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Quantum model
for supercontinuum generation
process

A. Safaei Bezgabadi'*' & M. A. Bolorizadeh?

A quantum theory is established for the propagation of electromagnetic waves in highly nonlinear
dispersive optical fibers. By applying the method recently presented dispersion terms and retarded
response of the medium are included for the propagation of light in a fiber in this work. A coupled
stochastic generalized nonlinear Schrédinger equation (GNLSE) is obtained via the coherent positive-P
representation to describe the supercontinuum generation process. This coupled quantum-stochastic
equation is applied to obtain the linearized fluctuation equation for studying quantum noise and the
fluctuation in the vicinity of the formed solitons in the supercontinuum generation process in the
region of anomalous dispersion. Also, these equations can be used to study the soliton self-frequency
shift quantum mechanically. Finally, we simulate the obtained coupled stochastic generalized
nonlinear Schrédinger in the mean case and compare our simulation results with experimental results.

The study of nonlinear optics (NLO) gained strong momentum' as new high power light sources were invented?.
There has been both classical®* and quantum®~ treatment of nonlinear optics as well as some experimental
reports'®!! in literature. NLO was studied during the first two decades after the invention of laser, before being
ignored in the 1980s'2. During the following decades, the main goal of scientists was to prevent the negative
effects of nonlinear optical deficiencies, especially in fiber communications'*-'>. However, by the turn of cen-
tury, nonlinear optical effects began to be engineered towards the advancement of optical systems'>. Many
research groups have implemented quantum theories for the propagation of the electromagnetic waves through
dielectrics®'%~'8. In the earlier studies, the dielectrics were considered to be non-dispersive and free of nonlinear
response. Hillery" initiated a theory for non-dispersive media taking into account an instantaneous nonlinear
response. Implementing Hillery’s method for nonlinear media, Drummond® worked out a quantum theory for the
field propagation through a nonlinear dispersive dielectric. He assumed an instantaneous nonlinear response for
the medium, considering the dispersion up to the second order term. Carter?® presented a quantum theory for the
pulse propagation along optical fiber considering several Hamiltonians extending the previous quantum theories
for pulse propagation through optical fibers. Many researchers investigated the generation of quantum states by
optical waveguides and using them for diverse applications, including quantum non-demolition experiments?!,
generation of Schrddinger’s cat states??, parametric down conversion®, photonic quantum technologies*, and
novel generation of optical sources like optical frequency combs based on micro-resonators®.

The process by which a high intensity light pulse is launched into a dispersive dielectric, the extreme frequency
broadening is observed due to dispersive and nonlinear effects, known as supercontinuum generation®. Both
experimental and theoretical studies performed by several groups indicate the formation of the supercontinuum
light in a dielectric; e.g. optical fiber. A comprehensive study of this process was published by Dudley et al.” based
on classical models. Supercontinuum light sources have influenced the advancement of science and technology
due to their widespread applications®*-%>.

Previously, we have presented a preliminary report®® on the quantum treatment of radiation near the zero
dispersion wavelengths of the fiber. The quantum theories used to date for the propagation of electromagnetic
wave omit the higher order dispersion terms and the dispersive nature of the nonlinear response®!**¢-40, We
have developed a theory for canonical quantization of the radiation in the presence of the third order disper-
sion term*". Making use of this quantization scheme and considering that the non-dispersive and instantaneous
assumptions of nonlinear response are not suitable for ultra-short pulses, we quantized the supercontinuum
generation process. Our previous report, exhibits that the supercontinuum generation is not supported by a
model where retarded response of the medium is not taken into account”. In this work, we will focus on the
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quantum treatment of supercontinuum generation by electromagnetic radiation in the presence of the higher
order dispersion terms, retarded response of the medium and dispersion of the third-order susceptibility.

The main cause of instability in a dielectric used to generate supercontinuum light is noise which should be
reduced in industry applications***>**. Depending on the parameters of the input pulse, the generated super-
continuum noise could cause up to 50% fluctuation in the temporal intensity profile of the output pulse****. The
fundamental part of this noise is quantum noise, which is inherent in the nonlinear process leading to the gener-
ated continuum light. Corwin and coworkers measured the noise and provided a model to describe it**. Their
model, a semi-classical one, adds a noise term into the generalized nonlinear Schrodinger equation (GNLSE).
The term added to GNLSE, by Corwin et al.*?, is a quantum noise, which has been phenomenologically a sound
term to be added to the classical GNLSE. Real-time measurements of optical noise showed long-tailed statistics
in the spectral intensity of a generated supercontinuum light**~**. Gonzalo et al.*” were able to reduce noise
fluctuation in all-normal dispersion supercontinuum sources. However, the instability of the supercontinuum
light due to the noise is still an open question.

There are a vast number of studies on the supercontinuum light sources based on classical electromagnetism.
However, there has been growing research works in exploring their applications in quantum optics. The quantum
treatment of supercontinuum is essential for the development of modern (non-classical) light sources where they
are attracting great interest in quantum information, quantum communications, and on-chip quantum devices
such as integrated single- or entangled- photon sources*-%4,

We intend to devise a quantum mechanical model to treat the supercontinuum generation in a microstruc-
ture fiber. This model enables us to study the soliton self-frequency shift. Nonetheless, the noise in this kind
of solitons could be dealt with by employing this quantum mechanical formalism. The quantum treatment of
supercontinuum phenomenon is essential not only for the progress in understanding NLO where quantum condi-
tions hold, but also for the development of quantum communication, quantum information, and spectroscopy.
In addition, there are fluctuations around the formed solitons in this process, which could be due to quantum
noises™. The higher order solitons split into lower order and fundamental ones due to the soliton interactions,
the higher order dispersion effect, the Raman effect and the self-steepening phenomenon®. A powerful quantum
theory is needed to explain all these effects collectively. In order to examine the quantum aspects of supercon-
tinuum generation, a detailed formulation containing all effective phenomena governing the supercontinuum
generation will be presented using the positive-P representation®*®.

Theory

We choose the usual model for a centrosymmetric highly nonlinear fiber (photonic crystal fiber (PCF)), where
the first nonlinear term to be included is the third order nonlinear susceptibility (), which is not instantaneous
in all practical applications (for details, see Ref.?%). In order to quantize the pulse propagation in optical fibers,
it is necessary to find a canonical Lagrangian leading to the correct Hamiltonian and to the Maxwell’s equations
as the Hamilton’s equation of motion. It should be emphasized that in the present work, we include the higher
order dispersion terms and the retarded medium response employing the approach recently developed*!. The
present method follows the method developed by Drummond®®. One could obtain the Lagrangian and define
appropriate creation and annihilation operators applying the method introduced in Ref.*!, which satisfy the
harmonic oscillator commutation relations. The Hamiltonian is:

(3) t
= Z heo (k)a} ax — 81’24 / <D2(t,x)/ R(t) D*(t —t',x) dt’) &x (1)
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where ag, b, &0, & and R(t) are mode operators, electric displacement operator, vacuum permittivity, medium
permittivity, and response function of the medium (which is absent in Drummond’s works****¢° and our earlier
works**4%41), respectively. The first term in Eq. (1) which was determined earlier in terms of creation and anni-
hilation operators derived when higher order dispersion term included in the Lagrangian*! differs from those
obtained by Drummond®. We also assume the interaction picture and discretize the spatial and wave number
dependence; i.e. k = k, = ko + nAk. The expansion of w(k) in Taylor series near k, leads to:

w(k) = w(ko) + (k — ko)’ + %(k — ko) + é(k — ko) + - )

where o’ = do /dk|jr, " = d*w/dk*|k=k,and " = d*w /dk> |k, (and so on) correspond to the group veloc-
ity, group velocity dispersion and the third order dispersion coeflicient, respectively. When the wavelength of the
input pulse is close to the fiber’s zero dispersion wavelengths, the third order dispersion coefficient is dominant.
Note that, the third order dispersion coefficient is zero for dispersion flattened fibers operated in the flat region
of dispersion curve. Therefore, this work is irrelevant to the dispersion flattened fibers.

Due to the discrete nature of the longitudinal mode spacing (Ak = 27 /L) in a fiber of length L, for conveni-
ence one can define the local operators®©’;

&2 @N+DTPY ay exp (2mnit /N + 1) 3)

where spatial z-dependence, (z = £Az), is discrete and the steps of Az =L / (2N + 1) are arranged along the
fiber from ¢ = —N to + N. These operators satisfy the harmonic oscillator commutation relations®”. The quan-
tum mechanical treatment of the supercontinuum generation process is done by making use of the positive-P
representation. We did not follow the Glauber-Sudarshan P representation®"®2, which is not suitable here as it
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leads to a Fokker-Planck equation with non-positive definite diffusion coeflicients. Rather, we follow the method
developed by Drummond®”*® and start with the definition?*:

o) ((e)*|
(@) | a)
where |a) and | 0 (1)) are the coherent state of total field and the total wave function for the interaction Ham-
iltonian, respectively. In addition, P(¢; &, ™) develops in time according to a Fokker-Planck equation with
positive semidefinite diffusion coefficients. The Fokker-Planck equation amounts to equations of motion for

the eigenvalues of the local operators &, and ) (components of appropriate stochastic variables ot(t) and o (¢),
respectively) are:
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Here, &¢(t) and éz (t) are real Gaussian stochastic functions with the correlation relations <§g (), (t2)> =0

and (&¢(t)&p (1)) = <§£ (tl)ée, (t2)> = 8¢p8(t1 — t2). Note firstly, that the rotatlng wave approximation is used

to calculate the integral term of the Hamiltonian (1) and secondly, &y and o/ are not exactly complex conjugate
to each other as we made use of the positive-P representation. The stochastic field, ®, is defined as>*:

1/2
A . w
D(z) = Alér_rio (cte) <E> (6)

in the limit Az — 0, at the location z = ¢Az. As the continuum representation is now used, the discrete stochas-
tic terms are replaced by Gaussian stochastic fields £(T, z) and £ T (T, z), with correlation relations

(E(T1,20)E0 (T2, 22)) = (ET(T1,20)E T (T2, 22) ) = 8(21 — 22)8(T1 — T2) (7a)
and
((T1, 26T (T2, 22)) = 0. (7b)

In addition to the quantum noise, one may include additional fluctuations due to variations in the refrac-
tive index, which would result in a set of correlation relation different from those of Eq. (7). Making use of the
transformation (T = t — z /'), the problem is solved in a new frame moving at a velocity equal to the group
velocity. Let’s define a wavenumber dependent nonlinear parameter, ch, which is defined similar to x,. For all
practical cases, it can be expanded as xo = xa (ko) + (k — ko) xp + - - - where x5 = dxo dk}

Finally, the full stochastic equation governing the supercontlnuum generation process for the field D(T,z)
is obtained as:
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where
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V(T,z) = ®(T,2) {/ R(TY ®N(T — T',2) (T — T, 2) dT/} +®T(T,2)®(T, 2) {/ R(T) (T — T',2)dT’
(8b)
There is also a coupled equation to the Eq. (8a) by transforming ® — ®*,i — —iand& — &*, which in the
mean case it is the complex conjugate of Eq. (8a). Equation (8a) can be regarded as the fundamental result of the
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present work. Equation (8) together with the coupled equation for ®* (T, z) form a set of coupled generalized
nonlinear Schrédinger equations for the quantum treatment of the supercontinuum generation in fibers (e.g.
PCF), which we call it coupled quantum-stochastic GNLSE. Here, in addition to the stochastic terms which
introduce fluctuations originated from quantum noise and coupling form of the two equations, the main differ-
ence between the coupled quantum-stochastic equations (Eq. 8) and its classical form (i.e. GNLSE) is the term
proportional to | i o R(T)®(T — T',2)dT’ in Eq. (8) which has no counterpart in classical forms. This additional
term is brought about by commutation relations, which holds for creation and annihilation operators. Indeed,
this term appears when one obtains the Fokker-Planck equation (from master equation) by using Hamiltonian
(1). Also, note that the quantity x¢ introduced here for the quantum case is half its value for the classical form.

Assuming higher order dispersion terms are ignored in the instantaneous medium response limit, R(T) is
replaced by delta function where the quantity defined by Eq. (8b) takes the form W (T, z) = 2&7 (T, z) ®*(T, 2).
Therefore, the coupled quantum-stochastic equation (Eq. 8a) leads to the well-known coupled stochastic non-
linear Schrddinger equation resulted from the Fokker-Planck equation which is a rigorous basis for results of
pioneering works>!*$%¢* and our previous research®. Also, if one does not use the nature of the commutation
relation in the calculations, the resulted equation of motion (master equation) from Hamiltonian (1) leads to
the classical generalized nonlinear Schrodinger equation?6-28,

There are self-phase modulation and cross-phase modulation, which are the side effect of Kerr effect and four
wave mixing due to the x¢. Also, the stimulated Raman scattering and self-steepening are discussed assuming
the retarded response function, R(T), and the dispersive nature of x, (x40 / aT).

The coupled quantum-stochastic equations will have soliton solutions, called quantum solitons®>*°. There
are many works in the literature to study quantum solitons®!%2%-225564-66 byt these solitons are not studied in
supercontinuum generation process and in these works higher order dispersion coeflicients are not included. If
these solitons are not fundamental ones, they split into the lower order and fundamental ones after propagating
inside the fiber, which is known as soliton fission. In some applications of the supercontinuum generation (e.g.
quantitative experiments), it is necessary to squeeze the quantum noise in the vicinity of these solitons.

In order to investigate the squeezing of these fluctuations, we use the definitions and results of pioneering
researchers on the topic of squeezing of quantum solitons®>*. For the spectrum of quadrature fluctuations in the
field, they expressed that relatively small quantum fluctuations can be approximated by a linearized fluctuation
equation®*®. Hence, the linearized fluctuation equation to study quantum noise will be:

N " 3
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020 O TN T 208 012 T 6w T3 kel | 0 %
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t
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©)
where ¢ (T, z) = (P(T,2))and ©(T, z) = ¢o(T,z) + 6P (T, z). We recall that the governing equations are the
Eq. (9) together with the equation that will be obtained by using the transformation ® — ®%,i — —i and
& — &, which is called the coupled quantum-stochastic noise equations.

Here, ¢, can be considered as a mean case solution to the coupled generalized nonlinear Schrodinger
equations for the quantum treatment of the supercontinuum generation (Eq. (8)). The function ¢, at z=0
corresponds to a classical coherent input state, that in resemblance to the classical case, can be treated as
¢o(T,z = 0) = /Pysech(T/To), where P, and T, are, respectively, peak power and width of the input pulse
which is launched into the photonic crystal fiber. In the instantaneous medium response limit where R(T) is
replaced by delta function (together with ignoring higher order dispersion terms), Eq. (9) is reduced to the
linearized fluctuation equation obtained in Ref.*® where it was numerically solved in Ref.*” and has properly
shown the quantum fluctuations for the propagating solitons in an optical fiber in the presence of the second
and third order dispersion coeflicients.

In summary, a quantum description of the supercontinuum generation in pulse propagation through a
highly nonlinear fiber is established. This theory leads to a coupled quantum-stochastic generalized nonlinear
Schrédinger equation. In addition to the coupling term, the second term in Eq. (8b) was also obtained to describe
the supercontinuum generation that is not present in the classical generalized nonlinear Schrédinger equation.
The reason behind this difference is the commutation relation that holds for the stochastic fields of the master
equation, leading to the Fokker-Planck equation.

Making use of a stochastic field, the quantum noise source was included in the governing equation. Sub-
sequently, the coupled linearized fluctuation equation is obtained by implementing the proper definition for
squeezed quantum solitons®*®. One argues that the resulted squeezing for the normal dispersion regime is dif-
ferent from the resultant squeezing for the anomalous dispersion regime. In order to arrive at this prediction, it
is necessary to solve the coupled linearized fluctuation equation numerically. The equations, obtained here, could
be used to study non-optical systems involving third order retarded response, when the Hamiltonian (1) holds.
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Figure 1. Simulation results for the quantum mechanical (a and b) and classical treatment (c and d) of the
supercontinuum generation, SCG, along the first 15 cm of a PCF fiber. Photons generated at wavelengths from
400 nm (a) to 1450 nm in a quantum treatment and (c) to 1350 nm in a classical treatment of SCG. Time
development of the input pulse is shown in (b) and (d) with respect to the delayed pulse in a quantum and

classical models, res

pectively.
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Figure 2. The generated wavelengths at the output of a 15 cm PCF in (a) quantum mechanical and (b) classical
calculations for the input pulse of 10 kW power and 28.4 fs pulse width at 835 nm.

Simulation results and discussion
Applying the 4th order Runge-Kutta algorithm and employing the quantum treatment, Eq. (8), the supercon-
tinuum generation in photonic crystal fiber under the mean case can be studied where ® and ®* are complex con-
jugates to each other. Note that the expectation value of the last term in Eq. (8a) is zero under the mean case®®.

Indeed, the implemented numerical algorithm to solve Eq. (8) is the same as the process for solving com-
mon GNLSE (classical treatment). Several numerical methods have been developed for solving the GNLSE
equation®®?%¢%% For simulating both quantum-GNLSE and common GNLSE, the Fourier transform and inverse
Fourier transform (i.e. transformed the equation to the frequency domain then transformed back to the time
domain) are applied in each integration step to treat the dispersion terms (the terms contain time derivatives).
Also, the integral terms (convolution integrals) present in these equations can be evaluated accordingly by trans-
forming each functions in the integrands into the frequency domain, multiplying, then transforming back?®*$6569,
Here, under the mean case condition, the main difference between two treatments is the additional term in
Eq. (8) which is brought about by commutation relations between the creation and annihilation operators that
this term is not exist in common GNLSE.

The present quantum mechanical model of the supercontinuum generation is compared with the experimen-

tal results of Dudley

27,43

and his group

assuming a PCF illuminated by a defined incoming light. The simulated

results, the quantum and the classical treatments, for the retarded nonlinear response condition are shown in
Fig. 1. The input pulse of 10 kW peak power and 28.4 fs width at 835 nm?” was chosen in this work. Due to the
additional term in Eq. (8), which is absent in the classical GNLSE, there are differences between the classical
GNLSE and the quantum mechanical treatment of the supercontinuum generation. Note that the higher order
dispersion terms and retarded response of the medium is not included in the work reported by reference®” and
therefore the results do not show the soliton self-frequency shift and soliton fission present here.
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Figure 3. A comparison between the present simulation of supercontinuum generation (the blue line), the
experimental results (the red line) and the simulation results (the purple line) of Corwin et al..

As compared with the results of the classical treatment of the supercontinuum generation in a specific PCF
shown by Figs. 1c,d and 2b, the present quantum results presented in Figs. 1a,b and 2a, show that not only does
the spectral broadening increases, but also that the generated frequency combs are closer and richer. In Fig. 1b,
the quantum mechanical model predicts longer delay for the formed soliton as compared with the classical result
of Fig. 1d. However, the two models predict the soliton fission to occur at about the same travel distance of the
pulse along the fiber.

As described earlier, the additional term in Eq. (8) is originated from the non-commutative nature of the
creation and the annihilation operators defined in obtaining the Fokker-Planck equation. This term changes
the evolution of the optical pulse inside the fiber, which causes the difference in the simulation results between
the two treatments. In reality, this term alters how the nonlinear part would affect the broadening of the pulse
and generation of new frequencies. As an example, the soliton evolves due to the interplay between the disper-
sion terms, the Raman scattering term, and the self-steepening term. Thus the evolution of solitons is predicted
differently in the quantum treatment as compared with the classical model.

From a methodological standpoint, the present simulation results are compared with the available experi-
mental work*® for a 0.9 nJ pulse at 18 fs pulse width (22 fs full width at half maximum) which measured the
supercontinuum spectrum between 400 to 1400 nm as shown in Fig. 3. Figure 3 indicates that the peak of soliton
in experimental results agrees with the quantum mechanical model ones. In an experimental work, the resolution
of the spectrometer should be less than 1 nm, in order to be able to show the frequency (wavelength) combs and
deeper details of the continuum generation. Even though the present simulation results have wavelength steps of
1.12 nm, the wavelength combs are not clear in some regions. We therefore suggest a more detailed and precise
experimental work needed in this field to be able to understand the deeper physics behind the nonlinear effects in
dielectrics and, especially, fibers. This is essential in order to understand and to reduce the noise and most impor-
tant, the quantum noise. The agreement between the present simulation results and those of the experimental
data in the region 450-1050 nm favors the approach presented in Ref.*’. For example, this is specifically evident
as the red line (experimental data) crosses over the quantum simulation results in the region of 850-1050 nm.
Our quantum simulation results are much closer to the experimental ones in the region 750-850 nm and around
500 nm as compared with the theoretical approach of*. As indicated from Fig. 3, the intensity of soliton peak
in the simulation results is higher than the experimental one. This is partly due to the fact that a lossless PCF is
assumed, while in reality each medium exhibits some sort of loss. In our model we have considered all physical
phenomena that had been included in the work of Ref** except the loss because our focus is on the main phe-
nomena which have most contributions on the supercontinuum process. The theoretical approach used in Ref.**
included the loss, so the frequency width of the Raman soliton is less than that in or simulation results. The loss
can also affect the intensity of the spectrum. If the loss is added to the present quantum model, the intensity of
the Raman soliton will be closer to its experimental intensity.

In the following, the quantum mechanical treatment results are compared with the classical ones for different
peak powers and pulse widths. Figure 4 indicates that when the peak power is low, such as 1 kW, and the pulse
width is large, 10 ps, the two models lead, approximately, to similar results in the mean case. When the quantum
nature of incoming light pulse is not measureable, the classical and quantum treatments are not distinguish-
able. Actually, to verify the presented quantum model, the appropriate apparatus and detection schemes must
be used for quantum measurement of SC generation spectrum as discussed in Ref.” for quantum measurement
of an optical frequency comb. Note that the quantum mechanical description of wave and particles are the
same and leads to the wave packet descriptions of both. When the width of a light pulse is small, it represents a
small particle which makes the quantum treatment essential. It is interesting that the two results, classical and
quantum model, deviate as the width of input pulse changes from 10 to 1 ps. The classical results are closer to
the quantum mechanical model at the pulse width of 10 ps as compared with the 1 ps pulses. This study shows
how important is the quantum nature of electromagnetic pulses at short pulse width. In practice, the nonlinear
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Figure 4. The propagation of light pulses at 1 kW, low power, and pulse width of 1 ps and 10 ps are compared
for both classical and quantum mechanical models. Inset shows details of the spectrum in a region of the
spectrum.

terms do not have significant contributions on the generation of pulses of new wavelengths at such peak powers
and pulse widths. However, the quantum mechanical treatment of the pulse propagation along the optical fiber is
still indispensable, because this approach is applicable to study quantum solitons and to reduce the fluctuations
in the vicinity of these solitons. Soliton, a solitary wave, could be considered as a collection of particles traveling
together in a medium from a quantum mechanical point of view.

It is noted that, the input can be considered as a macroscopic quantum state containing a cluster of approxi-
mately 10° photons. By our quantum model, the photon number of each state, phase fluctuation and related
Heisenberg uncertainties can be discussed theoretically, however; further measurements based on quantum
measurement theory are needed to validate them. Here, in order to show our model is consistent with the clas-
sical measurement of SCG, we simulated Eq. (8) in mean case.

Conclusion

In conclusion, none of the previous quantum theoretical treatments of light pulses passing through a nonlinear
media describes the supercontinuum generation process. Here, the quantum theory for the supercontinuum
generation process is presented, and it has included the terms with the significant contributions involved in the
supercontinuum generation in a nonlinear media, specifically the PCFs. Besides the obtained coupled stochastic
equation for the quantum treatment of the supercontinuum generation process, the source of significant dif-
ference is the additional term which has no classical resemblance and roots in the non-commutative nature of
the creation and the annihilation operators defined in obtaining the Fokker-Planck equation. The result of the
quantum treatment, as compared with the experimental results, indicates conformity theory and experiment®.
The generated supercontinuum spectrums for the quantum mechanical and the classical treatments are studied
for different peak powers and widths of the input pulse. It is concluded that the pulses of fs width behave as
particles and described best by quantum models.

There are different types of noise involved in supercontinuum light, or generally in the propagation of elec-
tromagnetic waves in a nonlinear media, which are related to absorption, gain, Raman effects, and the quantum
mechanical noise that could be described by stochastic equations. The noise involved in Raman effects has
quantum origin and it is present in a vacuum state*’ due to spontaneous Raman effects. A semi-classical model
of noise, due to the propagation of light pulses in fibers devised by Corwin and coworkers*, is based on adding
this kind of noise to the GNLSE. However, the second order nonlinear term was not included which is the source
of the Raman noise. Nonetheless, this noise exists and should be included in the quantum theory of the field
propagation in dielectric media****=*. In the present work, in order to reduce the fluctuations near solitons, one
has to make use of Eq. (9) instead of Eq. (8), a process that is referred to as linearization®. However, it should
be noted that the linearization is handled for squeezed photons and, therefore, Eq. (9) is not valid for long — dis-
tance travel of light pulses even for an instantaneous nonlinear response. Therefore, what was discussed, here,
includes the quantum mechanical noise involved in the stochastic equations. Also, it is important to add the
quantum noise involved in Raman effects to Eq. (8) to reduce the quantum noises in the vicinity of the solitons,
which were formed during the supercontinuum generation process. New experimental work based on real-
time measurement, similar to those of Nirhi et al.* and Wetzel et al.**, is needed to study the supercontinuum
generation and all noises involved. Detailed understanding of the physics of ultrashort light pulses needs more
experimental works and their comparison with the present quantum theory of pulse propagation, specifically
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in fiber applications. Nonetheless, the medium response function and/or the parameters involved in it (such as
Raman parameters and Raman delayed factor) could be different when a light pulse should be modeled quantum
mechanically.
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