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a b s t r a c t

Background: Mumps, an infectious viral disease, classically manifested by inflammation of
salivary glands and is best known as a common childhood viral disease with no specific
treatment. Although it can be protected by vaccine, there are more than 100,000 reported
mumps cases according to the Chinese Center for Disease Control and Prevention. How-
ever, the factors and mechanisms behind the persistence and prevalence of mumps have
not been well understood.
Methods: A mumps model with seasonal fluctuation is formulated and investigated. We
evaluate the basic reproduction number ℛ0 and analyze the dynamical behavior of the
model. We also use the model to simulate the monthly data of mumps cases and carry out
some sensitivity analysis of ℛ0 in terms of various model parameters.
Results: It is shown that there exists only disease-free solution which is globally asymp-
totically stable if ℛ0 < 1, and there exists a positive periodic solution if ℛ0 > 1. ℛ0 is a
threshold parameter, and its magnitude determines the extinction or persistence of the
disease.
Conclusion: Our analysis shows that vaccination rate and invalid vaccination rate play
important roles in the spread of mumps. Hence, Our study suggests to increase the vaccine
coverage and make two doses of MMR (Measles, mumps and rubella vaccine) vaccine
freely available in China.
© 2016 KeAi Communications Co., Ltd. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/

by-nc-nd/4.0/).
1. Background

Mumps, also known as epidemic parotitis, is a viral disease caused by the mumps virus, classically manifested by
inflammation of salivary glands and fever (Ennis & Jackson, 1968; Latner & Hickman, 2015). This disease is best known as a
common childhood viral disease (Richardson, Elliman, Maguire, Simpson, & Nicoll, 2001). Initial signs and symptoms often
include fever, muscle pain, headache, and feeling tired, and there is no specific treatment (Mühlemann, 2004). It is usually
followed by painful swelling of one or both parotid glands (Wharton, Chaudhry, & French, 2006). Symptoms in adults are
often more severe than in children. Aseptic, meningitis, encephalitis, orchitis and oophoritis are common complications of
mumps, which can arise in adult men and women (Latner & Hickman, 2015). About a third of people have mild or no
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symptoms (Unal et al., 1998). Complications may include infections of the covering of the brain (15 percent), pancreatitis (4
percent), permanent deafness, and painful testicular swelling which uncommonly results in infertility (Hviid, Rubin, &
Mühlemann, 2008).

In general, many infectious diseases fluctuate over time and show seasonal patterns in the incident rate, such as measles,
whooping cough, polio, influenza, chickenpox, mumps, etc (Bjfrnstad, Finkenst€adt,&Grenfell, 2002; Dowell, 2001; London&
Yorke,1973). We consider the periodic transmission attribute to the following three facts (Ma&Ma, 2006): (1) Inwinter most
children stay at home because the cold weather and while in summer and fall, people especially children have more frequent
outdoor activities which increase chances of contact. (ii) Meanwhile, in summer thewarm climate contribute to the growth of
virus and the spread of disease. (iii) From April to June children usually go to school and study together, and during July and
August most schools are closed for summer vacation thus many children play together without supervision of their parents.
All these cause the disease spread easily and form a seasonal pattern. Mumps is highly contagious and spreads rapidly among
people living in close quarters. The virus is transmitted by respiratory droplets or direct contact with an infected person
(Gupta, Best,&Macmahon, 2005). Only humans get and spread the disease. A person infectedwithmumps is contagious from
approximately seven days before the onset of symptoms until about eight days after symptoms start. The incubation period
can be 12e26 days, but is typically 16e18 days. 20e40 percent of persons infected with the mumps virus do not show
symptoms, so it is possible to be infected and spread the virus without knowing it (Kutty et al., 2010). After an infection a
person is typically immune for life. Reinfection is possible but tends to be mild (Senanayake, 2008). Larger outbreaks of
disease would typically occur every two to five years. Children between the ages of five and nine were most commonly
affected. Among immunized population often those in their early 20s are affected. Around the equator it often occurs all year
round while in the more northerly and southerly regions of the world it is more common in the winter and spring (Wharton
et al., 2006). About one per ten thousand people who are infected die.

The most common preventative measure against mumps is a vaccination with 2 doses of the mumps vaccine, invented by
American microbiologist Maurice Hilleman at Merck (Buynak, Weibel, Whitman, Stokes, & Hilleman, 1969). Before the
introduction of a vaccine, mumps was a common childhood disease worldwide. Widespread vaccination has resulted in a
more than 90 percent decline in rates of disease. Most of the developed world includes it in their immunization programs,
often in combination with measles and rubella vaccine (MMR). Hospitalization may be required if meningitis or pancreatitis
develops (Gupta et al., 2005; Senanayake, 2008). The vaccine may be given separately or as part of the MMR immunization
vaccine that also protects against measles and rubella. In the US, MMR is now being supplanted by MMRV, which adds
protection against chickenpox (varicella, HHV3). The WHO (World Health Organization) recommends the use of mumps
vaccines in all countries with well-functioning childhood vaccination programmes. In the United Kingdom it is routinely
given to children at age 13 months with a booster at 3e5 years (preschool). This confers lifelong immunity. The American
Academy of Pediatrics recommends the routine administration of MMR vaccine at ages 12e15 months and at 4e6 years
(Center for Disease Control and Prevention, 2012). In some locations, the vaccine is given again between four and six years of
age, or between 11 and 12 years of age if not previously given. The efficacy of the vaccine depends on the strain of the vaccine,
but is usually around 80 percent (Schlegel, Osterwalder, Galeazzi, & Vernazza, 1999). Because of the outbreaks within college
and university settings, many governments have established vaccination programs to prevent large-scale outbreaks. In
Canada, provincial governments and the Public Health Agency of Canada have all participated in awareness campaigns to
encourage students ranging from grade one to college and university to get vaccinated.

Not only did it greatly reduce the incidence of mumps but also decreased significantly in patients with encephalitis and
meningitis. Mumps vaccination is almost universally used in developed countries nowadays (Guy et al., 2004; Latner &
Hickman, 2015). In Beijing, starting from 2000, under the disease immunization program: with Children should get 2
doses of MMR vaccine, a year and a half after the first immunization, the children need to be vaccinated at the age of 6 (Beijing
vaccine). But for most of the cities and provinces in China, according to the National Immunization Program by Chinese Center
for Disease Control and Prevention (National Immunization Program Chinese Center for Disease Control and Prevention),
children just get vaccinated one dose. We also note that there have been outbreaks in vaccinated populations. An outbreak of
mumps occurred unexpectedly in May 2005 in Nova Scotia, Canada, followed later by an outbreak in Quebec, Canada
(Watson-Creed et al., 2006), and in September 2005, by an outbreak in Iowa (Centers for Disease Control and Prevention,
2006). In 2006 the United States experienced the largest nationwide mumps epidemic in 20 years (Barskey, Glasser,
Lebaron, & Charles, 2009).

The organization of this paper is as follows. In the next section, an epidemic model for mumps with seasonal fluctuation is
proposed to understand the infectious dynamics. Then we study the global asymptotic stability of the disease-free equilib-
rium and the existence of positive periodic solutions. Simulations of the model and sensitivity analysis of the basic repro-
duction number are performed in Section 3.We end this article withmodel-based suggestion of intervention improvement to
control the mumps.
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2. Methods

2.1. Model formulation

We divide the population into seven compartments according to their states: susceptible, vaccinated, exposed, mild in-
fectious, severe infectious, hospitalized and recovered, which are denoted by S(t), V(t), E(t), I(t), L(t), H(t) and R(t), respectively,
and we denote the total number of the population by N(t), that is N(t) ¼ S(t) þ V(t) þ E(t) þ I(t) þ L(t) þ H(t) þ R(t). Assuming
that the birth numbers of humans per month are constant. One dose of vaccination is often applied to susceptible individuals.
Susceptible individuals who are infected firstly enter into the latent period, duringwhich they do not show symptoms and can
not infect others. After about 12e26 days, these people become the infectious. The infectious people are classified into mild
infectious I(t) and severe infectious L(t), who have different symptoms. Mild infectious will mostly recover, but there are still
some patients whowill become severely ill patient and in need of treatment. And we assume that the recovered have lifelong
immunity. The transmission dynamics associated with these subpopulations are illustrated in Fig. 1.

In this paper, the periodic incidence b1(t)S(I þ L)/N and b2(t)V(I þ L)/N are applied, an infectious individual can contact a
finite number of persons in one time unit in a large population. The transmission rate between S(t), I(t) and L(t) is b1(t), and the
transmission rate between V(t), I(t) and L(t) is b2(t). Many epidemiological models (Ma & Ma, 2006; Moneim & Grennhalgh,
2005; White et al., 2007; Zhang, Jin, Sun, & Ruan, 2012) were simulated by using sinusoidal function of period one year
b(t) ¼ b0 þ b(sin(ut þ 4)) for the seasonal varying transmission rate. In this model, we use the periodic functions
b1(t)¼ a1þ (1þ b1sin(pt/Tþc1)) and b2(t)¼ a2þ (1þb2sin(pt/Tþc2)) with period 2T as the transmission rates. Here a1, b1, c1, a2,
b2 and c2 are positive constants, where a1 and a2 are the baseline contact rates and b1 and b2 are the magnitudes of forcing,
which can be determined by the least-square fitting in Section 3.

Following the schematic diagramwe use a system of ordinary differential equations to model the transmission of mumps:8>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

dSðtÞ
dt

¼ L� b1ðtÞSðtÞðIðtÞ þ LðtÞÞ
NðtÞ þ lVðtÞ � ðεþ mÞSðtÞ;

dVðtÞ
dt

¼ εSðtÞ � lVðtÞ � kb2ðtÞVðtÞðIðtÞ þ LðtÞÞ
NðtÞ � mVðtÞ;

dEðtÞ
dt

¼ b1ðtÞSðtÞðIðtÞ þ LðtÞÞ
NðtÞ þ kb2ðtÞVðtÞðIðtÞ þ LðtÞÞ

NðtÞ � ðaþ mÞEðtÞ;

dIðtÞ
dt

¼ arEðtÞ � ðd1 þ hÞIðtÞ � mIðtÞ;

dLðtÞ
dt

¼ að1� rÞEðtÞ þ hIðtÞ � ðsþ d2 þ mÞLðtÞ;

dHðtÞ
dt

¼ d2LðtÞ � ðgþ mÞHðtÞ;

dRðtÞ
dt

¼ d1IðtÞ þ sLðtÞ þ gHðtÞ � mRðtÞ:

(2.1)

where all parameters are positive, the interpretations and values of parameters are described in Table 1 with the range of the
parameters suggested from relevant literatures, where b1(t) ¼ a1 þ (1 þ b1sin(pt/Tþc1)) and b2(t) ¼ a2 þ (1þb2sin(pt/Tþc2)).
2.2. Global stability of the disease-free equilibrium

In this section, we investigate the global stability of disease-free equilibrium and the existence of the positive periodic
solution of model (2.1). It is easy to see that model (2.1) always has one disease-free equilibrium. Notice that from the
equations in model (2.1), we have
Fig. 1. Flow chart of compartments of mumps model.



Table 1
Descriptions and values of parameters in model (2.1).

Para. Value Unit Interpretation Source

L2[60,600] 53.8055 month�1 million Human birth population Fitting
l2[0.0001,1] 0.0935 month�1 Loss of vaccination rate Fitting
ε2[0.0001,2] 0.5082 month�1 Vaccination rate Fitting
k2[0.0001,0.1] 0.0529 none Invalid vaccination rate Fitting
a2[0.0001,2] 1.9856 month�1 Rate moving from E Fitting
g2[0.0001,3] 0.3710 month�1 Recovery rate Fitting
r2[0.0001,1] 0.3020 none Proportion of the infectious I and L Fitting
s2[0.0001,30] 2.3910 month�1 Rate moving from L Fitting
d12[0.0001,30] 1.0200 month�1 Rate moving from I Fitting
d22[0.0001,30] 0.0003 month�1 Hospitalization rate Fitting
h2[0.0001,30] 1.8595 month�1 Deterioration rate Fitting
T2[0.0001,6] 3.0428 month The outbreak period Fitting
a12[0.0001,30] 10.9688 none The baseline contact rate Fitting
a22[0.0001,30] 274.6218 none The baseline contact rate Fitting
b12[�1,1] 0.9182 none The magnitude of forcing Fitting
b22[�1,1] 0.8319 none The magnitude of forcing Fitting
c12[0.0001,50] 5.1630 none Level fluctuations constant Fitting
c22[0.0001,50] 19.1097 none Level fluctuations constant Fitting
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dN
dT

¼ L� mN: (2.2)

�� � �

Therefore X ¼ S;V ; E; I; L;H;RÞ���S;V ; E; I; L;H;R � 0;0< Sþ V þ E þ I þ Lþ H þ R � L

m is the feasible region for model

(2.1). It can be easily shown that the region X is positively invariant with respect to system (2.1). It is easy to see that system (1)

has one disease-free equilibrium P0 ¼ ðbS; bV ;0;0;0;0;0Þ, where bS ¼ ðmþlÞL
mðmþlþεÞ;

bV ¼ εL
mðmþlþεÞ.

We can evaluate the basic reproduction number ℛ0 for system (2.1) following the definition of Bacaer and Guernaoui
(Bacaer & Guernaoui, 2006) and the general calculation procedure in Wang and Zhao (Wang & Zhao, 2008), and the basic
reproduction number ℛ0 stands for the number of infected during the initial patient's infectious (not sick) period.

Theorem 2.1. The disease-free equilibrium P0 is globally asymptotically stable when ℛ0 < 1.

Proof. If ℛ0 < 1. P0 is locally asymptotically stable by Theorem 2.2 in Wang and Zhao (Wang & Zhao, 2008). To show the
solution is globally stable, we need to show that P0 is globally attractive. Clearly, S(t)� N(t), V(t)� N(t), for all t� 0. Then from
system (2.1), we have8>>>>>>>>>>>><

>>>>>>>>>>>>:

dE
dt

� �
bðtÞ1 þ kb2ðtÞ

�ðI þ LÞ � ðaþ mÞE;

dIðtÞ
dt

¼ arE � ðd1 þ hÞ � mI;

dLðtÞ
dt

¼ að1� rÞE þ hI � ðsþ d2 þ mÞL;

dHðtÞ
dt

¼ d2L� ðgþ mÞH:

(2.3)
Consider the following comparison system

dh
dt

¼ ðFðtÞ � VðtÞÞhðtÞ;hðtÞ ¼ ðEðtÞ; IðtÞ; LðtÞ;HðtÞÞT : (2.4)
Applying Theorem 2.2 in Wang and Zhao (Wang & Zhao, 2008), we know that ℛ0 < 1 if and only if r(FF�V(u)) < 1. By

Lemma 2.1 in Zhang and Zhao (Zhang& Zhao, 2007), it follows that there exists a positive u� periodic function bhðtÞ such that

hðtÞ ¼ eptbhðtÞ is a solution of system (2.4), where p ¼ 1
u lnrðFF�V ðuÞÞ. We know when ℛ0 < 1, rðFF�V ðuÞÞ<1. Therefore, we

have h(t) / 0 as t / ∞. Which implies that the zero solution of system (2.3) is globally asymptotically stable. Applying the
comparison principle, we know that for system (2.1), E(t) / 0, I(t) / 0, L(t) / 0, and H(t) / 0 as t / ∞. By the theory of

asymptotic autonomous systems, it is also known that SðtÞ/bS as t / ∞. So P0 is globally attractive when ℛ0 < 1. It follows
that P0 globally asymptotically stable when ℛ0 < 1.
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2.3. Existence of positive periodic solutions

Define X0: ¼ {(S,V,E,I,L,H,R)2X:E > 0,I > 0} and vX0 ¼ XyX0. Denote by u(t,x0) the unique solution of system (2.1) with the
initial value x0 ¼ (S(0),V(0),E(0),I(0),L(0),H(0),R(0)). Let X / X be the Poincar�e map associated with system (2.1), i.e.,

Pðx0Þ ¼ uðu; x0Þ;cx02X;

where u is the period. Applying the fundamental existence-uniqueness theorem (Perko, 2000), we know that u(t,x0) is the
unique solution of system (2.1) with u(0,x0) ¼ x0. We notice that X is positively invariant and P is point dissipative.

Lemma 2.2. When ℛ0 > 1, then there exists a d > 0 such that when

jjðSð0Þ;Vð0Þ; Eð0Þ; Ið0Þ; Lð0Þ;Hð0Þ;Rð0ÞÞ � P0jj � d;

for any (S(0), V(0), E(0), I(0), L(0), H(0), R(0))2X0, we have

limsup d
m/∞

½PmðSð0Þ;Vð0Þ; Eð0Þ; Ið0Þ; Lð0Þ;Hð0Þ;Rð0ÞÞ; P0� � d;

where P0 ¼ ðbS; bV ;0;0;0;0;0Þ.
Proof. If ℛ0 > 1, we obtain rðFF�V ðuÞÞ>1 by Theorem 2.2 in Wang and Zhao (Wang & Zhao, 2008). Choose u > 0 small

enough such that r(FF�V�Mε(u)) > 1, where

Mε ¼

0
BB@

0 ε ε 0
0 0 0 0
0 0 0 0
0 0 0 0

1
CCA: (2.5)
Now we proceed by contradiction to prove that

limsup d
m/∞

½PmðSð0Þ;Vð0Þ; Eð0Þ; Ið0Þ; Lð0Þ;Hð0Þ;Rð0ÞÞ; P0� � d;
If not, then

lim sup d
m/∞

½PmðSð0Þ;Vð0Þ; Eð0Þ; Ið0Þ; Lð0Þ;Hð0Þ;Rð0ÞÞ; P0�< d;

for some (S(0), V(0), E(0), I(0), L(0), H(0), R(0))2X0. Without loss of generality, we assume that d(Pm(S(0), V(0), E(0), I(0), L(0),

H(0), R(0)), P0) < d for all m � 0. By the continuity of the solutions with respect to the initial values, we obtain

k uðt; PmðSð0Þ;Vð0Þ; Eð0Þ; Ið0Þ; Lð0Þ;Hð0Þ;Rð0ÞÞ � uðt; P0Þ k� ε;cm � 0;ct12½0;u�:
� 	
For any t� 0 let t¼muþ t1 where t12[0,u] andm ¼ t
u , which is the greatest integer less than or equal to t

u. Thenwe have

k uðt; PmðSð0Þ;Vð0Þ; Eð0Þ; Ið0Þ; Lð0Þ;Hð0Þ;Rð0ÞÞÞ � uðt; P0Þ k
¼k uðt1; PmðSð0Þ;Vð0Þ; Eð0Þ; Ið0Þ; Lð0Þ;Hð0Þ;Rð0ÞÞÞ � uðt; P0Þ k� ε

(2.6)

for any t � 0, which implies that bS � ε � SðtÞ � bS þ ε; bV � ε � VðtÞ � bV þ ε; t � 0. Then for

jjðSð0Þ;Vð0Þ; Eð0Þ; Ið0Þ; Lð0Þ;Hð0Þ;Rð0ÞÞ � P0jj � d, we have

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

dE
dt

�
b1ðtÞ


bS � ε

�
ðI þ LÞ

N
þ
kb2ðtÞ


bV � ε

�
ðI þ LÞ

N
� ðaþ mÞE;

dI
dt

¼ arE � ðd1 þ hÞI � mI;

dL
dt

¼ að1� rÞE þ hI � ðsþ d2 þ mÞL;

dH
dt

¼ d2L� ðgþ mÞH:

(2.7)
Next we consider the linear system
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8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

dE
dt

¼
b1ðtÞ


bS � ε

�
ðI þ LÞ

N
þ
kb2ðtÞ


bV � ε

�
ðI þ LÞ

N
� ðaþ mÞE;

dI
dt

¼ arE � ðd1 þ hÞI � mI;

dL
dt

¼ að1� rÞE þ hI � ðsþ d2 þ mÞL;

dH
dt

¼ d2L� ðgþ mÞH:

(2.8)
Once again by Lemma 2.1 in Zhang and Zhao (Zhang & Zhao, 2007), we conclude that there exists a positive u� periodic
function bgðtÞ such that gðtÞ ¼ eptbgðtÞ is a solution of system (2.8), where p ¼ 1

u lnrðFF�V�M
ε

ðuÞÞ. Because rðFF�V�M
ε

ðuÞÞ>1,
when g(0) > 0, g(t) / ∞ as t / ∞. Applying the comparison principle (Smith and Waltman (Smith & Waltman, 1995)), we
know that when E(0) > 0, I(0) > 0, L(0) > 0 and H(0) > 0, E(t) / ∞, I(t) / ∞, L(t) / ∞ and H(t) / ∞ as t / ∞.

Theorem 2.3. System (2.1) has at least one positive periodic solution.

Proof. We first prove that fPmgm�0 is uniformly persistent with respect to ðX0; vX0Þ. It is easy to show that X0 is positively
invariant. Clearly, vX0 is relatively closed in X. Set

Mv ¼ fðSð0Þ;Vð0Þ; Eð0Þ; Ið0Þ; Lð0Þ;Hð0Þ;Rð0ÞÞ2vX0 :
PmðSð0Þ;Vð0Þ; Eð0Þ; Ið0Þ; Lð0Þ;Hð0Þ;Rð0ÞÞ2vX0;cm � 0g:
It is easy to show that

Mv ¼ fðS;V ;0;0;0;0;0Þ2X : S � 0;V � 0g: (2.9)
Note that

fðS;V ;0;0;0;0;0Þ2X : S � 0;V � 0g4Mv: (2.10)
We only need to prove that

Mv4fðS;V ;0;0;0; 0;0Þ2X : S � 0;V � 0g: (2.11)
That is, for any (S(0), V(0), E(0), I(0), L(0),H(0), R(0))2vX0, we have E(mu)¼ I(mu)¼ 0,cm� 0. If there exists anm1�0 such
that (E(m1u), I(m1u))T>0. By replacing the initial time 0 with m1u and S(t) > 0, V(t) > 0. Analogously, we have (E(t),I(t))T>0,
ct > m1u. Thus, we have

ðSðtÞ;VðtÞ; EðtÞ; IðtÞ; LðtÞ;HðtÞ;RðtÞÞ2X0;ct >m1u; (2.12)
which contradicts that (S(0), V(0), E(0), I(0), L(0), H(0), R(0))2vX0 that requires

PmðSð0Þ;Vð0Þ; Eð0Þ; Ið0Þ; Lð0Þ;Hð0Þ;Rð0ÞÞ2vX0;cm � 0: (2.13)
So, the equality (2.9) holds, which implies that P0 is the only fixed point of P and acyclic in vX0. Moreover, Lemma 2.4

implies that P0 ¼ ðbS; bV ;0;0;0;0;0Þ is an isolated invariant set in X and WSðP0Þ∩X0 ¼ ∅. By the acclivity theorem on uniform
persistence for maps (Theorem 1.3.1 and Remark 1.3.1 in Zhao (Zhao, 2003)), it follows that P is uniformly persistent with
respect to (X0,vX0). Now Theorem 1.3.6 in Zhao (Zhao, 2003) implies that P has a fixed point

ðS�ð0Þ;V�ð0Þ; E�ð0Þ; I�ð0Þ; L�ð0Þ;H�ð0Þ;R�ð0ÞÞ2X0: (2.14)
From the first equation of system (2.1) we have
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S*ðtÞ ¼ e
�
Z t

0
ðεþ mþ aðs1ÞÞds1

2
6666664S

*ð0Þ þ
Z t

0
ðLþ lVðs2ÞÞe

Z s2

0
ðεþ mþ aðs1ÞÞds1

ds2

3
7777775

¼ e
�
Z t

0
ðεþ mþ aðs1ÞÞds1 Z t

0
ðLþ lVðs2ÞÞe

Z s2

0
ðεþ mþ aðs1ÞÞds1

ds2

>0;ct > ½0;u�:

(2.15)
The periodicity of S*(t) implies S*(t) > 0 for all t > 0: Following the processes of the proof, we have V*(0) > 0, E*(0) > 0,
I*(0) > 0, L*(0) > 0, H*(0) > 0, R*(0) > 0, for all t � 0. Therefore,

ðS�ðtÞ;V�ðtÞ; E�ðtÞ; I�ðtÞ; L�ðtÞ;H�ðtÞ;R�ðtÞÞ

is a positive u� periodic solution of system (2.1).

3. Simulations and sensitivity analysis

In this section, we first use model (2.1) to simulate the reported mumps data of China from January 2013 to December
2015, predict the trend of the disease and seek some control and prevention measures. The data given in Table 2, are obtained
mainly from epidemiologic bulletins published by the China's CDC (Chinese Center for Disease). Assume that the natural
death follows a uniform distribution, then natural death rate is calculated as m¼ 1/(74.83� 12)¼ 0.0011, since life expectancy
is 74.83 years old in China (National Bureau of Statistics of China). Then, we have to estimate the other 18 parameters and 7
initial values through calculating the minimum sum of chi-square

JðqÞ ¼
X
i¼1

36


HðtiÞ � bHðtiÞ

�2
bHðtiÞ

;

with the MATLAB (the Mathworks, Inc.) tool lsqnonlin that is a part of optimization toolbox. This method is similar to Zhang's
(Zhang, Zhao, & Neumann, 2010).

We use system (2.1) to conduct the data fitting to the number of hospitalized, as shown in Fig. 2 and the numerical results
are found to be a goodmatch with the data of mumps in China from 2013 to 2015. The optimal values of parameters are listed
in Table 1, and the corresponding initial values are shown in the figure caption of Fig. 2. The values of parameters listed in
Table 1 are consistent in the reality. For example, invalid vaccination rate (k) is 0.0529, the incubation period (1/a) are 17.7521
days (i.e. 0.5036 month), the period of mumps (2T) are 6.0856 months, there are 30.20% infectious (r) are mild and there are
69.80% infectious (1� r) are severe. By using the parameters valuewe calculateℛ0z 6.5428 under the current circumstances
in China. From Fig. 3, we can see that whenℛ0 < 1, the number of hospitalized mumps cases H(t) tends to 0. On the contrary,
when ℛ0 > 1, H(t) tends to a stable periodic solution. This shows that the mumps in China will persist for a long time ac-
cording to the current situation. When studying the transmission dynamics of periodic epidemic models, some researchers
use the average basic reproduction number ℛ0, namely the basic reproduction number of the time-averaged autonomous
system of the periodic epidemic model over a time (Greenhalgh &Moneim, 2003; Ma &Ma, 2006; Moneim, 2007; Wesley &
Allen, 2009; Williams & Dye, 1997). We also calculate the average basic reproduction number
Table 2
Monthly new reported mumps cases from China's CDC.

Month 2013 2014 2015

January 37,565 14,872 14,289
February 23,051 9259 9517
March 24,099 13,658 10,942
April 37,748 18,570 16,371
May 45,354 23,947 20,462
June 43,512 23,874 23,606
July 35,854 20,009 20,267
August 19,596 13,215 13,517
September 14,825 12,518 12,767
October 14,766 12,397 12,675
November 17,547 13,065 13,917
December 18,432 14,085 15,965



0 5 10 15 20 25 30 35
0

1

2

3

4

5
x 104

t(month)
H(

t)

The actual data
The simulative data

Fig. 2. The comparison between the reported mumps cases in China from January 2013 to December 2015 and the simulation of our model. The solid curve
represents the monthly data reported by China's CDC while the dashed curve is simulated by using our model. The values of parameters are given in Table 1. The
initial values used in the simulations were S(0) ¼ 3.7021 � 108, V(0) ¼ 4.6947 � 104, E(0) ¼ 5.5003 � 104, I(0) ¼ 1.2245 � 105, L(0) ¼ 7.2075 � 104,
H(0) ¼ 3.7410 � 104 and R(0) ¼ 4.0217 � 106.
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Fig. 3. The tendency of the mumps cases H(t) in a long time with different values of ℛ0. Choosing the initial values from the figure caption of Fig. 2. When
b1(t) ¼ a1 þ (1þb1sin(c1þpt/T)) and b2(t) ¼ a2 þ (1þb2sin(8.0084þpt/T)), and the values of other parameters in Table 1 do not change, ℛ0 ¼ 0.9992 (see lower
curve). And the values of parameters from Table 1, and ℛ0 ¼ 6.5428 (see upper curve).
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ℛ0 ¼
a


b1ðlþ mÞ þ b2kε

�
ðεþ lþ mÞðaþ mÞðd1 þ hþ mÞ$

�
rhþ ðd1 þ hþ mÞð1� rÞ

d2 þ sþ m
þ r

�
;

where
b1 ¼ 1
2T

Z2T
0

b1ðtÞdt; b2 ¼ 1
2T

Z2T
0

b2ðtÞdt:
Using the parameter values in Table 1, we haveℛ0 ¼ 6:6737, which is larger thanℛ0. Though sometimes the average basic
reproduction numberℛ0 may overestimate or underestimate infections risks. Butℛ0 can also reflect the risk to some extent.
From 1960 to 1980, the basic reproduction number of mumps in Netherlands, England and Wales was 11e14. In 1943, in
Baltimore of USA, the basic reproduction number of mumps was 7e8, and the basic reproduction number of mumps is little
smaller in China (Anderson & May 1991).

Next we discover the influence of initial values S(0), V(0), E(0), I(0), L(0), H(0) and R(0) on the number of hospitalized
mumps cases H(t). From Fig. 4(a), we can see that the initial value S(0) has a short-term strong influence on H(t) and other
initial conditions have little or almost no effect. It implies that decreasing or increasing the number of initial values is
insignificant factor for the prevalence and persistence of mumps in China.

By decreasing the seasonal varying transmission rates b1(t) and b2(t) to sufficient scales, mumps can be effectively
controlled (see Fig. 3). Our simulations also indicate that by changing other parameters, except b1(t) and b2(t),ℛ0 can't be less
than 1. And if ε and k change together can educeℛ0 to be less than 1 (see Fig. 5). Finally, we perform some sensitivity analyses
to determine the influence of parameters ε and k on ℛ0. This analysis indicates that mumps in China can be eradicated by
increasing vaccination rate and decreasing invalid vaccination rate simultaneously. This is contrast to the observation that the
mumps has never been controlled by the single dose of mumps vaccine (MMR) from National Immunization Programmes in
China in recent years.



Fig. 4. Simulations of mumps cases H(t) with different values of S(0), V(0), E(0), I(0), L(0), H(0) and R(0) in China.
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Fig. 5. The graph of ℛ0 in terms of k and ε. Other parameter values in Table 1 do not change.
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The WHO, the American Academy of Pediatrics, the Advisory Committee on Immunization Practices of the Centers for
Disease Control and Prevention, the American Academy of Family Physicians, the British Medical Association and the Royal
Pharmaceutical Society of Great Britain currently recommend routine vaccination of children against mumps. The British
Medical Association and Royal Pharmaceutical Society of Great Britain had previously recommended against general mumps
vaccination, changing that recommendation in 1987. The mumps vaccine was introduced into the United States in December
1967: since its introduction there has been a steady decrease in the incidence of mumps and mumps virus infection. There
were 151,209 cases of mumps reported in 1968. From 2001 to 2008, the case average was only 265 per year, excluding an
outbreak of less than 6000 cases in 2006 attributed largely to university contagion in young adults (McNabb et al., 2008;
Mumps despite shots, 2008). Children get 2 doses of MMR vaccine, the first is at 12e15 months, then the second is at 4e6
years. To sum up, the effect of two doses of vaccine is very significant. When children get 2 doses, the invalid vaccination rate
(k) will be smaller and vaccination rate (ε) will be bigger than get only one dose. Of course, if we will describe two doses of
vaccine accurately, need to use pulse model, and this will be our future work.

But for most of the cities and provinces in China, according to the National Immunization Program by Chinese Center for
Disease Control and Prevention strictly (National Immunization Program Chinese Center for Disease Control and Prevention),
children get only one dose. After a period of time, the person's immunity vaccination will lose. Therefor we encourage the
Chinese government should carry out two doses of MMR vaccine free for people.
4. Discussion

The transmission of mumps has been a growing concern in China. In this paper, using the mumps data from China from
2013 to 2015, we constructed and parameterized a dynamic model for mumps transmission in China, and constructed a
SVEILHR model with periodic transmission rates to investigate the spread of mumps. We evaluate the corresponding basic
reproduction number ℛ0 ¼ 6.5428 and average basic reproduction number ℛ0 ¼ 6:6737, analyze the dynamical behavior of
the model. It is shown that there exists only disease-free solution which is globally asymptotically stable if ℛ0 < 1, and there
exists a positive periodic solution if ℛ0 > 1. ℛ0 is a threshold parameters, its magnitude determines the extinction or the
persistence of the disease. We also use themodel to simulate themonthly data of mumps cases and carry out some sensitivity
analysis of ℛ0 in terms of various model parameters.

We conclude that mumps will persist in China under the current conditions, which is presented in Fig. 3. By carrying out
some sensitivity analysis of the average basic reproduction number in terms of some parameters, we found in addition to
reduce the transmission rates b1(t), b2(t) and that vaccination rate and invalid vaccination rate play important roles in the
spread of mumps while the other parameters have a little effect to control the disease.

Therefore, health-care education such as washing hands before meals and after using the toilet, and making air fresh
indoors and so on, should be carried out in kindergardens, schools, hospitals and other places to popularize health knowledge
and advocate good personal hygiene habits. Kindergardens should clean and disinfect toys and appliances every day. In
addition, hospitals should strengthen infection control practices to avoid nosocomial cross infection. That is to say, reduce the
transmission rates b1(t), b2(t), the outbreak will be mitigated, or even eliminated. Although the efficacy of mumps vaccine is
good but it is still very prevalent in China, Chinese children generally have mumps vaccine only one dose.
Conflict of interests

The authors declare that there is no conflict of interests regarding the publication of this article.
Authors' contributions

These authors contributed equally to this work. QQ, FC and LY conceptualized and designed the study, drafted the initial
manuscript, and approved the final manuscript as submitted. FC, WJ analyzed the data and simulated parameters. QQ, ZL and
JW carried out the initial analyses, reviewed and revised the manuscript. LY gave some suggestions.



Q. Qu et al. / Infectious Disease Modelling 2 (2017) 1e11 11
Acknowledgments

We would like to thank anonymous reviewers for very helpful suggestions which improved greatly this manuscript. The
work was partially supported by Basic Subject of Scientific Research and Development Fund of Yangtze University
(No.2014JCY001), Open Research Fund Program of Institute of Applied Mathematics Yangtze University (KF1601), Under-
graduate Training Program of Yangtze University for Innovation and Entrepreneurship (20150094).

References

Anderson, R. M., & May, R. M. (1991). Infectious diseases of humans: Dynamics and control. Oxford university press.
Bacaer, N., & Guernaoui, S. (2006). The epidemic threshold of vector-borne diseases with seasonality. Journal of Mathematical Biology, 53, 421e436.
Barskey, A. E., Glasser, J. W., Lebaron, C. W., & Charles, W. (2009). Mumps resurgences in the United States: A historical perspective on unexpected elements.

Vaccine, 27, 6186e6195.
Bjfrnstad, O. N., Finkenst€adt, B. F., & Grenfell, B. T. (2002). Dynamics of measles epidemics:Estimating scaling of transmission rates using a time series SIR

model. Ecological Monographs, 72, 169e184.
Buynak, E. B., Weibel, R. E., Whitman, J. E., Jr., Stokes, J., Jr., & Hilleman, M. R. (1969). Combined live measles, mumps, and rubella virus vaccines. Journal of the

American Medical Association, 207, 2259e2262.
Center for Disease Control and Prevention. (2012). MMR (Measles, Mumps, and Rubella) VIS. http://www.cdc.gov/vaccines/hcp/vis/vis-statements/mmr.html

Accessed 4. 6.
Centers for Disease Control and Prevention. (2006). Mumps epidemic-Iowa, 2006 (vol. 55, pp. 366e368). Mmwr Morbidity and Mortality Weekly Report.
Chinese Center for Disease Control and Prevention (in Chinese). <http://www.chinacdc.cn/tjsj/> Accessed 3. 5.
Dowell, S. F. (2001). Seasonal variation in host susceptibility and cycles of certain infectious diseases. Emerging infectious diseases, 7, 369.
Ennis, F. A., & Jackson, D. (1968). Isolation of virus during the incubation period of mumps infection. Journal of Pediatrics, 72, 536e537.
Greenhalgh, D., & Moneim, I. A. (2003). SIRS epidemic model and simulations using different types of seasonal contact rate. Systems Analysis Modelling

Simulation, 43, 573e600.
Gupta, R. K., Best, J., & Macmahon, E. (2005). Mumps and the UK epidemic 2005. BMJ: British Medical Journal, 330, 1132e1135.
Guy, R. J., Andrews, R. M., Kelly, H. A., Leydon, J. A., Riddell, M. A., Lambert, S. B., et al. (2004). Mumps and rubella: A year of enhanced surveillance and

laboratory testing. Epidemiology and Infection, 132, 391e398.
Hviid, A., Rubin, S., & Mühlemann, K. (2008). Mumps. The Lancet, 371(9616), 932e944.
Kutty, P. K., Kyaw, M. H., Dayan, G. H., Brady, M. T., Bocchini, J. A., Jr., Reef, S. E., et al. (2010). Guidance for isolation precautions for mumps in the United

States: A review of the scientific basis for policy change. Clinical Infectious Diseases, 50, 1619e1628.
Latner, D. R., & Hickman, C. J. (2015). Remembering mumps. PLoS Pathogens, 11, 1e4.
London, W. P., & Yorke, J. A. (1973). Recurrent outbreaks of measles, chickenpox and mumps I. Seasonal variation in contact rates. American journal of

epidemiology, 98, 453e468.
Ma, J., & Ma, Z. (2006). Epidemic threshold conditions for seasonally forced SEIR models. Mathematical Biosciences and Engineering, 3, 161e172.
McNabb, S. J., Jajosky, R. A., Hall-Baker, P. A., Adams, D. A., Sharp, P., Worshams, C., et al. (2008). Summary of notifiable diseaseseUnited States, 2006.MMWR.

Morbidity and Mortality Weekly Report, 55, 1e92.
Moneim, I. A. (2007). The effect of using different types of periodic contact rate on the behaviour of infectious diseases: A simulation study. Computers in

Biology and Medicine, 37, 1582e1590.
Moneim, I. A., & Grennhalgh, D. (2005). Use of a periodic vaccination strategy to control the spread of epidemics with seasonally varying contact rate.

Mathematical Biosciences and Engineering, 13, 591e611.
Mühlemann, K. (2004). The molecular epidemiology of mumps virus. Infection Genetics and Evolution, 4, 215e219.
Mumps despite shots, <http://articles.latimes.com/2008/apr/14/health/he-mumps14> Accessed 3. 5.
National Bureau of Statistics of China (in Chinese). <http://www.stats.gov.cn/> Accessed 3. 5.
National Immunization Program Chinese Center for Disease Control and Prevention, Vaccine immunization program (in Chinese), <http://www.chinanip.

org.cn/zstd/mycx/201209/t20120927-69741.htm> Accessed 3. 5.
Perko, L. (2000). Differential equations and dynamical systems. New York: Springer.
Richardson, M., Elliman, D., Maguire, H., Simpson, J., & Nicoll, A. (2001). Evidence base of incubation periods, periods of infectiousness and exclusion policies

for the control of communicable diseases in schools and preschools. Pediatric Infectious Disease Journal, 20, 380e391.
Schlegel, M., Osterwalder, J. J., Galeazzi, R. L., & Vernazza, P. L. (1999). Comparative efficacy of three mumps vaccines during disease outbreak in eastern

Switzerland: Cohort study. BMJ: British Medical Journal, 319, 352.
Senanayake, S. N. (2008). Mumps: A resurgent disease with protean manifestations. Medical Journal of Australia, 189, 456e459.
Smith, H. L., & Waltman, P. (1995). The Theory of the Chemostat: Dynamics of Microbial Competition. Cambridge University Press.
Those things about Beijing vaccine (in Chinese), <http://www.bjcdc.org/article/41221/2016/3/1458520344436.html Accessed 3. 2.
Unal, M., Katircioglu, S., Karatay, M. C., Suoglu, Y., Erdamar, B., & Aslan, I. (1998). Sudden total bilateral deafness due to asymptomatic mumps infection.

International Journal of Pediatric Otorhinolaryngology, 45, 167e169.
Wang, W., & Zhao, X. (2008). Threshold dynamic for compartmental epidemic models in periodic environments. Journal of Dynamics and Differential

Equations, 20, 699e717.
Watson-Creed, G., Saunders, A., Scott, J., Lowe, L., Pettipas, J., & Hatchette, T. F. (2006). Two successive outbreaks of mumps in Nova Scotia among vaccinated

adolescents and young adults. Canadian Medical Association Journal, 175, 483e488.
Wesley, C. L., & Allen, L. J. S. (2009). The basic reproduction number in epidemic models with periodic demographics. Journal of biological dynamics, 3,

116e129.
Wharton, I. P., Chaudhry, A. H., & French, M. E. (2006). A case of mumps epididymitis. Lancet, 367, 702.
White, L. J., Mandl, J. N., Gomes, M. G. M., Bodley-Tickell, A. T., Gane, P. A., & Perez-Brena, P. (2007). Understanding the transmission dynamics of respiratory

syncytial virus using multiple time series and nested models. Mathematical Biosciences, 209, 222e239.
Williams, B. G., & Dye, C. (1997). Infectious disease persistence when transmission varies seasonally. Mathematical biosciences, 145, 77e88.
Zhang, J., Jin, Z., Sun, G., & Ruan, S. (2012). Modeling seasonal rabies epidemics in China. Bulletin of Mathematical Biology, 74, 1226e1251.
Zhang, F., & Zhao, X. (2007). A periodic epidemic model in a patchy environment. Journal of Mathematical Analysis and Applications, 325, 496e516.
Zhang, X., Zhao, Y., & Neumann, A. U. (2010). Partial immunity and vaccination for influenza. Journal of Computational Biology, 17, 1689e1696.
Zhao, X. (2003). Dynamical systems in population biology. New York: Springer.

http://refhub.elsevier.com/S2468-0427(16)30013-6/sref1
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref2
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref2
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref3
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref3
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref3
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref4
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref4
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref4
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref4
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref5
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref5
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref5
http://www.cdc.gov/vaccines/hcp/vis/vis-statements/mmr.html
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref7
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref7
http://www.chinacdc.cn/tjsj/
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref9
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref10
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref10
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref11
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref11
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref11
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref12
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref12
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref13
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref13
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref13
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref14
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref14
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref15
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref15
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref15
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref16
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref16
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref17
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref17
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref17
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref18
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref18
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref19
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref19
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref19
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref19
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref20
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref20
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref20
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref21
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref21
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref21
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref22
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref22
http://articles.latimes.com/2008/apr/14/health/he-mumps14
http://www.stats.gov.cn/
http://www.chinanip.org.cn/zstd/mycx/201209/t20120927-69741.htm
http://www.chinanip.org.cn/zstd/mycx/201209/t20120927-69741.htm
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref26
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref27
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref27
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref27
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref28
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref28
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref29
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref29
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref30
http://www.bjcdc.org/article/41221/2016/3/1458520344436.html
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref32
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref32
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref32
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref33
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref33
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref33
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref34
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref34
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref34
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref35
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref35
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref35
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref36
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref37
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref37
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref37
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref38
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref38
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref39
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref39
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref40
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref40
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref41
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref41
http://refhub.elsevier.com/S2468-0427(16)30013-6/sref42

	A mumps model with seasonality in China
	1. Background
	2. Methods
	2.1. Model formulation
	2.2. Global stability of the disease-free equilibrium
	2.3. Existence of positive periodic solutions

	3. Simulations and sensitivity analysis
	4. Discussion
	Conflict of interests
	Authors' contributions
	Acknowledgments
	References


