion-structured ODEs for the T-cell population become,

dT0
dt

= 1 + σ̃N

1 +
(

N
Ñ

)2 − (κ0 + κ1N )nT0 − γ̃ T0, (15)

dTj

dt
= (κ0 + κ1N )n

[(

1 − j − 1

n

)

Tj−1 −
(

1 − j

n

)

Tj

]

− γ̃ Tj , j = 1, 2, . . . , n,

(16)

with initial conditions,

T0(0) = 1

κ0n + γ̃
and Tj (0) = κ0(n − j + 1)

γ̃ + κ0(n − j)
Tj−1(0), j = 1, . . . , n. (17)

2.4 Parameter Values

In Table 1, we summarise the range of parameter values reported in biological studies
and the mathematical modelling literature, and present the specific values that we use
for the remainder of the paper. Since there is a lack of experimental data available
investigating T-cell exhaustion, we propose estimates for exhaustion parameters. We
anticipate that T-cell exhaustion will occur on a timescale that is similar, but slightly
longer, than that for natural cell death, so we assume 0 < k1 < γ . On exposure to
chronic antigen stimulation, CD8+ T-cells are thought to become exhausted over a
period of days or weeks (Blank et al. 2019). Therefore, we assume k1 N̂ (t̂) ∼ 1

14 , and
estimate that the exhaustion parameter will lie in the range 1

14K < k1 < 1
14N̂0

.

In Table 2, we state the dimensionless parameter values that correspond to the cho-
sen values of the dimensional parameters. For consistency, most parameter values are
taken from Kuznetsov et al. (1994), and were estimated by comparing a mathematical
model for immunogenic tumour growth with experimental data from the spleen of
mice. We use the parameter values in Table 2 throughout the paper, unless stated oth-
erwise. We emphasise that our choices of parameter values are representative, and that
ourmodel is intended to generate qualitative understanding of the impact of exhaustion
on tumour growth dynamics.

3 Results

In this section, we analyse the behaviour of the reduced ODE model (11)–(13) and
the corresponding exhaustion dynamics of the T-cell population (15)–(16). We begin
by presenting numerical simulations that illustrate the different qualitative behaviours
that the model exhibits. In so doing, we show that the model recapitulates the 3 E’s of
immunoediting (Dunn et al. 2004) and indicate how different T-cell exhaustion profiles
are associated with different tumour outcomes. We then consider the system’s long-
term behaviour by identifying its steady states and characterising their linear stability.
Using these results, we perform bifurcation analysis to identify distinct parameter
regions based on the number of steady states that the model exhibits, their qualitative
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Table 2 Values of dimensionless model parameters used in the remainder of the paper

Parameter Value Description
(dimensionless)

λ̃ 0.0442 Rate of T-cell induced tumour death per T-cell

σ̃ 1885 Rate of T-cell influx

Ñ 0.04 Value of N (t) at which T-cell influx is maximal

κ0 0.0556 Basal rate of T-cell exhaustion

κ1 1.39 Enhanced rate of T-cell exhaustion per tumour cell

γ̃ 0.229 Natural death rate of T-cells

behaviour and stability. Finally, we incorporate treatment into the model and present
numerical solutions that illustrate its impact on model dynamics.

3.1 Model Dynamics

In Fig. 2, we present numerical solutions of equations (11)–(13) which illustrate the
different qualitative behaviours that the model exhibits as λ̃ and κ1 vary. Increasing
these parameters corresponds to increasing the rates ofT-cell induced tumour death and
T-cell exhaustion respectively. We also present the corresponding numerical solutions
of equations (15)–(16) which show how the T-cell exhaustion distribution evolves over
time in each case. We solve the ODEs using MATLAB’s ode45 solver, which is based
on an explicit Runge–Kutta (4,5) formula, the Dormand-Prince pair.

In Fig. 2a, we observe tumour elimination because we have an effective immune
response. The number ofT-cells spikes initially due to the presence of the tumourwhich
increases the rate at which T-cells are recruited to the TME. The T-cells outcompete the
tumour cells, killing them at a rate which exceeds the rate of tumour cell proliferation,
leading to tumour elimination. Furthermore, the T-cells eliminate the tumour so rapidly
that they do not experience high levels of exhaustion. At long times, the system reverts
to a tumour-free steady state, for which the exhaustion distribution of the T-cells is
monotonically decreasing (i.e., skewed towards active T-cells).

The results presented in Fig. 2b show how the system dynamics change when the
rate at which T-cells kill tumour cells is reduced (from λ̃ = 0.29 to λ̃ = 0.0442). In
this case, the initial rate of tumour cell proliferation exceeds the rate of T-cell induced
cell death. However, the rapid rise in tumour cell numbers increases the rate at which
T-cells are recruited to the TME and, hence, the total rate of T-cell induced tumour cell
death. As the tumour shrinks, T-cell recruitment also decreases. As T-cell numbers
fall, the rate at which they kill tumour cells also falls, and tumour cell numbers start to
increase again. This predator–prey like behaviour continues, with damped oscillations,
until the system settles to an equilibrium where the tumour cells and T-cells co-exist.
Comparison with Fig. 2a reveals that, in this case, the equilibrium T-cell population
is larger and more uniformly distributed across the exhaustion spectrum. We note
that for these parameter values, the system is bistable; for a larger initial tumour-cell
population, the system evolves to tumour escape (see Appendix A.2).
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In Fig. 2c, we showhow the systemdynamics changewhen the rate of T-cell exhaus-
tion per tumour cell is increased (from κ1 = 1.39 to κ1 = 80.0). As in Fig. 2a and
b, the tumour grows initially, causing a large increase in the influx of T-cells into
the TME. However, the T-cells quickly become exhausted, which reduces their cyto-
toxic activity so that the rate of tumour cell proliferation greatly exceeds the rate of
T-cell induced tumour cell death. The tumour cells then increase in number, with little
opposition from the T-cells, until they reach their carrying capacity—we term this
behaviour ‘tumour escape’. At long times, the T-cell population reaches a large but
chronically exhausted steady state, characterised by a distribution which is monotoni-
cally increasing with exhaustion levels (i.e., skewed towards fully exhausted T-cells).
Notice that the number of tumour cells for tumour escape is much larger than for
tumour elimination or equilibrium (compare Fig. 2c with Fig. 2a and b).

Figure2 shows how the distribution of T-cells across exhaustion states evolves dur-
ing a tumour’s evolution, and suggests how different exhaustion distributions may
be associated with different tumour outcomes—in particular, whether the tumour
escapes, attains an equilibrium, or is eliminated by the T-cells. These results sug-
gest that analysing the exhaustion distribution of T-cells from patient samples could
be used to predict whether a tumour will be eliminated or contained by the immune
system or escape immune control.

3.2 Steady State Analysis

Let �∗, μ∗, N∗ denote the steady state solutions for the total number of T-cells, their
mean exhaustion value, and the total number of tumour cells, respectively. By setting
d/dt = 0 in equations (11)–(13), we derive the following expressions for �∗ and μ∗
in terms of N∗:

�∗ = 1

γ̃

⎛

⎜

⎝1 + σ̃N∗

1 +
(

N∗
Ñ

)2

⎞

⎟

⎠ and μ∗ = κ0 + κ1N∗

γ̃ + κ0 + κ1N∗ . (18)

In equation (18), N∗ = 0 or N∗ > 0 solves the polynomial,

1 − N∗ = f (N∗) where f (N∗) := λ̃

γ̃ + κ0 + κ1N∗

⎛

⎜

⎝1 + σ̃N∗

1 +
(

N∗
Ñ

)2

⎞

⎟

⎠ . (19)

By considering intersections of the graph of f (N∗) with the line 1 − N∗, we deduce
that the number of solutions to equation (19) depends on the value of f (0) = λ̃

γ̃+κ0
,

and we consider the following two cases:

1. If λ̃
γ̃+κ0

< 1, then equation (19) admits one or three solutions;

2. If λ̃
γ̃+κ0

> 1, then equation (19) admits zero, two or four solutions.
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Fig. 2 Numerical simulations illustrating the different qualitative behaviours that the model exhibits for
different values of λ̃ and κ1. On the left, we present solutions to equations (11)–(13) that show the evolution
of the number of tumour cells (red), the total number of T-cells (blue), and their mean exhaustion level
(green) over a period of 250 days. On the right, we present solutions to equations (15)–(16) that show the
evolution of the corresponding T-cell exhaustion distribution. We re-dimensionalise the solutions to show
the relative population cell counts. We choose three sets of parameter values for the rate of T-cell induced
tumour kill, λ̃, and the exhaustion rate per tumour cell, κ1: a when λ̃ = 0.29 and κ1 = 1.39 we observe
tumour elimination; bwhen λ̃ = 0.0442 and κ1 = 1.39we observe tumour equilibrium; cwhen λ̃ = 0.0442
and κ1 = 80.0 we observe tumour escape. The remaining parameters are fixed at the default values stated
in Table 2, with n = 10 (Color figure online)
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Fig. 3 Schematic showing how intersections between the curves y = f (N∗) and y = 1 − N∗ and, hence,
the number of non-trivial solutions to equation (19) change as κ1 varies. We sketch the curve y = f (N∗)

(red) for 5 different values of κ1 (the rate of T-cell exhaustion per tumour cell), to illustrate the different
qualitative ways in which it intersects with the line y = 1 − N∗ (blue). The points of intersection are
indicated by circles: filled circles represent stable steady state solutions; unfilled circles represent unstable
steady state solutions; half-filled circles represent fold bifurcations, where a stable and unstable steady

state coalesce/emerge. We assume f (0) = λ̃
γ̃+κ0

< 1, in which case equation (19) has either one or three

non-trivial solutions (Color figure online)

In Fig. 3, we present a graphical representation of the solutions to equation (19) for
λ̃

γ̃+κ0
< 1 (see Appendix A.2 for an analogous schematic for the case λ̃

γ̃+κ0
> 1). We

remark that in the special case, λ̃
γ̃+κ0

= 1, equation (19) admits between one and four
solutions. We conclude that the reduced ODE model (11)–(13) possesses at most 5
steady state solutions.

In Sect. 3.4, we use (18) and (19) to show how the steady state solutions of the
reduced ODE model change as we vary key model parameters. Using the range of
parameter values presented in Sect. 2.4, we find that there are at most four physically
realistic steady states solutions. For completeness, in Sect. 3.5, we demonstrate the
existence of parameter values for which the system exhibits the maximum number of
five physically realistic steady state solutions and characterise their stability.

For completeness, before presenting the steady state solutions of the reduced ODE
model, we first derive expressions for the corresponding steady-state T-cell exhaustion
distribution. Setting d/dt = 0 in equations (15) and (16), it is straightforward to obtain
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the following expressions for T ∗
0 and T ∗

j ( j = 1, . . . , n):

T ∗
0 = 1

(n + 1 − p∗)(κ0 + κ1N∗)

⎛

⎜

⎝1 + σ̃N∗

1 +
(

N∗
Ñ

)2

⎞

⎟

⎠ ,

T ∗
j = (n − j + 1)

(n − j + 1 − p∗)
T ∗
j−1, for j = 1, . . . , n, (20)

where we define p∗ = p(N∗) := 1− γ̃
(κ0+κ1N∗) as a function of the number of tumour

cells at steady state, N∗, with p∗ ∈
[

1 − γ̃
κ0

, 1
)

.

We note that the value of p∗ = p(N∗) characterises the skew of the steady state
exhaustion distribution of the T-cell population:

• if N∗ >
γ̃−κ0

κ1
, then p(N∗) > 0 and the T-cell exhaustion distribution is con-

vex increasing, which corresponds to the T-cells accumulating at high levels of
exhaustion

• for N∗ <
γ̃−κ0

κ1
, p(N∗) < 0 and theT-cell exhaustion distribution ismonotonically

decreasing and, therefore, skewed towards active T-cells
• for the special case when N∗ = γ̃−κ0

κ1
, p(N∗) = 0 and the T-cell population is

uniformly distributed across exhaustion levels

We also note that the exhaustion parameters, κ0 and κ1, and the rate of T-cell
clearance, γ̃ , determine the qualitative exhaustion distribution of the T-cell population
at steady state. In particular, while the influx parameters σ̃ and Ñ control the number
of active T-cells that infiltrate the TME, they do not affect the skewedness at steady
state.

3.3 Linear Stability Analysis

We characterise the linear stability of the steady state solutions, to determine which
steady state will be attained at long times. It is straightforward (see Appendix A.3 for
details) to show that the eigenvalues, α, of the linearised system satisfy:

0 = −(α + γ̃ )
[

(α + γ̃ + k(N∗))
(

α + f (N∗) − (1 − 2N∗)
)

− N∗( f (N∗)k′(N∗) − λ̃σ ′(N∗)
)]

, (21)

where the functions k(N ) = κ0 + κ1N and σ(N ) = 1 + σ̃N

1+
(

N
Ñ

)2 represent the

dimensionless exhaustion rate and T-cell influx rate, and where f (N ) is defined in
equation (19). We use ′ to denote differentiation with respect to N . For a stable steady
state, we require Re(α) < 0 for all eigenvalues, α.
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For the tumour-free steady state, N∗ = 0, we have:

α1 = −γ̃ , α2 = −(γ̃ + κ0), α3 = 1 − f (0) = 1 − λ̃

γ̃ + κ0
.

Since γ̃ > 0 and κ0 > 0, we deduce that N∗ = 0 is unstable if λ̃
γ̃+κ0

< 1, and linearly
stable otherwise. We conclude that a necessary condition for tumour elimination to
occur is λ̃ > γ̃ +κ0 := λtr. We note also that when λ̃ = λtr, the trivial solution N∗ = 0
is a degenerate steady state solution. Based on these observations, we anticipate that
when λ̃ = λtr there is a transcritical bifurcation at which the trivial steady state
intersects and exchanges stability with a second steady state solution.

For physically realistic, non-trivial steady state solutions, N∗ > 0 and f (N∗) =
1 − N∗ (19). Substituting from equation (19) into equation (21), we have that,

− (α + γ̃ )
[

α2 + (γ̃ + k(N∗) + N∗)α − N∗g(N∗)
]

= 0, (22)

where the function g(N∗) is defined as follows:

g(N∗) := −γ̃ − k(N∗) + (1 − N∗)k′(N∗) − λ̃σ ′(N∗). (23)

Since (γ̃ + k(N∗) + N∗) > 0, we deduce that the non-trivial steady state is unstable
if g(N∗) > 0, and linearly stable if g(N∗) < 0 (and, similarly, for the stability of the
steady state T-cell distribution; see Appendix A.3 for more details). We numerically
compute the value of g(N∗) for each steady state to determine its linear stability. We
set g(N∗) = 0 to find fold points at which the linear stability of a steady state switches.

3.4 Bifurcation Analysis

Wenow combine the analytical results from Sects. 3.2 and 3.3 to show how the number
of steady state solutions and their linear stability change as we vary the rate of T-cell
induced tumour kill (λ̃) and the rate at which tumour cells accelerate T-cell exhaustion
(κ1). In so doing, we focus on parameters relating to T-cell activity that may vary
between patients and/or that are potential targets for immunotherapies. For example,
in CAR T-cell therapy T-cells are removed from the blood and genetically engineered
to more efficiently locate and kill tumour cells (Raskov et al. 2021). Alternatively,
immune checkpoint inhibitors block negative immunoregulatory pathways, such as
PD-1 and CTLA-4, that are characteristic of T-cell exhaustion (Waldman et al. 2020).
In our model, these treatments would induce an increase in λ̃ and a decrease in κ1,
respectively.

As shown in Sect. 3.2, the model admits a tumour-free steady state, which can be
stable or unstable, and up to four additional, physically-realistic steady state solu-
tions, all characterised by a positive tumour burden and at most two of which are
stable. Therefore, there are at most three stable tumour-steady-state branches. We
define model solutions that evolve to the larger non-zero tumour-steady-state branch
as tumour escape, those that evolve to the smaller, non-zero tumour-steady-state branch
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Fig. 4 Series of bifurcation diagrams showing how the existence and stability of the steady state solutions of
equations (11)–(13) change as λ̃ varies. We present the steady states for a the number of tumour cells (N∗),
b the number of T-cells (�∗), and c the mean exhaustion level (μ∗) as we vary λ̃, the rate of T-cell induced
tumour kill. Stable and unstable steady states are denotedwith solid and dashed lines respectively. Parameter
space is partitioned by vertical black dashed lines which pass through two fold points, at λ̃ = λ f1 , λ f2 , and

a transcritical bifurcation, at λ̃ = λtr := γ̃ + κ0 (see inset in d). The system is bistable for λ f1 < λ̃ < λ f2 ,
and monostable otherwise. There are three distinct branches of stable steady state solutions, corresponding
to ‘tumour escape’ (the upper branch in a), ‘tumour equilibrium’ (the lower, non-trivial branch in a), and
‘tumour elimination’ (the trivial, tumour-free branch in a). Except for λ̃, all parameters are fixed at the
default values listed in Table 2 (Color figure online)

as tumour equilibrium, and those that evolve to the tumour-free steady-state branch
as tumour elimination.

We begin by focusing on λ̃ as a bifurcation parameter. The results are presented in
Fig. 4 and can be summarised as follows:

• 0 < λ̃ < λ f1 : The system is monostable. For all physically realistic initial
conditions, it evolves to a unique stable steady state, corresponding to ‘tumour
escape’, characterised by a large tumour burden, near its carrying capacity, and a
small number of T-cells exhibiting high levels of exhaustion.

123



The Impact of T-cell Exhaustion Dynamics... Page 19 of 47 61

• λ̃ = λ f1 : There is a fold bifurcation at which a steady state solution characterised
by a small number of tumour cells and a large number of active T-cells is created.

• λ f1 < λ̃ < λ f2 : The system is bistable. Depending on the initial numbers of
tumour cells and T-cells, the system evolves to either a stable steady state corre-
sponding to ‘tumour escape’ (i.e., a large tumour burden and a small number of
highly exhausted T-cells) or ‘tumour equilibrium’ (i.e., a smaller tumour burden
which decreases as λ̃ increases, and a large T-cell population whose size and mean
exhaustion level decrease as λ̃ increases).

• λ̃ = λ f2 : The ‘escape’ branch of stable steady state solutions collides with the
intermediate branch of unstable steady state solutions at a saddle-node bifurcation.

• λ f1 < λ̃ < λtr : The system is monostable. For all physically realistic initial
conditions, it evolves to a unique stable steady state, corresponding to ‘tumour
equilibrium’, characterised by a small tumour burden and a small number of T-
cells with a low mean exhaustion level.

• λ̃ = λtr : The system undergoes a transcritical bifurcation when the stable branch
of equilibrium solutions collides with, and exchanges stability with, the trivial
branch of steady state solutions corresponding to ‘tumour elimination’ (N∗ = 0).

• λtr < λ̃ : The system is monostable. For all physically realistic initial conditions, it
evolves to a unique stable steady state, which corresponds to ‘tumour elimination’
(N∗ = 0). The immune response is able to clear the tumour and a small number
of circulating T-cells remain, with minimal mean exhaustion level.

Next we consider the role of T-cell exhaustion on the system’s long term dynamics
by varying κ1, the rate at which tumour cells increase the rate of T-cell exhaustion. We
consider two cases, which differ in terms of the stability of the tumour-free steady state

corresponding to ‘tumour elimination’, as determined by the value of f (0) = λ̃
γ̃+κ0

(see Sect. 3.3). Our results are presented in Figs. 5 and 6, and can be summarised as
follows.
Case 1: Unstable Elimination ( λ̃

γ̃+κ0
< 1).

• 0 < κ1 < κ1 f1
: The system is monostable. For all physically realistic initial

conditions, it evolves to a unique stable steady state, corresponding to ‘tumour
equilibrium’, characterised by a small tumour mass and a small number of T-cells
with a low mean exhaustion level.

• κ1 = κ1 f1
:There is a fold bifurcation at which a steady state solution characterised

by a large number of tumour cells and a small number of largely exhausted T-cells
is created.

• κ1 f1
< κ1 < κ1 f2

: In this region, the system is bistable. Depending on the
initial numbers of tumour cells and T-cells, the system evolves to either a stable
steady state corresponding to ‘tumour escape’ (i.e., a large tumour burden and a
small number of highly exhausted T-cells) or ‘tumour equilibrium’ (i.e., a smaller
tumour burden with a larger T-cell population whose size and mean exhaustion
level increase as κ1 increases).

• κ1 = κ1 f2
: The ‘equilibrium’ branch of stable steady state solutions collides

with the intermediate branch of unstable steady state solutions at a saddle-node
bifurcation.
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Fig. 5 Series of bifurcation diagrams showing how the existence and stability of the steady state solutions
of equations (11)–(13) change as κ1 varies, for unstable tumour elimination. We present the steady state
solutions for a the number of tumour cells (N∗), b the number of T-cells (�∗), and c the mean exhaustion
level (μ∗) as we vary κ1, the enhanced rate of T-cell exhaustion per tumour cell. Stable and unstable
steady states are denoted with solid and dashed lines respectively. Parameter space is partitioned by vertical
black dashed lines which pass through two fold points, at κ1 = κ1 f1

, κ1 f2
. The system is bistable for

κ1 f1
< κ1 < κ1 f2

and monostable otherwise. There are two distinct branches of stable steady state
solutions, corresponding to ‘tumour escape’ (the upper branch in a), and ‘tumour equilibrium’ (the lower,
non-trivial branch in a). Except for κ1, all parameters are fixed at the default values listed in Table 2. For
these parameter values, ‘tumour elimination’ is unstable (Color Figure Online)
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• κ1 f2
< κ1 :The system ismonostable. For all physically realistic initial conditions,

it evolves to a unique stable steady state, which corresponds to ‘tumour escape’,
characterised by a large tumour burden, near its carrying capacity, and a small
number of T-cells exhibiting high levels of exhaustion.

Case 2: Stable Elimination ( λ̃
γ̃+κ0

> 1).

• 0 < κ1 < κ1 f1
: The system is monostable. For all physically realistic initial

conditions, it evolves to a unique stable steady state, corresponding to ‘tumour
elimination’. The immune response is able to clear the tumour and a small number
of circulating T-cells remain, with minimal mean exhaustion level.

• κ1 = κ1 f1
:There is a fold bifurcation at which a steady state solution characterised

by a large number of tumour cells and a small number of largely exhausted T-cells
is created.

• κ1 f1
< κ1 : In this region, the system is bistable. Depending on the initial number

of tumour cells and T-cells, the system evolves to either a stable steady state
corresponding to ‘tumour escape’ (i.e., a large tumour burden and a small number
of highly exhausted T-cells) or ‘tumour elimination’ (i.e., no tumour cells with a
small circulating T-cell population with minimal exhaustion levels).

In Fig. 7, we show how the number, type, and stability of physically realistic steady
state solutions change as λ̃ and κ1 vary.We identify distinct regions of parameter space
in which the model exhibits different qualitative behaviours. The curved boundaries
track the locations of the fold points, on which f (N∗) = 1 − N∗ and g(N∗) = 0
(see equations (19) and (23)). The vertical boundary at λ̃ = γ + κ0 = λtr delineates
a transcritical bifurcation: as λ̃ increases across λtr, a stable ‘tumour equilibrium’
steady state ceases to be physically realistic and exchanges stability with the ‘tumour
elimination’ steady state.

Figure7 shows how variability in the strength and robustness of a patient’s immune
response affects their tumour growth dynamics. In more detail, patients with small
values of κ1 and large values of λ̃ can eliminate their tumours, whereas those with
large values of κ1 and small values of λ̃ are unable to control them. Figure7 also shows
the importance of tailoring treatment to an individual, depending on their immune
response. For example, patients who are characterised by large values of λ̃ and κ1, are
predicted to respond best to treatments that reduce the value of κ1 such as immune
checkpoint inhibitors (Waldman et al. 2020). By contrast, patients characterised by
small values of λ̃ and κ1, would respond best to treatment that increases the value of λ̃,
such as CAR T-cell therapy (Raskov et al. 2021). We conclude that fitting our model
to patient data could be used to identify which type of immunotherapy would be most
beneficial for a particular patient.

3.5 Identification of Tristability

In Sect. 3.4, we performed bifurcation analysis of themodel based on parameter values
retrieved from the literature, as detailed in Sect. 2.4. For these parameter values, we
observe at most four physically realistic steady state solutions. However, our analysis
in Sect. 3.2 revealed that the system may admit five physically realistic steady state

123



61 Page 22 of 47 N. Lai et al.

Fig. 6 Series of bifurcation diagrams showing how the existence and stability of the steady state solutions
of equations (11)–(13) change as κ1 varies, for stable tumour elimination. We present the steady state
solutions for a the number of tumour cells (N∗), b the number of T-cells (�∗), and c the mean exhaustion
level (μ∗) as we vary κ1, the enhanced rate of T-cell exhaustion per tumour cell. Stable and unstable steady
states are denoted with solid and dashed lines respectively. Parameter space is partitioned by vertical black
dashed lines which pass through one fold point at κ1 = κ1 f1

. The system is bistable for κ1 f1
< κ1 and

monostable otherwise. There are two distinct branches of stable steady state solutions, corresponding to
‘tumour escape’ (the upper branch in a), and ‘tumour elimination’ (the trivial, tumour-free branch in a).
Except for κ1 and λ̃ = 0.29, all other parameters are fixed at the default values listed in Table 2. For these
parameter values, ‘tumour elimination’ is stable (Color Figure Online)
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Fig. 7 Bifurcation diagram showing how the number and nature of steady state solutions of equations (11)–
(13) change as both λ̃ and κ1 vary. We partition (λ̃, κ1) parameter space into 5 distinct regions according to
the number of physically-relevant steady state solutions of the equations (11)–(13). Each region is numbered
and labelled with the expected qualitative long-term behaviour for the parameter values in that region (i.e.,
the stable steady states), consistent with the 3 E’s of immunoediting (Dunn et al. 2004). The key (right) lists
the number of physically-realistic steady state solutions and how many of which are stable. We identify the
locations in parameter space of the parameter values used in the model simulations in Fig. 2: a red diamond
where we see ‘tumour elimination’ in 2a (λ̃ = 0.29, κ1 = 1.39); a red star where we have bistability and
observe ‘tumour equilibrium’ in 2b (λ̃ = 0.0442, κ1 = 1.39); a red triangle where we observe ‘tumour
escape’ in 2c (λ̃ = 0.0442, κ1 = 80). Axes are plotted on a log scale. Except for λ̃ and κ1, all parameters
are fixed at the default values listed in Table 2 (Color figure online)

solutions and so has the potential for tristability (3 simultaneously stable steady states).
In this section, we identify a region of parameter space in which the model admits
five steady state solutions and we characterise their linear stability. In more detail, we
identify a trajectory in (Ñ , σ̃ ) parameter space, as shown in Fig. 8e, along which the
system transitions from admitting at most four to five physically realistic steady state
solutions and characterise the system’s bifurcation structure at fixed points along this
trajectory.

In Fig. 8, we show how the number of steady state solutions and their linear stability
change as λ̃ varies, as we progressively decrease σ̃ and increase Ñ . We recall that
these parameters control the influx of T-cells into the TME: σ̃ corresponds to the
initial linear rate of influx of active T-cells due to the tumour; Ñ corresponds to the
number of tumour cells at which this influx is maximal. As we decrease σ̃ and increase
Ñ along the trajectory shown in Fig. 8e, the fold points move closer together, and
approach the transcritical bifurcation. Consequently, the parameter range in which we
observe bistability becomes smaller. Ultimately, in Fig. 8d we identify a small range
of parameter values, for which the model admits 5 physically-realistic steady state
solutions. Furthermore, it is possible to show that, for these parameter values, the
system is tristable and all 3 E’s of immunoediting (Dunn et al. 2004)—elimination,
equilibrium, and escape—are simultaneously stable. In this parameter regime, the
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Fig. 8 Series of bifurcation diagrams showing how the existence and stability of the tumour steady-state
solutions of equations (11)–(13) change as λ̃ varies, progressively increasing the value of Ñ and decreasing
the value of σ̃ to elicit 5 steady state solutions. We present a series of bifurcation diagrams, each showing
the tumour steady state solutions of equations (11)–(13) and their linear stability as λ̃ varies. Stable and
unstable steady states are denoted with red solid lines and red dashed lines respectively. Parameter space
is partitioned by vertical black dashed lines which pass through fold points, λ̃ = λ fi , and a transcritical

bifurcation, λ̃ = γ̃ +κ0 = λtr. Fold points in Figures c and d are ordered as following: c λ f1 < λtr < λ f2 ; d
λtr < λ f1 < λ f2 < λ f3 . There are three distinct branches of stable steady state solutions, which correspond
to ‘tumour escape’ (the upper stable branch), ‘tumour equilibrium’ (the lower, non-trivial stable branch),
and ‘tumour elimination’ (the trivial tumour-free stable branch). We progressively increase the value of Ñ
and decrease the value of σ̃ along a trajectory in parameter space, as shown in e, to elicit 5 steady state
solutions: in a, σ̃ = 1885 and Ñ = 0.04; in b, σ̃ = 300 and Ñ = 0.1; in c, σ̃ = 10 and Ñ = 0.2; in d,
σ̃ = 3.3 and Ñ = 0.45. Except for λ̃, σ̃ , and Ñ , all other parameters are fixed at the default values listed in
Table 2. In a, the bifurcation diagram is the same as in Fig. 4a. In d, there is a range of parameters values
of λ̃ where the system exhibits 5 steady state solutions, as indicated on the right (Color Figure Online)

tumour can evolve to elimination, equilibrium, or escape depending on the initial
conditions of the model.

3.6 Implications for Treatment

Immune checkpoint inhibitors have been developed to combat T-cell exhaustion by
blocking inhibitory receptors such as PD-1 and CTLA-4, and, thereby, reinvigorating
the T-cells and enhancing the anti-tumour immune response (Budimir et al. 2022;
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Catakovic et al. 2017; Chow et al. 2022). We consider the impact on the system
dynamics of a potential immunotherapy that transiently reduces κ1, the rate of T-cell
exhaustion per tumour cell. We model the effect of treatment by viewing κ1 as a
time-dependent parameter:

κ1(t) =

⎧

⎪
⎪
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎪
⎪
⎩

κ1 for 0 ≤ t < 100 days,

κ1 − �κ t−100
25 for 100 ≤ t < 125 days,

κ1 − �κ for 125 ≤ t < 175 days,

κ1 − �κ 200−t
25 for 175 ≤ t < 200 days,

κ1 for t ≥ 200 days.

(24)

In Fig. 9, we present simulation results for two different intrinsic values of κ1, which
show two different qualitative responses to treatment.

The results presented in Fig. 9a–d show that, when κ1 = 1.39, treatment signif-
icantly reduces the tumour burden. At the start of treatment, the T-cell population
becomes reinvigorated as the rate of exhaustion is reduced, and the T-cell exhaus-
tion distribution shifts towards more active T-cells. The resulting increased cytotoxic
activity significantly reduces the tumour burden, and further decreases the rate of
exhaustion. At the end of treatment, the tumour population is small enough that the
T-cells are able to contain the tumour’s growth even when the rate of exhaustion per
tumour cell, κ1, returns to its original value.

The results in Fig. 9e–h show that when the intrinsic value of κ1 increases from κ1 =
1.39 to κ1 = 2.0, treatment has aminimal and transient effect on the tumour burden. At
the start of treatment, the T-cell exhaustion distribution shifts to a more cytotoxic level
(themean exhaustion level decreases), but the effect is less pronounced thanwhen κ1 =
1.39. The increased cytotoxic activity of the T-cells produces only a modest reduction
in the tumour burden. The tumour burden remains large throughout treatment, which
limits the rate of infiltration of active T-cells so that the mean exhaustion-level remains
high.At the end of treatment, when κ1 returns to its original value, the T-cell exhaustion
distribution shifts back towards the exhausted phenotype and the tumour population
eventually returns to its original size.

Our model simulations explain why different patients may respond differently to
the same treatment and highlight the importance of patient-specific treatment. The
bifurcation diagrams in Fig. 9d and h explain why we observe different responses. In
Fig. 9d (when κ1 = 1.39), treatment enables the system to transition to the basin of
attraction of the lower branch of stable steady state solutions, characterised by a small
tumour burden. By contrast, in Fig. 9h (when κ1 = 2.0), throughout treatment, the
tumour remains in the basin of attraction of the upper solution branch, characterised
by a large tumour burden. In future work, by fitting the model to patient data, the
model could be used to identify patients who are likely to benefit from different types
of immunotherapy.
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Fig. 9 Numerical simulations reveal different qualitative responses to an immunotherapy which targets
T-cell exhaustion. Panels a and e show how, for two different intrinsic values of κ1, we model the effect
of a single course of immunotherapy which causes a transient decrease in the rate of T-cell exhaustion per
tumour cell, κ1. When treatment starts (at t = 100 days), the exhaustion rate decreases linearly from κ1
to κ1 − �κ over a period of 25 days. It is then held fixed for 50 days (from t = 125 to t = 175 days),
before it increases linearly to its original value at t = 200 days. In panels b and f, we plot solutions to
equations (11)–(13) which show how the number of tumour cells (red), the total number of T-cells (blue),
and their mean exhaustion level (green) evolve in response to the treatment. In both panels, the initial
conditions correspond to stable steady state solutions with a large tumour burden. In panels c and g we
present solutions to equations (15)–(16) which show the evolution of the corresponding T-cell exhaustion
distribution. In panels d and h, we present bifurcation diagrams for the tumour steady states as κ1 varies, as
in Fig. 5, and plot the trajectory of N (t), the number of tumour cells, as κ1 varies during treatment. Panels
a, b, c, and d show that, when κ1 = 1.39, treatment causes a durable reduction in tumour burden. Panels e,
f, g, and h show that when the intrinsic value of κ1 is increased to κ1 = 2.0, treatment elicits only a small
and transient reduction in tumour burden. The remaining parameters are fixed at the default values stated
in Table 2, with n = 10 and �κ = 1.2 (Color figure online)
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4 Equivalent PDEModel

In this section, we study a partial differential equation (PDE) model that describes
how the exhaustion profile of the T-cell population changes over time. We derive this
first-order, hyperbolic PDE by taking the limit as n → ∞ of the discrete ODE model,
defined by equations (15) and (16).We construct analytical solutions to the PDEmodel
using the method of characteristics and compare them with numerical solutions of the
discrete ODE model. In practice, T-cell exhaustion is often identified by measuring
co-expression of multiple inhibitory receptors, such as PD-1 and CTLA-4, which are
quantities that vary continuously and are not discrete. As such, the PDEmodel reflects
our understanding of T-cell exhaustion as a continuous process and, in the longer term,
provides a practical mathematical framework for validation against T-cell exhaustion
data. The analytical solutions that it generates are more mathematically tractable and
interpretable than those associated with the discrete ODE model and, as such, provide
additional insight into T-cell exhaustion.

4.1 Model Derivation

Let T (s, t) be the number density of T-cells with exhaustion value s ∈ [0, 1]. We
make the identifications:

T (s, t) ∼ nTj (t) and s ∼ j

n
,

where s = 0 and s = 1 correspond to fully-active and fully-exhausted T-cells, respec-
tively. Defining ε = 1

n 
 1, we recast the dimensionless discrete ODEmodel, defined
by equations (15) and (16), in terms of the continuous variable s:

∂T

∂t
(s, t) = 1

ε
(κ0 + κ1N (t))

[

(1 − s + ε)T (s − ε, t) − (1 − s)T (s, t)
]

− γ̃ T (s, t),

(25)

for ε ≤ s ≤ 1. We perform a Taylor series expansion of T (s − ε, t) in powers of
the small parameter ε. At leading order, we obtain a first-order hyperbolic partial
differential equation for T (s, t):

∂T

∂t
+ ∂

∂s

[

v(s, t)T
]

= −γ̃ T , (26)

where the exhaustion velocity, v(s, t), is defined as follows:

v(s, t) = (κ0 + κ1N (t))(1 − s) + O(ε). (27)

We will refer to equations (26)–(27) as the (first-order) PDEmodel. In equations (26)
and (27), we view N (t), the number of tumour cells, as a prescribed function of time
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t (in practice, N (t) is determined by first solving the reduced ODE model for N , �
and μ defined by equations (11)–(13)).

We close equation (26) by prescribing initial and boundary conditions analogous to
those used to solve the discrete ODE model. Specifically, we suppose that the T-cell
population is initially at a steady state consistent with the absence of tumour cells:

T (s, 0) = 1

κ0
(1 − s)

−
(

1− γ̃
κ0

)

. (28)

Wederive an appropriate boundary condition bymaking the following identification
between T (0, t) and T0(t) in the continuum approximation of the discrete ODEmodel:

T (0, t) ∼ 1

ε
T0(t).

Then, equation (15) supplies:

∂T

∂t
(0, t) = 1

ε

{

1 + σ̃N (t)

1 +
(

N (t)
Ñ

)2 − (κ0 + κ1N (t))T (0, t)

}

− γ̃ T (0, t).

Since we seek bounded solutions in the limit as ε → 0, we prescribe:

T (0, t) = 1

κ0 + κ1N (t)

⎛

⎜

⎝1 + σ̃N (t)

1 +
(

N (t)
Ñ

)2

⎞

⎟

⎠ . (29)

4.2 Analytical Solutions

We use the method of characteristics to construct analytical solutions to the PDE
model, defined by equations (26)–(29). In order to do this, it is convenient first to
rewrite equation (26) in the following form:

∂T

∂t
+ (κ0 + κ1N (t))(1 − s)

∂T

∂s
= (κ0 + κ1N (t) − γ̃ )T . (30)

If we parameterise the characteristic curves by τ , then the characteristic equations
are given by:

dt

dτ
= 1,

ds

dτ
= (κ0 + κ1N (t))(1 − s),

dT

dτ
= (κ0 + κ1N (t) − γ̃ )T . (31)

We solve these characteristics in two distinct regions of the (s, t) plane, labelled
A and B in Fig. 10; these regions are separated by the characteristic projection

passing through (s, t) = (0, 0), which is given by, s = S(t) := 1 − exp
(

−
∫ t
0 (κ0 + κ1N (u)) du

)

. In region A, the characteristic projections emanate from the
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Fig. 10 Characteristic projections. We plot the characteristic projections given by (31) in the (s, t) plane,.
A discontinuity at (0, 0) propagates along the characteristic s = S(t) = 1 − exp(− ∫ t

0 (κ0 + κ1N (u)) du),
dividing the plane into two regions, which we label A and B. Parameters are fixed at the default values
listed in Table 2 (Color figure online)

initial conditions (28), and so we follow the trajectories of T-cells initially resident
in the TME at t = 0. In region B, the characteristic projections emanate from the
boundary conditions (29), and so we follow the trajectories of T-cells recruited at
t > 0. We note that as t → ∞, S(t) tends to 1, and so at long times the T-cell exhaus-
tion distribution is determined by the solution in region B, independent of the initial
conditions.

We first solve in region A, where S(t) < s ≤ 1. For a characteristic projection
passing through (s, t) = (s0, 0), we parameterise the initial conditions by:

t = 0, s = s0, T = 1

κ0
(1 − s0)

−
(

1− γ̃
κ0

)

, when τ = 0.

Integrating characteristic equations (31) subject to these initial conditions, we obtain
the parametric solution:

t(s0, τ ) = τ, (32)

s(s0, τ ) = 1 − (1 − s0) exp

(

−
∫ τ

0
(κ0 + κ1N (u)) du

)

, (33)

T (s0, τ ) = 1

κ0
(1 − s0)

−
(

1− γ̃
κ0

)

exp

(∫ τ

0
(κ0 + κ1N (u) − γ̃ ) du

)

(34)

Eliminating variables τ and s0, we obtain the explicit solution for T (s, t):

T (s, t) = 1

κ0
(1 − s)

−
(

1− γ̃
κ0

)

exp

(∫ t

0

γ̃ κ1

κ0
N (u) du

)

, (35)
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noting that this solution is valid where S(t) = 1 − exp
(

− ∫ t
0 (κ0 + κ1N (u)) du

)

<

s ≤ 1.
We again use the method of characteristics to solve for T (s, t) in region B, where

0 ≤ s < S(t). We obtain a parametric solution for T (s, t) of the form:

T (s, t) = e−γ̃
(

t−t0
)

κ0 + κ1N (t0)

⎛

⎜

⎝1 + σ̃N (t0)

1 +
(

N (t0)
Ñ

)2

⎞

⎟

⎠

1

(1 − s)
, (36)

where 0 < s < 1 − exp(− ∫ t
0 (κ0 + κ1N (u)) du) = S(t), and t0 = t0(s, t) is defined

implicitly as follows:

s = 1 − exp

(

−
∫ t

t0(s,t)

(

κ0 + κ1N (u)
)

du

)

. (37)

The function t0(s, t) corresponds to the time at which T-cells, with exhaustion level s
at time t , first infiltrated into the TME.

Equations (35) and (36)–(37) define the parametric solution to the PDEmodel, (26)–
(29), and describe how the exhaustion distribution of a T-cell population changes over
time. The characteristic s = S(t), partitioning regions A and B, defines a wavefront of
T-cells that propagates from left to right through exhaustion levels, as active T-cells are
recruited to the TME and become exhausted due to the tumour. We note from equation
(35) that in front of the wavefront (S(t) < s ≤ 1), the exhaustion profile is determined
solely by the initial conditions, and the tumour growth dynamics determine whether
the T-cells in this region grow exponentially or decay to zero. Taking the limit as
t → ∞ in equation (35), we find that the distribution in front of the wavefront decays
to zero if N∗ <

γ̃−κ0
κ1

and becomes unbounded if N∗ >
γ̃−κ0

κ1
. These results are

consistent with steady state analysis of the discrete ODE model, in Sect. 3.2. Behind
the wavefront (0 ≤ s(t) < S(t)), the exhaustion distribution is determined by the
rate at which active T-cells are recruited to the TME, in response to the tumour. From
equation (36), we note that there is a finite time delay, given by t − t0(s, t), due to the
time it takes active T-cells recruited at time t0 to attain an exhaustion level s. As the
size of the tumour population, N (t), decreases, the time it takes for active T-cells to
exhaust increases (i.e., t − t0(s, t) increases) and this causes the T-cell distribution to
become skewed towards active T-cells.

When κ1 > 0, it is not possible to construct an explicit expression for T (s, t) in
region B. If we further make the assumption that the exhaustion rate is approximately
constant, and set κ1 = 0, then we obtain a fully explicit solution of the form:
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T (s, t) =

⎧

⎪
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎪
⎩

1
κ0

⎛

⎜

⎜

⎝

1 + σ̃N
(

t+ 1
κ0

ln(1−s)
)

1+
(

N
(

t+ 1
κ0

ln(1−s)
)

Ñ

)2

⎞

⎟

⎟

⎠

(1 − s)
−
(

1− γ̃
κ0

)

, for 0 < s < 1 − e−κ0t ,

1
κ0

(1 − s)
−
(

1− γ̃
κ0

)

, for 1 − e−κ0t < s < 1.
(38)

4.3 PDEModel Dynamics

In this section, we present analytical solutions to the first-order PDE model (26)–
(29), given parametrically by equations (35)–(37), and compare them with solutions
to the discrete ODE model (15)–(16). We first plot these results at a single time point
(t = 25 days) for increasing values of n to demonstrate how the agreement between
the PDEmodel and the discrete ODEmodel improves as ε = 1

n → 0. We then present
solutions to the PDE model at multiple time points (t = 10, 25, 50, 100 days) for
different parameter values to illustrate the T-cell exhaustion distribution associated
with the different qualitative behaviours that the model exhibits, consistent with the 3
E’s of immunoediting (Dunn et al. 2004).

In Fig. 11, we show how the agreement between the PDE and discrete ODEmodels
improves as we increase n, the number of discrete subgroups of exhaustion. Figure11
shows that the PDEmodel provides a good approximation to the discrete ODEmodel,
and captures the qualitative behaviour of a propagating wavefront of T-cells, that are
driven through exhaustion levels as the tumour evolves. As n increases (and ε → 0),
the accuracy of the Taylor series approximation increases. We note also that as n
increases, the wavefront in the discrete ODE model solutions becomes steeper, with
a highly concentrated wave peak. For smaller values of n, as in Fig. 11a, there is a
greater discrepancy between the PDEmodel and discrete ODEmodel at the wavefront.
Inclusion ofO(ε) terms reduces these differences (see Appendix B for more details).

In Fig. 12, we present the temporal dynamics of the T-cell exhaustion distri-
bution as λ̃ and κ1 vary. In doing so, we demonstrate the different qualitative
long-term behaviours that the model exhibits (see Fig. 2), consistent with the 3 E’s of
immunoediting—tumour elimination, tumour equilibrium, and tumour escape—and
how the T-cell exhaustion dynamics differ in each case.We recall that λ̃ corresponds to
the rate of T-cell induced tumour kill and κ1 corresponds to the rate of T-cell exhaustion
per tumour cell. Initially, in all cases, a wave of T-cells propagates through exhaustion
levels due to an initial influx of fully active T-cells, and the initial cytotoxic response
to the tumour begins. In Fig. 12a, the cytotoxic efficacy of the T-cells is sufficient to
readily eliminate the tumour. We observe a small, but sharp, wave peak that travels
slowly, since the number of tumour cells is small and, therefore, the influx of T-cells
recruited to the TME is small and they do not experience high levels of exhaustion.
In Fig. 12b, the rate at which T-cells kills tumour cells is reduced (from λ̃ = 0.29 to
λ̃ = 0.0442), and the T-cells cannot eliminate the tumour but they are able to manage
the tumour burden until both populations reach an equilibrium. During these interac-
tions, the T-cells must maintain a large active population to prevent the tumour from
growing out of control. As such, we observe a larger, more diffuse wave of T-cells.
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Fig. 11 Analytical solutions of the first-order PDE model (26)–(29) show how its agreement with the
discrete ODE model improves as ε = 1

n → 0. We present analytical solutions to the first-order advection
equation (26), given parametrically by equations (35)–(37), and compare them with numerical solutions to
the discrete ODE model (15)–(16). We denote solutions to the PDE model in red and present solutions to
the discrete model as blue histograms, for increasing values of n. We focus on a single time point (t = 25
days) for a n = 10, b n = 100, c n = 1000, to show how the accuracy of the Taylor series approximation
improves as ε = 1

n → 0. The tumour dynamics, N (t), used to solve the PDEmodel for T (s, t) are computed
by solving the reduced ODE model (11)–(13), and are presented in Fig. 2b. The remaining parameters are
fixed at the default values listed in Table 2, where λ̃ = 0.0442 and κ1 = 1.39 (Color figure online)
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Fig. 12 Analytical solutions of the first-order PDE model, as parameters λ̃ and κ1 vary, showing the T-cell
exhaustion dynamics for each of the different qualitative long-term behaviours of the model. We present
analytical solutions to the first-order advection equation (26), given parametrically by equations (35)–(37),
to show how the T-cell exhaustion profile evolves over time in different scenarios. We plot solutions to
the PDE model in red, at times t = 10, 25, 50, 100 days. We present solutions for three sets of parameter
values, for the rate of T-cell induced tumour kill, λ̃, and the exhaustion rate per tumour cell, κ1: a when
λ̃ = 0.29 and κ1 = 1.39 we observe tumour elimination; b when λ̃ = 0.0442 and κ1 = 1.39 we observe
tumour equilibrium; c when λ̃ = 0.0442 and κ1 = 80.0 we observe tumour escape. The corresponding
tumour dynamics, N (t), used to construct each of the PDE model solutions for T (s, t) are computed by
solving the reduced ODE model (11)–(13), and are presented in Fig. 2. Except for λ̃ and κ1, all parameters
are fixed at the default values listed in Table 2 (Color figure online)

In Fig. 12c, the rate of T-cell exhaustion per tumour cell is increased (from κ1 = 1.39
to κ1 = 80.0) and the wave of T-cell exhaustion propagates much more rapidly. The
T-cells quickly accumulate at the exhausted phenotype and their reduced cytotoxic
activity allows the tumour to escape the immune response. In Fig. 12c, the PDEmodel
solution becomes unbounded as it approaches the boundary s = 1. This is due to a
singularity in the PDE model at s = 1 where the Taylor-series approximation ceases
to be valid and higher order terms become dominant.
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5 Discussion

In this paper, we have derived and analysed a mathematical model that focuses on
how T-cell exhaustion impacts tumour growth and tumour-immune interactions in the
TME. We have modelled a population of cytotoxic T-cells, structured by exhaustion
level, and their co-evolution with a population of tumour cells. The T-cells become
increasingly exhausted over time due to interactions with the tumour cells, which
progressively decrease the rate of T-cell induced tumour kill. The model is well-mixed
and governed by a system of time-dependent ODEs. We have shown that this model
reduces to a closed system of ODEs describing the evolution of the total number
of tumour cells, the total number of T-cells, and their mean exhaustion level. This
reduced ODE model provides an alternative (coarse-grained) macroscale view of T-
cell exhaustion dynamics, derived from amore fundamental description of the biology
than existing models.

After deriving the model, we presented numerical simulations which show how,
as key parameters characterising T-cell activity vary, the model transitions between
different qualitative behaviours consistent with the 3 E’s of immunoediting—tumour
elimination, tumour equilibrium, and tumour escape (Dunn et al. 2004). The solutions
provide insight into how the distribution of T-cells across exhaustion states evolves dur-
ing a tumour’s evolution and suggest that different T-cell distributions are associated
with different tumour outcomes. We derived steady state solutions and characterised
their linear stability to further understand the long-term behaviour of the model. We
then presented bifurcation analysis which partitioned parameter space into distinct
regions associated with each of these different qualitative long-term behaviours. We
further located regions of parameter space where the model exhibits bistability, and
a small range of parameter values for which the model exhibits tristability. Addition-
ally, we incorporated treatment into the model to assess its impact on tumour-immune
dynamics. Finally, we derived an equivalent PDE model of T-cell exhaustion dynam-
ics, which is more analytically tractable than the discrete ODE model. The discrete
ODE model, the reduced ODE model, and the PDE model provide different per-
spectives of T-cell exhaustion, at different levels of granularity, and, as such, provide
complementary insights into T-cell exhaustion dynamics. Comparison of thesemodels
shows how parameters characterising T-cell exhaustion relate from the microscale to
the macroscale.

The numerical solutions of the ODEmodels provided insight into T-cell exhaustion
dynamics and their influence in determining the qualitative long-term behaviour of
the model, consistent with the 3 E’s of immunoediting (Dunn et al. 2004). For both
tumour elimination and equilibrium, we observed the mean exhaustion level remain
low, since the tumour burden remains small and so T-cells undergo minimal levels
of exhaustion. However, for tumour equilibrium we saw a much larger population
of T-cells initially and at steady state than for tumour elimination, since the immune
response remains active in order to prevent the tumour from growing any larger. In the
case of tumour escape, we observed a highly exhausted population of T-cells, which
leads to a lack of cytotoxic activity, allowing the tumour to grow to its full carrying
capacity. These predictions suggest that analysing the exhaustion distribution of T-cells
from patient samples could be used to predict whether a tumour will escape immune
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control and to personal immunotherapy for a given patient (i.e., identify which type
of immunotherapy would be most beneficial for a particular patient).

The bifurcation analysis revealed that by changing key parameters that characterise
T-cell activity, λ̃ and κ1, we can transition from a large tumour steady state (tumour
escape) to either a much smaller steady state (tumour equilibrium) or eliminate the
tumour altogether (tumour elimination). Increasing the value of λ̃ in the model corre-
sponds to increasing the efficiencyofT-cell induced tumour kill. This could be achieved
in the model by treatment with immunotherapeutic drugs designed to stimulate cyto-
toxic activity (Berraondo et al. 2019) or CAR-T cell therapy to introduce immune
cells that are more efficient at locating and killing tumour cells (Sterner and Sterner
2021). Decreasing the value of κ1 in the model corresponds to decreasing the rate
of T-cell exhaustion per tumour cell. This change could be induced by administering
immune checkpoint inhibitors that block negative immunoregulatory pathways such
as PD-1 and CTLA-4 (Tabana et al. 2021), which are characteristically upregulated
in exhausted T-cells. Therefore, the model shows that such immunotherapeutic strate-
gies, that cause the desired changes to these model parameters, represent promising
strategies to reduce tumour burden.

We showed that the PDEmodel provides a good approximation to the discrete ODE
model, and captures the qualitative behaviour of the system: a propagating wavefront
of T-cells driven through exhaustion levels by the tumour. The PDEmodel revealed an
analytical solution that develops qualitative insight into T-cell exhaustion dynamics
and demonstrates the roles of key parameters in determining the size and efficacy of the
immune response. In practice, exhaustion in T-cells is identified by measuring the co-
expression ofmultiple inhibitory receptors, which are continuously varying quantities.
Therefore, the PDE model also offers a more natural framework for validating the
model against T-cell exhaustion data than the discrete ODE model. We note that the
PDE model exhibits singular behaviour at high exhaustion levels (as s → 1). This is
due to the functional form used to model exhaustion, which was chosen for analytical
tractability. We could alter the functional form of the exhaustion function, but the
resulting model would not, in general, reduce to a closed system of ODEs and would
require numerical methods.

Althoughmany existingmodels of tumour-immune interactions reproduce the 3 E’s
of immunoediting, our models differ by providing insight into how the distribution of
T-cell exhaustionmay vary between the different tumour outcomes. This level of detail
is not included in existing ODE models of tumour-immune interactions (Kuznetsov
et al. 1994; Robertson-Tessi et al. 2012; Pillis and Radunskaya 2003). The reduced
ODE model resembles the predator–prey models of Kuznetsov et al. (1994) and oth-
ers, but incorporates the mean exhaustion-level of T-cells as an additional dependent
variable, highlighting the effect of exhaustion on tumour-immune interactions. The
reduced ODE model is derived from a structured model of exhaustion and, as such,
better reflects current understanding of the biology than existing models, which focus
on a smaller number of exhaustion states (Kareva and Gevertz 2024). A structured
mathematical model of exhaustion also provides a natural framework for model val-
idation using single-cell sequencing data. Additionally, by fitting to data describing
the exhaustion profile of patients’ T-cells, the models could be used to identify those
patients who would benefit from specific types of immunotherapy.
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There are many ways in which our model could be extended in future work. For
example, in the presentmodel, the exhaustion-level of a cytotoxicT-cell only affects the
rate at which it kills tumour cells and the rate at which it exhausts. In practice, however,
cytotoxic T-cell exhaustion also affects proliferation and production of inflammatory
cytokines, such as IFNγ and TNF (Chow et al. 2022). The impact of these effects
on the tumour’s growth dynamics could be incorporated into the model by allowing
the source of T-cells to depend upon exhaustion level, and introducing additional
dependent variables to account for specific, T-cell derived cytokines which promote
immune-cell activity and/or inhibit tumour growth. In the present model, we focus on
the role of cytotoxic T-cells in the immune response to cancer whereas, in practice,
multiple immune cell populations play a key role. An interesting model extension
would be to include a more detailed description of the immune system; we could
distinguish between different T-cell subpopulations (e.g., helper T-cells, regulatory
T-cells) and include other immune cell types (e.g., macrophages, B-cells, dendritic
cells) and investigate how changes in their interactions may enable a tumour to evade
immune control. The present model neglects spatial effects, and so an interesting
model extension would be to account for spatial heterogeneity. Such a model could be
used to investigate whether highly-exhausted T-cell niches form in close proximity to
the tumour and whether this hampers immune activity and/or infiltration to the TME.
Experiments by Zinselmeyer et al. suggest reduced motility in T-cells expressing
exhaustion marker PD-1 (Zinselmeyer et al. 2013) and, therefore, a spatially-resolved
model could investigate the additional impact of altered motility on the rate of tumour
killing by exhausted T-cells. Another interesting extension would be to introduce
stochastic effects into our model. This could capture randomness associated with T-
cell exhaustion, such as in fluctuations in exhaustion marker expression and stochastic
transitions between exhaustions states. Stochastic effects also have the potential to
destabilize dynamic behaviour and so their inclusion would provide insight into the
robustness of the model’s predictions (Lu et al. 2014). In the PDE model, stochastic
effects would also regularise the discontinuity at the travelling wavefront.

Another, important direction for future work involves fitting the model to exper-
imental data and validating its predictions. These data could comprise single-cell
sequencing data taken at different time points during a tumour’s time course. By
quantifying dynamic changes in the expression of exhaustion markers (e.g., PD-1 and
CTLA-4), we could estimate how the exhaustion distribution of the T-cells changes
over time. These data, combined with T-cell and tumour cell counts at each time point,
could be fitted to the discrete ODE model, the reduced ODE model, and the PDE
model. By fitting the model to single-cell sequencing data, the model could be used
to identify patients who are likely to benefit from specific types of immunotherapy.

In conclusion, in this paper we have presented a structuredmathematical model that
investigates how T-cell exhaustion impacts tumour growth. The model reproduces the
3 E’s of immunoediting—elimination, equilibrium, and escape–and suggests how the
qualitative form of the T-cell exhaustion distribution changes with tumour outcome.
Our analysis shows that the model exhibits multi-stability, and that by altering key
parameters we can drive the tumour from escape to elimination. The model illustrates
how immunotherapies such as immune-checkpoint blockade, that mitigate the effects
of exhaustion, can be used as effective treatments to reduce tumour burden.
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A Further Analysis of the ODEModel

A.1 Variance of the T-cell Exhaustion Distribution

We can use equations (1)–(2) and (7)–(8) to derive an expression for the variance
of the T-cell exhaustion distribution, �2. Explicitly, we define �2, in terms of non-
dimensional variables, as:

�2 = 1

�

n
∑

j=0

(

j

n

)2

Tj − μ2.

Differentiating this expression with respect to time t , and substituting from equations
(15)–(16) and (11)–(12), we obtain the following non-dimensional ODE for �2:

d�2

dt
= (κ0 + κ1N )

1

n
(1 − μ) − �2 − μ2

�

⎛

⎜

⎝1 + σ̃N

1 +
(

N
Ñ

)2

⎞

⎟

⎠ − 2(κ0 + κ1N )�2.

(A1)

Let�2∗
be the steady state solution of the variance of the T-cell distribution. Setting

d
dt = 0 in equation (A1) and substituting in expressions for�∗ andμ∗ (18), we obtain
the following expression for �2∗

:

�2∗ = μ∗(1 − μ∗)
1 + μ∗

(

1

n
+ μ∗

)

(A2)

where we write �2 in terms of the mean exhaustion-level steady state, μ∗, and the
number of the discrete exhaustion levels, n. In Fig. 13, we plot the numerical solutions
of equations (11)–(13) from Sect. 3.1, and include the corresponding variance of the
exhaustion distribution by solving equation (A1). We shade a region in green that is
one standard deviation from the mean exhaustion level (i.e., [μ − �,μ + �]).

A.2 Steady State Analysis

As shown in Sect. 3.3, we deduce that the reduced ODE model (11)–(13) possesses
at most 5 steady state solutions by considering intersections of the curve y = f (N∗)
with the line y = 1−N∗ as solutions to equation (19). In Fig. 14, we show a graphical

representation of equation (19) for λ̃
γ̃+κ0

> 1. In Fig. 15, we present two numerical
solutions which, for the same parameter values but different initial conditions, evolve
to different steady state, demonstrating the coexistence of stable steady state solutions.
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Fig. 13 Numerical simulations illustrating the variance of the T-cell exhaustion distribution for different
values of λ̃ and κ1. On the left, we present solutions to equations (11)–(13) that show the evolution of the
number of tumour cells (red), the total number of T-cells (blue), and their mean exhaustion level (green)
over a period of 250 days. We compute solutions to equation (A1) for the variance, �2, and shade a green
region one standard deviation from the mean exhaustion level, [μ − �, μ + �]. On the right, we present
solutions to equations (15)–(16) that show the evolution of the corresponding T-cell exhaustion distribution.
We choose three sets of parameter values for the rate of T-cell induced tumour kill, λ̃, and the exhaustion rate
per tumour cell, κ1: a when λ̃ = 0.29 and κ1 = 1.39 we observe tumour elimination; b when λ̃ = 0.0442
and κ1 = 1.39 we observe tumour equilibrium; c when λ̃ = 0.0442 and κ1 = 80.0 we observe tumour
escape. The remaining parameters are fixed at the default values stated in Table 2, with n = 10 (Color figure
online)
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Fig. 14 Schematic showing how intersections between the curves y = f (N∗) and y = 1− N∗ and, hence,

the number of non-trivial solutions to equation (19) change as κ1 varies, for the case f (0) = λ̃
γ̃+κ0

> 1.

We sketch the curve y = f (N∗) (red) for 7 different values of κ1 (the rate of T-cell exhaustion per tumour
cell), to illustrate the different qualitative ways in which it intersects with the line y = 1 − N∗ (blue). The
points of intersection are indicated by circles: filled circles represent stable steady state solutions; unfilled
circles represent unstable steady state solutions; half-filled circles represent fold bifurcations, where a stable

and unstable steady state coalesce/emerge. We assume f (0) = λ̃
γ̃+κ0

> 1, in which case equation (19) has

either zero, two, or four non-trivial solutions (Color figure online)

A.3 Linear Stability Analysis

We seek solutions to the governing equations (11)–(13) of the form:

�(t) ≈ �∗ + δ�p(t), μ(t) ≈ μ∗ + δμp(t), N (t) ≈ N∗ + δNp(t), (A3)

where 0 < δ 
 1 is a small parameter. By substituting from (A3) into equations
(11)–(13), and equating terms of O(δ), we obtain the linearised system dW

dt = JW,
where W = (�p, μp, Np)

T and J denotes the following Jacobian matrix:

J =

⎡

⎢

⎢

⎣

−γ̃ 0 σ ′(N∗)
γ̃ 2k(N∗)

σ (N∗)(k(N∗)+γ̃ )
−(k(N∗) + γ̃ )

k(N∗)γ̃
k(N∗)+γ̃

(

k′(N∗)
k(N∗) − σ ′(N∗)

σ (N∗)

)

− λ̃γ̃ N∗
k(N∗)+γ̃

λ̃
γ̃
N∗σ(N∗) (1 − 2N∗) − λ̃σ (N∗)

k(N∗)+γ̃

⎤

⎥

⎥

⎦

, (A4)

where ′ denotes differentiation with respect to N . We write k(N ) = κ0 + κ1N and
σ(N ) = 1 + σ̃N

1+
(

N
Ñ

)2 , and f (N ) as defined in equation (19).
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Fig. 15 Demonstration of the coexistence of stable steady states for λ̃ = 0.0442 and κ1 = 1.39. As in Fig. 2,
on the left we present solutions to equations (11)–(13) that show the evolution of the number of tumour
cells (red), the total number of T-cells (blue), and their mean exhaustion level (green) over a period of 250
days. On the right, we present solutions to equations (15)–(16) that show the evolution of the corresponding
T-cell exhaustion distribution. Parameters are fixed at the default values stated in Table 2, with n = 10, but
we vary the initial conditions of the tumour, N̂ (0) = N0. For these parameter values, the system is bistable
and evolves to different steady states depending on the initial conditions: a for N0 = 107 cells, we observe
tumour equilibrium; b for N0 = 108 cells, we observe tumour escape (Color figure online)

We consider solutions of the form W = Ŵeαt , where the eigenvalue α satisfies:

det(J − αI) = −(α + γ̃ )
[

(α + γ̃ + k(N∗))
(

α + f (N∗) − (1 − 2N∗)
)

− N∗( f (N∗)k′(N∗) − λ̃σ ′(N∗)
)]

= 0.

(A5)

A steady state is stable if Re(α) < 0 for all eigenvalues α. For the tumour-free steady
state, N∗ = 0, we have:

α1 = −γ̃ , α2 = −(γ̃ + κ0), α3 = 1 − f (0).

Since γ̃ , κ0 > 0, we deduce that N∗ = 0 is unstable if f (0) = λ̃
γ̃+κ0

< 1, and linearly
stable otherwise.
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For physically realistic, non-trivial steady state solutions, we have N∗ > 0 and
f (N∗) = 1 − N∗ (19). Therefore, substituting (19) into (A5), we have that:

−(α + γ̃ )
[

α2 + (γ̃ + k(N∗) + N∗)α − N∗g(N∗)
]

= 0,

where the function g(N∗) is defined as follows:

g(N∗) := (1 − N∗)k′(N∗) − λ̃σ ′(N∗) − γ̃ − k(N∗).

Since γ̃ + k(N∗) + N∗ > 0, the non-trivial steady state is unstable if g(N∗) > 0, and
stable if g(N∗) < 0. Expanding the exhaustion and influx functions, the steady state
is unstable if,

g(N∗) = κ1(1 − N∗) − λ̃σ̃
1 −

(

N∗
Ñ

)2

(

1 +
(

N∗
Ñ

)2
)2 − γ̃ − κ0 − κ1N

∗ > 0. (A6)

We now show that the stability of the T-cell distribution steady state (20) depends upon
the same condition by linearising the full model. LetV = (T0p , . . . , Tnp ,�p, μp, Np)

be perturbations about the steady state. Then dV
dt = J1V where J1 is the following

Jacobian matrix:

J1 =
[

A B
0 J

]

,

where J is as defined in equation (A4), and A and B are matrices to be determined.
We consider solutions of the form V = V̂eαt , where α is such that det(J1 − αI) =

det(A − αI)det(J − αI) = 0. It is trivial to show that A is a lower triangular matrix
and, therefore, its determinant is the product of its diagonal, given by:

det(A − αI) =
n
∏

i=0

[

− (n − i)(κ0 + κ1N
∗) − γ̃ − α

]

.
A has eigenvalues αi = −(n − i)(κ0 + κ1N∗) − γ̃ < 0 for i = 0, . . . , n, and so

for Re(α) > 0 we require det(J−αI) = 0. Therefore, the discrete ODE model steady
state has the same linear stability as the reduced ODE model steady state.
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Fig. 16 Comparison of solutions to the second-order PDE model with solutions to the discrete ODE model
and the first-order PDE model, as ε = 1

n → 0. We present numerical solutions to the advection–diffusion
equation (B8), describing the evolution and exhaustion of the T-cell population, solved using the method of
lines.We plot the solutions of the second-order PDEmodel (B8)–(B12) in green and compare with solutions
of the first-order PDE model (26)–(29) in red and solutions of the discrete ODE model (15)–(16) in blue.
We present these figures at a single time point (t = 25 days) for a n = 10, b n = 100, c n = 1000, to show
how the accuracy of the first- and second-order Taylor series approximation compare as ε = 1

n → 0. The
corresponding tumour dynamics, N (t), used to construct the PDEmodel solutions for T (s, t) are computed
by solving the reduced ODE model (11)–(13), and are presented in Fig. 2b. The remaining parameters are
fixed at the default values listed in Table 2, where λ̃ = 0.0442 and κ1 = 1.39 (Color figure online)
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B Second-Order PDEModel

B.1 Advection–Diffusion Equation

Let T (s, t) be the non-dimensional number density of T-cells with exhaustion value,
s ∈ [0, 1]. We make the identifications:

T (s, t) ∼ nTj (t) and s ∼ j

n
,

where s = 0 and s = 1 correspond to fully-active and fully-exhausted T-cells, respec-
tively. Defining ε = 1

n 
 1, we recast the discrete ODE model, defined by Equations
(15), (16), in terms of continuous variables s and t :

∂T

∂t
(s, t) = 1

ε
(κ0 + κ1N (t))

[

(1 − s + ε)T (s − ε, t) − (1 − s)T (s, t)
]

− γ̃ T (s, t)

for ε ≤ s ≤ 1. Taylor expanding T (s − ε, t) in terms of ε, we get:

∂T

∂t
(s, t) = (κ0 + κ1N (t))

[

− ∂

∂s
+ ε

2

∂2

∂s2
+ O(ε2)

]
[

(1 − s)T (s, t)
]−γ̃ T (s, t).

(B7)

We identify this as an advection–diffusion equation. Retaining terms of O(ε), this
expression can be written in the following, equivalent, conservation form:

∂T

∂t
= ∂

∂s

[

D(s, t)
∂T

∂s
− v(s, t)T

]

− γ̃ T , (B8)

where the exhaustion velocity, v, and diffusion coefficient, D, are defined as follows:

D(s, t) = ε

2
(κ0+κ1N (t))(1−s) and v(s, t) = (κ0+κ1N (t))(1−s)+ε

2
(κ0+κ1N (t)).

(B9)
In equations (B8) and (B9),we view N (t) as a prescribed function of time t , determined
by solving equations (11)–(12).

We suppose that the T-cell population is initially at a tumour-free steady state, and
so prescribe the following initial condition:

T (s, 0) = 1

κ0
(1 − s)

−
(

1− γ̃
κ0

)

. (B10)

We close the second-order PDE model by prescribing the flux of T-cells at both
ends of the domain:

[

v(s, t)T − D(s, t)
∂T

∂s

]

s=0
= 1 + σ̃N (t)

1 +
(

N (t)
Ñ

)2 , (B11)
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[

v(s, t)T − D(s, t)
∂T

∂s

]

s=1
= 0. (B12)

B.2 Second-Order PDEModel Dynamics

In Fig. 16, we present numerical solutions to the second-order PDE model of T-cell
exhaustion dynamics, given by equations (B8)–(B12), and compare with numerical
solutions to the discrete ODE model (15)–(16) and analytical solutions to the first-
order PDE model (26)–(29). We present these solutions for three different sets of
parameter values for λ̃ and κ1 to illustrate how the T-cell distribution evolves for each
of the different qualitative behaviours that the model exhibits. Figure16 shows that the
second-order PDE model replicates the discrete ODEmodel better than the first-order
PDE model, particularly for smaller values of n, but the solutions rely on numerical
methods and so are less interpretable.

Acknowledgements The authors thank Keith Chambers and Tim Elliott for helpful discussions.

Funding NL acknowledges support from Cancer Research UK (CRUK) Grant No. C2195/A31281. AF
acknowledges support from UCL-RES.

Data Availability The code used in the current study is available on request from the corresponding author.

Materials Availability Not applicable.

Declarations

Conflict of interest The authors declare that they have no conflict of interest.

Ethics approval and consent to participate Not applicable.

Consent for publication Not applicable.

OpenAccess This article is licensedunder aCreativeCommonsAttribution 4.0 InternationalLicense,which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

Bartha L, Eftimie R (2022) Mathematical investigation into the role of macrophage heterogeneity on the
temporal and spatio-temporal dynamics of non-small cell lung cancers. J Theor Biol 549:111207

Basse B, Baguley BC, Marshall ES, Wake GC, Wall DJ (2004) Modelling cell population growth with
applications to cancer therapy in human tumour cell lines. Prog Biophys Mol Biol 85(2–3):353–368

Bekkal Brikci F, Clairambault J, Ribba B, Perthame B (2008) An age-and-cyclin-structured cell population
model for healthy and tumoral tissues. J Math Biol 57:91–110

Berraondo P, Sanmamed MF, Ochoa MC, Etxeberria I, Aznar MA, Pérez-Gracia JL, Rodríguez-Ruiz ME,
Ponz-SarviseM,CastañónE,Melero I (2019)Cytokines in clinical cancer immunotherapy. Br JCancer
120(1):6–15

123

http://creativecommons.org/licenses/by/4.0/


The Impact of T-cell Exhaustion Dynamics... Page 45 of 47 61

Blank CU, Haining WN, Held W, Hogan PG, Kallies A, Lugli E, Lynn RC, Philip M, Rao A, Restifo NP
et al (2019) Defining ‘t-cell exhaustion’. Nat Rev Immunol 19(11):665–674

Budimir N, Thomas GD, Dolina JS, Salek-Ardakani S (2022) Reversing t-cell exhaustion in cancer: lessons
learned from pd-1/pd-l1 immune checkpoint blockade. Cancer Immunol Res 10(2):146–153

Bull JA, Byrne HM (2022) The hallmarks of mathematical oncology. Proc IEEE 110(5):523–540
Byrne H, Alarcon T, Owen M, Webb S, Maini P (2006) Modelling aspects of cancer dynamics: a review.

Philos Trans R Soc A: Math Phys Eng Sci 364(1843):1563–1578
Catakovic K, Klieser E, Neureiter D, Geisberger R (2017) T cell exhaustion: from pathophysiological basics

to tumor immunotherapy. Cell Commun Signal 15:1–16
CeloraGL,ByrneHM,ZoisCE,Kevrekidis PG (2021) Phenotypic variationmodulates the growth dynamics

and response to radiotherapy of solid tumours under normoxia and hypoxia. J Theor Biol 527:110792
Celora GL, Byrne HM, Kevrekidis P (2023) Spatio-temporal modelling of phenotypic heterogeneity in

tumour tissues and its impact on radiotherapy treatment. J Theor Biol 556:111248
ChambersKL,MyerscoughMR,ByrneHM(2023)Anew lipid-structuredmodel to investigate the opposing

effects of ldl and hdl on atherosclerotic plaque macrophages. Math Biosci 357:108971
Chow A, Perica K, Klebanoff CA, Wolchok JD (2022) Clinical implications of t cell exhaustion for cancer

immunotherapy. Nat Rev Clin Oncol 19(12):775–790
Dolina JS, Van Braeckel-Budimir N, Thomas GD, Salek-Ardakani S (2021) Cd8+ t cell exhaustion in

cancer. Front Immunol 12:715234
Dritschel H, Waters S, Roller A, Byrne H (2018) A mathematical model of cytotoxic and helper t cell

interactions in a tumor microenvironment. Lett Biomath 5(S1)
Dunn GP, Old LJ, Schreiber RD (2004) The three es of cancer immunoediting. Annu Rev Immunol 22:329–

360
Eftimie R, Bramson JL, Earn DJ (2011) Interactions between the immune system and cancer: a brief review

of non-spatial mathematical models. Bull Math Biol 73:2–32
Egen JG, Ouyang W, Wu LC (2020) Human anti-tumor immunity: insights from immunotherapy clinical

trials. Immunity 52(1):36–54
Elmusrati A, Wang J, Wang C-Y (2021) Tumor microenvironment and immune evasion in head and neck

squamous cell carcinoma. Int J Oral Sci 13(1):24
Enderling H, AJ Chaplain M (2014) Mathematical modeling of tumor growth and treatment. Curr Pharm

Des 20(30):4934–4940
Esfahani K, Roudaia L, Buhlaiga N, Del Rincon S, Papneja N, Miller W (2020) A review of cancer

immunotherapy: from the past, to the present, to the future. Curr Oncol 27(s2):87–97
Farkona S, Diamandis EP, Blasutig IM (2016) Cancer immunotherapy: the beginning of the end of cancer?

BMC Med 14(1):1–18
Hall RD, Gray JE, Chiappori AA (2013) Beyond the standard of care: a review of novel immunotherapy

trials for the treatment of lung cancer. Cancer Control 20(1):22–31
Hanna E, Quick J, Libutti S (2009) The tumour microenvironment: a novel target for cancer therapy. Oral

Dis 15(1):8–17
HodgkinsonA,LeCamL,TrucuD,RadulescuO (2019) Spatio-genetic and phenotypicmodelling elucidates

resistance and re-sensitisation to treatment in heterogeneous melanoma. J Theor Biol 466:84–105
Hodgkinson A, Tursynkozha A, Trucu D (2023) Structured dynamics of the cell-cycle at multiple scales.

Front Appl Math Stat 9:1090753
Jiang Y, Li Y, Zhu B (2015) T-cell exhaustion in the tumor microenvironment. Cell Death Dis 6(6):1792
Jiang W, He Y, He W, Wu G, Zhou X, Sheng Q, Zhong W, Lu Y, Ding Y, Lu Q et al (2021) Exhausted cd8+

t cells in the tumor immune microenvironment: new pathways to therapy. Front Immunol 11:622509
Joyce JA, Fearon DT (2015) T cell exclusion, immune privilege, and the tumor microenvironment. Science

348(6230):74–80
Junttila MR, De Sauvage FJ (2013) Influence of tumour micro-environment heterogeneity on therapeutic

response. Nature 501(7467):346–354
Kang J, Demaria S, Formenti S (2016) Current clinical trials testing the combination of immunotherapy

with radiotherapy. J Immunother Cancer 4:1–20
Kansy BA, Concha-Benavente F, Srivastava RM, Jie H-B, Shayan G, Lei Y, Moskovitz J, Moy J, Li J,

Brandau S et al (2017) Pd-1 status in cd8+ t cells associates with survival and anti-pd-1 therapeutic
outcomes in head and neck cancer. Can Res 77(22):6353–6364

Kareva I, Gevertz JL (2024) Mitigating non-genetic resistance to checkpoint inhibition based on multiple
states of immune exhaustion. Npj Syst Biol Appl 10(1):14

123



61 Page 46 of 47 N. Lai et al.

Khajanchi S,Banerjee S (2014) Stability and bifurcation analysis of delay induced tumor immune interaction
model. Appl Math Comput 248:652–671

Kiran KL, Lakshminarayanan S (2013) Optimization of chemotherapy and immunotherapy: in silico
analysis using pharmacokinetic-pharmacodynamic and tumor growth models. J Process Control
23(3):396–403

Kirschner D, Panetta JC (1998) Modeling immunotherapy of the tumor-immune interaction. J Math Biol
37:235–252

Kuznetsov VA,Makalkin IA, TaylorMA, Perelson AS (1994) Nonlinear dynamics of immunogenic tumors:
parameter estimation and global bifurcation analysis. Bull Math Biol 56(2):295–321

Liao K-L, Bai X-F, Friedman A (2014) Mathematical modeling of interleukin-35 promoting tumor growth
and angiogenesis. PLoS ONE 9(10):110126

López AG, Seoane JM, Sanjuán MA (2014) A validated mathematical model of tumor growth including
tumor-host interaction, cell-mediated immune response and chemotherapy. Bull Math Biol 76:2884–
2906

Lorz A, Lorenzi T, Hochberg ME, Clairambault J, Perthame B (2013) Populational adaptive evolution,
chemotherapeutic resistance and multiple anti-cancer therapies. ESAIM: Math Model Numer Anal
47(2):377–399

Lorz A, Lorenzi T, Clairambault J, Escargueil A, Perthame B (2015)Modeling the effects of space structure
and combination therapies on phenotypic heterogeneity and drug resistance in solid tumors. Bull Math
Biol 77(1):1–22

Lu M, Huang B, Hanash SM, Onuchic JN, Ben-Jacob E (2014) Modeling putative therapeutic implications
of exosome exchange between tumor and immune cells. Proc Natl Acad Sci 111(40):4165–4174

Muenst S, Soysal S, Gao F, Obermann E, Oertli D, GillandersW (2013) The presence of programmed death
1 (pd-1)-positive tumor-infiltrating lymphocytes is associated with poor prognosis in human breast
cancer. Breast Cancer Res Treat 139:667–676

Najafi M, Hashemi Goradel N, Farhood B, Salehi E, Nashtaei MS, Khanlarkhani N, Khezri Z, Majidpoor
J, Abouzaripour M, Habibi M et al (2019) Macrophage polarity in cancer: a review. J Cell Biochem
120(3):2756–2765

Osojnik A, Gaffney EA, Davies M, Yates JW, Byrne HM (2020) Identifying and characterising the impact
of excitability in a mathematical model of tumour–immune interactions. J Theor Biol 501:110250

Pillis LG, Radunskaya A (2003) A mathematical model of immune response to tumor invasion. In: Bathe
KJ (ed) Computational fluid and solid mechanics 2003. Elsevier, Amsterdam, pp 1661–1668

Pillis LG, Radunskaya AE, Wiseman CL (2005) A validated mathematical model of cell-mediated immune
response to tumor growth. Can Res 65(17):7950–7958

Raskov H, Orhan A, Christensen JP, Gögenur I (2021) Cytotoxic cd8+ t cells in cancer and cancer
immunotherapy. Br J Cancer 124(2):359–367

Rejniak KA, Anderson AR (2011) Hybrid models of tumor growth. Wiley Interdiscip Rev: Syst Biol Med
3(1):115–125

Robertson-Tessi M, El-Kareh A, Goriely A (2012) A mathematical model of tumor–immune interactions.
J Theor Biol 294:56–73

Sahoo P, Yang X, Abler D, Maestrini D, Adhikarla V, Frankhouser D, Cho H, Machuca V, Wang D, Barish
M et al (2020) Mathematical deconvolution of car t-cell proliferation and exhaustion from real-time
killing assay data. J R Soc Interface 17(162):20190734

Saka D, Gökalp M, Piyade B, Cevik NC, Arik Sever E, Unutmaz D, Ceyhan GO, Demir IE, Asimgil H
(2020) Mechanisms of t-cell exhaustion in pancreatic cancer. Cancers 12(8):2274

Smyth MJ, Ngiow SF, Ribas A, Teng MW (2016) Combination cancer immunotherapies tailored to the
tumour microenvironment. Nat Rev Clin Oncol 13(3):143–158

Stace RE, Stiehl T, Chaplain MA, Marciniak-Czochra A, Lorenzi T (2020) Discrete and continuum
phenotype-structured models for the evolution of cancer cell populations under chemotherapy. Math
Model Natl Phenomena 15:14

Sterner RC, Sterner RM (2021) Car-t cell therapy: current limitations and potential strategies. Blood Cancer
J 11(4):69

Sun S, Fei X, Mao Y, Wang X, Garfield DH, Huang O, Wang J, Yuan F, Sun L, Yu Q et al (2014) Pd-1+
immune cell infiltration inversely correlates with survival of operable breast cancer patients. Cancer
Immunol Immunother 63:395–406

Tabana Y, Moon TC, Siraki A, Elahi S, Barakat K (2021) Reversing t-cell exhaustion in immunotherapy: a
review on current approaches and limitations. Expert Opin Ther Targets 25(5):347–363

123



The Impact of T-cell Exhaustion Dynamics... Page 47 of 47 61

Taefehshokr S, Parhizkar A, Hayati S, Mousapour M, Mahmoudpour A, Eleid L, Rahmanpour D, Fattahi
S, Shabani H, Taefehshokr N (2022) Cancer immunotherapy: challenges and limitations. Pathol-Res
Pract 229:153723

Thompson RH, Dong H, Lohse CM, Leibovich BC, Blute ML, Cheville JC, Kwon ED (2007) Pd-1 is
expressed by tumor-infiltrating immune cells and is associated with poor outcome for patients with
renal cell carcinoma. Clin Cancer Res 13(6):1757–1761

Villa C, Chaplain MA, Lorenzi T (2021) Modeling the emergence of phenotypic heterogeneity in vascular-
ized tumors. SIAM J Appl Math 81(2):434–453

Waldman AD, Fritz JM, Lenardo MJ (2020) A guide to cancer immunotherapy: from t cell basic science
to clinical practice. Nat Rev Immunol 20(11):651–668

Wilkie K, Hahnfeldt P (2013) Mathematical models of immune-induced cancer dor-mancy and the emer-
gence of immune evasion, interface focus, 3 (4): 20130010, 2013. Crossref, ISI

Yin A, Moes D, Hasselt JG, Swen JJ, Guchelaar H-J (2019) A review of mathematical models for tumor
dynamics and treatment resistance evolution of solid tumors. CPT Pharmacometrics Syst Pharmacol
8(10):720–737

Zinselmeyer BH, Heydari S, Sacristán C, Nayak D, Cammer M, Herz J, Cheng X, Davis SJ, Dustin ML,
McGavernDB (2013) Pd-1 promotes immune exhaustion by inducing antiviral t cell motility paralysis.
J Exp Med 210(4):757–774

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

123


	The Impact of T-cell Exhaustion Dynamics on Tumour–Immune Interactions and Tumour Growth
	Abstract
	1 Introduction
	2 Model Development
	2.1 Model Derivation
	2.2 Reduced ODE Model
	2.3 Non-dimensionalisation
	2.4 Parameter Values
	3 Results
	3.1 Model Dynamics
	3.2 Steady State Analysis
	3.3 Linear Stability Analysis
	3.4 Bifurcation Analysis
	3.5 Identification of Tristability
	3.6 Implications for Treatment

	4 Equivalent PDE Model
	4.1 Model Derivation
	4.2 Analytical Solutions
	4.3 PDE Model Dynamics


	5 Discussion
	A Further Analysis of the ODE Model
	A.1 Variance of the T-cell Exhaustion Distribution
	A.2 Steady State Analysis
	A.3 Linear Stability Analysis


	B Second-Order PDE Model
	B.1 Advection–Diffusion Equation
	B.2 Second-Order PDE Model Dynamics
	Acknowledgements
	References





