
Heliyon 9 (2023) e13224

Available online 25 January 2023
2405-8440/© 2023 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

Research article 

Impact of an effective Prandtl number model on the flow of 
nanofluids past an oblique stagnation point on a 
convective surface 

Zafar Mahmood a, Sayed M. Eldin b, Amal F. Soliman c,d, Taghreed A. Assiri e, 
Umar Khan a,*, S.R. Mahmoud f 

a Department of Mathematics and Statistics, Hazara University, Mansehra, Pakistan 
b Center of Research, Faculty of Engineering, Future University in Egypt New Cairo 11835, Egypt 
c Department of Mathematics, College of Arts and Sciences, Prince Sattam bin Abdulaziz University, Wadi Addawasir, Saudi Arabia 
d Department of Basic Science, Benha Faculty of Engineering, Benha University, Banha, Egypt 
e Department of Mathematics, Faculty of Science, Umm Al-Qura University, Makkah, Saudi Arabia 
f GRC Department, Applied College, King Abdulaziz University, Jeddah 21589, Saudi Arabia   

A R T I C L E  I N F O   

Keywords: 
Effective Prandtl number 
Gamma alumina nanofluid 
Convective surface 
Oblique stagnation point 
Numerical simulation 

A B S T R A C T   

The stretched surface’s convective heat transfer capability can be improved by using nano-
particles. There is a significant role of the Prandtl number in determining the thermal and mo-
mentum stretching layer surfaces. It is proposed in this study that an effective Prandtl number 
model be used to explore the two-dimensional oblique stagnation point flow of γ Al2O3 − H2O and 
γ Al2O3 − C2H6O2 nanofluids moving over a convective stretching surface. The fluid in question is 
subjected to a thorough investigation. It is necessary to apply non-linear ordinary differential 
equations in order to connect the controlling partial differential equations with the boundary 
conditions. To solve these equations, an efficient and reliable numerical technique is used. 
Shooting Method with Runge Kutta-IV in Mathematica software. Visual representations of normal 
and tangential velocity and temperature as well as streamlines as a function of many physical 
parameters are shown. The results show that as the volume fraction of nanoparticles increases, 
the fluid flow f(y), h(y) and velocity f

′

(y), h
′

(y) all increase, whereas the flow f(y) and velocity 
f
′

(y) both increase against the stretching ratio parameter, while the flow h(y) and velocity h
′

(y)
both decrease. When the volume percentage of nanoparticles and the Biot number are both 
increased, the temperature rises. However, when the stretching ratio parameter is increased, the 
temperature falls. Physical attributes like the local skin friction coefficient and the heat flow may 
be characterized in many ways. A nanofluid comprised of γ Al2O3 − C2H6O2 outperformed a 
γ Al2O3 − H2O nanofluid in terms of heat transfer rate. The source of zero skin friction may be 
observed to move to the left or right depending on the balance of obliqueness and straining 
motion at point xs. The computed numerical results of the current research correspond well with 
those accessible in the literature for the limiting scenario.   
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1. Introduction 

In many industrial operations, such as the lamination of epoxy resins, the manufacturing of insulating materials, and the appli-
cation of coating layers to stiff structures, stagnation point flows on stretched surfaces are used [1]. In the last several decades, these 
fluxes have been the subject of much attention, and their applications are many [2,3]. There is a substantial link between the thermal 
performance at a stretched surface as well as the final look of some technological operations, including pulp manufacturing, crystal 
manufacturing, and milling machines, among other things. The problem of momentum and heat transmission near the stagnation point 
is both theoretical and practical. So, being able to control the rate at which heat is transmitted at the interface is quite useful [4–7]. 

It has been shown again and again that the collision of the fluid with the wall, either orthogonally or at some other angle of 
occurrence, gives rise to the stagnation point flow that characterizes the point of stagnation. The production of papyrus, gemstone 
inflating, revolving threads, and molten whirling all include certain sorts of flows that pass over a stretched surface. These flows, which 
take heat transmission into consideration, are obvious. There are various industrial processes and applications that rely on stagnation 
point flow, like dip coating and metallic molding. In the area of the stagnation point flow, the pressure gradient and heat transfer are 
both seen to be at their highest levels [8]. Fig. 1 illustrates that the fluid hits a stretching surface at an arbitrary angle of incidence and 
that the fluid away from the surface travels with the free stream velocity u = ax + by (where x and y are coordinates along the x-axis 
and the y− axis, respectively, and a and b are dimensional constants with dimension [1 /T]). This information may be found by referring 
to the figure. 

The sustained 2-D oblique flow of a viscous liquid at its stagnation point has been researched by a number of researchers. Stuart [9] 
originated this field, which was further investigated by Tamada [10] and Dorrepaal [11]. By incorporating a stretched surface, Reza 
and Gupta [12] generalized Chiam’s issue [13]. During their research, they didn’t take into account factors like dispersion depth and 
strain gradients. Lok et al. [14], study resulted in a partial solution to this challenge. Reza and Gupta [15] corrected the mistakes in 
Refs. [12,14] and came up with the proper answer. Tooke and Blyth [16,17] included an unconstrained measurement connected to an 
external component that was linked to the pressure distribution in their models. It was discovered by Putkaradze and Weidman [18,19] 
that a circular stagnation point flow intruding on a stable oblique stagnation point flow might occur. 

In order to characterize the flow, a number of boundary value problems are combined and solved. “Orthogonal and oblique 
stagnation point flows have been extensively studied by Refs. [20–25].” According to a recent study by Ahmed et al. [26], viscoelastic 
nanomaterials approaching the stagnation point on a stretched disc exhibit time-dependent flow. Nadeem et al. [27] “investigated 2-D 
oblique stagnation point flow of a CNT-based fluid over a convective surface.” From a great number of perspectives in the field of fluid 
dynamics, including those of scientists and researchers, the oblique stagnation point flow of a nanofluid towards a stretching or 
shrinking surface has been contemplated from a variety of perspectives [8,28,29]. 

Nanofluids have garnered a lot of attention over the last several decades. The relevance of this field throughout cosmetics and 
medical processing, metabolic stress, biofuel, nanotechnology, cross-breed fuel-powered motors, antifreeze for sophisticated reactors, 
and several other fields of study has resulted in numerous contributions [30–32]. By employing nanoparticles to increase heat con-
ductivity, Maxwell [33] outlined a fundamental concept. The term “nanofluid” was coined in 1995 by Choi [34] as the first to 
characterize a fluid. His research focused on the characteristics of nanofluids, and he discovered that metallic particles may boost the 
heat conductivity of the underlying fluid. In the manufacture of nanoparticles, a broad range of materials are employed. All metals 
(such as aluminum), metal cladding (like silicon dioxide), and nonmetals (such as graphite carbon nanotubes) are included. 

Because of their exceptional thermal and mechanical characteristics, nanomaterials are becoming more significant [35]. These 
materials have a significant impact on the characteristics of the nanoliquids that are produced by each individual nanomaterial. There 
is a class of substances called aluminum Al2O3 alloys that fall within the category of nanomaterials. A major contribution from 
aluminum may be found in these alloys. Heat-treatable aluminum (Al2O3) alloys are distinguished from non-heat-treatable aluminum 
alloys by their ability to undergo heat treatment [36]. 

When trying to increase the thermal conductivity of nanoliquids, alumina, also known as aluminum oxide (Al2O3), is the nanosized 
particle that is used most often. Researchers have been interested in the use of Al2O3 nanoliquid as a result of its potential use in a 

Fig. 1. Description of the dilemma in relations of its physical characteristics.  
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variety of freezing procedures. According to the magnitudes of their sizes, nanoscale Al2O3 particles may be allocated into two distinct 
types: α Al2O3 and γ Al2O3. Maciver et al. [37] looked at the attributes of two different types of alumina models: eta and gamma. 

The significance of Al2O3 nanofluids in cooling operations was uncovered by Sow [38] via preliminary research into the flow 
dynamics of these fluids. According to the research carried out by Vishnu Ganesh et al. [39] and Rashidi et al. [40], the flow properties 
of γ Al2O3 nanofluids may be analyzed using similarity solutions. In their investigations, they made use of experimentally derived 
thermophysical parameters. Rashidi et al. [40] investigated the effects of an efficient Pr on the flow of an γ Al2O3 nanofluid and found 
that the temperature of the γ Al2O3 nanofluids was significantly affected. 

A comprehensive review of the literature has shown that nobody has looked at how an experimentally derived Prandtl number 
model effects γ Al2O3 − H2O and γ Al2O3 − C2H6O2 nanofluid’s thermal performance while it’s being flown obliquely across the 
convective layer of a stretched convection surface of stagnation point flow so for. So, we tried to fill this gap by considering this 
research. The current study investigated the flow and heat transfer properties of an incompressible γ Al2O3 − H2O and γ Al2O3−

C2H6O2 nanofluid across a stretched convective surface using an oblique stagnation point flow of steady two-dimensional laminar flow 
with an efficient Prandtl number model. An effective Prandtl number model [40] was used in the present investigation to determine 
ultimate outcomes. Both with and without an effective Prandtl number flow, these non-linear ordinary differential equations are 
quantitatively determined. Shooting with RK-IV techniques in the computation software MATHEMATICA is used for computational 
work. In contrast to the research that was accessible in the past, the offered model is shown in Table 1 with its exact degree of 
originality highlighted. Despite the wide range of relevant parameter values, the tables and figures show typical flow, streamlines 
pattern, temperature, and velocity profiles, as well as the placement of zero-skin friction in the vicinity. The purpose of this evaluation 
is to ensure the responses to the following questions, which are as follows:  

• What is the stimulus of nanoparticles volume fraction over with and without effective Prandtl number model for velocity profile of 
convective surface?  

• What effect do nanoparticles have on the thermal distribution of a convective surface when an effective Prandtl number or without 
effective Prandtl number model is used?  

• What is the effect of Biot number parameter, velocity ratio parameter and other physical parameters on respective profiles? 

It is feasible that this will be useful in research carried out in the potential to increase the effectiveness of heat transfer in modern 
manufacturing environments. 

The issue is mathematically stated in the next section. 

2. Model formulation 

An oblique stagnation point flow of γ Al2O3 − H2O and γ Al2O3 − C2H6O2 nanofluid is considered to occur over a convective 
stretching surface in this work. Let’s pretend that flow is steady, laminar, and two-dimensional in nature. The y-axis is perpendicular to 
the wall, whereas the surface is extended along the x-axis (see Fig. 1). Updraft equilibrium is predicted for the base fluids and alumina. 
Furthermore, the surface temperature Tf and the ambient temperature T∞ have been taken into account. Thermophysical charac-
teristics are given in Table 2. Model simulation is Presented in Fig. 2. 

The following are the flow equations, based on the previously stated assumptions [8,27]: 

∂u∗

∂x∗
+

∂u∗

∂y∗
= 0, (1)  

u∗∂u∗

∂x∗
+ v∗

∂u∗

∂y∗
+

1
ρnf

∂p∗

∂x∗
= vnf∇

∗2u∗, (2)  

u∗∂v∗

∂x∗
+ v∗

∂v∗

∂y∗
+

1
ρnf

∂p∗

∂y∗
= vnf∇

∗2v∗, (3)  

u∗∂T∗

∂x∗
+ v∗

∂T∗

∂y∗
= α∗

nf
∂2T∗

∂y∗2 (4) 

Table 1 
Analysis of the available literature to determine the novelty of the model.  

Authors Oblique Stagnation Point Nanofluids Without and With Effective Prandtl Model 

γ Al2O3 − H2O γ Al2O3 − C2H6O2 

Ghaffari et al. [28] ✓ ⨯ ⨯ 
Mandal et al. [29] ✓ ⨯ ⨯ 
Nadeem et al. [27] ✓ ⨯ ⨯ 
Ramzan et al. [8] ✓ ⨯ ⨯ 
Present work ✓ ✓ ✓  
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The x-and y-axis of velocity components are signified by u∗ and v∗, T∗ is the temperature, the kinematic viscosity is represented by 
vnf , and the effective thermal diffusivity of the nanofluid is represented by α∗

nf . If one of the following criteria exists (see Ref. [27]): 

u∗ = cx∗, − k
∂T∗

∂y∗
= hf(Tf − T∗) at y∗ = 0

u∗ = ax∗ + by∗,T → T∞ as y∗ → ∞
.

⎤

⎥
⎦ (5)  

Here the variables a, b, and c are all positive quantities with inverse time dimensions, hf is the convective heat transfer coefficient, and 
the variable c > 0 indicates stretching. By employing (see Ref. [27]) 

Table 2 
Thermal and physical characteristics of the three hydrocarbons H2O, C2H6O2 and Al2O3([40]).   

ρ(kg /m3) Cp(J /kgK) k(W /m K) Pr 

Pure Water (H2O) 998.3 4182 0.60 6.96 
Ethylene glycol (C2H6O2) 1116.6 2382 0.249 204 
Alumina (Al2O3) 3970 765 40   

Fig. 2. Model simulation.  
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x = x∗
̅̅̅̅c
νf

√

, y = y∗
̅̅̅̅c
νf

√

, u =
1
̅̅̅̅̅̅̅νf c

√ u∗

v =
1
̅̅̅̅̅̅̅νf c

√ v∗, p =
1

(ρν)f
p∗,T =

T∗ − T∞

Tf − T∞

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

(6) 

Equations (1)–(4) result to 

∂u
∂x

+
∂u
∂y

= 0, (7)  

u
∂u
∂x

+ v
∂u
∂y

+

( ρf

ρnf

)
∂p
∂x

= vnf∇
2u, (8)  

u
∂v
∂x

+ v
∂v
∂y

+

( ρf

ρnf

)
∂p
∂y

= vnf∇
2v, (9)  

u
∂T
∂x

+ v
∂T
∂y

= αnf
∂2T
∂y2 (10) 

Initiation of the stream function correlations (see Ref. [27]) 

u=
∂ψ
∂y

, v = −
∂ψ
∂x

. (11) 

A nanofluid’s solid volume friction is represented by φ. Here μnf is the effective nanofluid dynamic viscosity, ρf is the support fluid 
density, ρnf is the nanofluid density, ((ρCp)nf ) is the nanofluid heat capacity, knf is the nanofluid thermal conductivity kf is the base fluid 
thermal conductivity. It has been found that these formulae stated in above Table 3 significantly underestimate the γ Al2O3 nanofluid’s 
viscosity, according to Maiga et al. [30], when compared to the actual experimental results. The Hamilton and Crosser model [31] is 
used to derived the nanofluid’s thermal conductivity. The effective Prandtl number for γ Al2O3 nanofluid is calculated by fitting a curve 
with regression rules [32]. Eliminating pressure by making the pressure gradient in both directions symmetrical (pxy = pyx) in order to 
convert equation (11) into (7)-(10) leads to 

1
Å
∇4ψ +

[

(1 − φ)+φ
ρS

ρf

]
∂(ψ ,∇2ψ)

∂(x, y) = 0, (12)  

∂ψ
∂y

∂T
∂x

−
∂ψ
∂x

∂T
∂y

=
αnf

νf

∂2T
∂y2 . (13) 

Last but not the least, we try to solve equations (12) and (13) of the type (see Refs. [8,27]) 

ψ = xf (y) + g(y),T = θ(y). (14)  

When the flow is normal, it is represented by f(y), and when it is tangent, it is represented by g(y). Because of this 

1
Å

f
′′′

+

[

(1 − φ)+φ
ρS

ρf

]
(
ff′′ − f

′2)+C1 = 0, (15)  

1
Å

g′′′

+

[

(1 − φ)+φ
ρS

ρf

]

(fg′′ − f
′

g′

) +C2 = 0, (16)  

θ′′ +H (f θ
′

) = 0, (17) 

Table 3 
Thermo-physical properties of γ Al2O3 − H2O and γ Al2O3 − C2H6O2 nanofluids [40].  

Effective Property γ Al2O3 − H2O γ Al2O3 − C2H6O2 

Density ′′ρnf = (1 − φ)ρf + φρs′′, ′′ρnf = (1 − φ)ρf + φρs′′,

Dynamic Viscosity 
′′

μnf

μf
= 123φ2 + 7.3φ+ 1′′

μnf

μf
= 306φ2 − 0.19φ+ 1 

Specific Heat Capacity ′′(ρCp)nf = (1 − φ)(ρCp)f + φ(ρCp)s
′′
, ′′(ρCp)nf = (1 − φ)(ρCp)f + φ(ρCp)s

′′
,

Thermal Conductivity knf

kf
=′′4.97φ2 + 2.72φ+ 1′′ ,

knf

kf
=′′28.905φ2 + 2.8273φ+ 1′′,

Effective Prandtl number Prnf

Prf
=′′82.1φ2 + 3.9φ+ 1′′ ,

Prnf

Prf
=′′254.3φ2 − 3φ+ 1′′ .

Z. Mahmood et al.                                                                                                                                                                                                     



Heliyon 9 (2023) e13224

6

here 

Å= 123φ2 + 7.3φ + 1(for γ Al2O3 − H2O),

Å= 360φ2 − 0.19φ+ 1
(
for Al2O3 − C2H6O2  

and. 

H =
Prf

(
(1− φ)+φ ρS

ρf
(82.1φ2+3.9φ+1)

)

123φ2+7.3φ+1 (With effective Pr for γ Al2O3 − H2O), 

H =
Prf

(
(1− φ)+φ ρS

ρf
(254.3φ2 − 3φ+1)

)

306φ2 − 0.19φ+1 (With effective Pr for γAl2O3 − C2H6O2) 

H =

Prf

(

1− φ+φ

(
(ρCp )s
(ρCp )f

))

4.97φ2+2.72φ+1 (Without effective Pr for γ Al2O3 − H2O) 

H =

Prf

(

1− φ+φ

(
(ρCp )s
(ρCp )f

))

28.905φ2+2.8273φ+1 (Without effective Pr for γ Al2O3 − C2H6O2) 
It’s also worth noting that the boundary conditions 

f (0) = 0, f ′

(0) = 1, f
′

(∞) =
a
c
,

g(0) = 0, g′

(0) = 0, g′′(∞) = γ =
b
c
,

θ
′

(0) = − Bi(1 − θ(0)), θ(∞) = 0

⎤

⎥
⎥
⎥
⎥
⎥
⎦

(18)  

Here Bi = h
k

̅̅ν
c

√
is the Biot number, f(y) operates as 

( a
c
)
y + A as y → ∞, according to a study of the flow governing system. Where A 

denotes the boundary displacement constant, which fluctuates with changes in the flow’s other relevant characteristics. 
Substituting Eq. (18) in above, we get 

C1 =

[

(1 − φ)+φ
ρs

ρf

](a
c

)2
and C2 = − Aγ

[

(1 − φ)+φ
ρS

ρf

]

.

To begin with (see Refs. [8,27]) 

g
′

(y)= γh(y) (19) 

Equations (15)–(18) have the subsequent form 

1
Å

f
′′′

+

[

(1 − φ)+φ
ρS

ρf

]
(
ff ′′ − f

′2)+
(a

c

)2
= 0, (20)  

1
Å

h′′ +

[

(1 − φ)+φ
ρS

ρf

]

(fh
′

− f
′

h − A)= 0, (21)  

θ′′ +H (f θ
′

) = 0. (22)  

Where Å and H discussed above. And the boundary conditions (see Ref. [27]) 

f(0) = 0, f
′

(0) = 1, h(0) = 0, θ
′

(0) = − Bi(1 − θ(0)),

f ′

(∞) =
a
c
, h′

(∞) = 1, θ(∞) = 0.

⎫
⎬

⎭
(23) 

A number of important physical parameters, including shear stress and local thermal transfer at the extended convective surface, 
are described in non-dimensional form by the following equations (see Refs. [27,40]): 

τw =
μnf

μf
(xf′′(0)+ γh

′

(0)) (for γAl2O3 − H2O and γAl2O3 − C2H6O2) (24)  

qw = −
knf

kf
[θ

′

(0)
]

(for γAl2O3 − H2O and γAl2O3 − C2H6O2) (25)  

When the wall shear stress is zero, the stagnation point xs may be reached, i.e. 

xs = − γ
h′

(0)
f ′′(0)

, (26) 
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Fig. 3. (A–J): Impact of Nanoparticles Volume fraction φ on f(y), h(y), f
′

(y), h
′

(y) and θ(y) for γ Al2O3 − H2O and γ Al2O3 − C2H6O2.
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Fig. 4. (A–J): Impact of a
c on f(y), h(y), f

′

(y), h
′

(y) and θ(y) for γ Al2O3 − H2O and γ Al2O3 − C2H6O2.
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Where γ controls the obliqueness of the flow. 

3. Mathematical analysis 

Intense difficulty arises when attempting to solve a set of nonlinear partial differential equations 20–22 with related boundary 
conditions (23). To solve these equations, a numerical approach would be preferable. A shooting approach combined with a 4th order 
Runge Kutta Fehlberg integration structure and boundary conditions (23) makes it feasible to numerically solve the transformed 
system of equations 20–22. Using the shooting approach, boundary value problems are transformed into a collection of nonlinear 1st 
order ordinary differential equations (ODEs) with specified initial conditions, which can then be solved numerically. Step size Δη =

0.001 is employed as a criterion of convergence in order to arrive at a numerical solution with accuracy to the fifth decimal place with a 
ηmax = 20. 

It is proposed to make the following replacements in the governing ODEs: 

Y1 = f ,Y2 = f ′

,Y3 = f ′′,Y4 = h, Y5 = h′

, Y7 = θ, Y8 = θ
′

, (27)  

using equation (27), 

Y ′

1 = f ′

, Y ′

2 = f ′′,Y ′

3 = YY1 = f ′′′

, Y ′

4 = h′

, Y ′

5 = YY5 = h′′,Y ′

7 = θ
′

,YY8 = θ′′, (28) 

The following is a list of the outcomes that we obtained via the use of equations (27) and (28) (See Ref. [1]). 

Y
′

1 =Y2,Y
′

2 = Y3,YY1 = f
′′′

,Y
′

4 = Y5,Y
′

5 = YY5 = h′′, Y
′

7 = Y8, YY8 = θ′′, (29) 

The following are the preliminary conditions for a number of 1st order ordinary differential equations (see Refs. [1,27]) 

YY1 = − Å
[

(1 − φ)+φ
ρS

ρf

]
(
Y1Y3 − Y2

2

)
+
(a

c

)2
, (30)  

YY5 = − Å
[

(1 − φ)+φ
ρS

ρf

]

(Y1Y5 − Y2Y4 − A)= 0, (31)  

YY8 = − H (Y1Y8). (32)  

Y1(0) = 0, Y2(0) = 1, Y3(0) = 0, Y8(0) = − j2(1 − Y7(0)),
Y4(0) = j1,Y5(0) = 1, Y9(0) = 0

}

(33) 

With regard to the provided free stream circumstances, the shooting parameters j1 and j2 are first-guess estimates, which are 
subsequently calculated using Newton-Raphson’s approach for each variable. The numerical solution to the initial value problem that 
emerges will be accomplished by the use of Runge–Kutta–Fehlberg integration technique implemented in a sophisticated computa-
tional software package known as Mathematica [1]. It is one of the sorts that are used in business, and the reason for this is that it 
recognizes the foremost organization and makes use of the extremely appropriate mathematical approach to deliver proper answers for 
the system. 

4. Analysis and discussion of results 

The ongoing employment, which is concerned with oblique stagnation point flow, is focused on nanofluids that include (H2O and 
C2H6O2) as a base fluid and γ Al2O3 − H2O and γAl2O3 − C2H6O2 nanoparticles as nanoparticle transports. The flow has been studied 

Fig. 5. (A–B): A depiction of the temperature variation θ(y) in comparison to Bi for γ Al2O3 − H2O and γ Al2O3 − C2H6O2.
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in relation to the Prandtl number. The numerical solution of the linked nonlinear system of ODEs, together with the related starting 
conditions, is addressed in the preceding section. Graphical representations of how normal courses of flow, temperature, and velocity 
profiles, streamline patterns, skin friction coefficients, and the local thermal efficiency are affected by different physical factors are 
shown and evaluated. There are two types of nanofluids studied in detail γ Al2O3 − H2O and γ Al2O3 − C2H6O2. Including both sit-
uations, graphical representation of flow, velocity, temperature profiles and streamline patterns are analyzed in detail. Consideration 
is given to a wide range of variables while calculating the flow, velocity, streamline patterns and temperature profiles in both situ-
ations, as represented graphically in Figs. 3–7. Skin friction coefficient, Nusselt number and zero wall of stagnation points are shown in 
Tables 5–8. The boundary layer thickness η∞ = 20 and prior to making comparisons with the previous scenario, the Prandtl number for 
water was Pr = 6.96, and for ethylene glycol was Pr = 20 4 is fixed. The control parameters values such as 0 ≤ φ ≤ 0.2, 0 ≤ a/c ≤ 2 
and 0 ≤ Bi ≤ 1.0 have been adjusted as shown in the tables and graphs. This research selects control parameter values that were shown 
to be appropriate within the range of these parameters that had been investigated in earlier studies by Nadeem et al. [21] and Ramzan 
et al. [8]. 

4.1. Analysis of results 

This section investigates the performance of normal f(y) and velocity f ′

(y), tangential flow h(y) and velocity h′

(y), temperature 
profile θ(y), and streamline patterns in relation to the effects of different parameters for γ Al2O3 − H2O and γ Al2O3 − C2H6O2 
nanofluid. The several iterations of Fig. 3 (A–H) are shown by their respective values of φ on γ Al2O3 − H2O and γ Al2O3− C2H6O2 for 
normal flow f(y) and velocity f ′

(y), tangential flow h(y) and velocity h′

(y), and temperature θ(y) profiles. It has been established that 
the normal f(y) and tangential flow h(y) and normal f ′

(y) and tangential h′

(y) velocity profiles in Fig. 3 are observed to soar with 
augmentation in the values of φ for the models without and with effective Prandtl numbers. The temperature profiles in Fig. 3(I) and 
(J) and , on the other hand, exhibit opposite behavior against φ for with and without an effective Prandtl number model. 

As seen in Fig. 4 (A-J), the stretching ratio a/c on γ Al2O3 − H2O and γ Al2O3 − C2H6O2 nanofluids for normal flow f(y), and velocity 

f ′

(y), tangential flow h(y) and velocity h′

(y), and temperature θ(y) profiles. It is observed that the normal flow f(y) as well as velocity 
f ′

(y) profiles in Fig. 4(A), (B), Fig. 4(C), and Fig. 4(D) are found to boost up with upsurges of a/c . By contrast, increasing the values of 

the stretching ratio parameter a/c results in a reduction in the tangential profiles h(y) and h′

(y) seen in Fig. 4(E) and (F), Fig. 4(G) and 
(H). By increasing the stretching ratio parameter a/c, the temperature profiles θ(y) on γ Al2O3 − H2O and γ Al2O3 − C2H6O2 nanofluids 
shown in Fig. 4(I) and (J) and continue to show a downward trend for without and with effective Prandtl number model. 

Fig. 5(A) and (B) and show the effect of the Biot number Bi on the temperature profile θ(y) of γ Al2O3 − H2O and γ Al2O3− C2H6O2 
nanofluids, respectively. Fig. 5 increases with an increase in the Biot number Bi. In the case of the oblique flows, the streamline patterns 
γ Al2O3 − H2O and γ Al2O3 − C2H6O2 nanofluids are demonstrated in Figs. 6 and 7, for diverse values of γ. It has been noticed that the 
point of stagnation is located to the left of the origin when the value of γ is positive, but when the value of γ is negative, the point of 
stagnation is located to the right of the origin. 

4.2. Discussion of results 

To numerically solve the coupled equations (20)–(22) as well as the boundary conditions (23), the RK-IV scheme from the 

Fig. 6. (A–B): Streamlines patterns when γ = 2.0 for γ Al2O3 − H2O and γ Al2O3 − C2H6O2.
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Mathematica package is used. In order to validate the reliability of the findings, a comparison was carried out with the data that had 
been presented in Table 4 earlier. On the other hand, the numerical approach that was established in this article may not be able to 
provide relevant findings in certain circumstances. For instance, the similarity transformation is used in order to find solutions to the 
governing equations that are posed in this study. Because of this, it is essential that each of the resultant parameters in this investi-
gation remain unchanged. These parameters include the nanoparticle volume fraction φ, the velocity ratio parameter a/ c, and the Biot 
number Bi. It is impossible for the controlling parameter to permit the similarity equation, which leads to the production of findings 
that cannot be relied upon. Looking at the produced profiles is still another approach one may use in order to evaluate the precision of 
the numerical technique that was applied in this investigation. In the event that the profiles do not converge asymptotically, this 
indicates that the boundary condition (23) is not being met. As a consequence, we are forced to come to the realization that the findings 
were, indeed, not significant. 

All the preceding measurements of the parameters that regulate the system for flow f(y) and h(y), velocities f ′

(y) and h′

(y), and 
temperature θ(y) profiles as well as streamline patterns that were reported in Section 4.1 are going to be validated in this section. 

The normal flow f(y), velocity f ′

(y), and tangential flow h(y) and velocity h′

(y), as well as the temperature θ(y) profiles in Fig. 3 (A- 

Fig. 7. (A–B): Streamlines patterns when γ = − 2.0 for γ Al2O3 − H2O and γ Al2O3 − C2H6O2.

Table 4 
Comparative analysis with previously published material when φ = 0.   

f ′′(0) h
′

(0)

a/c Present Nadeem et al. [27] Ramzan et al. [8] Present Nadeem et al. [27] Ramzan et al. [8] 

0.1 − 0.96935 − 0.96938 − 0.96930 0.26343 0.26341 0.36339 
0.2 − 0.918108   0.46876   
0.5 − 0.667264   0.782674   
0.8 − 0.29937 − 0.29938 − 0.29935 0.934767 0.93473 0.93471 
1.2 0.337739   1.04919    

Table 5 
Local skin friction coefficients calculated numerically for γ Al2O3 − H2O and γ Al2O3 − C2H6O2.

γ Al2O3 − H2O γ Al2O3 − C2H6O2 

φ a/c 
A Bi μnf

μf
f ′′(0)

μnf

μf
h′

(0)
μnf

μf
f ′′(0)

μnf

μf
h′

(0)

0.01 0.1 0.7917 0.5 1.02482 0.387514 0.995691 0.267512 
0.05 − − − 1.34382 1.51375 1.63534 1.75204 
0.1 − − − 1.90084 4.059 2.18717 5.99305 
0.2 − − − 3.34206 10.6646 4.4193 16.764 
0.1 − − − 1.90084 4.059000 2.18717 5.99305 
− 0.2 0.6407 − 1.79962 3.30037 2.06931 5.03907 
− 0.5 0.3286 − 1.30776 2.91505 1.50306 4.21911 
− 0.8 0.1145 − 0.586766 2.92846 0.674368 4.06572  
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H), all increase in magnitude as the volume fraction φ of γ Al2O3 − H2O and γ Al2O3 − C2H6O2 nanofluid increases. Increasing the 
volume fraction φ of γ Al2O3 − H2O and γ Al2O3 − C2H6O2 results in the opposite behavior without and with an effective Prandtl 
number model. Streamlined patterns also become more pronounced. Similar results were reported by Nadeem et al. [21] for Fig. 3 (A) 
and 3 (B), and Fig. 3 (E). The increase in quantity results in a drop in the density of the nanofluid that is being considered, which leads 
to a rise in the flow rate as a direct consequence of the velocity. As a result, the inter-molecular forces that hold the particles of 
nanofluids together become less strong, and as a direct consequence of this, the flow of the fluid and its velocity quicken. It is obvious 
that the γ Al2O3 − C2H6O2 has significantly higher flow and velocity than the γ Al2O3 − H2O. The presence of effective Pr increases the 
thickness of the nano momentum boundary layer. Because the expression used for the effective Pr number model contains density in its 
denominator, increasing the number of nanoparticles decreases density, which in turn increases the momentum boundary layer 
thickness. 

In order to provide an answer to the second research question, Fig. 3(I) and (J) illustrate the impact that φ has on the temperature 
profile θ(y). The nanoparticle volume fraction parameter, denoted by the letter " φ" has a significant effect on γ Al2O3 − H2O and 
γ Al2O3 − C2H6O2 nanofluid temperature. In the absence of an effective Prandtl number model, increasing the values of the nano-
particle volume fraction parameter φ increases the temperature profile while decreasing the thickness of the nanothermal boundary 
layer for γ Al2O3 − H2O and γ Al2O3 − C2H6O2 (Fig. 3(I) and (J)). The equations that are utilized without an effective Prandtl number 

Table 6 
Local Nusselt numbers calculated numerically for γ Al2O3 − H2O and γ Al2O3 − C2H6O2.   

γ Al2O3 − H2O γ Al2O3 − C2H6O2 

With effective Prandtl No Without effective Prandtl No With effective Prandtl No Without effective Prandtl No 

φ a/c 
A Bi 

−
knf

kf
θ
′

(0) −
knf

kf
θ
′

(0) −
knf

kf
θ
′

(0) −
knf

kf
θ
′

(0)

0.01 0.1 0.7917 0.3 0.26622 0.265742 0.301242 0.301154 
0.05 − − − 0.297407 0.294834 0.354395 0.353702 
0.1 − − − 0.343305 0.336103 0.459365 0.456387 
0.2 − − − 0.457646 0.43341 0.797309 0.782637 
0.1 − 0.7917 − 0.343305 0.336103 0.459365 0.456387 
− 0.2 0.6407 − 0.343514 0.336380 0.459371 0.456397 
− 0.5 0.3286 − 0.344423 0.337565 0.459403 0.456446 
− 0.8 0.1145 − 0.345561 0.339011 0.459448 0.456516 
− 0.1 0.7917 0.2 0.239586 0.236056 0.285749 0.307551 
− − − 0.4 0.438142 0.426479 0.524144 0.602087 
− − − 0.6 0.605377 0.587755 0.728529 0.884589 
− − − 0.8 0.748161 0.721428 0.908212 1.15601  

Table 7 
Numerical estimates of xs of τw for varying numbers of φ and a/c. When γ = 2 for γ Al2O3 − H2O and γ Al2O3 − C2H6O2   

γ Al2O3 − H2O γ Al2O3 − C2H6O2 

φ a/c 
A Bi 

xs = − γ
h′

(0)
f ′′(0)

xs = − γ
h′

(0)
f ′′(0)

0.01 0.1 0.7917 0.5 0.756258 0.53734 
0.05 − − − 2.2529 2.56875 
0.1 − − − 4.27074 5.4802 
0.2 − − − 6.38205 7.58673 
0.1 − − − 4.27074 5.4802 
− 0.5 0.3286 − 4.45808 5.61404 
− 0.8 0.1145 − 9.9817 12.0579  

Table 8 
Numerical values of xs of τw for distinct estimates of φ and a/c. When γ = − 2 for γ Al2O3 − H2O and γ Al2O3 − C2H6O2.

γ Al2O3 − H2O γ Al2O3 − C2H6O2 

φ a/c A Bi 
xs = − γ

h′

(0)
f ′′(0)

xs = − γ
h′

(0)
f ′′(0)

0.01 0.1 0.7917 0.5 − 0.756258 − 0.53734 
0.05 − − − − 2.2529 − 2.56875 
0.1 − − − − 4.27074 − 5.4802 
0.2 − − − − 6.38205 − 7.58673 
0.1 − − − − 4.27074 − 5.4802 
− 0.5 0.3286 − − 4.45808 − 5.61404 
− 0.8 0.1145 − − 9.9817 − 12.0579  
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are H =

Prf

(

1− φ+φ

(
(ρCp )s
(ρCp )f

))

4.97φ2+2.72φ+1 and 
Prf

(

1− φ+φ

(
(ρCp )s
(ρCp )f

))

28.905φ2+2.8273φ+1 , correspondingly, for γ Al2O3 − H2O and γ Al2O3 − C2H6O2 nanofluids. Each of these 
formulations contains the thermal conductivity component in its denominator. The primary explanation for this phenomenon is that an 
increase in the value of φ raises the thermal conductivity of the fluid, which in turn causes an increase in temperature for models that 
do not include an effective Prandtl number. When there is effective Pr present, the temperature profile decreases as the values of φ 

increase. The terms H =
Prf

(
(1− φ)+φ ρS

ρf
(82.1φ2+3.9φ+1)

)

123φ2+7.3φ+1 and H =
Prf

(
(1− φ)+φ ρS

ρf
(254.3φ2 − 3φ+1)

)

306φ2 − 0.19φ+1 for γ Al2O3 − H2O and γ Al2O3 − C2H6O2 

nanofluids are included in the formulas for the effective Prandtl number. These formulations are used to calculate the effective Prandtl 
number. These phrases, as one can see, include the ratio of the viscosity of the substance. Because high values of φ reduce the viscosity 
of nanoliquids, which in turn results in an increase in the thickness of the nanothermal boundary layer for models that use an effective 
Prandtl number, the physical explanation for this phenomenon is as follows: When looking at these figures, one can see that the 
nanothermal boundary layer thickness of γ Al2O3 − H2O and γ Al2O3 − C2H6O2 decreases when effective Pr is not present, whereas the 
nanothermal boundary layer thickness of γ Al2O3 − H2O and γ Al2O3 − C2H6O2 increases when effective Pr is present. Because an 
equation using an efficient Prandtl number model requires consideration of both the density of the surface and the density of the fluid, 
the densities of the thermal boundary layer are directly related to one another in an inverse fashion. Therefore, a lower thermal 
boundary layer results from an increase in density. Expressions that do not use the effective Prandtl number involve thermal con-
ductivity; hence, when the values of φ grow, thermal conductivity also increases, which results in a drop in the thermal boundary layer. 
Fig. 3(I) and (J) and clearly show that when gamma alumina is combined with water, the temperature rises, whereas when gamma 
alumina is combined with ethylene glycol, the temperature falls. The reason for this conclusion is because H2O has a lower Prandtl 
number (Pr ) than C2H6O2, and consequently, the thermal diffusivity of H2O is significantly superior to that of C2H6O2. In this instance 
of γ Al2O3 − C2H6O2, the model without an effective Prandtl number has a better temperature profile. Nanoliquids based on C2H6O2 
might also be employed for cooling applications which is another use for them. 

The free stream velocity is used to determine the stretching ratio parameter, which is defined as the stretching velocity divided by 
the free stream velocity. As a result, for a constant value of a/c related to the stretching of the employed surfaces, the increase in a 
proportion to c implies an increase in straining movements near the stagnation region, which may increase the external stream’s 
acceleration. This is the primary reason for the increase in normal flow and velocity shown in Fig. 4 (A-D). On other hand, the 
tangential profile shown in Fig. 4 (E–H) displays the opposite tendency. This is due to the fact that it is parallel to the x− axis, and the 
amount of stretching that occurs parallel to the x− axis is c. This value is included in the denominator of the stretching ratio parameter. 
The tangential velocity decreases when the value of the stretching parameter is increased. When the stretching ratio parameter a/ c in 
Fig. 4 (I-J) is increased, the further temperature profile decreases in the same way for both models (with and without effective Pr). In 
both the γ Al2O3 − H2O and γ Al2O3 − C2H6O2 nanofluid situations, comparative research shows that the presence of an effective 
number model has a smaller impact than the absence of such a model. The reason for this is due to the fact that the mathematical 
equation for the effective Pr number model involves the viscosity of nanoparticles, which enhances the nanothermal boundary layer 
and decreases temperature distribution. The temperature profile of the nanofluid containing γ Al2O3 and H2O displays a more sig-
nificant trend toward a decreasing temperature. Because the nanofluid γ Al2O3 − H2O has a temperature profile that is much lower 
than that of other fluids, it will not be suitable for use in solar thermal systems of the future. Furthermore γ Al2O3 − C2H6O2 offer 
higher normal flow and velocity profiles than γ Al2O3 − H2O. Similar results can be seen by Ramzan et al. [8] for Fig. 4(I) and (J) and . 
In Fig. 4 (A-H), the incorporation of effective Pr results in an increase in the nanomomentum boundary layer thickness of both the 
γ Al2O3 − H2O and γ Al2O3 − C2H6O2 nanofluids. In Fig. 4 (I) and 4 (J), an increase in the effective Prandtl number also results in a 
thicker nano thermal boundary layer. 

Fig. 5(A) and (B) and show variations in the temperature distribution θ(y) profiles of γ Al2O3 − H2O and γ Al2O3 − C2H6O2 with 
various Biot numbers Bi approaching the convective surface. The biot numbers have a mathematical definition, and a rise in their 
values indicates an increase in the convective heat transfer coefficient. This, in turn, makes it possible for an increased amount of heat 
to be transferred from the surface. Using the Biot number, one may determine the surface’s conduction resistance ratio based on its 
convection resistance. As shown in Fig. 5(A) and (B) and , increasing the Biot number correlates with improved convective heating, 
which effectively raises the fluid temperature in the resolution. As the importance increases, there is an increase in the peak height of 
the temperature distribution profile; hence, an increasing Biot number designates a superior internal thermal resistance of the surface 
as opposed to the boundary layer thermal resistance. Without an effective Prandtl number model, the temperature profile in Fig. 5(A) 
and (B) and is higher. Because an effective Pr model contains an expression in which the thermal conductivity of nanofluid is present. 
The temperature profile of γ Al2O3 − H2O is significantly greater than that of γ Al2O3 − C2H6O2. Ethylene glycol has a poorer heat 
conductivity than water, which accounts for this. The thickness of the nanothermal boundary layer gets thicker when an effective Pr 
number model is used. This is true for both γ Al2O3 − H2O and γ Al2O3 − C2H6O2 nanofluids. 

Figs. 6 and 7 show the behavior of streamline patterns for γ Al2O3 − H2O nanofluid and γ Al2O3 − C2H6O2 nanofluid, respectively. 
In these figures, we have explored two distinct examples of the shear stream parameter (γ = − 2.0, γ = 2.0) in regard to the pre-
determined values of φ = 0.1, a/c = 0.1 and Bi = 0.5 on γ Al2O3 − H2O and γ Al2O3 − C2H6O2 nanofluid, correspondingly. It can be 
seen very clearly in Fig. 6(A) and (B), which show two plots of streamlines, that in the case when the shear stream parameter γ has a 
positive value, it is possible to produce an oblique configuration of streamlines for gamma alumina-water and gamma alumina- 
ethylene glycol, and the distributing streamline strikes the outward at the left side of the origin. These results can be found in both 
of these figures. Because of this, we were able to deduce that the stagnation point occurs at x < 0 for shear stream parameters with 
positive values, which means that γ > 0. Furthermore, when γ = − 2.0, the streamlines shape becomes crooked once more 
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additionally, the stream that is separating hits the surface from the positive side, which is where it originated. This can be seen in the 
final two plots of the streamlines in Fig. 7 (A) and 7 (B), respectively. Because of this, we were able to deduce that when the shear 
stream parameter γ has negative values, i.e., γ < 0, the stagnation point occurs where x > 0. According to these findings, the obliquity 
of flow grows farther and farther when the values of alpha are increased in both positive and negative directions. 

4.3. Table discussion 

Also, in some cases, a comparison is made between the results that are currently being calculated and the literature that is already 
available. This is done to make sure that the results that are currently being calculated are accurate compared to the data that has 
already been published. This assessment is done in order to ensure that the existing determined findings are valid. In order to 
determine whether or not the mathematical model that has been provided is accurate, Table 4 has been constructed and compared in 
conjunction with the work of Nadeem et al. [27] and Ramzan et al. [8] over a broad range of possible values of a/ c in the limiting 
scenario. Nadeem et al. [27] used built in function in MAPLE whereas Ramzan et al. [8] used bvp4c in MATLAB while in present 
research we used RK-IV with shooting techniques in MATHEMATICA. There has been a very strong relationship discovered between 
the values. 

The development of tables [5,6] was necessitated by the need to handle physical aspects that were significant, such as τw aspects as 
well as qw at the convective stretching surface, regardless of whether a Prandtl number was efficient or not. It is evident from these data 
that the normal μnf

μf
f ′′(0) and tangential μnf

μf
h′

(0) skin friction and local heat transfer (qw) aspects grow with increasing volume friction in 

both γ Al2O3 − H2O and γ Al2O3 − C2H6O2 nanofluids studied. Tables 5 and 6 show, respectively, how the nanoparticle volume 
fraction φ toward the convective surface influences normal and tangential skin friction as well as the local Nusselt number. It has been 
shown that there is a correlation between an intensification in the amount of φ and a rise in the significance of both the local heat 
transfer rate qw and the shear stress. The collisions that take place between nanoparticles and the fragments that make up the support 
fluid cause the fluid’s velocity to rise when it contains nanoparticles. This increase in fluid velocity is affected by the occurrence of 
nanoparticles in the base fluid. Nanoparticles are responsible for triggering this event when they are present. As a consequence of this, 
the height of the momentum boundary layer will become thinner, which eventually lead to an increase in the amount of normal and 
tangential skin friction and heat transfer at the surface. In Table 5, one can see that with increasing values of φ, gamma alumina 
ethylene glycol has a greater normal and tangential skin friction component than gamma alumina water, regardless of the effective 
Prandtl number. Table 6 reveal that with increasing values of φ, γ Al2O3 − H2O nanofluid shows better heat transfer than γ Al2O3−

C2H6O2 nanofluid for with effective Prandtl number model. Reason behind this is that H2O has higher thermal conductivity than 
C2H6O2. Also note that with effective Prandtl number model has higher heat transfer rate than without effective Prandtl number model 
for γ Al2O3 − H2O nanofluid and γ Al2O3 − C2H6O2 for some values of φ. The viscosity of nanoparticles is included in the mathematical 
formula that is utilized for the effective Pr model, as is clear to everyone who looks at it. Because an equation using an efficient Prandtl 
number model requires consideration of both the density of the surface and the density of the fluid, The densities of the thermal 
boundary layer are directly related to one another in an inverse fashion. Therefore, a thinner thermal boundary layer results from an 
increase in density, which in turn leads to an increase in the rate of heat transmission. Increasing the stretching ratio has also been 
reported to decrease skin friction in both the normal and tangential directions. Nanofluids made of both γ Al2O3 − H2O and γ Al2O3−

C2H6O2 display the same properties. The magnitude of skin friction in both normal and tangential directions shows that γ Al2O3−

C2H6O2 has good impact than γ Al2O3 − H2O nanofluid. For both γ Al2O3 − H2O and γ Al2O3 − C2H6O2 nanofluids local heat flux is 
shown in Table 6. Both types of nanofluids experience an upsurge in volume friction-induced heat flux at the stretched convective 
surface whether they have an effective Prandtl number or not. The magnitudes of local heat transfer rate in Table 6 show that without 
an effective Prandtl number, there is less impact than with an effective Prandtl number for γ Al2O3 − H2O and γ Al2O3− C2H6O2 
nanofluid. The energy equation for the effective Prandtl number model contains an expression in which nanofluid viscosity is included. 
The increase in stretching quantity results in a drop in the density of the nanofluid that is being considered, which leads to a rise in the 
heat transfer rate. As a result, the inter-molecular forces that hold the particles of nanofluids together become less strong, and as a 
direct consequence of this, the rate of heat transfer quickens. 

Table 6 depicts the variations in heat transfer rate caused by the value of the Biot number Bi for the convectively heated stretched 
surface on γ Al2O3 − H2O and γ Al2O3 − C2H6O2 nanofluid with and without an effective Prandtl number model. These variations take 
place in both cases where the effective Prandtl number model was used. This table demonstrates that there is an overall upward 
tendency in the rate of heat transfer of the systems, which correlates with the rise in the values of Bi. This trend is shown by the fact that 
there is a rising trend in the table. This trend toward higher Bi values fit with the trend toward a higher heat transfer rate. The Biot 
number is a symbol for expressing the relationship between the internal resistance to conduction inside a stretched surface and the 
external resistance to convection on that surface. As can be seen in Table 6, it has been shown that a boost in the Biot number, which 
would be connected to an efficient process of convective heating, is able to efficiently bring down the temperature of the fluid in the 
solutions. This may be shown to be the case by noting that the Biot number rises in response to increases in the effectiveness of 
convective heating. It was decided to make this observation. On the other hand, having a large Biot number doesn’t always necessarily 
indicate that there will be a rise in the internal temperature of the stretched surface in comparison to that of its boundary layer. This is 
the case because when the value of Bi grows, it causes a surge in the temperature field profile, it demonstrates that the inner thermal 
efficiency of the material is lower than if the conditions were different. On the other hand, it is essential to keep in mind that there is a 
one-to-one correspondence between the Biot number and the efficiency of heat transmission, that is denoted by hf , and that as a 
consequence of this, it has an opposing connection with the thermal efficiency of the subject material that is the focus of the discussion 
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that is now taking place. This is something that needs to be kept in mind at all times. As a consequence of this, the thermal performance 
lowers as the Biot number grows, which ultimately results in a high temperature distribution as well as a high heat transfer rate at the 
surface that has been stretched. According to the information shown in Table 6, the magnitude of the heat transfer rate is greater when 
an effective Prandtl number model is used as opposed to when an effective Prandtl number model is not used for the values of Bi. The 
results of this investigation demonstrate that both with and without a useful Prandtl number, gamma alumina ethylene glycol 
nanofluids are more promising for quick heat transfer from the stretched convective surface than the gamma alumina water. 

Using Bi = 0.5 with certain estimates of φ and a/c , the standards of the wall’s zero-skin-friction or shear stress point of stagnation xs 

are shown in Tables 7,8. With and without an effective Prandtl number of γ Al2O3 − H2O and γ Al2O3 − C2H6O2, determines the 
obliqueness of the flow. Certain quantities of φ and a/c are correlated with better values of γ, while point xs is associated with positive 
values for both types of nanofluids. On the other hand, γ Al2O3 − H2O and γ Al2O3 − C2H6O2 behave differently when γ is negative. 
Obliqueness and straining motion are in harmony, resulting in this effect. However, the values of τw, qw and zero wall shear stress on 
point xs cannot be compared by Nadeem et al. [27] and Ramzan et al. [8] as the present model consider stimulus of effective Prandtl 
number model for both fluids. For the future reference, the values of τw, qw and zero wall skin friction on xs the current model is 
presented in its entirety in Tables 5–8. 

5. Conclusions 

This research has addressed the two-dimensional oblique stagnation point flow of γ Al2O3 − H2O and γ Al2O3 − C2H6O2 across 
stretched convective surface for with and without an efficient Prandtl number. Using H2O and C2H6O2 as base fluids, we can estimate 
the normal and tangential skin friction, as well as the local heat flux and vicinity of the zero-skin friction point xs, among other things. 
The following are the most significant findings of this research:  

• There is a significant role for the Prandtl number in determining the thermal and momentum stretching layer surfaces.  
• The increase in thickness of the nano-momentum boundary layer that results from taking effective Pr into account.  
• In nanofluids made of γ Al2O3 − H2O and γ Al2O3 − C2H6O2 and ethylene, the thickness of the nanothermal boundary layer grows 

when effective Pr is present.  
• In the absence of an effective Pr, the nanothermal boundary layer thickness of γ Al2O3 − H2O, as well as γ Al2O3 − C2H6O2, drops.  
• For γ Al2O3 − H2O and γ Al2O3 − C2H6O2, the magnitude of the skin friction coefficient and the lowered Nusselt number rise in the 

presence of effective Pr, leading to rising values of φ. This holds true for both systems. Gamma alumina-water is less resistant to 
typical skin friction (τw) and has a lower heat transfer rate (qw) than gamma alumina ethylene glycol.  

• In the presence of an effective Pr number model, the magnitude of skin friction and the lowered Nusselt number decrease with the 
stretching ratio parameter for γ Al2O3 − H2O and γ Al2O3 − C2H6O2 nanofluids. This is the case regardless of which nanofluid is 
being studied.  

• The effective Pr number model may be used to manage the nanomomentum boundary layer as well as the nanothermal boundary 
layer.  

• The streamlining is more complete, symmetrical, and straightforward in both instances. 
• The flow separation dislocation perpetual for both γ Al2O3 − H2O and γ Al2O3 − C2H6O2 nanofluids exhibited increasing behav-

ioral patterns with volume friction and decreasing stretching ratio. Displacement constants are greater in the case when the solution 
is composed of gamma-alumina ethylene glycol rather than water.  

• For a normal velocity profile, the velocity ratio parameter a/c has risen, whereas for tangential and temperature profiles, it has 
reduced.  

• In both γ Al2O3 − H2O and γ Al2O3 − C2H6O2, the temperature profiles rise when an effective Prandtl number is present for 
stretching ratio parameter.  

• Temperature profile increases for increasing values of biot number for γ Al2O3 − H2O and γ Al2O3 − C2H6O2 nanofluid for both 
with and without effective Pr model.  

• γ Al2O3 − C2H6O2 depicted higher τw and qw than γ Al2O3 − H2O.  
• Further research has shown that the stretching ratio parameter has an influence on the direction of the point xs of zero skin friction 

(shear stress on the wall). In addition, there are no published analytical or empirical data for evaluation currently. 

6. Research contribution and future suggestion 

The current mathematical modelling may be applicable to the production of materials in industry segments such as thermoplastic 
layers, crystal production, particles passing between nutrient spools, magnesium pultrusion, air circulation in metallic baths, air 
circulation on a large metal plate, and many other processes that benefit many different areas of society. In addition, these models may 
be of use in a great number of other areas that are important to people’s everyday lives. 

Future suggestions  

• The investigator is free to apply the slip conditions to the same model. 
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• The present research might be expanded such that it considers the commercial applications of other species’ diffusive liquids and 
nanofluids.  

• In the future, the work that is being done now may be expanded to include the unstable scenario. 
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