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A B S T R A C T

This paper investigates the lockdowns to contain the spread of the SARS-CoV-2 coronavirus in France, Germany, Italy, Spain, the UK and the US and also recent
developments since these lockdowns have been relaxed. The analysis employs a two-stage SEIR model with different reproductive numbers pre- and post-lockdown.
These parameters are estimated from data on the daily number of confirmed cases in a process that automatically detects the time at which the lockdown became
effective. The model is evaluated by considering its predictive accuracy on current data and is then extended to a three-stage version to explore relaxations. The
results show the extent to which each country was successful in reducing the reproductive number and demonstrate how the approach is able to model recent
increases in the number of cases in all six countries, including the second peak in the US. The results also indicate that the current levels of relaxation in all five
European countries could lead to significant second waves that last longer than the corresponding first waves. While there is uncertainty about the implications
of these findings at this stage, they do suggest that a lot of vigilance is needed.
1. Introduction

Many countries throughout the world introduced lockdowns to
prevent the rapid spread of the SARS-CoV-2 virus. How effective have
these measures been and to what extent should they be relaxed? As
many countries have subsequently relaxed their lockdowns to greater
or lesser extents, these questions have become an urgent matter. Fur-
thermore, there is also concern about the possibility of a second wave1

n a lot countries. This paper explores these issues in the context
f five European countries – France, Germany, Italy, Spain and the
nited Kingdom – and the United States. The approach is to investigate

he spread of the virus within these countries both before and after
heir respective lockdowns took effect and this is achieved by fitting
variant of the SEIR model to data on COVID-19 in each country. As

ariations of the Kermack–McKendrick model [1], SEIR models have
een widely used in the modelling of the COVID-19 pandemic [2–
1]. They have been developed in various ways including one that
ncorporates interactions between different cities in a network [5] and
nother that divides the population into different subgroups by age to
nclude differing levels of interaction in society [2,8].

Here the focus is on simpler two- and three-stage SEIR models that
an nevertheless model lockdowns and relaxations of them effectively.
he first stage in these models applies to the period before the lock-
own and the second afterwards, while the third stage is introduced
o model a subsequent relaxation of the lockdown. By learning the
arameters of the model from the data on the number of cases, this ap-
roach is able to determine the impact of the lockdowns. The two-stage

E-mail address: dh.glass@ulster.ac.uk.
1 The expression ‘second wave’ is used here in the general sense of a second peak in the number of cases that is comparable to the first peak in a given

country.

component is similar to another SEIR model used to study COVID-19
containment in Mexico, where transmission rates were reduced linearly
to a lower level as a result of interventions [12]. In terms of the assump-
tion that the reproductive number changes immediately at the time of
lockdowns and in its application to European countries, the work is
similar to another study of the impact of interventions in Europe which
assumed the reproductive number only changed with each intervention,
though the approaches differ in other respects [13]. Also, in that study
the focus was on the number of deaths rather than the number of
confirmed cases which are the primary focus here. However, the results
here are compared with corresponding results based on the number of
deaths as well as the number of hospital patients in the case of the
UK. The model for each country is then evaluated by investigating how
well it is able to predict the number of cases of COVID-19 recorded
on a given day based on parameters learned from previous days. The
models are then used to compare the effectiveness of the lockdowns in
the different countries, make projections for the number of cases in the
future and explore the effect of relaxing the restrictions in each country.

2. Methodology

Since the goal of the lockdowns is to reduce the transmission rate,
𝛽, the two-stage SEIR model proposed here involves different values for
𝛽 before and after the lockdown came into effect, but keeps the other
parameters fixed. The dynamics of various subgroups of the population
before and after a lockdown occurring at 𝑡𝑙𝑜𝑐𝑘𝑑𝑜𝑤𝑛 are given by the
ttps://doi.org/10.1016/j.mbs.2020.108472
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Table 1
Summary of key parameters. Results for several other values of 𝑡𝑙 , 𝑡𝑖 and 𝑚 are explored in supplementary
material.
Parameter Value

Mean latent period, 𝑡𝑙 3.8 days
Mean infectious period, 𝑡𝑖 3.4 days
Mortality rate, 𝑚 0.66%
Proportion of confirmed cases, 𝜌 Based on 𝑚 and % deaths in given country
Pre-lockdown reproductive number, 𝑅𝑃𝑟𝑒

0 Estimated from fitting model to data
Pre-lockdown reproductive number, 𝑅𝑃𝑜𝑠𝑡

0 Estimated from fitting model to data
Initial number of exposed cases, 𝐸0 Estimated from fitting model to data
Initial number of infections, 𝐼 𝑐

0 and 𝐼𝑢
0 Sum equal to 𝐸0 and proportions based on 𝜌

Effective date of lockdown, 𝑡𝑙𝑜𝑐𝑘𝑑𝑜𝑤𝑛 Estimated from fitting model to data
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following ordinary differential equations:
𝑑𝑆
𝑑𝑡

= −𝛽(𝑡)𝑆𝐼
𝑐

𝑁
− 𝛼𝛽(𝑡)𝑆𝐼

𝑢

𝑁
𝑑𝐸
𝑑𝑡

= 𝛽(𝑡)𝑆𝐼
𝑐

𝑁
+ 𝛼𝛽(𝑡)𝑆𝐼

𝑢

𝑁
− 𝜎𝐸

𝑑𝐼𝑐

𝑑𝑡
= 𝜌𝜎𝐸 − 𝛾𝐼𝑐

𝑑𝐼𝑢

𝑑𝑡
= (1 − 𝜌)𝜎𝐸 − 𝛾𝐼𝑢

𝑑𝑅
𝑑𝑡

= 𝛾(𝐼𝑐 + 𝐼𝑢) (1)

where 𝛽(𝑡) is the transmission rate that has the following values before
and after the lockdown

𝛽(𝑡) =
{

𝛽𝑃𝑟𝑒 ∶ 𝑡 < 𝑡𝑙𝑜𝑐𝑘𝑑𝑜𝑤𝑛
𝛽𝑃𝑜𝑠𝑡 ∶ 𝑡 ≥ 𝑡𝑙𝑜𝑐𝑘𝑑𝑜𝑤𝑛

(2)

and 𝑁 is the total population of the country, which is assumed to
be constant, 𝑆, 𝐸, 𝐼𝑐 , 𝐼𝑢 and 𝑅 are the susceptible, exposed, in-
fected (confirmed), infected (unconfirmed) and removed (or recovered)
groups respectively, 𝜎 the rate at which those in the exposed group
transition to become infectious, 𝛾 the rate at which those in the infec-
tious groups transition to removed, while 𝜌 represents the proportion
of confirmed cases out of the total number of cases. In dividing the
infected group into two subgroups, the approach is similar to other
work that allows one subgroup described as undocumented [5] or sub-
clinical/asymptomatic [8] to have a transmission rate reduced by a
factor 𝛼.

The basic reproduction number 𝑅0 is given by 𝜌𝛽∕𝛾 + (1 − 𝜌)𝛼𝛽∕𝛾.
his expression is obtained from finding the dominant eigenvalue of the
ext generation matrix [14]. Just as for the transmission rate, we can
ay that different values of 𝑅0 are used before and after the lockdown.
et us denote these as 𝑅𝑃𝑟𝑒

0 , the value before the lockdown, and 𝑅𝑃𝑜𝑠𝑡
0 ,

he value afterwards, corresponding to 𝛽𝑃𝑟𝑒 and 𝛽𝑃𝑜𝑠𝑡 respectively.
he approach is then to learn the values of 𝑅𝑃𝑟𝑒

0 and 𝑅𝑃𝑜𝑠𝑡
0 from the

aily data on the number of new cases of COVID-19 using the two-
tage SEIR model. Parameter learning is achieved by integrating the
ifferential equations using the fourth order Runge–Kutta method and
inding parameters that fit the data best in the sense of minimising the
um of the squared residuals.

While some parameters are learned from the data, others need to
e specified (see Table 1 for a summary of the key parameters in
he model). The parameter 𝜎 = 1∕𝑡𝑙, where 𝑡𝑙 represents the mean
atent period, is related to the incubation period and pre-symptomatic
nfection. There have been many studies of the incubation period
or COVID-19 (see for example [15–17]). A meta-analysis of relevant
iterature gives a mean incubation period of 5.8 days [18]. There is
lso evidence of pre-symptomatic transmission of COVID-19 (see for
xample [19,20]) with a pre-symptomatic period of infection of about
days [21]. Hence, the selected value for 𝜎 is based on the difference

between these two estimates to give a latent period, 𝑡𝑙, of 3.8 days,
which is similar to that used by Li et al. [5].

The rate of transition from infectious to removed groups is 𝛾 = 1∕𝑡𝑖,
here 𝑡𝑖 represents the mean infectious period and this presents a

hallenge since a wide range of values have been estimated in the
2

iterature (for discussion see [21]). Here, 𝑡𝑖 is set to 3.4 days based
n estimates of the infectious period in China before and after travel
estrictions were introduced [5]. This is at the low end of the estimates
ound in the literature, but it seems justified in the current context for
wo reasons. First, it is not the infectious period of the disease per se that
s relevant for SEIR models, but the period during which the infection
ould contribute to transmission. As Brauer et al. note, ‘𝑅(𝑡) denotes the
umber of individuals who have been infected and then removed from
he possibility of being infected again or of spreading infection’ [22,
. 23]. They note that this can happen in various ways including via
solation, which is relevant here since isolation measures were in place
n the countries considered and so would have limited the scope for
ransmission. This would apply to those who are symptomatic irrespec-
ive of whether they are in the confirmed or unconfirmed groups, but
ot to those who are asymptomatic. Nevertheless, this point provides
ome justification for a low value of 𝑡𝑖. Second, there is evidence that
ransmissibility is highest around the onset of symptoms. In a secondary
nalysis of published data, Casey et al. [23] suggest that transmission
s most likely in the day before symptom onset and estimate that 56.1%
f transmission occurs during the pre-symptomatic period based on a
ooling of published results (see also [24,25]). Assuming asymptomatic
ransmissibility is also highest at an early stage of infection, the same
alue of 𝛾 is used for both the confirmed and unconfirmed groups. It is
orth noting that the selected values for both the latent and infectious
eriods are in line with estimates of the generation time and serial
nterval [26]. Other values of several parameters are considered in
upplementary material to see how they affect results.

In order to fit the model to the number of newly confirmed cases,
t is necessary to estimate the proportion (𝜌) of confirmed cases out
f the total number of cases (confirmed and unconfirmed) for a given
ountry. For the results presented in the main paper, 𝜌 is obtained as
ollows. The cumulative number of confirmed cases up to the date being
sed in a given calculation for a particular country is divided by an
stimate of the total number of cases, which is obtained by dividing
he cumulative number of deaths up to the same date by a mortality
ate of 𝑚 = 0.66% [27]. Since there is a lot of uncertainty about the
ortality rate, other values are considered in supplementary material.

urthermore, there is a limitation to this approach since 𝜌 would be
expected to increase over time given increased levels of testing during
the pandemic. This point is explored in section S9 of supplementary
material by increasing 𝜌 linearly over time to see how it affects the
results. It turns out that this has little affect for fitting the model to the
data, but results in significant changes for the height of second peaks.

Recall that 𝛼 allows for a reduction in the transmission rate for
the unconfirmed cases or alternatively for asymptomatic or sub-clinical
cases if the infectious group is divided up differently. While a reduction,
and hence a value of 𝛼 of less than one, would make sense for an
asymptomatic group, it is more difficult to assign an appropriate value
of 𝛼 for the unconfirmed group because (a) this would depend on
what proportion of the unconfirmed group is asymptomatic and (b) this
would be different for each country since the level of testing carried out
varies from one country to another. Hence, different 𝛼 values would be
needed for different countries, but these values would be difficult to
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justify. Furthermore, there is a lot of uncertainty at present about the
proportion of asymptomatic cases in general as well as their level of
transmission, which further exacerbates the difficulties. However, for
the results in the main paper, where the proportion of confirmed cases,
𝜌, for a given country is kept fixed, 𝛼 does not play a crucial role in
the calculations. It turns out that changing the value of 𝛼 amounts to a
rescaling of 𝛽𝑃𝑟𝑒 (and 𝛽𝑃𝑜𝑠𝑡) that nevertheless results in the same value
f 𝑅𝑃𝑟𝑒

0 (and 𝑅𝑃𝑜𝑠𝑡
0 ) and hence has no effect on the dynamics. For this

eason, 𝛼 is set to one for the results in the main paper and hence no
istinction is made between confirmed and unconfirmed cases in terms
f transmission rates. When linearly increasing values of 𝜌 are explored
n section S9 of supplementary material, two different values of 𝛼 are
onsidered to investigate the effect of 𝛼 on the results.

In terms of fitting the two-stage SEIR model to data, data are used
rom the first day on which there were 100 or more reported new cases
onfirmed in the country. This date is taken to be day zero and the
alculations proceed from there. A value of 100 was selected because
here can be uncertainty about the numbers of cases at the early stages
f an outbreak due to very low numbers and the influence of imported
ases rather than local transmission. Also, the goal here is to model
he situation for several weeks prior to the lockdown rather than at the
arliest stages of the outbreak. However, in most cases, starting with
lower value of 10 cases made almost no difference to the results.
related issue concerns how the initial number of exposed (𝐸0) and

infected (𝐼𝑐0 and 𝐼𝑢0 ) cases should be specified. The approach adopted
ere is to treat 𝐸0 as a further parameter to be fitted to the data and

then to set 𝐼𝑐0 = 𝜌𝐸0 and 𝐼𝑢0 = (1−𝜌)𝐸0. For further details on this point
and other issues relating to fitting the model to the data, see section S2
in supplementary material.

When the model is fitted to the newly confirmed cases this means
that 𝑡𝑙𝑜𝑐𝑘𝑑𝑜𝑤𝑛 represents the number of days after day zero that the
lockdown is reflected in the number of confirmed cases. Intuitively, it
might seem easy to model the lockdown in a given country. Since the
date of day zero is known from the available data and the date of the
lockdown is also known, it might be thought that the number of days
between day zero and the lockdown could be used to incorporate it
in the model. However, there is a time delay between infection and
subsequent confirmation. Lin et al. report a 14 day delay between
two datasets with largely the same group of patients [6]. This delay
can depend on the availability of testing and on when people seek
medical advice, for example, and so can differ from one country to
another. Hence, rather than specifying this time delay a priori, it is
earnt from the data by determining the value of 𝑡𝑙𝑜𝑐𝑘𝑑𝑜𝑤𝑛 in Eq. (2)
hat gives the best fit (see section S2 in supplementary material for
etails). 𝑡𝑙𝑜𝑐𝑘𝑑𝑜𝑤𝑛 can be thought of as the effective date of the lockdown
n terms of the data. Throughout the paper, data are presented by date
f confirmation, but it needs to be borne in mind that the respective
ime delays have been taken into account when fitting the model to
he data. In the context of identifying 𝑡𝑙𝑜𝑐𝑘𝑑𝑜𝑤𝑛, it is also worth noting
hat other restrictions were introduced in all the countries before the
ockdowns, so the results are not intended to isolate the effects of the
ockdowns compared to these other measures. As reported in another
tudy, the close spacing of the interventions meant that their individual
ffects were not identifiable [13].

The predictive accuracy of the models is evaluated using time series
ross-validation [28]. This lets us see how well the two-stage model
eneralises to unseen data. The metrics used for this evaluation are the
oot mean squared error (RMSE):

𝑀𝑆𝐸 =

√

∑𝑛𝑡
𝑖=1(𝑦𝑖 − 𝑦̂𝑖)2

𝑛𝑡
(3)

nd mean absolute error (MAE):

𝐴𝐸 =
∑𝑛𝑡

𝑖=1 |𝑦𝑖 − 𝑦̂𝑖|
𝑛𝑡

. (4)

where 𝑦 represents the actual number of cases, 𝑦̂ the predicted values
and 𝑛 the number of days being treated as test cases.
𝑡

3

Table 2
Dates for day zero (the first day on which at least 100 confirmed new cases
were reported), the lockdowns (see [29–34] and note that dates correspond to their
introduction even if they were announced the previous day), and the number of deaths
as a percentage of the total number of confirmed cases (based on data up to 22/08/20)

Day zero Lockdown % deaths

France 05/03/20 17/03/20 12.8
Germany 05/03/20 23/03/20 4.0
Italy 27/02/20 10/03/20 13.7
Spain 05/03/20 15/03/20 7.5
UK 10/03/20 24/03/20 12.8
US 06/03/20 Various 3.1

The results on predictive accuracy are relevant for the final part of
the paper which explores the consequences of relaxing the lockdowns.
In effect, this amounts to extending the two-stage model to a three-stage
version. The two-stage component is used first to learn the pre- and
post-lockdown parameters (𝑅𝑃𝑟𝑒

0 and 𝑅𝑃𝑜𝑠𝑡
0 ) and the value of 𝑡𝑙𝑜𝑐𝑘𝑑𝑜𝑤𝑛

automatically from the data. After that, the simulation runs until the
specified time of the relaxation where 𝑅𝑃𝑜𝑠𝑡

0 is the pre-relaxation value
of 𝑅0 and a new post-relaxation value 𝑅𝑅𝑒𝑙𝑎𝑥

0 is introduced. The three-
stage model can be expressed as a simple extension of the model that
replaces equation (2) with

𝛽(𝑡) =

⎧

⎪

⎨

⎪

⎩

𝛽𝑃𝑟𝑒 ∶ 𝑡 < 𝑡𝑙𝑜𝑐𝑘𝑑𝑜𝑤𝑛
𝛽𝑃𝑜𝑠𝑡 ∶ 𝑡𝑙𝑜𝑐𝑘𝑑𝑜𝑤𝑛 ≤ 𝑡 < 𝑡𝑟𝑒𝑙𝑎𝑥
𝛽𝑅𝑒𝑙𝑎𝑥 ∶ 𝑡𝑟𝑒𝑙𝑎𝑥 ≤ 𝑡.

(5)

alues of 𝑡𝑟𝑒𝑙𝑎𝑥 and 𝑅𝑅𝑒𝑙𝑎𝑥
0 can be introduced arbitrarily to model a

elaxation to a certain degree at a specified time or, alternatively, their
alues can be estimated from the data in the same way as 𝑡𝑙𝑜𝑐𝑘𝑑𝑜𝑤𝑛, 𝑅𝑃𝑟𝑒

0
and 𝑅𝑃𝑜𝑠𝑡

0 . The approach employed is first to use the two-stage model to
determine 𝑡𝑙𝑜𝑐𝑘𝑑𝑜𝑤𝑛 and then use this value in the three-stage model to
learn 𝑡𝑟𝑒𝑙𝑎𝑥, 𝑅𝑃𝑟𝑒

0 , 𝑅𝑃𝑜𝑠𝑡
0 and 𝑅𝑅𝑒𝑙𝑎𝑥

0 . In fact, this process can be extended
further as will be discussed when modelling the US data.

The calculations were carried out using MATLAB and a non-linear
curve-fitting function (lsqcurvefit) has been used to find the best fitting
parameters 𝐸0, 𝑅𝑃𝑟𝑒

0 and 𝑅𝑃𝑜𝑠𝑡
0 (and in some cases 𝑅𝑅𝑒𝑙𝑎𝑥

0 ) simultane-
ously.

3. Results

This section presents results for each of the six countries. In partic-
ular, it includes results for fitting the two-stage model to the number of
confirmed cases, predictive accuracy, and relaxations of the lockdowns
using the three-stage version of the model. Details on the data used in
the study as well as further results on identifying the lockdowns and
time delays, sensitivity of the results to changes in parameters, the ef-
fect of increasing levels of testing, and estimates of the same parameters
based on the number of deaths (and also numbers of hospital patients
in the UK) for comparative purposes are presented in supplementary
material. Information about day zero, the date the lockdowns were
introduced and the proportion of deaths in each country is presented in
Table 2. Results in Sections 3.1 and 3.2 are based on data up to 1st June
2020, while details of the relevant dates are specified for particular
results in Section 3.3. Note that the US is rather different from the
other countries in that lockdowns were introduced at different times
in different states whereas in each European country the time of the
lockdown can be identified reasonably accurately. This might suggest
that the two-stage approach is inappropriate for the US, but as we shall
see it still models the US data quite well.

3.1. Fitting the two-stage SEIR model to the data

Fig. 1 presents the two-stage SEIR model that gives the best fit to the
daily number of confirmed cases following day zero for each country
based on data up to 1st June 2020. In all cases, the model fits the
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Fig. 1. Results obtained by applying the two-stage SEIR model to the daily confirmed cases for each of the six countries. Note that the results for the US are on a different scale.
data reasonably well and this is quantified by the 𝑅2 values which
highlight that the model fits the Italian data best, whereas the fit is
poorest for France. For each country, the impact of lockdown is evident
and the two-stage model captures the resulting effect on the number of
confirmed cases. Despite the fact that all of these countries have eased
their respective lockdowns since early May 2020, there is no evidence
4

in the results from the number of cases up to 1st June of an increase
in the level of transmission. However, the situation changes with more
recent data as we shall see in Section 3.3.

The pre- and post-lockdown reproductive numbers as given by 𝑅𝑃𝑟𝑒
0

and 𝑅𝑃𝑜𝑠𝑡
0 are presented in Table 3, together with 𝑅2 values (and

RMSE and MAE which are relevant to results on predictive accuracy



D.H. Glass Mathematical Biosciences 330 (2020) 108472

𝑅
T
o
b
c
e
t
t
a
h
w
u
r
t
a
p
t
c
o
h
a
h
m
g
o
o
t
i

t
t
g
0
d
v
w
s
t

3

u
d
a

T
R
u

Table 3
Estimates for the pre- and post-lockdown reproduction numbers with 95% confidence
intervals.

𝑅𝑃𝑟𝑒
0 𝑅𝑃𝑜𝑠𝑡

0 𝑅2 RMSE MAE

France 2.02 (1.69–2.35) 0.73 (0.67–0.79) 0.68 891 500
Germany 2.09 (1.83–2.34) 0.70 (0.66–0.74) 0.84 749 508
Italy 2.16 (2.01–2.31) 0.84 (0.82–0.85) 0.94 439 355
Spain 2.42 (2.19–2.66) 0.71 (0.68–0.74) 0.92 707 482
UK 2.03 (1.81–2.25) 0.94 (0.92–0.96) 0.83 637 502
US 2.22 (1.94–2.49) 0.98 (0.96–0.99) 0.88 3774 2635

in Section 3.2). It should be noted that it is not the goal of this work
to estimate 𝑅0 at the earliest stages of the outbreak of the pandemic
in each of the countries. Rather, the pre-lockdown 𝑅0 values, 𝑅𝑃𝑟𝑒

0 ,
represent the situation for about two weeks prior to the lockdown
in each country. The pre-lockdown values in Table 3 are consistent
with other results found in the literature [4,5,10,16]. The results are
somewhat lower than those found in the study of European countries by
Flaxman et al. [13], though their results were for initial values whereas
the current results relate to the period just before the lockdown as
noted above. It also needs to be noted that the results for the 𝑅𝑃𝑟𝑒

0 and
𝑃𝑜𝑠𝑡
0 values depend to some extent on the choice of parameters used.
his issue is explored in section S5 of supplementary material. In terms
f post-lockdown values, notice that all the post-lockdown values are
elow one. This is in agreement with the findings in [13] for European
ountries and in general the results are similar. For example, Flaxman
t al. quote results for France of 0.68 and Germany of 0.71, while
he results here are 0.73 and 0.70 respectively. The average here over
he five European countries is 0.78 whereas Flaxman et al. report an
verage of 0.66 for 11 countries. It should also be noted that the results
ere are based on data on the number of new cases up to 1st June
hereas the results in [13] were based on data on the number of deaths
p to 4th May. In section S4 of supplementary material, corresponding
esults are also presented for 𝑅𝑃𝑟𝑒

0 and 𝑅𝑃𝑜𝑠𝑡
0 values obtained by fitting

he two-stage model to the number of recorded deaths. While there
re some differences between those results and the results in Table 3,
articularly where the 𝑅2 value is low, the results in Table 3 are similar
o those based on the number of deaths, especially for 𝑅𝑃𝑜𝑠𝑡

0 . This
onfirms the general picture that all the post-lockdown values are not
nly lower, but less than one. Hence, in that sense all the lockdowns
ave been successful, though at 0.94 and 0.98 the estimates for the UK
nd US values of 𝑅𝑃𝑜𝑠𝑡

0 respectively are higher than would have been
oped. According to the results in Table 3, Spain’s lockdown was the
ost successful in terms of reducing the reproductive number by the

reatest amount, though overall the number of deaths as a proportion
f the number of cases has been lower in Germany and the US than in
ther countries (see Table 2), and Germany has succeeded in keeping
he number of deaths much lower than other countries (see figure S1
n supplementary material).

Related to the higher 𝑅𝑃𝑜𝑠𝑡
0 value for the UK and US, note that

he peak in Fig. 1 for these countries is less pronounced than it is for
he other countries. Also, fitting the model to the number of deaths
ives lower values of 𝑅𝑃𝑜𝑠𝑡

0 = 0.84 (95% CI: 0.80–0.88) for the UK and
.86 (95% CI: 0.81–0.90) for the US. A possible explanation for the
ifferences between these results and those in Table 3 is that the higher
alues based on the numbers of cases are due to increased testing,
hich could mask the impact of the lockdown to some extent. The

ituation in the UK is explored further with an application of the model
o UK hospital data in section S10 of supplementary material.

.2. Predictive accuracy

Assessing predictive accuracy is relevant here since the model is
sed in Section 3.3 to explore the consequences of relaxing the lock-
owns and potential second waves. As noted earlier, the approach
dopted is that of time series cross-validation. In each case the last 10
5

able 4
esults for 𝑘-step ahead prediction for the number of confirmed cases on the 10 days
p to 1st June 2020.

𝑘-step SEIR

prediction RMSE MAE

Francea 5 157 118
10 151 112

Germany 5 182 117
10 184 118

Italy 5 321 298
10 344 322

Spain 5 365 281
10 368 282

UK 5 962 934
10 1149 1118

US 5 2301 1795
10 2438 1880

aThese results exclude two outliers.

data points (i.e. the number of confirmed cases for the 10 days up to
1st June 2020) are used for testing and 𝑘-step ahead prediction is used.
That is, the model is learned from data up to 𝑘 days before the day that
is to be predicted. The two-stage model is evaluated using the metrics
RMSE and MAE.

Table 4 presents results for 𝑘-step prediction with values of 𝑘 = 5
and 10. Results for 𝑘 = 1 and 𝑘 = 20 as well as corresponding results for
a SIR model are presented in section S6 of supplementary material. It
is instructive to compare the values of these metrics for the two-stage
model in Table 4 with those for all the data for a given country (see
Table 3). If the results are much poorer on the former than on the latter,
that could highlight a potential concern with overfitting and hence for
using the model for prediction. Note that the RMSE and MAE values
for prediction in Table 4 are lower than those in Table 3 for France,
Germany, Italy, Spain and the US, which is encouraging.

While the prediction results for the UK are higher compared to
those in Table 3, they are not too dissimilar and the higher values can
be explained. In the case of the UK, day zero occurred later than in
other countries (see Table 2) and it takes longer after the lockdown
for the trend in the results to become clear than is the case for the
other countries (see Fig. 1). For both of these reasons, more post-
lockdown data are needed for good predictions, but going to higher
values of 𝑘 restricts the number of data points for training and so
affects the predictions. Hence, when more post-lockdown data available
are used, as they are when it comes to investigating the relaxation of
the lockdowns, the predictions should be more reliable. However, the
application of the model to UK hospital data is also explored in section
S10 of supplementary material to provide further validation.

The main focus here is not simply on maximising predictive ac-
curacy since it may well be possible to do that by ignoring the pre-
lockdown phase altogether and just fitting models to the post-lockdown
data. Instead, the goal is to evaluate the two-stage SEIR model, which
can then provide a basis for extending it to the three-stage version
to explore the consequences of relaxing the lockdowns. The results
presented so far provide confidence that it captures the lockdown
transition and can be used to make reasonable predictions.

3.3. Effect of relaxing the lockdowns

Having fitted the two-stage SEIR model to the data and evaluated
its predictive accuracy, it is now extended to explore the potential
effects of partially relaxing the lockdowns in the different countries.
Just as the lockdowns were represented as a change in the reproductive
number at a single point in time, the same assumption is made for
relaxing the lockdowns. The idea is to model relaxations by increasing
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Fig. 2. The effect on the daily number of confirmed cases of keeping the lockdown fully in place ( ), relaxing it by 25% ( ) and relaxing it by 50% ( ). Shaded
regions represent 95% confidence intervals. Data points include those from day zero to 12/05/20 (1/06/20 for the UK) used to learn the model (∙) and subsequent numbers of
cases up to 31/07/20 (x). In each case the relaxation is assumed to take effect by 01/06/20, which corresponds to the implementation of the relaxation around 20/05/20. Note
that the results for the US are on a different scale.

6



D.H. Glass Mathematical Biosciences 330 (2020) 108472

𝑅

n
1
i
t

.

t
(
t

the reproductive number by a percentage of the difference between the
pre- and post-lockdown values, which translates into a corresponding
change in the average number of interactions in society compared to
the situation during the period before lockdown (see Section 4 for
further discussion). Three scenarios are considered to start with:

(i) no relaxation — keep the lockdown intact so that 𝑅𝑅𝑒𝑙𝑎𝑥
0 remains

unchanged at 𝑅𝑃𝑜𝑠𝑡
0 ,

(ii) 25% relaxation - 𝑅𝑅𝑒𝑙𝑎𝑥
0 = 0.75 × 𝑅𝑃𝑜𝑠𝑡

0 + 0.25 × 𝑅𝑃𝑟𝑒
0 , and

(iii) 50% relaxation - 𝑅𝑅𝑒𝑙𝑎𝑥
0 = 0.5 × 𝑅𝑃𝑜𝑠𝑡

0 + 0.5 × 𝑅𝑃𝑟𝑒
0 .

Hence, a given percentage relaxation corresponds to increasing
𝑃𝑜𝑠𝑡
0 by that percentage of the difference between 𝑅𝑃𝑟𝑒

0 and 𝑅𝑃𝑜𝑠𝑡
0 . The

particular percentages selected are used for illustrative purposes since,
as we shall see, there is a significant difference between the results for
the two values, with 50% leading to a significant second wave in all
cases, while at 25% the numbers flatten out in most cases. Also, these
values turn out to be close to the actual data for some countries. Later,
we shall see how 𝑅𝑅𝑒𝑙𝑎𝑥

0 can be estimated from data.
In an earlier version of this paper, results were presented for relax-

ations that were assumed to take effect in terms of numbers of cases
at the end of May/beginning of June (here it is assumed to be 1st
June) [35]. Based on the results for the time delay between infection
and confirmation (see supplementary material), this corresponds to the
introduction of partial relaxation of the lockdowns from about 20th
May. These calculations have been re-run, based on data available
up to 12th May, but the results here take account of any subsequent
changes that were made retrospectively to the data. Also, results are
now included for the UK and US.2

Results are presented in Fig. 2 for numbers of daily confirmed cases
and include estimates up to the end of July. The difference between
a 25% and 50% relaxation is dramatic in most cases with the latter
leading to a significant increase in the number of cases in all six
countries by the end of July. In Italy, the UK and the US such a
relaxation was estimated to result in numbers as high or higher than
the earlier peak by the end of July. A 25% relaxation was estimated to
lead to a significant increase in numbers in the US and to bring a halt
to the decline in numbers in other countries.

In the earlier version, there was no evidence to suggest that relax-
ations introduced up to that point had increased the transmission rate,
but in Fig. 2 subsequent data points until the end of July have been
included and it is clear that the situation had changed by that stage. In
the case of France, Germany, Spain and the US, these data points are
close to the predictions based on the model up to the point at which
the different relaxations were introduced. It is equally clear that after
that point, the data points for these four countries do not continue to
fall in line with the no relaxation scenario. In Germany, the number of
cases increased slightly after the time of the relaxation, but otherwise
the data up to the end of July remain fairly level and are in line with
a 25% relaxation. In France, there was an increase in the number of
cases slightly below the 50% relaxation level, while in Spain, there
was also an increase in numbers, this time more in line with a 50%
relaxation, though occurring later than the modelled relaxation. In the
US, the numbers increased dramatically, well above the first peak and
in line with a 25% relaxation. The number of cases for Italy and the
UK in Fig. 2 are more in line with the no relaxation results.

However, when more data up until 22nd August 2020 are taken into
account, it becomes clear (see Fig. 3) that there have been increases
in the numbers of cases in all of the European countries as well as

2 In the earlier version, results for the UK were for hospital data, which are
ow included in supplementary material. In the results in Fig. 2, data up to
st June have been used for the UK since the post-lockdown trend is not clear
f only data up to 12th May are used. There are some other changes compared
o the earlier version such as a different formulation of the transition rates, 𝜎

and 𝛾, but the results are very similar.
7

Table 5
Parameter estimates for the application of the three-stage model on data up to 22/08/20

𝑡𝑟𝑒𝑙𝑎𝑥 𝑅𝑅𝑒𝑙𝑎𝑥
0 % relaxation

France 15/06/20 1.46 (1.40–1.52) 57
Germany 05/06/20 1.19 (1.14–1.23) 35
Italy 12/07/20 1.49 (1.40–1.57) 49
Spain 08/06/20 1.52 (1.49–1.55) 47
UK 17/07/20 1.28 (1.20–1.36) 31

in the US. (The US will be considered in detail later.) Fig. 3 presents
results obtained by applying the three-stage model to all five European
countries. In contrast to Fig. 2, where relaxations were introduced
arbitrarily at a given point in time to illustrate how this could affect
the number of cases, the results in Fig. 3 were obtained by estimating
the time at which the relaxation took effect, 𝑡𝑟𝑒𝑙𝑎𝑥, and the resulting
reproductive number, 𝑅𝑅𝑒𝑙𝑎𝑥

0 . This was achieved by first applying the
wo-stage model to find 𝑡𝑙𝑜𝑐𝑘𝑑𝑜𝑤𝑛 based on data up to 1st June 2020
and using a value of 𝜌 based on data to that point) and then applying
he three-stage model to find 𝑡𝑟𝑒𝑙𝑎𝑥, 𝑅𝑃𝑟𝑒

0 , 𝑅𝑃𝑜𝑠𝑡
0 and 𝑅𝑅𝑒𝑙𝑎𝑥

0 based on
data up to 8th August (and the corresponding value of 𝜌). The results
are compared with the most recent data up to 22nd August (indicated
by red crosses in Fig. 3) and in general agreement is good with most
of the recent data points lying within or close to the 95% confidence
interval. The situation in France and Spain is particularly concerning,
with numbers of cases already at a similar level to those at the first
peak, but the upward trend is also evident in Germany, Italy and the
UK.

The above procedure was then repeated using all the available data
up to 22nd August 2020 to learn the parameters of the three-stage
model. Results corresponding to those in Fig. 3, but based on the
more recent data and extended for a period of six weeks up to 3rd
October, are shown in Fig. 4. The results indicate the potential during
this period for dramatic increases in France and Spain with numbers
of cases much higher than at the first peak in these countries. These
results are extended over a much longer period of time in section S9
of supplementary material together with corresponding results when
𝜌, the ratio of confirmed to unconfirmed cases, is assumed to increase
linearly over time to represent increased levels of testing, rather than
kept fixed as it is here. Figure S3 in supplementary material shows that
over the period of time shown in Fig. 4, there is very little difference
between the results irrespective of whether 𝜌 is kept fixed or increases
over time, but for longer periods of time the latter approach results
in much higher peaks. While a lot of caution is needed with results
over longer timescales, they do nevertheless indicate the potential for
second waves in all five European countries. In all cases, the results
suggest second waves that last longer than the first one with peaks
that are significantly higher in terms of the number of cases. These
higher numbers are partially due to increased testing levels, but even
taking that into account (see the discussion in supplementary material),
the results suggest significant increases in levels of transmission. It
is important to emphasise that the these results assume that current
trends continue without any further restrictions (or relaxations) being
introduced. Needless to say, new restrictions would be implemented
if numbers of cases rise significantly. In fact, the hope would be that
restrictions such as those reintroduced in France [36] and Spain [37]
will bring about a reduction in the number of cases.

The estimated parameters on which these results are based are pre-
sented in Table 5. Note that in all five cases, the percentage relaxation
is found to be above 30% with 𝑅𝑅𝑒𝑙𝑎𝑥

0 values ranging from 1.19 in
Germany to 1.52 in Spain. The effective date of the relaxation ranges
from 5th June 2020 for Germany to 17th July for the UK. It needs
to be borne in mind that identifying the relaxation to a single date
is an artefact of the general approach adopted here of having a fixed
reproductive number in each period (before lockdown, after lockdown

but before relaxation, and after relaxation). Nevertheless, it should give
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Fig. 3. Results obtained by applying the three-stage model to learn the parameters for the time and degree of relaxation from data up to 08/08/20 (∙) and compared with
subsequent numbers of cases up to 22/08/20 (x). Shaded regions represent 95% confidence intervals.
some indication of the time when relaxing the lockdowns started to
give rise to increases in numbers of cases (taking into account a time
lag which is typically around 10 days, see supplementary material)
and hence potentially of relaxation measures that might need to be
reconsidered. Again, it should be noted that these results are based on
 a

8

a fixed value of 𝜌, but similar values of 𝑡𝑟𝑒𝑙𝑎𝑥 and percentage relaxation
are found when increasing values of 𝜌 are used (see section S9 in
supplementary material for discussion).

It should be noted that these results depend not only on 𝜌, but
lso on other parameters used in the model. Sensitivity analysis of
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Fig. 4. As for Fig. 3, but now parameters are learned from data up to 22/08/20 and results are presented over the following six weeks up to 3/10/20.
the results involved considering different values for the parameters
for the latent period, infectious period and mortality rate and results
are presented in section S8 of supplementary material. These results
confirm the general picture presented here. However, once again the
peaks of the second waves can depend a lot on the mortality rate, which
9

is not surprising since the mortality rate affects the numbers of people
modelled as having had the virus, and hence also the number who
remain susceptible. Further calculations suggest that the peak is often
about twice as high when the mortality rate is doubled from 0.66% to
1.32% and about half as high when it is reduced to 0.33%. So a lot of
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Fig. 5. (a) Results obtained by applying the three-stage model to US data on the number of cases up to 22/06/20 (∙) and then compared with data up to 08/08/20 (x). (b)
esults from applying the four-stage model to US data up to 08/08/20 (∙) and compared with data up to 22/08/20 (x), with results presented over the following six weeks up to
/10/20.
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aution is needed when it comes to the peaks of second waves, but the
ossibility of second waves is robust with the changes in parameters
hat were considered.

For some of the European countries, it is only with the most re-
ent data that the trend becomes clearer. By contrast, a second surge
ccurred in the US much earlier. By fitting the three-stage model
o data up to 22nd June 2020, 𝑡𝑟𝑒𝑙𝑎𝑥 is found to be 92 days after
ay zero, i.e. 6th June, and the estimated value for the reproductive
umber is 𝑅𝑅𝑒𝑙𝑎𝑥

0 = 1.33 (95% CI: 1.24–1.41), which corresponds to a
9% relaxation. Results are presented in Fig. 5a, which also includes
ubsequent data up to 8th August (indicated by red crosses). It is
vident that there was good agreement with the data for a period of
ver a month with the data points lying within or very close to the
onfidence interval.

However, it is also clear that the data shown in Fig. 5a indicate
hat the number of cases in the US had already peaked for a second
ime. This is consistent with restrictions having been reintroduced in
arious US states [38]. In principle it should be possible to identify
he time at which these restrictions took effect by the same approach
sed in the two-stage model to identify the time of the initial lockdown.
o investigate this, the model was extended further, essentially to a
our-stage model. The two-stage model was used to identify 𝑡𝑙𝑜𝑐𝑘𝑑𝑜𝑤𝑛
nd then the three-stage model for 𝑡𝑟𝑒𝑙𝑎𝑥, before using these values as
nput into the four-stage model to identify the time new restrictions
elating to the second peak became effective. Using data up to 8th
ugust 2020, the resulting date from this approach is 129 days after
ay zero, i.e. 13th July, which would correspond with restrictions being
ntroduced around the beginning of July. The results also give a 𝑅𝑅𝑒𝑙𝑎𝑥

0
alue after this peak of 0.99 (95% CI: 0.97–1.01), which is very similar
o the result obtained for 𝑅𝑃𝑜𝑠𝑡

0 after the first peak. Projected results
ntil 3rd October 2020 (corresponding to the results in Fig. 4) are
hown in Fig. 5b and are in agreement with the most recent data points
rom 9th to 22nd August (indicated by red crosses).

Clearly, caution is needed when attempting to model the number
f cases of COVID-19 in future weeks and months, particularly when it
omes to details of the second waves. More caution is needed with the
esults for the European countries for two reasons. First of all, at time
f writing the daily number of deaths is much lower in the European
ountries than in the US, so the increased number of cases could partly
e due to other factors such as changes in testing rates, for example
though see section S9 in supplementary material). However, any such
hange would occur in data on number of deaths later than in the
umber of cases and the most recent data on numbers of deaths show
10
ncreases in France and Spain. Second, some of the increases could be
ue to local factors and may not necessarily reflect what is going on
n a country as a whole. Nevertheless, there is a clear upward trend in
ll of the European countries, which is a cause for concern, especially
iven the scale of the increases in France and Spain and the potential
or significant second waves in all the countries.

More generally, the results highlight the ability of the three-stage
odel to investigate not only lockdowns, but also relaxations of them,

ncluding the ability to detect relaxations of a certain degree. Fur-
hermore, the results suggest that if the current levels of relaxation
n European countries were to continue unchecked, the consequences
ould be very serious.

. Discussion

The two-stage model has a single reproductive number before lock-
own and another one afterwards and it does not divide the population
nto separate subgroups (e.g. spatially or by age). As such, the sim-
licity of the model has advantages, but also limitations. In terms of
itting the model to the data and extending it to the three-stage version
o make predictions, it has advantages because it is able to keep the
umber of parameters to a minimum. This can help avoid overfitting
he model to the data, which can occur if too many parameters need to
e estimated, or else having to specify too many parameters that may
e difficult to justify.

However, an important limitation also arises from the simplicity of
he approach since it cannot be used to model interactions between
ifferent age groups within society or specific relaxations such as
llowing pubs and restaurants to re-open. Instead, it models society as
whole and so would need to be complemented by other work that

rovides more detailed models of society [2,8,39]. This point is also
losely related to the way in which relaxations have been modelled
s a percentage increase in the transmission rate. While this gives a
eneral idea about the potential impact of relaxations and can be easily
nterpreted since it relates to the levels of interactions in society, it is
lso interesting to explore how it might relate to specific measures.

Of course, even with more detailed models, it is difficult to estimate
he impact of specific measures since many assumptions need to be
ade. However, contact matrices can be constructed to represent the

nteractions that occur between different age groups in society includ-
ng interactions in the household, school, workplace and community [2,
,39]. Based on estimates about the relative impact on these matrices of
ifferent intervention strategies, simulations can then be carried out to
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explore the consequences. For example, in their study of interventions
in the UK, Davies et al. [2] estimate that the combined effect of various
measures including school closures, physical distancing, shielding of
older people and self-isolation just before the lockdown would have
had no effect on household contacts, but would have reduced school
contacts to zero, and work contacts and other community contacts to
slightly under 50% (25% for those over 70 years old and 50% for oth-
ers) of their baseline level. They also estimate that the lockdown would
have further reduced work contacts and other community contacts to
10% of the baseline level.

Suppose we were to consider relaxing all the other components of
the lockdown, but keep the specific restrictions mentioned above in
place. Typically about one third of transmission is assumed to occur in
the household, a further third in schools and workplaces and a final
third in the community [39]. Since there is no difference between
the lockdown and proposed relaxation scenario in terms of household
contacts, we can focus on schools, workplaces and the community, so
let us assume that 75% of the relevant transmission is due to workplaces
and community contacts. Based on the estimates that have been noted,
the contacts would increase from 10% to almost 50% in each of these
categories. This corresponds to an increase of around 30% with respect
to the baseline in terms of contact rates. (An increase from 10% to
50% would be an increase of 40/90 compared to the baseline for
these components, which are assumed to constitute 75% of the relevant
transmission, and so it would be a 75% × 4∕9 = 33.3% increase with
respect to the baseline.)

However, recall that the current approach does not involve relax-
ations relative to the baseline (before any measures were in place), but
relative to the situation for several weeks prior to the lockdown. In
terms of workplace and the community, many of the measures were
not introduced until about a week before the lockdown in the UK and
schools were only closed on the Friday before the lockdown. Assuming
that the contacts in the workplace and community were reduced to 75%
of baseline over the pre-lockdown period, then the proposed relaxation
would correspond to a relaxation of over 40%. While this is a very
rough estimate, it is similar to the levels of relaxation found in the
various European countries here (see Table 5). This is consistent with
the finding in the earlier study that stricter measures were necessary
to bring 𝑅0 near or below one [2], while other work showed that
the early termination of strict social distancing measures in the US
could also lead to a second wave [40]. Other relaxation scenarios
could be considered, but the discussion here gives an indication of how
percentage relaxations can be related to more specific proposals.

The assumption in the discussion so far has been that relaxations
onsist in removing or easing restrictions that have been introduced
o some degree. However, other mitigation strategies could give rise
o more scope for relaxation. For example, a study of contract tracing
xplored different percentages of contacts traced to investigate the
ffectiveness of the approach in containing COVID-19 for different
evels of transmission before symptom onset, delays from symptom
nset to isolation, and 𝑅0 values [41]. While that work was in the
ontext of a new outbreak, it would be interesting to explore to what
xtent higher degrees of success in contact tracing might permit higher
egrees of relaxation.

Despite the challenges of relating percentage lockdowns to specific
easures, the application of the three-stage version of the model to

he six countries here suggests that a more data-driven approach may
e the best way to proceed. The model can be used to detect the
ercentage relaxation in a given country and the date at which it
tarted to take effect. Consequently, it should be possible to relate these
easures to specific relaxations that were introduced. For example,

he dates identified for the relaxations in France and the UK (see
able 5) appear to correspond to significant relaxations, including the
pening of pubs and restaurants, introduced in early June [42] and
arly July [43] respectively, allowing for a time lag. Clearly, more
ork would be needed to explore possible factors across a number of
ountries.

11
This provides one direction for future research. Other directions
include developments to address limitations of the current model. The
model has been fitted to the data for numbers of confirmed cases,
numbers of deaths or numbers of hospital patients, allowing for time
delays, but these delays could be included explicitly in the model to
allow, for example, for variation in time between confirmation and
death when fitting to the number of deaths. Also, while the results
based on the number of deaths and hospital patients provide a useful
comparison since they are less likely to be affected by changing levels
of testing, for example, it would also be interesting to integrate all the
data to obtain a single estimate. Another direction concerns the mod-
elling of asymptomatic cases. While the current model distinguishes
between confirmed and unconfirmed cases, it does not do so between
symptomatic and asymptomatic cases. As discussed in Section 2, this
does not play a major role when the ratio of confirmed to unconfirmed
cases is kept fixed, but it does become more important when this
ratio increases with time. This issue is addressed in section S9 of
supplementary material, where two different values of 𝛼 are considered
to see the effect of lower transmission for the unconfirmed group.
However, future work could apply such values only to a distinct asymp-
tomatic group and potentially also consider a different value of 𝛾 for
asymptomatic cases. Another limitation arises from the fact that the
model does not consider vital dynamics or migration. While this is
reasonable for short term applications of the model, such factors would
be important when the model is applied over longer periods of time.
Furthermore, given the importance of vaccination in the context of
COVID-19, it would be interesting to include vaccination at various
levels of availability and efficacy into the model.

5. Conclusion

A two-stage SEIR model has been fitted to data on the daily numbers
of confirmed cases of COVID-19 in France, Germany, Italy, Spain,
the UK and the US. According to the results, while the lockdowns
in all six countries were successful to greater or lesser extents, Spain
saw the greatest reduction in the reproductive number. Validation
of the model was carried out by applying it to data on the number
of deaths (and numbers of hospital patients with COVID-19 in the
UK) and its predictive performance was evaluated using time series
cross-validation.

The model was extended to a three-stage version that was used to
investigate various levels of relaxation. Results based on data up to
12th May 2020 suggested a 50% relaxation could lead to large second
waves in each country if no further measures were put in place, while
a 25% relaxation could lead to a second wave in the US and could
halt the decline in numbers in other countries. However, more recent
data show that the number of cases has increased in all six countries.
Applying the three-stage model to each country, data from August 2020
have been shown to correspond to results from models learned from
earlier data. The results indicate that relaxations took effect in terms of
increasing numbers of cases with dates ranging from early June in some
countries to mid-July in other countries. For the European countries,
results suggest relaxations ranging from 31% to 57% are underway and
if current trends continue unchecked could lead to significant second
waves that last longer than the corresponding earlier waves. In the
case of the US, where the number of cases has already peaked for a
second time, an extended version of the model suggests that the level
of transmission may now be similar to that after the first peak.

While caution is needed with some of the results, particularly when
it comes to modelling second waves, the results from the US highlight
the serious consequences if levels of relaxation are too high. The
results presented in this paper suggest that this is now the case in the
European countries that have been considered and that lower levels of
transmission are needed. Also, since the model applies to society as a
whole, particular measures would need to be kept in place to protect
more vulnerable groups. More generally, however, a lot of caution is

needed if further waves are to be avoided.
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