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A framework to analyze opinion
formation models
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Comparing model predictions with real data is crucial to improve and validate a model. For opinion
formation models, validation based on real data is uncommon and difficult to obtain, also due to

the lack of systematic approaches for a meaningful comparison. We introduce a framework to assess
opinion formation models, which can be used to determine the qualitative outcomes that an opinion
formation model can produce, and compare model predictions with real data. The proposed approach
relies on a histogram-based classification algorithm, and on transition tables. The algorithm classifies
an opinion distribution as perfect consensus, consensus, polarization, clustering, or dissensus; these
qualitative categories were identified from World Values Survey data. The transition tables capture the
qualitative evolution of the opinion distribution between an initial and a final time. We compute the
real transition tables based on World Values Survey data from different years, as well as the predicted
transition tables produced by the French-DeGroot, Weighted-Median, Bounded Confidence, and
Quantum Game models, and we compare them. Our results provide insight into the evolution of real-
life opinions and highlight key directions to improve opinion formation models.

During the past 30 years, the study of opinion formation has attracted growing attention!~”. An opinion formation
model is a mathematical model aimed at reproducing the evolution of opinions within a population in a given
time interval. Several opinion formation models have been proposed, where opinions can be continuous®® or
discrete'®!! variables, and can evolve in discrete'>!3 or in continuous'4!” time in a deterministic'® or stochastic!®
way, over an underlying interaction graph that can be time-varying'’~*, directed, weighted, or signed®. Opin-
ions can be uni- or multi-dimensional**2. When studying the behaviors emerging from these models, the
focus is not on individual opinions, but on the overall evolution of opinions in the entire population. Denoting
as opinion distribution the collection of all the opinions within a population at a given time instant, opinion
formation models address two main questions: (i) given a set of parameters and an initial opinion distribution,
what will be the opinion distribution after some time? and (ii) under which circumstances will a desired opinion
distribution be achieved? The answers depend on the chosen model. For instance, the French-DeGroot model is
guaranteed to asymptotically achieve perfect consensus (all individuals share the very same opinion) if the graph
is strongly connected?®. For a structurally balanced digraph, the Altafini model predicts polarization (presence of
two opposed opinion groups) if the digraph is strongly connected*®? and consensus (all individuals have almost
the same opinion) near the origin, if it has a spanning tree’*?*. When bounded confidence is added to the model,
then clustering (presence of several distinct opinion groups) is a likely outcome?. In addition, we call dissensus
a practically uniform distribution of the opinions.

We identified perfect consensus, consensus, polarization, clustering and dissensus as qualitative categories
of opinion distributions that emerge in real life. They recurrently appear in the results of the World Values
Survey?~*°, conducting global surveys every 5 years; in particular, we monitored the answers to 30 questions
(regarding values, behavior, and ethics) asked to participants in 25 countries in three occasions separated by
roughly 5 years, corresponding approximately to the years 2010 (wave 5), 2015 (wave 6), and 2020 (wave 7).

A complete opinion formation model should be able to produce, with the appropriate parameter choice, each
of the qualitative opinion distribution categories found in actual societies, as well as each of the possible transi-
tions, from one category to the others, that occur in reality. Here, we introduce a framework to systematically
check whether this is the case.

First, we introduce a histogram-based classification algorithm to associate an opinion distribution with a
qualitative category. Histogram-based classification has been used in many fields, especially related to image
processing®®’!; yet, to the best of our knowledge, this is the first time it is adopted in an opinion-dynamics setting.
Second, we construct a transition table to visualize how opinion distributions evolve over time from an initial to
a possibly different final qualitative category.
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Figure 1. Examples of real-life opinion distribution histograms, taken from the World Values Survey data,
classified as perfect consensus, consensus, polarization, clustering, and dissensus by the proposed histogram-
based classification algorithm. The vertical axis represents the normalized bin counts H. The dotted lines mark
thresholds T (green) and T (red). The bins are colored according to the histogram classification algorithm:
green if the normalized bin count is larger than T; blue if it is smaller than T»; red if it is between T} and T». The
parameter values we adopted to perform the classification are: M = 10, B =3,K = 3,T; = 50,and T, = 12.

The proposed framework (which leverages histogram-based classification to associate opinion distributions
with qualitative categories, and transition tables to capture the evolution of opinions over time) allows to assess
and analyze opinion formation models and compare their prediction with real data. We demonstrate our novel
approach by applying it to models already proposed in the literature. In particular, we compare real-world data,
representing opinion distributions at different sampling times (waves) taken from the World Values Survey” 2,
with the predictions provided by various well-known opinion formation models: French-DeGroot'>!?, Weighted
Median*?, Bounded Confidence®*=*, and Quantum Game>® models.

An extensive literature deals with model comparison based on Bayesian analysis: Bayes factor’”—°, Bayes-
ian evidence®, and Bayesian methods such as the L, measure*'. Model comparison statistics*? can be based on
the information criterion*® or the deviance information criterion*. These statistical model comparisons aim at
selecting the model that fits at best a given data set. Conversely, simulation-based model comparison directly
compares the outcomes of two or more models without fitting real data**. As a main novelty, we propose a
peculiar simulation-based framework that compares opinion formation models not in their ability to reproduce
a given data set, but in their capability to generate a spectrum of qualitative behaviours that is as broad as the one
observed in real life.

Our results provide insight into real-life opinion evolution and comparatively assess different opinion forma-
tion models. They reveal that, while all transition between qualitative categories occur in reality, existing models
can only yield some peculiar transitions and are characterized by a bias towards consensus that cannot be found
in real opinion data.

The paper is structured as follows. First, we introduce the proposed framework to analyze opinion formation
models and compare their predictions with real data: we describe our approach to classify opinion distributions
and our framework allowing a systematic comparison between model predictions and real-life opinions. Then, we
showcase examples of application of the proposed approach to well-studied existing opinion formation models,
whose predictions are compared with real-life opinion data from the World Values Survey: we show that real
transition tables highlight some characteristic features of opinion evolution in real life, and we compare the
predicted transition tables with the real ones for different opinion formation models, including both classical
and quantum models.

Results

We denote as opinion the level of agreement with a statement. The opinions that an individual can have belong
to the interval [—1, 1], where the values —1, 0, and 1 respectively denote complete disagreement, indifference,
and complete agreement with the statement. Given a population of N individuals, each having an opinion about
a statement, the collection of the opinions of all the individuals in the population yields an opinion distribution,
which belongs to one of our identified qualitative categories, exemplified in Fig. 1: perfect consensus, consensus,
polarization, clustering, and dissensus. Their mathematical definitions, provided in the following, are inspired
by these informal definitions (where by absolute majority we denote more than 50% of the population):

Perfect consensus the absolute majority chooses the very same opinion;
Consensus the absolute majority chooses approximately the same opinion;
Polarization the absolute majority is split between two ‘distant’ opinions;
Clustering the absolute majority is split between two or more groups;
Dissensus the majority of the opinions are uniformly distributed.

These categories of opinion distributions capture an increasing level of inhomogeneity. When all the individuals
have the exact same opinion (perfect consensus), there is perfect homogeneity. Starting from perfect consensus,
progressively increasing inhomogeneity leads to consensus, polarization, clustering, and lastly dissensus. When
every opinion is held by the same number of people (perfect dissensus), inhomogeneity is maximal and no
preference whatsoever can be identified.
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Opinion distribution classification. An opinion distribution can be visualized as a histogram with M
bins, which can then be classified so as to determine to which qualitative category the opinion distribution
belongs. This process is performed by our proposed histogram-based classification algorithm.

1. Input the positive integers M, B < M and K < M — 2, and the thresholds T, T with0 < T, < 50 < T} < 100

Partition the [—1, 1]interval in M bins of equal width.

Count how many opinions fall in each bin. Denote by H(k) the number of opinions in bin k (1 < k < M).
Normalize the bin counts so they add up to 100. Denote the normalized bin counts by H (k).

Classify each bin as green, blue, or red: bin k is green if H(k) > T; blue if H(k) < T»; red otherwise.
Compute the number of groups; a group is formed by consecutive green or red bins. For each group, compute
the number of bins, and the normalized group count, which is the sum of all the normalized bin counts of the
bins belonging to the group.

7. Classify the histogram according to the following criteria:

AL ol

® Perfect consensus if there is a green bin;

e consensus if there is one group, with at most B bins, and with normalized group count larger than 50;

® Polarization if there are two groups, each with at most B bins, with at least K bins in between, whose
normalized group counts add up to more than 50;

®  Clustering if there are two or more groups, each with at most B bins, whose normalized group counts
add up to more than 50;

® Dissensus otherwise.

The parameters M, B, K, T, and T, allow the proposed classification to be tuned according to the problem at
hand, thus taking into account possible differences in the interpretation of our proposed qualitative categories.

In our case study, M = 10 is a natural choice, since the data from the World Values Survey?’*° comes from
Likert 10-scale questions. Parameter B represents the ‘level of closeness’ required to state that a group of people
share a ‘similar’ opinion: we set B = 3. Polarization is defined as the presence of two groups with significantly
opposing views; the required ‘level of opposition’ is encoded by the parameter K. Two groups at a distance less
than K would represent clustering, since the opinions are not very different, while two groups at a distance K
or more represent two significantly opposing views, and hence polarization. The value K = M — 2 would mean
that extreme opposition is needed to define polarization; in this paper, we choose K = 3. The threshold T;
defines perfect consensus: we choose T1 = 50 to capture all instances where the absolute majority (more than
50%) shares a single opinion. The threshold T discriminates between significantly numerous opinion groups
and ‘white noise’ residual opinions. A low T leads to the appearance of multiple groups with more than B bins,
while a high T leads to interpreting significant opinion groups as white noise: in both cases, the classification is
biased towards dissensus. After repeated numerical experiments, the intermediate value of T, = 12 was selected
and can be seen as a robust choice, because varying T, between 10 and 14 gave comparable classification results.

Figure 1 shows examples of real-life opinion distribution histograms, taken from the World Values Survey
data, representative of our proposed qualitative categories.

Model predictions versus real opinions: a framework for systematic comparison.  The proposed
histogram-based classification approach allows us to systematically associate a given opinion distribution, which
can be either real (e.g. survey data) or predicted by an opinion formation model, with a qualitative category. An
opinion distribution is a static snapshot; to study opinion formation, we need to understand how opinion distri-
butions can evolve over time. We introduce transition tables to capture the possible qualitative categories of final
opinion distribution that can be obtained, after some time, starting from various categories of initial opinion
distribution. A transition table is a matrix whose rows (respectively, columns) are associated with the qualita-
tive category of initial (respectively, final) opinion distribution: entry (i, j) represents the number of opinion
distributions that evolve from an initial configuration belonging to category i to a final configuration belonging
to category j, where i and j can be either perfect consensus, consensus, polarization, clustering, or dissensus. To
systematically compare the outcome of a given opinion formation model with real opinion data collected at two
different time instants, we proceed as follows:

Classify the real initial opinions,

Let them evolve according to the opinion formation model, and produce the predicted final opinions,
Classify the predicted final opinions,

Using the classification of real initial opinions and predicted final opinions, construct the predicted transition
table,

Classify the real final opinions,

Using the classification of real initial opinions and real final opinions, construct the real transition table, and
7. Compare the two transition tables.

Ll N

IS

As an example, we assess the Bounded Confidence model (BCM)*®**-%, with confidence radius 0.3, along with
the answers, provided by 500 people, to four questions of the World Values Survey both in wave 5 (2010) and
wave 6 (2015). The four initial opinion distributions (wave 5) are classified by our algorithm as perfect consen-
sus, perfect consensus, polarization, and clustering, respectively. Taking these opinion distributions as initial
conditions, the Bounded Confidence model yields predicted opinion distributions that our algorithm respectively
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Figure 2. Simple example to illustrate the proposed approach: based on the answers to 4 questions
administered to 500 people in two consecutive survey waves, the accuracy of the Bounded Confidence Model
(BCM) can be assessed by comparing the predicted transition table (left) with the real transition table (right).

In the tables P.C. is perfect consensus, Co is consensus, Po is polarization, Cl is clustering, and Di is dissensus.
This example is simply aimed at showcasing how the approach works, so any model could have been chosen; the
BCM was selected because it is a widely used, well-known and well-studied model.

classifies as perfect consensus, perfect consensus, perfect consensus, and clustering. Hence, two opinion distribu-
tions are predicted to remain perfect consensus, one to change from polarization to perfect consensus, and one
to remain clustering, as summarized in the predicted transition table in Fig. 2 (left). The real transition table in
Fig. 2 (right) can be constructed by considering the real final opinion distributions (wave 6) for the same four
questions, which are classified as clustering, polarization, polarization, and dissensus, respectively.

Comparing real and predicted transition tables allows us to evaluate the model, identify its shortcomings and
suggest ways to improve its realism. Furthermore, real transition tables provide qualitative understanding of how
the actual opinion distributions can evolve within the population in the considered time interval.

Real transition tables highlight features of opinion evolution. We analyzed in total 2025 real opin-
ion distributions, corresponding to World Values Survey answers to 30 questions in 25 countries in waves 5,
6, and 7, approximately corresponding to years 2010, 2015, and 2020%7-%; not all questions were asked in all
countries, hence there are 675 opinion distributions for each wave. The orange panels in Fig. 3 show the quali-
tative classification of all the opinion distributions in each wave. The number of opinion distributions belong-
ing to each qualitative category does not change significantly in different waves and a recurrent pattern can
be observed: dissensus is consistently the most common outcome, followed by perfect consensus and then by
clustering, by consensus and finally by polarization, which is invariably the least common outcome. Figure 3
also reports the real transition tables from wave 5 to 6, and 6 to 7, which evidence that, in spite of the observed
recurring pattern, opinion distributions themselves do not tend to remain in the same category. On the contrary,
there are several examples of opinion distributions that move from a category to almost any of the others: the real
transition tables indicate that, in real life, opinion distributions can evolve from any category to any other. The
likelihood of evolving towards a different qualitative category can be assessed by comparing the sum of diagonal
and off-diagonal entries in the transition tables: from wave 5 to wave 6, these numbers are 368 and 307 respec-
tively, indicating that around 45% of the opinion distributions move to a different qualitative category; from
wave 6 to wave 7, these numbers are 381 and 294 respectively, hence the probability of change has decreased to
roughly 44%. Interesting similarities emerge in the patterns of the two transition tables: corresponding entries
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Figure 3. Real transition tables: The 675 real opinion distributions emerging from the World Values Survey?-*
waves 5, 6, and 7 are qualitatively classified as perfect consensus (P.C.), consensus (Co), polarization (Po),
clustering (Cl), and dissensus (D1) in the orange panels. The transition tables show the qualitative evolution of
opinion distributions between these waves, highlighting how each qualitative category of opinion distributions
could evolve into the various other categories.

often have close values, or at least the same order of magnitude, which seems to suggest that the likelihood of
evolving from a qualitative category to another changes slowly over time.

Predicted transition tables and model comparison. Starting from the opinion distributions in wave
5 and wave 6, we generated the next wave results predicted by six different opinion formation models: French-
DeGroot (FG), Weighted-Median (WM), Bounded Confidence with confidence radius 0.1 (BC1), 0.3 (BC2),
and 0.7 (BC3), and Quantum Game (QG). Figure 4 shows the obtained average predicted transition tables,
from wave 5 to 6 (left) and from wave 6 to 7 (right): each reported transition table is the average over 75 tables,
computed for different population size, directed graph topology, and initial opinion assignment (details are in
the Materials and Methods section and Supplementary Information). The shade of blue quantifies the variability
across the 75 tables represented by the difference between the maximum and minimum value for each cell across
all 75 transition tables. The exact variability value for each cell in the transition tables for all the methods can be
found in Tables 10 and 11 of the Supplementary Information.

The French-DeGroot (FG) model behaves as expected, with a clear trend towards perfect consensus, evi-
denced not only by the average transitions but also by the low difference. However, it is interesting to note that
not all final opinions result in perfect consensus, some produce consensus, and in exceptional circumstances dis-
sensus. There are two explanations for these cases. First, in large interaction graphs it takes more time to achieve
perfect consensus because, even if the graph is strongly connected, only few edges may be responsible for that
strong connectivity, thus the graph could have two or more ‘pseudo clusters. The second reason is that, if the
opinion towards which agents converge is in the middle of two histogram bins, it may happen that the two adja-
cent bins to that converging opinion are equally populated, thus resulting in consensus and not perfect consensus.

The Bounded Confidence models with confidence radius r = 0.1 (BC1) and r = 0.7 (BC3) also behave as
expected: for the BC1 model, the confidence radius is so small that most of the edges vanish in the first step
and then the opinions remain the same, hence the transition table is a diagonal matrix. On the other hand, the
BC3 model produces exclusively perfect consensus. The reason why BC3 produces perfect consensus always,
while the same does not happen with FG, is that BC3 creates more edges in the interaction graph. Hence it is
possible to assume that after a few time steps the interaction graph is complete, and then the convergence to a
single opinion is much faster, resulting in perfect consensus. It is also interesting to note that BC1 and BC3 are
the models showing the smallest variability (difference of zero).

The Bounded Confidence model with an intermediate value of confidence radius r = 0.3 (BC2) is biased
towards perfect consensus, but allows some instances of polarization, clustering and dissensus to evolve into
polarization or clustering. A larger confidence radius (with respect to BC1) yields strongly connected subgroups
of individuals that achieve perfect consensus among them: if there are only two subgroups with sufficiently dis-
tant opinions, polarization occurs, otherwise the model produces clustering, which is the most likely outcome
of the two. No consensus outcomes are generated, because, once the opinions are sufficiently close, they evolve
into perfect consensus. For this model, varying population size, graph topology, and initial opinion assignment
appears to have little impact, as seen in a maximum difference of 5.

The Weighted Median (WM) model exhibits a very rich behaviour. Although biased towards perfect con-
sensus, it can produce every transition except the ones from perfect consensus and consensus to polarization,
and from perfect consensus to clustering. This wide range of outcomes is accompanied by a high sensitivity with
respect to varying population size, graph topology, and initial opinion assignment, which is the highest across all
considered models. The bias towards perfect consensus is expected, given the fact that the WM model is based
on the cognitive dissonance theory and conformist tendencies.

Finally, the Quantum Game (QG) model presents a very interesting transition table. There is a tendency
towards consensus, which is consistent with the fact that agents can only Change, Keep, and Agree, hence there
is no disagreement mechanism. However, the randomness with which agents are chosen to interact, along with
the dependence of the payoff matrices on the opinion distance, also produces a clustering behaviour (a bounded
confidence effect). Therefore, when the initial distribution is perfect consensus, most agents will interact with
each other, but the final opinion will be almost the same, resulting in perfect consensus; when the initial distribu-
tion is consensus, then there is a tendency to perfect consensus, but the agents that are not in the consensus bins
can move other agents away, resulting in some clustering; when the initial distribution is polarization, there is a
greater chance of producing polarization or clustering, due to the bounded confidence effect, and this pattern is
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Figure 4. Average predicted transition tables from wave 5 to 6 (left), and 6 to 7 (right) for the six considered
models. Each table entry contains the average of the corresponding values in the 75 computed transition tables,
obtained for different population sizes, graph topologies, and initial opinion assignments. The variability of these
values, in terms of the difference between the maximum and minimum value across all 75 tables, is denoted by
the shade of blue. A cell with light blue color represents half the maximum difference for that model, and

a cell with dark blue color pm represents the maximum difference for the model. The value of the difference
represented by these shades of blue is reported to the right. A white cell means that all values are identical for all
75 tables.

also present when the initial conditions correspond to clustering or dissensus. Another interesting observation is
that the QG model can evolve with a lower ‘speed of change’ The facts that only two agents are chosen to interact
at each time step and that they may not change opinion creates the possibility that, in a considerable fraction of
time steps, the opinions do not change, in contrast with the other ‘classic’ opinion formation models, where the
opinions are constantly changing.
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Discussion

Several opinion formation models have been proposed in the literature, often based on well-studied socio-
logical and psychological principles, such as social conformity theory*”*%, credibility*’, biases®*-*2, trust®>,
strong and weak ties®>¢, moral foundations”, expertise®®, stimulus-response theory*, stimulus-object-response
theory®, ‘back-fire’ effect®"%? and ‘boomerang’ effect®’, among many others. Significant effort has been devoted
to analysing opinion formation models, but their predictions are rarely compared with real data. A notable
exception is the Friedkin-Johnsen model, which has been validated on numerous experiments with small and
medium-size groups®”*>546, However, comparing the model results with large scale data is a challenging task for
several reasons, including the difficulty in collecting large amounts of reliable opinion distributions at subsequent
time instants and in gathering information about the topology of the corresponding interaction network’, as
well as the lack of systematic approaches for a high-level comparison between qualitative model outcomes and
real data. Despite the difficulties, comparison with real data is crucial to assess the usefulness of a model and to
identify possible directions for improving it.

We have proposed a qualitative framework to assess opinion formation models by systematically comparing
their predictions with large-scale data sets taken from real-life surveys. First, we have introduced a qualitative
classification of opinion distributions into five categories that account for increasing heterogeneity: perfect con-
sensus, consensus, polarization, clustering and dissensus. Then, we have constructed transition tables to capture
how an initial opinion distribution, belonging to a given category, can evolve over time into a final opinion
distribution belonging to a possibly different category. The accuracy of an opinion formation model can be
evaluated by comparing the real transition table, which displays the evolution between survey data taken in two
subsequent occasions, with the predicted transition table, which displays the prediction generated by the model
starting from initial survey data.

Our analysis of real opinion data from the World Values Survey*~*
the evolution of real-life opinions, and in particular reveals that:

, shown in Fig. 3, provides insight into

1. Inreallife, all possible transitions can occur.
The fraction of opinion distributions of each qualitative category appears to remain almost constant in each
wave.

3. About half of the opinion distributions remain of the same category in subsequent waves.

Therefore, a fully realistic opinion formation model should be able to produce, with suitably chosen parameters,
opinion distributions that recreate these three features. In particular, it should produce opinion distributions
belonging to all the identified qualitative categories, starting not only from random initial conditions, but also
from initial opinion distributions of each qualitative category.

Comparing real and predicted transition tables helps cast light onto the discrepancy between the evolution
of real opinions and the predicted evolution generated by opinion formation models, thus identifying aspects of
real-life opinion evolution that opinion formation models are not yet able to capture well, and suggesting direc-
tions to design improved and more realistic models. In particular, while the real transition tables are almost full
matrices (Fig. 3), the predicted transition tables are typically sparse (Fig. 4): the models are inherently unable
to yield some of the transitions observed in real data. Among the considered models, the Bounded Confidence
model with intermediate confidence radius and the recently proposed Weighted-Median and Quantum Game
models appear to be the most flexible, able to generate the richest variety of transitions and behaviors. However,
there is still room for improvement.

The comparison between real and predicted transition tables highlights that improved opinion formation
models should include flexible mechanisms able to both leave the opinion distribution category unchanged and
produce any of the other distribution categories, under appropriate circumstances. We summarize some key
observations, pointing at directions to improve existing models so as to match opinion transitions observed in
real life.

1. Most models exhibit a strong agreement bias, resulting in an unrealistic tendency towards (perfect) consen-
sus. This tendency could be mitigated by considering, e.g., the Friedkin-Johnsen model®, which takes into
account not only individual self-confidences, but also individual susceptibilities to social influence; these
additional parameters are however extremely challenging to estimate, especially in large-scale interaction
networks.

2. There is no direct mechanism to produce dissensus, clustering or polarization starting from (perfect) con-
sensus; however, these transitions do happen in real life. At the expense of the simplicity of the model, sto-
chastic and random effects could be introduced through a noise component, representing the individuals’
free will and the unpredictability of their decisions’. The heterogeneity of the opinion distribution can also
be increased by the presence of signed weights.

3. Most often, in the models the opinions change fast and significantly, typically converging towards an equi-
librium state, whereas in real data there are plenty of examples of opinion distributions that remain almost
constant and continue to change very slowly. This suggests that, as recently observed®, most of the actual
social dynamics lead to transient, non-equilibrium phenomena: ad-hoc models should be developed to cap-
ture this effect. In this context, understanding the timescale of phenomena influencing opinion formation
is crucial to map the time of model simulation to the time of real-world opinion evolution, a still unresolved
challenge®”.

4. Random initial opinion distributions are typically used when analyzing, or numerically simulating, opin-
ion formation models. However, as shown in survey results”’~?, this is not realistic: opinions tend to have
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characteristic qualitative distributions, which should be taken into account when evaluating opinion forma-
tion models. The critical role of initial conditions in opinion formation models has been pointed out as a
long-overlooked problem®’: different initial conditions can lead to grossly different final states and it is then
fundamental to assign the initial opinion distribution appropriately, which remains an open challenge, in
particular when large-scale interaction networks are considered.

We hope that the systematic evaluation tool we have provided, which can be used by researchers to gain insight
into the features of real-life opinion evolution and to analyze existing or future opinion formation models,
assessing their ability to reproduce real-life opinion data taken from any existing or future suitable dataset,
can support the development of increasingly realistic opinion formation models. Other possible datasets that
could be successfully used within the proposed framework are, for instance, the European Values Study®® and
the Eurobarometer®.

Methods

Graphs and opinions. A directed graph (digraph) % with N vertices can be represented by a set of vertices
V ={1,...,N}and aset of weighted edges & C {(i,j) : i,j € ¥"}, where each edge (i, j) from vertex j to vertex i
is associated with a real number (weight) w;;. In the context of opinion dynamics, the vertices correspond to indi-
viduals, each associated with a time-varying opinion (individual i has opinion x;) and w;; represents the influence
that individual j exerts over individual i. In all the models we consider, the influence is positive (or zero, when no
edge connects the two individuals) and all the influences exerted over an individual add up to a maximum value
normalized to 1. Also, each individual is assumed to have self-confidence w;; > 0, for alli € ¥~, which represents
the persistence of belief in its own opinion. For our simulations, we generated strongly connected digraphs with
small-world properties through the Watts-Strogatz algorithm”. For the French-DeGroot and Weighted-Median
models the weights w;; were randomly generated.

Opinion formation models. All the opinion formation models we consider evolve in discrete time, with
opinions belonging to the set[—1, 1]. They are agent based models, in which every individual or agent has a per-
sonal opinion. The opinion of agent i at time k is denoted as x; (k). Here we summarize the opinion update rules
for the considered models: French-DeGroot, Weighted-Median, Bounded Confidence, and Quantum Game.
These models were chosen because they are directly comparable, while for instance the Altafini model*>”* would
require a signed graph, and the Friedkin-Johnsen model®® would require additional susceptibility coeflicients.
Also, the French-DeGroot and Bounded Confidence models are well known “benchmark” models that have
been used as a basis for several extensions and refinements’”.

The decision to evolve the models over small-world networks is backed up by a significant body of
literature’*7® and is based on the fact that the two main features of small-world networks (high clustering coef-
ficient and low average path distance) are typically observed in real-life interactions.

French-DeGroot model>'>13, At every time step, the opinions of each individual are updated according to the
rule:

x(t+1) =D wyxi(t), Vies .
jer

Weighted-Median model’®. At every time step, only the opinion of a single individual is updated. This indi-
vidual is chosen randomly and moves to the opinion of another individual selected as follows:

xi(t+1) =x%,
where x* € {x)(t),...,xn(¢)} is the opinion satisfying
1 1
Z Wijii’ and Z w,-jii.
jixj () <x* jixj(t)>x*

If more than one opinion satisfies these inequalities, then x* is taken as the opinion closest to x;(¢).

Bounded confidence model’.  This model is similar to the French-DeGroot model; however, at every time step,
agent i is influenced by agent j if and only if |x; — xj| < r, where r is the confidence radius. Mathematically the
model evolves according the the following equation:

xi(t+ 1) = |Nj| ! ij(t), VieV,
jEN;

where N; = {j € V : |x;(t) — xj(¢)| < r}. We consider three versions of the Bounded Confidence model, each
with a different confidence radius: r = 0.1, = 0.3andr = 0.7.

Quantum game model’®. In this model, at each time step, two randomly chosen agents interact pairwise. At
each interaction, the agents have three options: Keep (keep their opinion), Change (take the other agent opin-
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ion), and Agree (take an intermediate opinion). The action each agent decides to take depends on the pay-
off. In this quantum model the payoff matrices depend on parameters a, b, ¢ and the initial entangled state
|¥in). For the simulations shown in the paper the values of the parameters were a =1, b =3, c = 1, and
[¥in) = +/1/2(00) + (1/2)|11) + (1/2)|22), as in one of the examples in the original paper®, so that the opinion
formation law reduces to:

e Ifd < 0.25, then the unique Nash Equilibrium is to Agree, hence the new opinion of both agents is the mean
of their previous opinion.

e Ifd > 0.25, then the Nash Equilibrium with greatest payoff is to Keep, hence the new opinion of both agents
is the same as their previous opinion;

where d is the opinion distance between agents. For more details, the reader is referred to the original work
proposing the model*.

Data Availability

The raw data used in this paper is freely available in the World Value Survey database?-*. The datasets generated
from the raw data, from which the paper conclusions are drawn are available at https://giuliagiordano.dii.unitn.
it/docs/papers/Framework_to_Analyze_Opinion_Formation_Models-Code.zip.

Code availability

Simulation experiments, visualisation, and analysis were performed in MATLAB. The code necessary to perform
the simulations that produce the results shown in the paper is available at https://giuliagiordano.dii.unitn.it/
docs/papers/Framework_to_Analyze_Opinion_Formation_Models-Code.zip, together with the supplementary
material that explains the code usage.

Received: 22 April 2022; Accepted: 25 July 2022
Published online: 04 August 2022

References
1. Sirbu, A., Loreto, V., Servedio, V. D. P. & Tria, F. Opinion dynamics: Models, extensions and external effects. No. 9783319256566 in
Understanding Complex Systems (2017).
2. Proskurnikov, A. V. & Tempo, R. A tutorial on modeling and analysis of dynamic social networks. Part I. Annu. Rev. Control. 43,
65-79 (2017).
3. Proskurnikov, A. V. & Tempo, R. A tutorial on modeling and analysis of dynamic social networks. Part II. Annu. Rev. Control. 45,
166-190 (2018).
4. Mastroeni, L., Vellucci, P. & Naldi, M. Agent-based models for opinion formation: A bibliographic survey. IEEE Access 7, 58836—
58848 (2019).
5. Flache, A. et al. Models of social influence: Towards the next frontiers. JASSS20 (2017).
6. Anderson, B. D, Dabbene, E, Proskurnikov, A. V., Ravazzi, C. & Ye, M. Dynamical networks of social influence: Modern trends
and perspectives. IFAC-PapersOnLine 53, 17616-17627 (2020).
7. Ravazzi, C., Dabbene, E, Lagoa, C. & Proskurnikov, A. V. Learning hidden influences in large-scale dynamical social networks: A
data-driven sparsity-based approach, in memory of roberto tempo. IEEE Control Syst. Mag. 41, 61-103 (2021).
8. Deffuant, G., Amblard, E, Weisbuch, G. & Faure, T. How can extremism prevail? A study based on the relative agreement interac-
tion model. JASSS 5, 1-26 (2002).
9. Hegselmann, R., & Krause, U. Opinion dynamics and bounded confidence models, analysis, and simulation. J. Artif. Soc. Soc.
Simul.5 (2002).
10. Kozitsin, I. V. A general framework to link theory and empirics in opinion formation models. Sci. Rep. 12, 5543 (2022).
11. Sznajd-Weron, K. & Sznajd, J. Opinion evolution in closed community. Int. J. Mod. Phys. C 11, 1157-1165. https://doi.org/10.1142/
$0129183100000936 (2000).
12. French, J. R. P.Jr. A formal theory of social power. Psychol. Rev. 63, 181-194 (1956).
13. DeGroot, M. H. Reaching a consensus. J. Am. Stat. Assoc. 69, 118-121 (1974).
14. Abelson, R. Mathematical models of the distribution of attitudes under controversy. In Fredericksen, N. & Gullicksen, H. (eds.)
Contributions to Mathematical Psychology (Holt, Rinehart & Winston, 1964).
15. Abelson, R. P. Mathematical models in social psychology. Adv. Exp. Soc. Psychol. 3, 1-54. https://doi.org/10.1016/S0065-2601(08)
60341-X (1967).
16. Liu, Q. & Wang, X. Opinion dynamics with similarity-based random neighbors. Sci. Rep. 3, 2968 (2013).
17. Ito, ]. & Kaneko, K. Spontaneous structure formation in a network of dynamic elements. Phys. Rev. E Stat. Phys. Plasmas Fluids
Relat. Interdiscip. Topics 67, 14. https://doi.org/10.1103/PhysRevE.67.046226 (2003).
18. Liu, C. & Zhang, Z.-K. Information spreading on dynamic social networks. Commun. Nonlinear Sci. Numer. Simul. 19, 896-904.
https://doi.org/10.1016/j.cnsns.2013.08.028 (2014).
19. Perra, N., Gongalves, B., Pastor-Satorras, R. & Vespignani, A. Activity driven modeling of time varying networks. Sci. Rep.https://
doi.org/10.1038/srep00469 (2012).
20. Altafini, C. Dynamics of opinion forming in structurally balanced social networks. PLoS ONE 7, €38135 (2012).
21. Parsegov, S., Proskurnikov, A., Tempo, R. & Friedkin, N. Novel multidimensional models of opinion dynamics in social networks.
IEEE Trans. Autom. Control 62, 2270-2285. https://doi.org/10.1109/TAC.2016.2613905 (2017).
22. Friedkin, N. E., Proskurnikov, A. V., Mei, W. & Bullo, FE. Mathematical structures in group decision-making on resource allocation
distributions. Sci. Rep. 9, 1-9 (2019).
23. Meng, D., Du, M. & Wu, Y. Extended structural balance theory and method for cooperative-antagonistic networks. IEEE Trans.
Autom. Control 65,2147-2154 (2020).
24. Meng, D, Du, M. & Jia, Y. Interval bipartite consensus of networked agents associated with signed digraphs. IEEE Trans. Autom.
Control 61, 3755-3770. https://doi.org/10.1109/TAC.2016.2528539 (2016).
25. Meng, D. Convergence analysis of directed signed networks via an m-matrix approach. Int. J. Control 91, 827-847 (2018).
26. He, G, Liu, J., Wu, Y. & Fang, J. On bipartite consensus of bounded confidence models for opinion dynamics. Int. J. Control Autom.
Syst. 18, 303-312 (2020).

Scientific Reports |

(2022) 12:13441 | https://doi.org/10.1038/s41598-022-17348-z nature portfolio


https://giuliagiordano.dii.unitn.it/docs/papers/Framework_to_Analyze_Opinion_Formation_Models-Code.zip
https://giuliagiordano.dii.unitn.it/docs/papers/Framework_to_Analyze_Opinion_Formation_Models-Code.zip
https://giuliagiordano.dii.unitn.it/docs/papers/Framework_to_Analyze_Opinion_Formation_Models-Code.zip
https://giuliagiordano.dii.unitn.it/docs/papers/Framework_to_Analyze_Opinion_Formation_Models-Code.zip
https://doi.org/10.1142/S0129183100000936
https://doi.org/10.1142/S0129183100000936
https://doi.org/10.1016/S0065-2601(08)60341-X
https://doi.org/10.1016/S0065-2601(08)60341-X
https://doi.org/10.1103/PhysRevE.67.046226
https://doi.org/10.1016/j.cnsns.2013.08.028
https://doi.org/10.1038/srep00469
https://doi.org/10.1038/srep00469
https://doi.org/10.1109/TAC.2016.2613905
https://doi.org/10.1109/TAC.2016.2528539

www.nature.com/scientificreports/

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.
40.

41.

42.

43.

44,

45.

46.

47.

48.

49.

50.

51.

52.

53.

62.

63.

64.

65.

Haerpfer, C. et al. World values survey: Round five - country-pooled datafile. Available at https://www.worldvaluessurvey.org/
WVSDocumentationWV5.jsp (2021/12/15) (2010).

Haerpfer, C. et al. World values survey: Round six - country-pooled datafile. Available at https://www.worldvaluessurvey.org/
WVSDocumentationWV6.jsp (2021/12/15) (2015).

Haerpfer, C. et al. World values survey: Round seven - country-pooled datafile. Available at https://www.worldvaluessurvey.org/
WVSDocumentationWV7.jsp (2021/12/15) (2020).

Sadeghi, H. & Raie, A.-A. Histogram distance metric learning for facial expression recognition. J. Vis. Commun. Image Represent.
62, 152-165. https://doi.org/10.1016/j.jvcir.2019.05.004 (2019).

Beumier, C., Idrissa, M. Building change detection by histogram classification. In 2011 Seventh International Conference on Signal
Image Technology & Internet-Based Systems, 409-415 (IEEE, 2011).

Mei, W., Bullo, E, Chen, G., Hendrickx, J. & Dorfler, E Rethinking the micro-foundation of opinion dynamics: Rich consequences
of the weighted-median mechanism, arXiv preprint arXiv:1909.06474 (2020).

Deftuant, G., Neau, D., Amblard, F. & Weisbuch, G. Mixing beliefs among interacting agents. Adv. Complex Syst. 03, 87-98. https://
doi.org/10.1142/50219525900000078 (2000).

Weisbuch, G. Bounded confidence and social networks. Eur. Phys. ]. B 38, 339-343. https://doi.org/10.1140/epjb/e2004-00126-9
(2004).

Weisbuch, G., Deffuant, G., Amblard, F. & Nadal, J.-P. Interacting agents and continuous opinions dynamics. In Heterogenous
Agents, Interactions and Economic Performance 225-242 (Springer, New York, 2003).

Deng, X., Deng, Y., Liu, Q,, Shi, L. & Wang, Z. Quantum games of opinion formation based on the marinatto-weber quantum game
scheme. EPL (Europhys. Lett.) 114, 50012. https://doi.org/10.1209/0295-5075/114/50012 (2016).

Cai, ], Song, X. & Lee, S.-Y. Bayesian analysis of nonlinear structural equation models with mixed continuous, ordered and unor-
dered categorical, and nonignorable missing data. Stat. Interface 1, 99-114. https://doi.org/10.4310/SI1.2008.v1.n1.a9 (2008).
Lee, S.-Y. & Tang, N.-S. Analysis of nonlinear structural equation models with nonignorable missing covariates and ordered
categorical data. Stat. Sin. 16, 1117-1141 (2006).

Kass, R. E. & Raftery, A. E. Bayes factors. J. Am. Stat. Assoc. 90, 773-795 (1995).

Joachimi, B., Kéhlinger, E, Handley, W. & Lemos, P. When tension is just a fluctuation - how noisy data affect model comparison.
A &A 647, L5. https://doi.org/10.1051/0004-6361/202039560 (2021).

Li, Y.-X., Kano, Y., Pan, J.-H. & Song, X.-Y. A criterion-based model comparison statistic for structural equation models with
heterogeneous data. J. Multivar. Anal. 112, 92-107 (2012).

Li, Y. & Ansari, A. A bayesian semiparametric approach for endogeneity and heterogeneity in choice models. Manag. Sci. 60,
1161-1179 (2014).

Watanabe, S., Opper, M. Asymptotic equivalence of bayes cross validation and widely applicable information criterion in singular
learning theory. J. Mach. Learn. Res.11 (2010).

Spiegelhalter, D., Best, N. G., Carlin, B. P. & van der Linde, A. Bayesian measures of model complexity and fit. Qual. Control Appl.
Stat. 48, 431-432 (2003).

Dadashova, B., Arenas-Ramirez, B., Mira-Mcwilliams, J., Gonzélez-Fernandez, C. & Aparicio-Izquierdo, E Simulation-based model
comparison methodology with application to road accident models. Commun. Stat. Simul. Comput. 46, 5340-5366. https://doi.
0rg/10.1080/03610918.2016.1152371 (2017).

Sabbagh, D., Ablin, P., Varoquaux, G., Gramfort, A. & Engemann, D. A. Predictive regression modeling with meg/eeg: From source
power to signals and cognitive states. Neuroimage 222, 116893. https://doi.org/10.1016/j.neuroimage.2020.116893 (2020).
Eisenberger, N., Lieberman, M. & Williams, K. Does rejection hurt? An fmri study of social exclusion. Science 302, 290-292.
https://doi.org/10.1126/science.1089134 (2003).

Asch, S. E. Effects of group pressure upon the modification and distortion of judgments. In Documents of Gestalt Psychology
222-236 (University of California Press, California, 1961).

Zhao, Y., Kou, G., Peng, Y. & Chen, Y. Understanding influence power of opinion leaders in e-commerce networks: An opinion
dynamics theory perspective. Inf. Sci. 426, 131-147. https://doi.org/10.1016/j.ins.2017.10.031 (2018).

Sobkowicz, P. Opinion dynamics model based on cognitive biases of complex agents. JASSShttps://doi.org/10.18564/jasss.3867
(2018).

Geschke, D., Lorenz, J. & Holtz, P. The triple-filter bubble: Using agent-based modelling to test a meta-theoretical framework for
the emergence of filter bubbles and echo chambers. Br. J. Soc. Psychol. 58, 129-149. https://doi.org/10.1111/bjso.12286 (2019).
Dandekar, P, Goel, A. & Lee, D. Biased assimilation, homophily, and the dynamics of polarization. Proc. Natl. Acad. Sci. U.S.A.
110, 5791-5796. https://doi.org/10.1073/pnas.1217220110 (2013).

Krawczyk, M., Malarz, K., Korff, R. & Kutakowski, K. Communication and trust in the bounded confidence model. Lecture Notes
in Computer Science (including subseries Lecture Notes in Artificial Intelligence and Lecture Notes in Bioinformatics) Vol. 6421 LNAI,
90-99. https://doi.org/10.1007/978-3-642-16693-8_10 (2010).

. Pan, Z. Trust, influence, and convergence of behavior in social networks. Math. Soc. Sci. 60, 69-78. https://doi.org/10.1016/j.maths

0csci.2010.03.007 (2010).

. Granovetter, M. S. The strength of weak ties. Am. J. Soc. 78, 1360-1380 (1973).
. Gravenotter, M. The strength of weak ties: A network theory revisted. Soc. Theory 1, 201-233 (1983).
. Graham, J. et al. Moral foundations theory: The pragmatic validity of moral pluralism. Adv. Exp. Soc. Psychol. 47, 55-130. https://

doi.org/10.1016/B978-0-12-407236-7.00002-4 (2013).

. Yin, X., Wang, H,, Yin, P. & Zhu, H. Agent-based opinion formation modeling in social network: A perspective of social psychol-

ogy. Phys. Stat. Mech. Appl.https://doi.org/10.1016/j.physa.2019.121786 (2019).

. Watson, J. Psychology as the behaviourist views it. Psychol. Rev. 20, 158-177. https://doi.org/10.1037/h0074428 (1913).
. Skinner, B. E. Two types of conditioned reflex and a pseudo type. . General Psychol. 12, 66-77 (1935).
. Nyhan, B. & Reifler, ]. When corrections fail: The persistence of political misperceptions. Polit. Behav. 32, 303-330. https://doi.

0rg/10.1007/s11109-010-9112-2 (2010).

Lewandowsky, S., Ecker, U, Seifert, C., Schwarz, N. & Cook, J. Misinformation and its correction: Continued influence and suc-
cessful debiasing. Psychol. Sci. Publ. Interest Suppl. 13, 106-131. https://doi.org/10.1177/1529100612451018 (2012).

Hovland, C. I, Janis, I. L. & Kelley, H. H. Communication and Persuasion; Psychological Studies of Opinion Change (Yale University
Press, New Haven, 1953).

Friedkin, N. E. & Johnsen, E. C. Social influence network theory: A sociological examination of small group dynamics Vol. 33 (Cam-
bridge University Press, Cambridge, 2011).

Friedkin, N. E. & Bullo, F. How truth wins in opinion dynamics along issue sequences. Proc. Natl. Acad. Sci. 114, 11380-11385
(2017).

. Friedkin, N. & Johnsen, E. Social influence networks and opinion change. Adv. Group Process.16 (1999).

. Sobkowicz, P. Whither now, opinion modelers? Front. Phys. 8 (2020).

. European values study. https://europeanvaluesstudy.eu (2022/06/14).

. Eurobarometer. https://europa.eu/eurobarometer/screen/home (2022/06/14).

. Watts, D. J. & Strogatz, S. H. Collective dynamics of small-world networks. Nature 393, 440-442 (1998).

. Altafini, C. Consensus problems on networks with antagonistic interactions. IEEE Trans. Autom. Control 58, 935-946 (2013).

Scientific Reports |

(2022) 12:13441 | https://doi.org/10.1038/s41598-022-17348-z nature portfolio


https://www.worldvaluessurvey.org/WVSDocumentationWV5.jsp
https://www.worldvaluessurvey.org/WVSDocumentationWV5.jsp
https://www.worldvaluessurvey.org/WVSDocumentationWV6.jsp
https://www.worldvaluessurvey.org/WVSDocumentationWV6.jsp
https://www.worldvaluessurvey.org/WVSDocumentationWV7.jsp
https://www.worldvaluessurvey.org/WVSDocumentationWV7.jsp
https://doi.org/10.1016/j.jvcir.2019.05.004
http://arxiv.org/abs/1909.06474
https://doi.org/10.1142/S0219525900000078
https://doi.org/10.1142/S0219525900000078
https://doi.org/10.1140/epjb/e2004-00126-9
https://doi.org/10.1209/0295-5075/114/50012
https://doi.org/10.4310/SII.2008.v1.n1.a9
https://doi.org/10.1051/0004-6361/202039560
https://doi.org/10.1080/03610918.2016.1152371
https://doi.org/10.1080/03610918.2016.1152371
https://doi.org/10.1016/j.neuroimage.2020.116893
https://doi.org/10.1126/science.1089134
https://doi.org/10.1016/j.ins.2017.10.031
https://doi.org/10.18564/jasss.3867
https://doi.org/10.1111/bjso.12286
https://doi.org/10.1073/pnas.1217220110
https://doi.org/10.1007/978-3-642-16693-8_10
https://doi.org/10.1016/j.mathsocsci.2010.03.007
https://doi.org/10.1016/j.mathsocsci.2010.03.007
https://doi.org/10.1016/B978-0-12-407236-7.00002-4
https://doi.org/10.1016/B978-0-12-407236-7.00002-4
https://doi.org/10.1016/j.physa.2019.121786
https://doi.org/10.1037/h0074428
https://doi.org/10.1007/s11109-010-9112-2
https://doi.org/10.1007/s11109-010-9112-2
https://doi.org/10.1177/1529100612451018
https://europeanvaluesstudy.eu
https://europa.eu/eurobarometer/screen/home

www.nature.com/scientificreports/

72. Antonopoulos, C. G. & Shang, Y. Opinion formation in multiplex networks with general initial distributions. Sci. Rep. 8, 2852
(2018).

73. Schawe, H. & Herndndez, L. Collective effects of the cost of opinion change. Sci. Rep. 10, 13825 (2020).

74. Kuperman, M. & Zanette, D. Stochastic resonance in a model of opinion formation on small-world networks. Eur. Phys. J. B-Con-
dens. Matter Complex Syst. 26, 387-391 (2002).

75. Jiang, L.-L., Hua, D.-Y,, Zhu, J.-F, Wang, B.-H. & Zhou, T. Opinion dynamics on directed small-world networks. Eur. Phys. J. B
65, 251-255 (2008).

76. Gandica, Y., del Castillo-Mussot, M., Vazquez, G. J. & Rojas, S. Continuous opinion model in small-world directed networks. Phys.
A 389, 5864-5870 (2010).

Acknowledgements
The work of C.A.D. was supported by the Delft Technology Fellowship grant awarded to G.G.

Author contributions
C.A.D. and G.G. designed the research, C.A.D. performed the research and analyzed data, G.G. supervised the
research, C.A.D. and G.G. wrote the paper.

Competing interests
The authors declare no competing interests.

Additional information
Supplementary Information The online version contains supplementary material available at https://doi.org/
10.1038/541598-022-17348-z.

Correspondence and requests for materials should be addressed to C.A.D.
Reprints and permissions information is available at www.nature.com/reprints.

Publisher’s note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International

License, which permits use, sharing, adaptation, distribution and reproduction in any medium or
format, as long as you give appropriate credit to the original author(s) and the source, provide a link to the
Creative Commons licence, and indicate if changes were made. The images or other third party material in this
article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the
material. If material is not included in the article’s Creative Commons licence and your intended use is not
permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from
the copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

© The Author(s) 2022

Scientific Reports |

(2022) 12:13441 | https://doi.org/10.1038/s41598-022-17348-z nature portfolio


https://doi.org/10.1038/s41598-022-17348-z
https://doi.org/10.1038/s41598-022-17348-z
www.nature.com/reprints
http://creativecommons.org/licenses/by/4.0/

	A framework to analyze opinion formation models
	Results
	Opinion distribution classification. 
	Model predictions versus real opinions: a framework for systematic comparison. 
	Real transition tables highlight features of opinion evolution. 
	Predicted transition tables and model comparison. 

	Discussion
	Methods
	Graphs and opinions. 
	Opinion formation models. 
	French-DeGroot model2,12,13. 
	Weighted-Median model32. 
	Bounded confidence model9. 
	Quantum game model36. 


	References
	Acknowledgements


