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Colloidal nanoparticles are of great interest in modern science and industry. However, 
the thermodynamic mechanism and dynamics of nanoparticle growth have yet to be 
understood. Addressing these issues, we tracked hundreds of in- situ growth trajectories 
of a nanoparticle ensemble using liquid- phase TEM and found that the nanoparticle 
growth, including coalescence, exhibits nanoparticle size- dependent multiphasic dynam-
ics, unexplainable by current theories. Motivated by this finding, we developed a model 
and theory for an ensemble of growing nanoparticles, providing a unified, quantitative 
understanding of the time- dependent mean and fluctuation of nanoparticle size and 
size- dependent growth rate profiles across various nanoparticle systems and experimental 
conditions. Our work reveals that the chemical potential in a small nanoparticle strongly 
deviates from the Gibbs–Thomson equation, shedding light on how it governs the 
size- dependent growth dynamics of nanoparticles.

in- situ liquid- phase TEM | nanoparticle growth trajectories | monomer chemical potential |  
size- dependent growth rate | nanoparticle coalescence

 Nanoparticle properties can be tuned by their size and shape, which makes them highly 
attractive materials in both science and industry ( 1   – 3 ). For the last three decades, tremen-
dous effort has been devoted to synthesizing monodisperse nanoparticles of controlled 
sizes, shapes, and compositions ( 4   – 6 ), not only for investigating their unique physico-
chemical properties but also for various applications such as quantum-dot-enhanced dis-
play ( 7 ) and nanocatalyst ( 8 ). Despite extensive research, the thermodynamic mechanism 
of monodisperse nanoparticle formation has not been clearly understood, and quantitative 
understanding of nanoparticle growth dynamics has not been achieved ( 9   – 11 ).

 The classical nucleation theory (CNT) based on the Gibbs–Thomson equation has 
provided a central basis for understanding crystallization dynamics for more than a century 
( 12     – 15 ). However, the CNT has a limitation in that it cannot explain the formation of 
monodisperse nanoparticles ( 16 ,  17 ). Early work by Frenkel ( 18 ) showed that the mon-
odispersity of colloidal particles at a stationary state under supersaturation is not consistent 
with the equilibrium size distribution predicted by the CNT. Recently, a nonequilibrium 
nanoparticle growth process was recorded in real time by liquid-phase transmission 
 electron microscopy (TEM) ( 19       – 23 ). Liquid-phase TEM of individual nanoparticles 
revealed that the nanoparticle growth pathway is far more complex than assumed in the 
classical crystallization model ( 24       – 28 ). For example, TEM studies presented direct evi-
dence of nanoparticle coalescence and its contribution to the nanoparticle size distribution 
( 29 ). They also revealed that a specific surface selectively develops, while growth of other 
surfaces is suppressed, to form facetted nanoparticles, in metal nanoparticles ( 30 ,  31 ). 
Several kinetic models have been proposed to explain the growth dynamics of nanoparticles  
( 9 ,  16 ,  17 ,  32     – 35 ). Talapin et al. ( 32 ) and separately Rempel et al. ( 35 ) investigated 
dynamics of nanoparticle size focusing, using diffusion-limited and reaction-limited 
growth models. Each of these approaches provided a new qualitative picture of nanoparticle 
size-focusing dynamics. However, a unified, quantitative understanding of the nanoparticle 
growth dynamics has yet to be achieved. This is primarily due to lacking a realistic model 
of a nanoparticle and a rigorous theory describing nanoparticle growth dynamics, in 
addition to the lack of large sets of experimental data showing the detailed features of 
individual growth trajectories of nanoparticle ensembles ( 19   – 21 ).

 Here, we developed an advanced in-situ liquid-phase TEM and monitored an ensemble 
of platinum nanoparticle growth trajectories. This direct observation reveals that nanopar-
ticles with radii of a few nanometers exhibit size-dependent growth dynamics with multiple 
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kinetic phases, markedly different from Ostwald ripening. In each 
of the phases, the mean and variance of nanoparticle size and the 
size dependence of nanoparticle growth rate exhibit their own 
 distinct dynamics, and all these features are sensitive to chemical 
identities of nanoparticles and precursors of monomers. In addi-
tion, nanoparticles undergo coalescence with a strongly time- 
dependent rate that transiently surges and then vanishes. We found 
these experimental results unexplainable by current theories. 
Motivated by these findings, we developed a novel model of nan-
oparticles and a statistical mechanical, kinetic theory for an ensem-
ble of growing nanoparticles. Our theory provides not only new 
physical insights into nanoparticle nucleation and growth dynamics 
but also a simultaneous, quantitative explanation of diverse exper-
imental data, including time-dependent profiles of the mean, 
 variance, and higher-order moments, from the 3rd to the 10th of 
nanoparticle size distribution as well as the size-dependent profiles 
of the nanoparticle growth rate, which shows a wild shape variation 
over time, for various nanoparticle systems under different exper-
imental conditions. In doing so, we demonstrated that the time 
evolution of our new experimental observable, the nanoparticle 
size-dependent growth rate profile, provides direct information 
about the size dependence of the chemical potential in a nanopar-
ticle and the time evolution of the monomer concentration.

 Our work reveals the chemical potential of a monomer in a 
nanoparticle has a nonmonotonic size dependence with its max-
imum value at a critical nanoparticle size, differing from the 
Gibbs–Thomson equation underlying the CNT, according to 
which the monomer chemical potential monotonically decreases 
with the nanoparticle size. This discrepancy from the Gibbs–
Thomson equation is caused by the strongly nonextensive free 
energy, originating from nanoparticle’s translational and rotational 
motion, configurational degeneracy, and edge interaction with the 
surrounding environment, neglected in the CNT. This nonclas-
sical size dependency of the chemical potential causes a significant 
deviation of the nanoparticle growth dynamics from Ostwald 
ripening, which we found common across various small nanopar-
ticle systems we investigated. 

Results

In- Situ Nanoparticle Growth and Classification of Growth 
Trajectories. We observed an ensemble of growing metal 
nanoparticles in real time using liquid- phase TEM (Fig. 1A and 
Movies S1–S4). Multiple in- situ liquid- phase TEM movies were 
recorded, which show growth processes of individual Pt and Au 
nanoparticles, under different reaction conditions (Materials and 
Methods, Movies S1 and S2 for Pt nanoparticles from precursor 
Pt(acac)2, Movie S3 for Pt nanoparticles from precursor Pt(COD)
Cl2, where Pt(acac)2 has a platinum supplying rate higher than 
Pt(COD)Cl2 (SI Appendix, Fig. S1 and Text S1), and Movie S4 for 
gold nanoparticles from precursor HAuCl4). From these movies, 
we tracked growth trajectories of several hundred individual 
nanoparticles. To accurately track the size changes of hundreds 
of individual nanoparticles in the field of view of the in- situ TEM 
movies, we developed an integrated image processing method, 
which includes noise removal, edge- contrast optimization, 
and inconspicuous pixel removal to enhance edge contrast 
while efficiently reducing noise from instruments and solvent 
background (Materials and Methods, Fig.  1B and SI  Appendix, 
Fig. S2) (36). The resulting binarized image series preserves the 
sizes and positions in the original liquid- phase TEM images and 
enables unbiased, high- throughput measurements of the size and 
shape of all tracked nanoparticles (Movies S1–S4 and SI Appendix, 
Figs. S3–S9). All growth trajectories that remained in our field 

of view for 180 s in Movie S1, 84 s in Movie S3, and 193.5 s in 
Movie S4 are collectively presented in Fig. 1C.

 We classified the growth trajectories of nanoparticles into two 
groups: one showing only monomeric growth (Group-A) and the 
other exhibiting both monomeric growth and coalescence growth 
(Group-B) ( Fig. 1A   and SI Appendix, Text S2 ). As these two 
groups exhibit qualitatively different growth dynamics, we ana-
lyzed them separately ( 34 ). Group-A, which undergoes mono-
meric growth, makes the dominant contribution to the size 
distribution; its size distribution is similar to the distribution of 
all nanoparticles, including Group-A and Group-B (SI Appendix, 
Fig. S10 ). For gold nanoparticles, we found that Group-B is 
strongly suppressed and only Group-A is observed in our experi-
ment (SI Appendix, Text S3  and Movie S4 ).  

Monomeric Growth Dynamics. Monomeric growth dynamics of 
nanoparticles is decomposable into multiple kinetic phases, which 
are distinct for each precursor as shown in Fig. 1E (Phase- I- V 
for platinum nanoparticles generated from precursor Pt(acac)2, 
Phase- A- C for platinum nanoparticles from Pt(COD)Cl2, with 
a slower monomer supply rate than Pt(acac)2, and Phase- 1- 2 
for gold nanoparticles generated from HAuCl4). For platinum 
nanoparticle systems, the mean and variance of the nanoparticle 
size exhibit rapid growth in the initial phase, but slower growth 
in the next phase, and then rapid growth again in the subsequent 
phases. In comparison, the phase- to- phase variation in growth 
dynamics is less significant for the gold nanoparticle system 
(SI Appendix, Text S4 for the details of the phase- dependent mean 
and variance in each nanoparticle system). We also measured the 
size- dependent profile of nanoparticle growth rate and found that 
the size dependency of the growth rate shows highly dynamic 
phase- dependent behavior, which cannot be explained by Ostwald 
ripening or currently available theories (Fig. 2).

 To explain these experimental results, we introduced a novel 
model of nanoparticle and developed a statistical mechanical, 
kinetic theory for a system of nanoparticles growing through 
diffusion-influenced reversible association with monomers in solu-
tion (Materials and Methods ). This theory enables us to provide a 
simultaneous, quantitative explanation of all experimental results 
mentioned above ( Figs. 1E   and  2 C –E  ). Our nanoparticle model 
accounts for six essential characteristics of a nanoparticle. Four of 
these characterize physical properties such as monomer energy in 
the face and on the edge of the nanoparticle, relative to the mon-
omer energy in the core, the shape and configurational degeneracy 
of the nanoparticle. The remaining two characterize the chemical 
properties, such as the monomer diffusion constant and the mon-
omer association rate per nanoparticle surface area. We found the 
value of the shape parameter, which characterizes the geometry of 
a nanoparticle, little changes over time without showing a notice-
able trend (SI Appendix, Figs. S11 and S12 ). Therefore, our analysis 
essentially involves only one time-dependent adjustable parameter, 
the monomer concentration in solution (SI Appendix, Fig. S13 ).

 We note here that our model is a minimalistic representation of 
nonspherical nanoparticles with defects, growing through diffusion- 
influenced reversible association with monomers. Simplifying our 
model makes it impossible to achieve the quantitative explanation 
of our diverse experimental results. This indicates that the four 
physical and two chemical properties considered in our nanopar-
ticle model are essential characteristics that determine the size dis-
tribution and growth dynamics of nanoparticles.

 Remarkably, our theory can also make a prediction about the 
time profiles of the higher-order moments of the nanoparticle size 
distribution. With the optimized parameter values in  Table 1 , the 
theoretical predictions show excellent agreement with experimental 
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results for the time profiles of higher-order moments, from the 3rd 
to the 10th, at all times investigated ( Fig. 3 ). This quantitative 
agreement further supports the validity of our model and theory.        

 The success of our model stems from its ability to capture all 
the essential microscopic degrees of freedom of nanoparticles and 
accurately assess their effects on the nanoparticle’s free energy and 
chemical potential. In our nanoparticle model, we took into 
account the translation, rotation, and vibration motion of a nan-
oparticle, overlooked in the CNT, as well as its shape-dependent 

electronic interactions with the surrounding environment through 
its faces and edges. In addition, we consider configurational degen-
eracy of a nanoparticle.

 Starting from this model, we derive an accurate expression for 
the size-dependent chemical potential,  �s

n    , of monomers in a nan-
oparticle, which is given by

    
[1]�

(

�s
n−�s

∞

)

=
c1(n)

r ∕�s
+

c2(n)

(r ∕�s)
2
−

4 + �

(r ∕�s)
3
,

Fig. 1.   Multiphasic growth dynamics of nanoparticle ensembles observed by liquid- phase TEM. (A) Schematic of our experimental measurement of individual 
growth trajectories of metal nanoparticle ensemble. (Left) real- time in- situ observation of nanoparticle growth using a liquid- phase TEM. (Center) Group- A showing 
only monomeric growth and Group- B exhibiting both monomeric growth and coalescence growth. (Right) the pathway- dependent growth trajectories for platinum 
nanoparticles. (B) Schematic of TEM image processing including noise removal, edge- contrast optimization, adaptive binarization, and inconspicuous pixel removal 
to convert in- situ TEM images into binarized images. (C) Individual growth trajectories of hundreds of metal nanoparticles obtained using different precursors. 
(Left) Pt(acac)2. (Center) Pt(COD)Cl2. (Right) HAuCl4. (D, Top) Chemical potential, �s

n
 , of monomers in a nanoparticle, Eq. 1 (black solid line), the Gibbs–Thomson 

equation, SI Appendix, Eq. S10-10 (black dashed line), and chemical potential, �
1
 , of monomers in supersaturated solution (red line) and in hypersaturated solution 

(blue line). For the hypersaturated solution, �
1
 is larger than the maximum of �s

n
 . Absolute size focusing (anti- Ostwald ripening) occurs for nanoparticles with 

sizes close to r∗ , while nanoparticles with size close to r∗∗ undergo Ostwald ripening (SI Appendix, Text S5). (Bottom) The corresponding Gibbs free energy change 
associated with the formation of a nanoparticle from monomers, the present theory (solid line) and the CNT (dashed line): supersaturated solution (red) and 
hypersaturated solution (blue). (E) Comparison between theory and experiment for the mean and variance of the monomer number per particle: experimental 
results (circles) and theoretical results (lines). The gray- shaded area represents the SD at each time frame, estimated from one thousand bootstrap- sampled sets.
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  where β  and r  denote, respectively, inverse thermal energy  (kBT )−1     
with  kB     and T  denoting the Boltzmann constant and temperature, 
and the effective radius of a nanoparticle. The value of r  is  
related to the monomer number, n , in a nanoparticle by 

 n = (r∕�s)
3[ ≡ 4�r3�s ∕3]     with  �s     being the monomer number 

density in the nanoparticle. On the left-hand side of Eq.  1  ,  �s
∞     

designates the chemical potential of monomers in a macroscopic 
crystal. On the right-hand side (r.h.s.) of Eq.  1  ,  c1(n)    and  c2(n)    are 

Fig. 2.   Size- dependent growth rate and size distribution of nanoparticles at various times. (A and B) (Upper) Chemical potential �s
n
 of monomer in a nanoparticle, 

Eq. 1 (black solid line), the Gibbs–Thomson equation (dashed line), and chemical potential �
1
 of monomer in solution in hypersaturation (blue line) and in 

supersaturation (red line). (Lower) Size- dependent growth rate J
n
(t) given in Eq. 2 scaled by the value of the total monomer density, �

1,T
(t
0
) , at the beginning of our 

measurement. The results of Eq. 2: hypersaturation condition (blue line in (A) and supersaturation condition (red line in B). The results of the CNT (dashed lines). 
The size- dependent growth rate J

n
(t) has a positive value for nanoparticle size range for which a nanoparticle has a lower chemical potential than the surrounding 

solution. Our theory predicts that J
n
 has a positive value for all n under the hypersaturation condition ( 𝜇s

n
< 𝜇

1
 for all n) and that J

n
 can have a negative value for 

nanoparticles with an intermediate size range satisfying 𝜇s
n
> 𝜇

1
 under the supersaturation condition with �

1
 higher than the chemical potential in a macroscopic 

crystal (represented by the zero horizontal line) but lower than the maximum chemical potential in a nanoparticle. The CNT predicts Ostwald ripening, where J
n
 

has a negative value for small nanoparticles and a positive value for large nanoparticles, which is inconsistent with our experimental results. (C–E) Comparison 
made between experimental data (symbols) and results of the present theory (lines) for the scaled size- dependent growth rate J̃

n
(t)

[

≡ J
n
(t)∕�

1,T
(t
0
)

]

 (red) and 
the nanoparticle size distribution p

n
(t) (blue). (C) Results for platinum nanoparticles generated from precursor Pt(acac)2. (D) Results for platinum nanoparticles 

from precursor Pt(COD)Cl2. (E) Results for gold nanoparticles generated from precursor HAuCl4. Theoretical results of J̃
n
(t) were calculated from Eq. 2 with p

n
(t) 

from the theoretical result (solid line) or from the experimental data (dashed line) (see SI Appendix, Text S17 for the calculation method of J̃
n
(t) ). The result of 

the modified- lognormal distribution given in SI Appendix, Materials and Methods, Eq. M10 (blue lines), whose form is completely determined by the first eight 
moments of the nanoparticle size (Fig. 3).
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size- and shape-dependent parameters, proportional to the free 
energy difference between the surface and core of a nanoparticle. 
The third term on the r.h.s. of Eq.  1   originates from the transla-
tional and rotational motion and the configurational degeneracy 
of a nanoparticle (Materials and Methods ).

 The chemical potential of monomers in a nanoparticle given 
in Eq.  1   has a finite maximum at a critical size, n † . This nonmono-
tonic size dependence of the chemical potential qualitatively differs 
from the Gibbs–Thomson equation underlying the CNT, accord-
ing to which the chemical potential monotonically decreases with 
the nanoparticle size.

 The nonmonotonic size dependence of the chemical potential 
in the nanoparticle, along with the time-dependent variation of 
the chemical potential in solution, causes the size-dependent pro-
file of the growth rate to undergo dramatic shape changes over 
time ( Figs. 1D   and  2 A  and B   and SI Appendix, Text S5 and 
 Materials and Methods  ). This is because the growth rate of a nan-
oparticle depends on the chemical potential difference between 
the solution and the nanoparticle. The definition of the net growth 
rate  Jn    is given by  Jn = kan�1(t )�n(t ) − kd

n+1
�n+1(t )(n ≥ 1)    , where 

 �n    ,  kan    , and  kd
n+1

    denote, respectively, the concentration of n -mers, 
the rate coefficients of diffusion-influenced monomer association 
with n -mers and monomer dissociation from (n +1)-mers. Starting 
from this definition, we derived the exact expression of the 

size-dependent growth rate  Jn    in terms of the difference,  �s
n − �1    , 

between the chemical potential  �s
n    in a nanoparticle and the chem-

ical potential  �1    in solution as
    

  where  �1(t )    denotes the chemical potential of monomers in solu-
tion. It is established that  �1(t )    logarithmically increases with 
monomer concentration, i.e.,  �1(t ) = �◦

1
+ kBT ln

(

�1(t )∕�
◦

)

    
with  �◦

1
    and  �◦    being the chemical potential and density of mon-

omer in the standard-state solution, respectively.
 According to this formula, nanoparticles with all sizes grow 

under the hypersaturation conditions under which the solution 
has a higher chemical potential than the nanoparticle in the entire 
size range, i.e.,  𝜇1 > 𝜇s

n(1 ≤ n < ∞ )     ( Fig. 2A  ). This is the case in 
Phase-I, -III to V of platinum nanoparticles generated from pre-
cursor Pt(acac)2 , in Phase-A and -C of platinum nanoparticles 
from precursor Pt(COD)Cl2 , and in Phase-1 for gold nanoparti-
cles from precursor HAuCl4  ( Fig. 4 ). On the other hand, under 
supersaturation conditions under which the chemical potential 
 �1     in solution is lower than the maximum chemical potential  �s

n†
     

in nanoparticle but higher than the chemical potential  �s
∞     in the 

macroscopic crystal  
(

𝜇s
∞<𝜇1<𝜇s

n†

)

     ( Fig. 2B  ), nanoparticles 

[2]Jn(t ) = kdn+1�n+1
(

e−�[�
s
n−�1(t )]�n∕�n+1−1

)

, (n≥1),

Table  1.   Optimized values of the time- independent physicochemical parameters associated with nanoparticle 
growth
Parameter Δ�

f
Δ�

e
4 + � �

a
�
s
∕D

1
�
a
�
1,∞(nm−2 s−1) �

Pt nanoparticle 3.04 −1.35 6.50 1.71 × 10−1 1.40 1.76, 1.62
3.46 −3.07 7.13 3.11 × 10−2 4.72 × 10−2  1.73

Au nanoparticle 5.45 −4.06 8.72 4.24 × 10−1 2.43  1.70

Iron oxide nanoparticle 2.08 −3.17 4.06 6.45 × 10−2 3.98 × 10−3  1.67

CdSe nanoparticle 1.24 −1.66 4.17 5.03 × 10−2 7.68 × 10−3  1.70
The first three parameters, Δ�

f
[ ≡ − ln(q

f
∕q

b
)],Δ�

e

[

≡ − ln(q
e
∕q

b
)

]

  , and 4 + �  are associated with the chemical potential of monomers in a single nanoparticle (Eq. 1). q
b
  ( q

f
  or q

e
  ) stands 

for the electronic partition function of a monomer at a bulk (facial or edge) site of an n- mer. Δ�
f
  ( Δ�

e
  ) denotes the thermal energy- scaled free energy of a monomer at a facial (edge) site 

with respect to the free energy of a monomer at a bulk site. Δ�
f
  is, in general, positive, while Δ�

e
  can be either positive or negative, depending not only on the type of metal constituting 

nanoparticles but also on the type of passivating ligand or medium surrounding the nanoparticles. 4 and α originate from the translational and rotational motion and the configurational 
degeneracy of a nanoparticle. The last two parameters, �

a
�
s
∕D

1
  and �

a
�
1,∞  , characterize the rate of diffusion- influenced bimolecular association between monomers and nanoparticles. 

�
a
  and D

1
  denote the bimolecular association rate parameter and the monomer diffusion coefficient, respectively. �

s
  denotes the radius corresponding to the effective volume occupied 

by a single monomer inside a nanoparticle, i.e., �−1
s

≡ 4��3
s
∕3  with �

s
  being the monomer number density of the nanoparticle. The value of dimensionless parameter �

a
�
s
∕D

1
  diverges 

in the diffusion- controlled limit but vanishes in the activation- controlled limit. �
1,∞  denotes the monomer solubility. The last parameter, �   , indicates the average of shape index values 

at all times (SI Appendix, Fig. S11). For the platinum nanoparticle, the first and second rows respectively present the parameter values extracted from the in- situ and ex- situ experiments; 
in the first row, the first and second values of �   were extracted from the experimental systems with precursors Pt(acac)2 and Pt(COD)Cl2, respectively. See SI Appendix, Text S6 for further 
discussion.

Fig. 3.   Comparison between theoretical prediction and experimental results for the higher- order moments of nanoparticle size. The predictions of our 
theory (lines) and the experimental results (circles) for the third to tenth moments of the nanoparticle size for (A) platinum nanoparticles generated from 
precursor Pt(acac)2, (B) platinum nanoparticles generated from precursor Pt(COD)Cl2, and (C) gold nanoparticles generated from precursor HAuCl4. SI Appendix,  
Eqs. S8- 18–S8- 21 with the optimized parameter values in Table 1 were used to make the theoretical prediction of the higher- order moments, ⟨nq(t)⟩(q = 3, ⋯ , 10) 
(SI Appendix, Text S16 and Materials and Methods). The agreement between theoretical predictions and experimental results for the higher- order moments of 
the nanoparticle size corroborates the correctness of our theory and quantitative analysis. The shaded area represents the SD at each time frame, estimated 
from 1,000 bootstrap- sampled sets.

http://www.pnas.org/lookup/doi/10.1073/pnas.2424950122#supplementary-materials
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http://www.pnas.org/lookup/doi/10.1073/pnas.2424950122#supplementary-materials
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Fig. 4.   Phase- dependent dynamics of nanoparticle growth. 1st row: TEM image. 2nd row: Monomer chemical potential, �s
n
 , in nanoparticle phase (colored solid 

line) and monomer chemical potential, �
1
 , in solution phase (black solid line): the mean particle size (vertical solid line) and error bar (vertical dashed lines). 

�s
n
− �

1
(t) is the same as ΔG

r
(n → n + 1)

[

≡ −k
B
Tln(k

a

n
�
1
�
n
∕kd

n+1
�
n+1)

]

 (Materials and Methods) or ΔG
n+1 − ΔG

1

(

≅�ΔG
n
∕�n

)

 , where ΔG
n
 denotes the free energy 

change associated with the formation of an n- mer from n monomers (see SI Appendix, Eq. S13-4 and Text S13 for the precise definition of ΔG
n
 and SI Appendix, 

Fig. S19 for the time- dependent change of ΔG
n
 ). 3rd row: Probability- weighted growth rate coefficient, p

n
j
n
 : experimental data (circles) and theoretical results 

(colored lines). p
n
 and j

n
 denote the nanoparticle size distribution and growth rate coefficient defined by j

n
≡ J

n
∕�

n
 (Eq. 2 for J

n
 and �

n
 ). (A and B) Results for 

platinum nanoparticles generated from precursor Pt(acac)2 and from precursor Pt(COD)Cl2. (C) Results for gold nanoparticles generated from precursor HAuCl4.
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with intermediate sizes, or radius r  between  r∗     and  r∗∗     in  Fig. 1D  , 
shrinks and the growth rates are negative. This results because 
monomers in these nanoparticles with a higher chemical potential 
than solution phase would move into the solution with a lower 
chemical potential. The negative growth rate of intermediate-sized 
nanoparticles is clearly demonstrated in Phase-II of platinum nan-
oparticles generated from precursor Pt(acac)2  ( Fig. 4A  ). These 
experimental observations cannot be explained by any previous 
theories based on the Gibbs–Thomson equation. We emphasize 
that this nonclassical size-dependent growth dynamics is not 
unique to platinum and gold nanoparticles; instead, it emerges 
whenever the chemical potential in a nanoparticle has the non-
monotonic size dependence.        

 By analyzing the “time-dependent” experimental data for the 
size-dependent growth rate and size distribution for in-situ growth 
of metal nanoparticles under different precursor conditions as 
well as the time profiles of the solution-phase chemical potential 
 �1(t )     extracted from our analysis, we reconstructed the 
time-independent size dependence of the excess chemical poten-
tial,  �s

n − �s
∞     ( Fig. 5 ). These reconstructed chemical potential 

differences are found to be in good agreement with our theory 
and are independent of the monomer supply rate. This result 
corroborates the correctness of our theory and analysis. Note here 
that, for the reconstruction of the time-independent chemical 
potential from the time-dependent experimental data using  
Eq.  2  , an accurate estimation of the size-dependent growth rate 
and the size distribution of nanoparticles is required. For this 
reason, the accuracy of the reconstructed chemical potential is 
limited for rarely observed small nanoparticles.        

 In order to demonstrate the broad applicability of our model 
and theory, we also analyzed experimental data on ex-situ growth 
of iron oxide and CdSe nanoparticles synthesized using conven-
tional heat-up ( 5 ) and hot-injection methods ( 37 ), respectively 
(Materials and Methods ). We confirmed that our model and the-
ory, without any modifications, provide a quantitative explana-
tion of these ex-situ nanoparticle growth data (SI Appendix, 
Fig. S14 ). In addition, we conducted ex-situ synthesis of Pt 
nanoparticles using precursor Pt(acac)2  and quantitatively ana-
lyzed the growth dynamics during the synthesis. The chemical 
potential parameters extracted from the ex-situ experiment were 
found to be similar to those extracted from the in-situ experi-
ment conducted with identical solvents, ligands, and precursors 
( Table 1 ).

 Our quantitative analysis also reveals that all nanoparticles in 
the systems we investigated maintain a geometry similar to a trun-
cated octahedron across all growth phases, without showing a 
systematic time dependence (SI Appendix, Figs. S11 and S12 ). 
This result is consistent with our observation that all tracked nan-
oparticles exhibit a quasi-spherical morphology within the obser-
vation time windows of our in-situ and ex-situ experiments 
(Movies S1–S4 ).

 It is noteworthy that our theory consistently explains diverse 
experimental observables characterizing complex growth dynamics 
of platinum nanoparticles synthesized from different monomer 
precursors, without changing the time-independent microscopic 
parameters characterizing the platinum nanoparticle ( Table 1  for 
the optimized parameter values). In addition, the present theory 
provides a unified, quantitative explanation of growth dynamics 
of three different nanoparticle systems including gold, iron oxide, 
and CdSe. This demonstrates the wide application range of our 
nanoparticle model and theory.  

Coalescence Growth Dynamics. Nanoparticles also undergo 
coalescence (Fig. 6A) (21, 29, 30, 38). During coalescence, the 
size of the nanoparticles in Group- B abruptly increases over a 
short period of time (Fig.  6B) in contrast with Group- A that 
grows continuously. Our experimental data show that platinum 
nanoparticle coalescence transiently occurs only near the end of 
Phase- III in our experiment with precursor Pt(acac)2 (Fig. 6C), 
where monomeric growth is slow and the nanoparticles manifest 
a small size fluctuation around the mean, i.e., 1.5 nm ± 0.2 nm, 
because of size focusing throughout Phase- III. Thus, coalescing 
nanoparticles have similar radii (Fig.  6 A and D). Both the 
coalescence rate coefficient and the coalescence time distribution 
are unimodal functions of time (Fig.  6 C and E). Individual 
trajectories of coalescing nanoparticles clearly show that the 
nanoparticles, which undergo random thermal motion, coalesce 
when their separation becomes approximately 5.87 nm, close to 
twice the sum of the nanoparticle radius and the ligand length 
(Fig. 6F and SI Appendix, Table S1). This transient coalescence 
dynamics between growing nanoparticles cannot be explained by 
the classical chemical kinetics or previously reported diffusion- 
influenced reaction kinetics for particles with constant size and 
diffusion coefficient (39). The classical Smoluchowski coagulation 
kinetics (40) can explain size distributions of silver nanoparticles 
that grow primarily through aggregation rather than monomeric 

Fig. 5.   Chemical potential of colloidal nanoparticle systems. Chemical potential, �s
n
 , in a nanoparticle. (Left) Results for in- situ growth of platinum nanoparticles 

(1st column) and gold nanoparticles (2nd column). (Right) Results for ex- situ growth of platinum (3rd column), iron oxide nanoparticles (4th column), and 
CdSe nanoparticles (5th column). The results extracted from the size- dependent growth rate data using Eq. 2: 1st column: Pt(acac)2 (circles) and Pt(COD)
Cl2 (squares), and other nanoparticles (circles). The result of Eq. 1 with the optimized parameter values in Table  1 (black solid line) and the logarithm 
of the ratio between kd

n+1
 and ka

n
�
1,∞ (green line with squares). The maximum value, �s

n
†
 , of the chemical potential at n = n

† is marked by the yellow star: 
(

n
†
,�s

n
†
∕k

B
T

)

= (186, 0.92), (266, 1.41), (678, 0.40), and (592, 0.26) for platinum, gold, iron oxide, and CdSe nanoparticle systems. For platinum nanoparticles 

synthesized in the ex- situ experiment, 
(

n
†
,�s

n
†
∕k

B
T

)

= (323, 0.85) . See also SI Appendix, Fig. S20 for the dependence of �s
n
 on the model parameters. The result 

of the Gibbs–Thomson equation (dashed line). ka
n
 , kd

n+1
 , and �

1,∞ denote the rate coefficients of monomer association with n- mers and dissociation from (n+1)- 
mers, and the solubility of monomers, respectively.
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addition (41). However, this theory is inapplicable to Group- B in 
which nanoparticles grow through both monomeric addition and 
coalescence (SI Appendix, Fig. S15), during which the nanoparticle 
size, and consequently, the diffusion coefficient change over time.

 We found it essential to account for two facts in understanding 
the transient coalescence dynamics. First, nanoparticles are ini-
tially separated by a distance far greater than their encounter dis-
tance, and second, growing nanoparticles undergo anomalous 
thermal motion because their diffusion coefficient, inversely pro-
portional to the nanoparticle size, decreases with time ( Fig. 6G  ). 
In addition, to achieve a quantitative explanation of our experi-
mental data, we assume that the coalescence propensity of nano-
particles greater than a particular size rapidly decreases with size 
( Fig. 6H  ). To obtain a mathematical description of this coalescence 
model, we extended the reduced distribution function formalism, 
developed for the diffusion-influenced bimolecular reactions  
( 42 ,  43 ), to encompass growing nanoparticle systems (Materials 
and Methods ). The resulting kinetic equation successfully explains 
the time profiles of the coalescence rate coefficient and the distri-
bution of coalescence time. According to our analysis, the onset 
of coalescence is delayed because it takes time for initially separated 

nanoparticle pairs to form reactive encounter pairs via thermal 
motion. The coalescence time distribution is dependent on the 
system properties including initial nanoparticle density, reactivity, 
and monomeric growth dynamics of nanoparticles (SI Appendix, 
Fig. S16 ). The coalescence rate vanishes at times longer than 126 s  
not only because the larger nanoparticles have a smaller diffusion- 
 influenced rate but also because they have a vanishingly small 
coalescence propensity.   

Discussion

 The formation Gibbs free energy, or Gibbs free energy change 
 ΔGn    associated with the formation of an n- mer from n  monomers, 
shows a qualitative shape transition depending on the chemical 
potential difference between solution and nanoparticle phases. 
When the chemical potential in the solution is higher than the 
maximum chemical potential in the nanoparticle,  ΔGn    monoton-
ically decreases with nanoparticle size across the entire size range. 
On the other hand, when the chemical potential in solution is 
lower than the maximum chemical potential in nanoparticle but 
higher than the chemical potential in the macroscopic crystal, 

Fig. 6.   Transient chemical dynamics of nanoparticle coalescence occurring within a specific nanoparticle size range. (A) TEM images showing three representative 
coalescence events. Circle: 1.5 nm. (Scale bar: 5 nm.) (B) Time- dependent radii of the three nanoparticles shown in A. Coalescence predominantly occurs when 
the nanoparticle radius is about 1.5 nm regardless of coalescing times (see also SI Appendix, Fig. S21 for a discussion on post–coalescence growth). (C) Time- 
dependent coalescence rate coefficient: theoretical results (solid line) and experimental data (circles). Inset: Coalescence rate coefficient calculated for hypothetical 
nanoparticle model with a size- independent coalescence propensity (dashed line). (D) Coalescence time and sum of nanoparticle radii, σ, at each coalescence event. 
(Right) Probability density of σ: experimental data (bars) and theoretical prediction (solid line). (E) Coalescence time distribution: theoretical results (solid line) and 
experimental data (bar). (F) Schematic of the nanoparticle coalescence process. (G) Relative diffusion coefficient between a pair of growing nanoparticles. The 
diffusion coefficient decreases with time, following a power- law behavior, 1∕ t0.73 , at long times because the mean nanoparticle radius, inversely proportional to 
the diffusion coefficient, exhibits a power- law increase with a similar exponent over the same time period (SI Appendix, Fig. S15). (H) Size- dependent coalescence 
propensity extracted from our analysis. The coalescence propensity becomes vanishingly small for nanoparticles with values of σ far greater than 3.0 nm.

http://www.pnas.org/lookup/doi/10.1073/pnas.2424950122#supplementary-materials
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 ΔGn    has a minimum at a finite size  r∗    and a barrier at a larger size 
 r∗∗    ( Fig. 1D  ). This monomer-concentration-dependent  ΔGn    pro-
file dynamics is essential in quantitative understanding of complex 
growth dynamics of various nanoparticle systems, which is in stark 
contrast with the widely accepted formation free energy profile 
with a single barrier in the CNT.

 The CNT based on the Gibbs–Thomson equation does provide 
a useful, approximate result for the crystallization rate ( 44 ); how-
ever, by considering the strongly nonextensive free energy terms, 
overlooked in the CNT, Dillmann and Meier explained the 
nucleation-rate data more accurately than the CNT ( 45 ,  46 ). Our 
result for the chemical potential in a nanoparticle has the similar 
size dependence to the Gibbs–Thomson equation when the par-
ticle size is large enough. However, for small nanoparticles, the 
chemical potential in the nanoparticle has a strongly nonmono-
tonic size dependence, which has a direct consequence on the 
size-dependent growth dynamics of nanoparticles.  Fig. 2 A  and B   
demonstrate the nonclassical growth dynamics of nanoparticles 
under hypersaturation and supersaturation conditions, respec-
tively. Under the hypersaturation condition, monomers in solu-
tion have a higher chemical potential than in nanoparticles of all 
sizes, resulting in a positive growth rate across all sizes. In contrast, 
under the supersaturation condition, monomers in solution has 
a lower chemical potential than monomers in a nanoparticle with 
intermediate size, or with radius between  r∗     and  r∗∗     in  Fig. 1D  , 
leading to a negative growth rate of the nanoparticle.

 The nonclassical growth dynamics is a generic feature of small 
colloidal nanoparticles. The nonmonotonic size dependence of 
the chemical potential results from stronger ligand binding at edge 
and vertex sites relative to facial sites ( 47 ), along with contribu-
tions from translational and rotational motion, and configura-
tional degeneracy of the nanoparticles (SI Appendix, Text S6 ). 
Their contributions increase as the nanoparticle size decreases. For 
this reason, the nonmonotonic size dependence of the chemical 
potential and the resulting nonclassical size-dependent growth 
dynamics are observed across various small nanoparticle systems 
we investigated.

 There exists a general relationship among the time-dependent 
mean and variance of nanoparticle size and the size-dependent 
growth rates (SI Appendix, Materials and Methods ). We find this 
relationship consistent with the Chemical Fluctuation Theorem 
governing gene expression in living cells ( 48 ). Based on this rela-
tionship, we could provide a straightforward physical explanation 
of the stronger size-focusing dynamics of nanoparticles under the 
faster monomer supply condition observed in our experiment 
(SI Appendix, Fig. S17 ). This observation is also consistent with 
the previously reported experimental results in ref.  49 .

 This work provides insights for designing controlled nanopar-
ticle synthesis. For example, the size distribution of Group-A 
undergoing monomeric growth is narrower than that of Group-B 
accompanying coalescence (SI Appendix, Fig. S18 ). This suggests 
that a synthetic approach that drives more particles to follow the 
monomeric growth pathway will enhance the monodispersity of 
the synthesized nanoparticles.

 Currently, the real-time dynamics of nanoparticle size and 
growth rate of individual colloidal nanoparticles can only be mon-
itored through in-situ liquid-phase TEM experiments. However, 
it is not easy to control the monomer supply rate precisely in the 
TEM experiments. Using our model and theory with optimized 
parameters values, it is possible to predict the time-dependent nan-
oparticle size distribution and the size-dependent growth dynamics 
at various monomer supply rates, temperatures, and other experi-
mental conditions, which would be useful for optimizing the 

experimental conditions for a desired size distribution or growth 
dynamics of nanoparticles.

 Our theory enables one to predict the size-dependent growth rate 
and the size distribution of a nanoparticle system, given that the 
size-dependent chemical potential  �s

n    , or free energy  f sn     , and the 
diffusion-influenced monomer association rate coefficient  kan    are 
available for the nanoparticle system. These quantities can be calcu-
lated by combining statistical thermodynamics of mesoscopic systems 
with modern computational sciences including machine learning, 
which presents an exciting avenue for further exploration.

 Finally, our theory can be extended to investigate nucleation and 
growth dynamics of more complex systems. Zheng and coworkers 
showed that, at short times, all low-index facets of platinum nan-
oparticles exhibit similar growth rates, but at long times beyond 
our current experimental observation time window, the {100} facets 
stop growing while the other facets keep growing, resulting in the 
formation of cube-shaped nanoparticles at long times ( 31 ). To 
explain these phenomena, it is necessary to consider the facet 
dependence of the monomer association rate and the monomer 
chemical potential in a nanoparticle. Similarly, Haji-Akbari and 
Debenedetti reported that ice crystallization occurs through 
geometry-dependent nucleation mechanisms and dynamics ( 50 ). 
It has also been demonstrated that dynamic structural changes have 
a critical impact on the ice crystallization in supercooled water ( 51 ) 
or the dissolution of amorphous silica ( 52 ). In addition, recent 
studies showed that crystallization in calcium carbonate and pro-
tein solutions occurs through multistage pathways involving an 
intermediate condensed phase ( 53   – 55 ), and that the size of per-
ovskite nanocrystals formed in cesium lead halide solution is con-
trolled by the halide ion concentration in the solution ( 56 ). The 
present model and theory can be extended to encompass these 
systems, which we leave for future investigation.  

Materials and Methods

Experimental Section. In- situ liquid- phase cell TEM measurement was per-
formed to obtain TEM images of growing platinum and gold nanoparticles. For 
platinum nanoparticles, the TEM measurement was repeatedly performed using 
two different precursors, Pt(acac)2 and Pt(COD)Cl2, with different monomer supply 
rates. Ex- situ growth study was also performed for platinum, cadmium selenide, 
and iron oxide nanoparticles. More details about these experiments are presented 
in the SI Appendix, Materials and Methods.

Theory Section. Eq. 1 is derived by applying statistical thermodynamics of a 
canonical ensemble to our nanoparticle model. Eq. 2 is derived from the defi-
nition of the net growth rate and the detailed balance condition established 
in chemical kinetics and statistical thermodynamics. Simultaneous quantita-
tive analyses of the mean and variance of the nanoparticle size and the size- 
dependent growth rate of Group- A nanoparticles were performed at all times 
investigated, based on Eqs. 1 and 2, and the hierarchical kinetic equations 
describing diffusion- influenced reversible association of nanoparticles. To 
describe diffusion- influenced coalescence between growing nanoparticles, we 
extended Lee and Karplus’s reduced distribution function formalism for diffusion- 
influenced reactions between molecules (42, 43). More details are presented in 
the SI Appendix, Materials and Methods.

Data, Materials, and Software Availability. Experimental data and matlab 
codes data have been deposited in GitHub (https://github.com/JGKang92/
Nanoparticle_Growth) (57).
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