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ABSTRACT: When Fourier transform (FT) spectrum peaks are
overlapped, primary maxima of odd-order derivatives can be used
to evaluate their independent intensities. We studied the feasibility
of higher odd-order derivatives on Lorentzian peak shape and
magnitude peak shape. Simulation studies for FT nuclear magnetic
resonance (NMR) spectroscopy demonstrated good results toward
quantitative deconvolution of overlapping FT spectrum peaks.
Although it is not so desirable to deconvolute special line shapes
such as Gaussian, Voigt, and Tsallis profiles, the odd-order
derivatives exhibit a bright future compared to even-order
derivatives. An application example of practical NMR spectroscopy
with ethylbenzene isomers is presented. White Gaussian noises
were added to the simulated spectra at two different signal-to-noise ratios (20 and 40). Kauppinen’s denoising and smoothing
algorithms can effectively remove interference of the noise and help to have good deconvoluting results using the odd-order
derivatives. We compared features of our approach with popular deconvolution sharpening algorithms and conducted a comparison
study with Kauppinen’s Fourier self-deconvolution. Our approach has a better dynamic range of peak intensities and is not sensitive
to the sampling rates. Other common deconvolution methods are also discussed briefly.

1. INTRODUCTION
Deconvolution of overlapping peaks is a method to overcome
the upper bounds of spectroscopic performance. An advantage
of Fourier transform (FT) in spectroscopy is that the periodic
time signals can be converted to symmetric bell-shape peaks. In
this paper, we developed a novel deconvolution approach using
odd-order derivatives for overlapping spectral bands, in
perspective of FT nuclear magnetic resonance (NMR) (FT-
NMR) spectroscopy. The general principle described here may
also be applicable to other FT spectroscopies.

The aim of superimposing the FT is to improve spectral
resolution by folding a FT peak about its symmetric axis or
center to double its peak intensity and reduce its width by half
(see illustration in Section S1 of Supporting Information).1,2 It is
difficult to convolute the superimposition functions on FT in the
time domain t from thousands to millions of data points without
prior knowledge about the signal waves. Alternatively, this can
be accomplished in the frequency domain ω by derivative
spectroscopy using stepwise superimposition.2 We conducted a
stair-like configuration to link identified peak vertices and raise
every step at each peak vertex by 2. This configuration is termed
the stepwise superimposition function Sk(ω)

= + +S k a k a Z( ) 2( ) ,k (1)

where k = 0, 1, ...,N forN peaks in an overlapping band and a is a
positive integer ≥0 (+Z) because initial step S0(ω) may not be a
zero baseline. Its principle is exemplified in Figure 1 regarding
the 4 overlapping peaks of a conventional FT spectrum F(ω):
ω1, ω2, ω3, and ω4. The brownish steps shown on the top of
Figure 1 are stepwise superimpositions, progressively from the
left side fold to the right (that is, right-superimpose ω1 → ω4).
Of course, we can also perform a left superimposition ω4 → ω1

in reverse order. The “stepwise” here means that the step
intervals (i.e., peak separations) are varied.

Multiplication of the spectrum F(ω) with its stepwise
superimposition function Sk(ω) links each step to its
corresponding peak vertex. There are k = N+1 steps for N
overlapping peaks. After taking first-order differentials (or
derivatives) of the multiplication {F(ω)·Sk(ω)} as per the
product rule
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because ΔSk(ω) = 2 at peak vertex ωj, where j = 1, 2, ..., N for N
peaks in a spectrum. Since ΔSk(ω) = 0 is other than the peak
vertex, we removed Sk(ω) from the last term of eq 2 to obtain a
first-order differential background ΔF(ω). Thus, we obtain two
types of spectral data
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The four overlapped peaks are sharply resolved by stepwise
superimposition of the pink spectra at the bottom of Figure 1
through right-superimposition (or left-superimposition) to
double their peak intensities with respect to first-order
differential background (this refers to an excel schema in
Section S2 of the Supporting Information).

Implementation of the stepwise superimposed derivative
relies on well-known features of FT spectroscopy:3 symmetric
profiles with identical full width at half-maximum (FWHM) and
peak height proportional to signal amplitude. The major
drawback of this strategy is to superimpose each overlapping
peak on their apparent heights, not their true ones. This is a
consequence of the implementation of the superimposition
operation in the frequency domain rather than in the time

domain. Derivatives are often used to deconvolute the
overlapping peaks qualitatively and quantitatively.4 The even-
order derivatives, especially second-order and fourth-order
derivatives, are universally preferred in the spectroscopic
community because of their centric maximums around their
parent peaks if the spectral derivatives are well-convergent.4,5 In
fact, odd-order derivatives of a symmetric peak have more
unique features: their centers pass across zero and display
antisymmetric maxima. Nevertheless, their derivative maxima
are proportional to their parent peak heights, as are those of
even-order derivatives.We probed odd-order (higher than third-
order) derivatives toward quantitative deconvolution of the
overlapping FT bands based on these peculiarities.

The derivative algorithm faithfully obtains variables of the
original spectrum point by point to predict the behaviors after
the overlapping, which is similar to the curve fitting strategy
employed in spectral deconvolutions among a multitude of
current deconvolution methods. The deconvolution features of
the odd-order derivatives will be studied and compared later
with some of the popular deconvolution methods. A remarkable
advantage of derivative spectroscopy is that constant and lower-
order noises are eliminated or reduced by higher-order
derivatives.4

2. HIGH-ORDER DIFFERENTIAL DECONVOLUTION
A general formula of the nth-order derivative D(n) discrete
spectroscopy in a sampling interval of Δω as Leibniz rule is4,6
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whereCn
m = n(n− 1)...(n−m + 1)/m!, binominal coefficients; δ

= 0 for even n, and δ = 1 for odd n; a general factor; and
Aω+[(n+δ−2m)/2]Δω, intensity at frequency ω + [(n + δ−2m)/
2]Δω. For the third-order derivative, n = 3 and m = 0, 1, 2, 3

= ++ + +D A A A A( 3 3 )/( )/2
(3)

2
3

The full binominal coefficients of third-order derivatives to
tenth-order derivatives are available in Section S3 of the
Supporting Information for readers’ convenience.

Recently, Belkic ́ and Belkic ́ [2018, 2019] employed very high-
order derivatives (up to 50th order) in the fast Pade ́ transform of
magnetic resonance spectroscopy to quantify cancer bio-
markers.7 Their Pade ́ transforms utilized prior knowledge
about signal frequencies to reconstruct the spectra by multiple
iterative averaging to match the acquired time signal
polynomial.8,9 Belkicś revealed that quantitative deconvolution
can be achieved by higher-order derivatives as more neighboring
data are analyzed, together with each peak vertex.
2.1. Odd-Order Derivatives of Overlapped Lorentzian

Peaks. FT spectroscopy (or spectrometry) refers to a
spectroscopic method with Fellgett’s multiplex advantage: gain
factor of signal-to-noise ≫1 related to its scanning type.10

Theoretically, its spectrum peak shape is a Lorentzian profile10

=
+
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A
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( )

j

j
2 2

(5)

where ωj is signal frequency; Aj is its peak intensity; and σ is the
attenuation factor for a harmonic signal f(t) = 2Aje−σtcos ωjt.
Theoretical FWHM of a FT peak = 2σ.10 We calculated the
major characteristics of its derivatives up to fifth-order in Table

Figure 1. Middle blue spectrum is a simulated conventional FT
spectrum F(ω), composed of 4 overlapping peaks ω1, ω2, ω3, and ω4.
Top brownish configuration is a stepwise superimposed function Sk(ω)
(k = 0, 1, 2, 3, 4) from right toward left (ω1 → ω4). Starting at the lowest
step S0 (base of peak ω1), the first step S1 at the peak vertex of ω1 by a
factor 2, and so on progressively to the following peak vertices step by
step. Differential of the multiplications, Δ{F(ω)·Sk(ω)}, gives a
stepwise right-superimposed differential spectrum (pink spectrum
bottom).
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1, whereD(n) denotes the nth derivative of the Lorentzian profile.
The maximum heights of even- and odd-order derivatives are

both proportional to independent peak intensity Aj. Odd-order
derivatives exhibit two antisymmetric primary maxima (PM)
that respond to the overlapping differently. Nevertheless, their
FWHM is much narrower than that of the PM of their
subsequent even-order derivatives.

It is noteworthy that D(3) of the Lorentzian peak has the
smallest height ratio of second max to first max (only 9.0%
calculated from Table 1). The height ratios of the other
derivative orders are over 20%. The same observations were
portrayed in the beginning part of Dubrovkin’s “Derivative
Spectroscopy”.4 Third-order derivatives can thus achieve more
accurate deconvolution and should be used to study overlapping
bands by FT spectroscopy. FT spectroscopic peaks are actually
close to the Lorentzian profile.10 The apodization broadened
peak widths and decreased peak heights to a certain extent.
Many physical and chemical factors can affect the peak widths
and shapes.4 We utilized simulation to estimate the
deconvolution of the overlapping bands with odd-order
derivatives due to a limitless overlapping manifold. We defined
the separation between the two peaks ωj and ωj+1 (ωj+1 > ωj) in a
half of FWHM σ as

=+j j1 (6)

where γ is the spectral overlapping degree rigorously stipulated
by Vandeginste and De Galan.11

We simulated 13C NMR spectroscopy12 as the blue spectrum
shown in Figure 2, where there are absorption peaks: ω1, ω2, ω3,
ω4, and ω5 overlapped into a band, and a well separated peak ω6
as a reference for the sake of the evaluation (refers to Section S4
of Supporting Information for their simulated free induction
decay (FID) signal). The overlapped peaks are evaluated against

the reference peak ω6 by their third-order derivatives (the brown
curve in Figure 2) since the third-order derivatives have
minimum satellites’ influence and their dispersive PMs under-
went different overlapping effects.

The reference peak intensity is always normalized in this study
to make the calculation simpler. The master simulation
parameters are semi-FWHM σ = 1.23 after being apodized by
a 3-term Blackman−Harris window; there are two different
sampling rates for comparison: 4 times and 16 times of Nyquist
frequency ( f N). The simulated peak characteristics and their
deconvolution results are listed in Table 2. The five overlapping
peaks are deconvoluted very well in the simulation study. The
deviations of their independent intensities generally are not
more than ±5% for overlapping degrees 2.8 to 4.1. The accuracy
declines when the overlapping degree of a peak ≤2.0 and
intensity ratio of its adjacent peak ≥2. A higher sampling rate
helps to display peak amplitude and reduces dilation. The
evaluation accuracy is obviously not improved as the sampling
rate was raised from 4 to 16 times Nyquist frequency. The
evaluation using the third-order derivative is fortunately not
susceptible to sampling rate. The PMwith less overlapping effect
always gives a good evaluation of Aj. When front Aj and back Aj
are similar, it is better to average them for reliability. The well
separated peak ω6 acts as an internal reference standard and is
normalized in Table 2. Its independent peak intensity will be
solved later (referring to Section S5 of the Supporting
Information for the related Excel calculations).
2.2. Odd-Order Derivatives of Overlapped Gaussian

and Related Peaks. The Gaussian peaks can be deliberately
generated by FT spectroscopy. Full width at baseline of a
Gaussian profile is about 6σ (note: σ = semi-FWHM) in contrast
to the long tailing of a Lorentzian profile. Thus, the overlapping
of Gaussian peaks is much weaker than that of Lorentzian peaks
under the same circumstances because the slope of a Gaussian
profile varies more sharply. For a typical Gaussian peak G(ω) at
ωj with intensity Aj

= [ ]G A e( ) /j
ln 2 ( )/ 2j (7)

we calculated the nth-derivative up to D(5) in Table 3 for its PM
(1st max) and secondary maxima (2nd max).

Consequently, derivatives of G(ω) demonstrate much
stronger satellite maxima than those of Lorentzian L(ω).
Their height ratios of second max to first max are all over 27%.
Therefore, the PM of G(ω) is not suitable to evaluate closely
overlapping Gaussian peaks. Overlapping doublets are elemen-
tary models in searching for related parameters in the evaluation
of derivative spectroscopy (see dedicated chapter in Dubrov-
kin’s book),4 we simulated two overlapping Gaussian peaks, ω1
and ω2, at overlapping degree γ = 2.0 with a well resolved
reference peak ω3 in Figure 3. Their FWHM of 2σ = 2.0 and
their independent intensity ratio of A1/A2/A3 = 1:5:1.

The derivative satellites would cause greater interference with
the PMs for the deconvolution of closely overlapping Gaussian
peaks. As the above strategy for the overlapping Lorentzian
peaks and FT absorption peaks, we tracked where there are
fewer overlapping portions of their odd-order derivatives to
implement our deconvolutions. The third-order derivative
satellite maxima had been recommended to deconvolute the
overlapping peaks for this reason (see p. 204 of Dubrovkin’s
“Derivative Spectroscopy”).4 We appreciate that the second
maxima of D(3) achieves intensity deviations that are less than
+2.1% for the overlapping Gaussian doublet with the aid of the

Table 1. Primary Maximum (1st Max) and Secondary
Maximum (2nd Max) of Derivatives up to 5th-Order for a
Lorentzian Peak L(ω)

1st max 2nd max

D(n) ω − ωj height ω − ωj height

D(1) ±0.577σ ∓0.650Aj/σ2 ― ―
D(2) 0 −2Aj/σ3 ±σ +0.5Aj/σ3

D(3) ±0.325σ ±4.669Aj/σ4 ±1.376σ ∓0.421Aj/σ4

D(4) 0 +24Aj/σ5 ±0.577σ −10.125Aj/σ5

D(5) ±0.228σ ∓100.459Aj/σ6 ±0.797σ ±21.428Aj/σ6

Figure 2. Simulated FT spectrum composed of six absorption peaks
(depicted in blue): ω1, ω2, ω3, ω4, and ω5 are merged into a band; and
ω6 is separated well from the others as a reference for intensity
evaluation. Brown curve is their 3rd-order derivative D(3) spectrum.
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reference peak ω3, as shown in Table 4. However, the second
maxima of D(5) provide poorer deconvolution because the gap
between their second maxima (±1.605σ, see Table 3) is
narrower than that of D(3) (±1.983σ, see Table 3). When
overlapping of the spectrum peaks become closer (γ < 2.0),
fractional derivatives4 and curve fitting13 have advantages in the
evaluation of the overlapping Gaussian peaks. The Voigt shape is
a convolution of the Gaussian and Lorentzian functions.4 We
found that dispersive PMs of D(5) are valid for deconvolution of
Voigt doublets when they have more than one-third of the
Lorentzian component. A similar option to Tsallis shapes,4 the
partition between Gaussian and Lorentzian will govern the
evaluation feasibility for overlapping Tsallis peaks using the odd-
order derivatives, either PM or second max.

2.3. Odd-Order Derivatives of Overlapped Magnitude
Peaks. Magnitude mode is favored when controlling the phase
shifts in FT spectroscopy. The magnitude shape M(ω) of a
single peak ωjwith intensity Aj as the acquisition timeT is long10
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The magnitude mode is the absolute value of its independent
Lorentzian peak with an imaginary dispersive peak. When two
magnitude peaks ω1 and ω2 with intensities A1 and A2 are
overlapped and if their phase shifts are relatively small, their
intensity sums are14
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Table 2. Simulation Data of the FT Spectrum in Figure 2 and Results Evaluated by D(3)

peak ωj (j = 1, 2, ..., 6) ω1 ω2 ω3 ω4 ω5 ω6

overlapping degree γ 3.3 2.8 4.1 1.5 41.6 ―
real intensity Aj 0.880 0.500 5.000 1.150 0.550 1.000
4f N apparent Aj 1.118 1.121 5.172 1.624 1.044 1.094

% deviation +27.0% +124.2% +3.4% +41.2% +89.8% +9.4%
front Aj 0.893 0.492 5.030 1.100 0.544 1a

% deviation +1.5% −1.6% +0.6% −4.3% −1.1%
back Aj 0.875 0.767 4.999 1.078 0.394 1a

% deviation −0.6% +53.4% −0.0% −6.3% −28.4%
16f N apparent Aj 1.050 1.052 5.138 1.560 1.016 1.026

% deviation +19.3% +110.4% +2.8% +35.7% +84.7% +2.6%
front Aj 0.899 0.489 5.003 1.094 0.589 1a

% deviation +2.2% −2.2% +0.1% −4.9% +7.1%
back Aj 0.883 0.729 4.995 1.159 0.407 1a

% deviation +0.3% +45.8% −0.1% +0.8% −26.0%
aPeak ω6 is normalized to one in the intensity evaluation.

Table 3. Primary Maximum (1st Max) and Secondary
Maximum (2nd Max) of Derivatives up to 5th-Order for a
Gaussian Peak G(ω) Described by eq 7

1st max 2nd max

D(n) ω − ωj height ω − ωj height

D(1) ±0.849σ ∓0.714Aj/σ2 ― ―
D(2) 0 −1.386Aj/σ3 ±1.471σ +0.619Aj/σ3
D(3) ±0.630σ ±2.253Aj/σ4 ±1.983σ ∓0.612Aj/σ4
D(4) 0 +5.765Aj/σ5 ±1.151σ −3.565Aj/σ5
D(5) ±0.524σ ∓13.086Aj/σ6 ±1.605σ ±5.707Aj/σ6

Figure 3. Simulated doublet composed of two Gaussian peaks, ω1 and
ω2, at an overlapping degree γ = 2.0. Well separated Gaussian peak, ω3
(γ = 18.0), is used as an internal reference.

Table 4. Evaluation of Overlapping Gaussian Doublet by
Odd-Order Derivatives

Gaussian peak ω1 ω2 ω3

γ 2.0 18.0 −
real Aj (j = 1, 2, 3) 1 5 1
apparent Aj 1.313 5.065 1.000
(% deviation) (+31.3%) (+1.3%) (0.0%)
2nd max of D(3) 1.021 5.004 1a

(% deviation) (+2.1%) (+0.0%)
2nd max of D(5) 0.849 4.966 1a

(% deviation) (−15.1%) (−0.7%)
aIntensity of ω3 is normalized as 1 in the evaluation to compare front
maxima for ω1 and back maxima for ω2.
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Peak width of the magnitude mode is broadened by √3
corresponding to its Lorentzian component and displays more
tailing than the Lorentzian profile. Another drawback of the
magnitude mode is that overlapped magnitude peaks are
nonadditive.14 Therefore, independent intensities of the over-
lapping magnitude peaks cannot be assessed by comparing
derivative maxima (either odd- or even-order), as in the above
approach for Lorentzian and Gaussian peaks. When examining
odd-order derivativesD(n) up to ninth-order in Table 5,D(3) of a
magnitude peak ωj also shows minimum ratio (∼6.3%) of 2nd
max relative to its PM (1st max).

It is worth noting that the gaps between the two PM (ω − ωj)
narrow progressively with increasing derivative orders, and the
height absolute ratios of the PM (positive versus negative) are
always to be 1. When the peaks overlap, their peak intensities are
dilated and accordingly the PM of their derivatives will be
deformed with the overlapping. We define the primary
maximum ratio (PMR) of the peak derivatives as

= | |PMR smaller PM/larger PM (10)

where the smaller and larger maxima are specified as their
absolute amplitudes, regardless of being positive or negative.
Because of overlapping dilation, the apparent peak intensity
Aj(apparent) of a peak ωj is larger than its independent intensity Aj.
We speculated an approximation relation for overlapping
magnitude peaks according to their broad tailing feature

A A/ PMRj j(apparent) (11)

To affirm eq 11, we studied two overlapping FT magnitude
peaks ω1 and ω2 with 4 times of the Nyquist frequency and
apodized the spectrum by a 3-term Blackman-Harris window.
The doublet peaks are separated at first at an overlapping degree
γ = 8.0. Intensity A1 of peak ω1 was fixed and normalized as one.
We gradually varied the intensity ratio A2/A1 from 0 to 30. As
displayed in Figure 4, the calculated D(3) PMR of peak ω1 is
pertinent until intensity ratioA2/A1 is about 11, but itsD(5) PMR
is irrelevant.

When twomagnitude peaks are overlappedmore closely at γ =
2.3 as displayed in Figure 5, PMRs of D(5) are valid for intensity
ratios up to A2/A1 ≈ 2. It will be appropriate by averaging PMRs
of D(3) and D(5) within a range of A2/A1 ≈ 2 to 4.4 (deviation
<2.0%). From the above simulation analysis of overlapping
magnitude doublets, we realized that the real intensity of an
overlapped magnitude peak could be evaluated with a PMR of
D(3) or D(5) or both D(3) and D(5), depending on how close its
neighbor(s) are.We extrapolated this supposition about eq 11 to

multiple overlapping peaks and verified it by the following
numerical simulation.

We proceeded with the overlapping scenario of Figure 2 and
converted the same six simulated peaks to magnitude modes.
Since the FWHM of a magnitude peak is broadened by √3
corresponding to its absorption peak, its overlapping degree is
shrunk by a factor of √3, as shown in Figure 6. The evaluation
results using PMRs are listed in Table 6.

As is evident from Table 6, most evaluation results are
successful (evaluation deviations ≤3.4% ). The intensity of the
reference peak ω6 is precisely determined to be 1.005, which is
only +0.5% deviated from its true value. On the other hand, the
evaluations yield big deviations (see data for ω2 and ) when the

Table 5. Primary Maximum (1st Max) and Secondary
Maximum (2nd Max) of Odd-Order Derivatives for a
Magnitude Peak M(ω)

1st max 2nd max

D(n) ω − ωj height ω − ωj height

D(1) ±0.707σ ∓0.385Aj/σ2 ― ―
D(3) ±0.362σ ±1.932Aj/σ4 ±1.694σ ∓0.122Aj/σ4

D(5) ±0.246σ ∓33.678Aj/σ6 ±0.881σ ±6.298Aj/σ6

D(7) ±0.187σ ±1268.236Aj/σ8 ±0.618σ ∓371.466Aj/σ8

D(9)a ±0.150σ ∓83452Aj/σ10 ±0.481σ ±31495Aj/σ6

aThe values of the 9th derivative were estimated by numerical
calculations.

Figure 4. Intensity variation A1/A1(apparent) of peak ω1 in a magnitude
doublet at overlapping degree γ = 8.0 with its PMRs ofD(3) andD(5) as a
function of overlapping intensity ratios A2/A1.

Figure 5. Intensity variation A1/A1(apparent) of peak ω1 in a magnitude
doublet at an overlapping degree γ = 2.3 with its PMRs of D(3) and D(5)

as a function of overlapping intensity ratio A2/A1.

Figure 6. Simulated spectrum composed of six overlapped peaks: ω1,
ω2, ω3, ω4, ω5, and ω6 in Figure 2 are converted to magnitude mode.
They are merged more closely than in the absorption mode.
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overlapping degrees ≤1.6 and situated beside a predominant
peak ω3. Although every PMR of D(1) to D(9) is workable for the
predominant peak ω3 (the least deviation is only +0.7% given by
D(1)), D(7) and D(9) PMRs are not trustworthy for common
overlapping bands to evaluate their real intensities. Higher-order
derivatives bring about extensive derivative satellites and could
acutely magnify Gibbs effects and spectral noises. Another merit
of the PMRs is that they are also not susceptible to the sampling
rate. The odd-order derivative PMRs of either Lorentzian or
Gaussian profiles do not obey magnitude mode in the
deconvolution. Possibly, there may be some unique cases
where crowded Lorentzian or Gaussian bands do exhibit good
derivative PMRs.

3. APPLICATION TO FT-NMR SPECTROSCOPY
We achieved a well-resolved 300 MHz FT NMR spectrum of
ethylbenzene by implementing the stepwise differential super-
imposed approach.2 The aromatic proton spin−spin coupling
NMR spectrum of ethylbenzene is shown in Figure 7, where the
magnitude peaks of ethylbenzene exhibited twomerged bands in
the spectral region of 7.0−7.4 ppm (see bottom blue spectrum of
Figure 7). Eight NMR peaks corresponding tometa-, ortho-, and
para-protons were sharply separated by the stepwise differential
superimpose approach, including a big solvent peak (chloro-
form-d) against the first differential background (see top pink

spectrum of Figure 7). We used odd-order derivatives to
deconvolute this practical FT spectrum. A common peak width
w can be determined by measuring a well resolved peak in the
same spectrum or a freely induced decay factor of the NMR time
signals. PMRs of odd-order derivatives (D(1), D(3), D(5), and
D(7)) for the nine overlapped magnitude peaks are calculated in
Table 7, where their independent intensities are estimated by the
PMRs of D(3) or .

We chose PMR of D(5) to evaluate the meta-proton peak at
7.195 ppm because it fused into the residue solvent at 7.185
ppm. All of the other peaks were calculated on the PMRs ofD(3).
According to the PMRs of Table 7, their independent
(nonoverlapping) intensities are calculated in Table 8. The
PMRs are expedient evaluations to deconvolute these merged

Table 6. Simulation Data of the Conventional FT Spectrum in Figure 6 with Sampling Rate 4 Times of Nyquist Frequency

peak ωj (j = 1, 2, ..., 6) ω1 ω2 ω3 ω4 ω5 ω6

overlapping degree γ 1.9 1.6 2.3 0.9 24.0 −
real intensity Aj 0.880 0.500 5.000 1.150 0.550 1.000
apparent Aj 1.564 1.791 5.172 1.977 1.825 1.107
% deviation +77.7% +258.2% +3.4% +71.9% +231.8% +10.7%
D(1) corrected Aj 0.974 0.774 5.033 0.598 − 0.798

% deviation +10.7% +54.8% +0.7% −48.0% −20.2%
D(3) corrected Aj 0.871 0.819 5.148 1.371 1.116 1.005

% deviation −1.0% +63.8% +3.0% +19.2% +102.9% +0.5%
D(5) corrected Aj 1.167 1.721 5.092 1.728 0.549 1.103

% deviation +32.6% +244.2% +1.8% +50.3% −0.2% +10.3%
D(7) corrected Aj 1.177 1.147 5.126 1.568 0.598 1.010

% deviation +33.8% +129.4% +2.5% +36.3% +8.7% +1.0%
D(9) corrected Aj 0.297 0.561 5.161 0.534 0.801 0.797

% deviation −66.3% +12.2% +3.2% −53.6% +45.6% −20.3%

Figure 7. Blue colored spectrum is the phenyl proton spin−spin
coupling 300 MHz FT NMR spectrum of ethylbenzene (chemical
structure displayed in top left corner). Stepwise superimpose
differential NMR spectrum of ethylbenzene (colored in pink) is
overlaid on top of the figure. Nine sharp proton peaks related to the
phenyl moiety and the chloroform-d solvent are resolved sharply.

Table 7. PMRs of the Odd-Order Derivatives from the Native
FT NMR Spectrum in Figure 7

ppm γa D(1) D(3) D(5) D(7)

7.068 +2.7 0.979 0.319 0.555 0.583
7.095 +1.5 0.847 0.759 0.868 0.954
7.110 +1.3 0.953 0.690 0.690 0.759
7.123 +1.3 0.577 0.278 0.319 0.327
7.136 +4.9 0.642 0.501 0.421 0.294
7.185 +1.0 0.867 0.894 0.655 0.536
7.195 +1.8 ― 0.795 0.360 0.541
7.213 +2.6 0.692 0.607 0.586 0.543
7.239 ― 0.616 0.368 0.465 0.301

aOverlapping degrees are calculated with measured FWHM 2σ = 0.02
ppm of the meta-proton peak at 7.213 ppm.

Table 8. Independent Intensities of the Native FT NMR
Spectrum in Figure 7 Evaluated by PMRs

ppm A(apparent) D(n) evaluated A

7.068 49,994 n = 3 14,636
7.095 88,530 n = 3 64,024
7.110 98,943 n = 3 65,386
7.123 75,574 n = 3 19,854
7.136 144,571 n = 3 70,390
7.185 153,942 n = 3 133,873
7.195 64,718 n = 5 21,811
7.213 111,957 n = 3 65,399
7.239 66,305 n = 3 22,855
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magnitude peaks in a range of overlapping degrees 1.0 to 4.9.
The deconvoluted spectrum of ethylbenzene is compatible with
available literature data for 500 MHz NMR15 and 920 MHz
NMR16 although the adjacent ortho- and para-proton peaks may
exchange their spectral positions. These trivial differences may
come from small interactions of adjacent ethyl protons when a
magnetic field is insufficient for the NMR measurements.15

We can rationally smooth the spectral baseline to zero after
correcting the overlapping effect (the first-order differential
background in Figure 7). The intensity-corrected superimposed
FTNMR spectrum (in pink color) is stacked upon its native one
(blue spectrum at the bottom), as shown in Figure 8. The native
NMR spectrum of ethylbenzene in Figures 7 and 8 (bottom blue
one) is an appropriate model to study the overlapping issues.We
observed obvious detection errors for the three peaks appearing
at 7.10 to 7.15 ppm. Such errors may come from interference of
the detector noises and have been rectified properly by the PMR
evaluation. PMRs of the odd-order derivatives can therefore be
used to evaluate the independent intensities of the overlapping
peaks, and they could also become potential calibrations for
detection errors.

4. NOISE INTERFERENCE AND DENOISING
Spectral noises always affect the accuracy and resolution of
analytical spectroscopy. Quantitative accuracy strongly depends
on the noise level in a spectrum, especially if the noises are
rapidly magnified by higher-order derivatives. It is very
important to expect an error threshold in a quantitative
deconvolution. We can refer to the general requirements
suggested by Meyer et al. for the quantitation objectives in
high-performance liquid chromatography (HPLC) and capillary
electrophoresis.17 They showed that a signal-to-noise ratio
(SNR) of greater than 100 was necessary for optimal precision of
relative standard deviation <2%. As per the pharmacopeia
criteria in method validation and technique transfer, the
quantitation level should be validated to less than the error
reporting threshold <2%. We at first generated a white Gaussian
noise shown by a histogram in Figure 9 using Python 3.10.14 for
512 points (average = 0, standard deviation = 1, and verified by
Excel). This noise was then added into the simulated spectrum
of Figure 2 at SNR = 20 related to the nominal height 0.5 of the
smallest peak, ω2 (see Table 2). SNR = 200 is related to the
largest peak, ω3 (nominal height of 5.0). The additive noise

radically corrupted theD(3) derivative of the synthetic spectrum,
as shown in Figure 10 (refer to Section S6 of the Supporting
Information for Python codes of the noise generations).

It has long been known that FT is an effective mathematical
filtering for spectroscopic noises.3 Wahab et al. designed a new
denoising window�a long tailing super-Gaussian function with
the FT filtering for LC.18 Their method demonstrated great
denoising achievement for the additive random noise in the
chromatographic experiments. Kotani et al. just manifested that

Figure 8. After the dilation evaluation, a quantitatively deconvoluted NMR spectrum is manifested on top in pink color. Bottom blue spectrum is its
native 300 MHz FT NMR spectrum. First-order differential spectrum is shown in a dashed gray line, which reveals the overlapping effect.

Figure 9. Histogram of the white Gaussian noise generated by Python
3.10.14 for the denoising test (redrawn by Excel).

Figure 10. White Gaussian noise corrupted the D(3) derivative after it
was mixed into the simulated overlapping band in Figure 2 at SNR = 20
(related to the smallest peak intensity = 0.500 and the sampling rate
4f N, equivalent to 512 data points).
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the baseline noises in modern LC follow a normal distribution
when the detection UV wavelength is fixed.19 These denoising
studies encouraged us to use the FT denoising technologies3 to
the simulated FT spectrum in Figure 10.

The simulated spectrum in Figure 10 (at SNR = 20 and
sampling rate 4f N) was converted to the FID time signal by
inverse FT and shown in Figure 11, where the FID was first

smoothed by a boxcar function truncated at Ti = 0.00625 s (the
data points were set all to zero after Ti in Figure 11).3 The
smoothed FID was then decoded by FT with a band-pass
filtering window (from 50 to 178 ppm) for denoising. After
raising SNR = 40, we implemented the same procedures to
smooth and denoise this FT spectrum at higher SNR. Similarly, a
white Gaussian noise was generated in 2048 points and added
into the same overlapping band simulated in a higher sampling
rate 16f N at SNR = 20 and SNR = 40, respectively. The same
procedures were used to smooth and denoise the overlapping
FT band simulated by the higher sampling rate 16f N. Figure 12

displaysD(3) derivative spectra after smoothing and denoising of
the simulated 13C NMR overlapping bands in sampling rate 4f N
at SNR = 20 and in 16f N at SNR = 40. It is gratifying to see that
the noise was significantly reduced. The deconvolution results
usingD(3) are summarized in Table 9 for both sampling rates 4f N
and 16f N at SNR = 20 and 40. Most of the denoised results are
good for the additive white Gaussian noises. Comparing the
deconvolution qualities in Table 9 to those simulated with no
noise in Table 2, the higher sampling rate helps to reduce the
deconvolution deviations. The noise residues strongly affected

the deconvolutions of peak ω5 because this peak is small (real
intensity = 0.550) and closely overlapped (γ = 1.5 with ω4). The
absolute deviations of its deconvolutions were all over 26%
(Table 9). Since the other peaks, ω1 to ω4, in the overlapping
band had been deconvoluted well, we can easily isolate ω5 with
the reference peak ω6 by removing the four deconvoluted peaks
according to their found intensities Aj. Then the deconvolution
accuracy of ω5 was greatly boosted as isolated intensity A5 is
shown in Table 9.

It was notable that the SNR of NMR spectroscopy has been
instantly enhanced by doubled and redoubled high magnetic
fields.20 However, the escalating magnetic fields of 13C NMR
spectroscopy do not resolve the overlapped bands well in
biomolecular researches.21 The deconvolution algorithms
should play important roles in overlapping problems. If the
noises are colored and contain low-frequency distortions, they
should be treated with more effective and specific denoising
technologies.22

5. COMPARISONS TO DECONVOLUTION
SHARPENING ALGORITHMS

The derivatives perform the deconvolution point by point to FT
spectral profiles, which is similar to curve fitting. Alternatively,
the deconvolution of an overlapped band can be solved by
deconvolution sharpening methods such as Fourier self-
deconvolution (FSD), digital filters, and other algorithms.13

There are numerous digital signal processing algorithms, linear
or nonlinear.23 These algorithms are very complicated and not
discussed in this article because they usually require hundreds,
even thousands, of iterative operations until a routine
convergence can be obtained, for example, in Jasson’s con-
strained iterative deconvolution.23 A simple sharpening
procedure was proposed in 1974 by den Harden and de Galan
using the derivative FT principle to correct broadening effects
and recover nondistorted peak heights.24 They studied four
broadening functions (triangle, Gaussian, Lorentzian, and
exponential peak shapes). Since the deconvolution required
the broadening width ≤ peak width of nondistorted bands, the
overlapping bands could yield poor recovered peak heights.24

Wahab et al. later refined den Harden and de Galan algorithm to
deconvolute overlapping bands and to alter various peak tailings
in HPLC. They obtained consistent area ratios for the benzene
isotope triplet.18,25 If FT peak shapes are asymmetric, then an
extended FSD: Fourier complex self-deconvolution can also
make them symmetric to sharpen the peaks.3 Alternatively, our
odd-order derivative method works differently in seeking
independent intensities of the overlapped peaks before their
overlap, which is similar to the curve fitting strategy in
compliance with data integrity.

FSD is an effective algorithm used in FT spectroscopy to
reduce peak width caused by instrumental broadening.3 It is
interesting to compare this conventional sharpening method
with our new approach using odd-order derivatives. The same
simulation data of 13C NMR in previous section was used to
implement the FSD algorithm for the classical apodization
window of Bessel:3 sampling rates 4fN and 16f N at SNR = 20 and
40, respectively. The same band-pass filtering and boxcar
smoothing technologies were employed in the FSD study. We
found that FSD provided very sharp peak shapes with good
resolution. The FSD deconvolution results are specified in Table
10. Most of the peaks in the spectrum were recovered very well
against the normalized reference peak ω6 in Table 10. However,
the recovered intensities of the small peaks ω1 and ω2 deviated

Figure 11. FID time signal was converted from the synthetic spectrum
at sampling rate 4f N and SNR = 20 in Figure 9 by inverse FT.
Smoothing point of the boxcar function truncated at Ti = 0.00625 s.3

Figure 12.Denoised and smoothed spectrum ofD(3) derivative spectra.
BrownD(3) was obtained from the FID signal in Figure 11 at a sampling
rate of 4f N with SNR = 20. Red D(3) from sampling rate 16f N with a
SNR = 40. Their deconvolution results are shown in Table 9.
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from 7.2 to 13%, depending on where the noise-residue remains.
The recovered ω5 intensity is superior to that evaluated by the
D(3) derivative approach because the peak widths of the
overlapping band have been narrowed by a factor from the
FSD (see a typical FSD spectrum shown in Section S5 of the
Supporting Information). Nevertheless, some of them are not as
close to their real values than the D(3) derivative approach (such
as ω3 and ω4) because the dynamic range of FSD for different
peak intensities is not as wide as the derivative algorithms. The
major issue arises from the apodization, not the FSD method.
Even for a group of pure sinusoid signals with well separations,
their peak ratios would have obvious deviations by the
apodization, either with Bessel, Gaussian, exponential, or 3-
term Blackman-Harris or other commonly used windows. The
derivatives can provide wider dynamic ranges (intensity ratios
up to 10:1) for the regular exponential decay signals in FT
spectroscopy (referring to Section S7 of Supporting Information
for a representative FSD spectrum from the simulated
overlapping band in Table 9).

Because NMR experiments employed many different pulse
programs to yield nuclei relaxation processes, the FSD algorithm
was generally used in infrared spectroscopy and Raman
spectroscopy more than in NMR spectroscopy.3 Wahab and
O’Haver developed a modified FSD method to effectively
suppress high-frequency noises by adding a small constant

distribution or other symmetric distribution to the broadening
related response during inverse FT.26 They provided a more
precise strategy to trace the appearance of the noises and
suppress them. Kauppinen’s derivative FSD can further narrow
the peak width.3 Shan et al. furthermore implemented iterative
operations to enhance the performance of Kauppinen’s
derivative FSD, and applied them to near-infrared and middle-
infrared spectroscopy for quantitative analysis of the Albiflorin
dataset and γ-Polyglutamic acid fermentation dataset.27 After
the above comparisons, we need to emphasize that our goal is to
find independent peak intensities of overlapping FT bands
quantitatively using the odd-order derivatives.

6. RESULTS AND DISCUSSION
FT spectrum profiles demonstrate typical bell shapes, narrow
tops, and broad bottoms. We naturally assumed that the
intensity dilations of the overlapping peaks should be relatively
larger than shifting their peak centers. An odd-order derivative
normally exhibits four obvious characteristics: two primary
maximums, an interval between the two maximums, and a zero-
crossing point. The responses of the PMRs are more susceptible
to variations of the overlapping degrees compared with the
interval ratios and area ratios of the primary derivative peaks.
Implementation of the stepwise superimposition offers a
differential approach on a FT spectrum to refine its resolution.1,2

Table 9. Deconvolution Results by D(3) Derivative for the Simulated FT Spectrum with Additive White Gaussian Noises

peak ωj (j = 1, 2, ..., 6) ω1 ω2 ω3 ω4 ω5 ω6

overlapping degree γ 3.3 2.8 4.1 1.5 41.6 ―
real intensity Aj 0.880 0.500 5.000 1.150 0.550 1.000
4f N SNR = 20 found Aj 0.905 0.557 5.145 1.170 0.389 1a

% deviation +2.8% +11.4% +2.9% +1.3% −29.3%
isolated A5 0.579 1a

% deviation +5.3%
SNR = 40 found Aj 0.870 0.528 5.075 1.142 0.394 1a

% deviation −1.1% +5.6% +1.5% −0.7% −28.4%
isolated A5 0.592 1a

% deviation +7.6%
16f N SNR = 20 found Aj 0.891 0.507 5.064 1.134 0.404 1a

% deviation +1.3% +1.4% +1.3% −1.4% −26.5%
isolated A5 0.540 1a

% deviation −1.8%
SNR = 40 found Aj 0.909 0.513 5.055 1.125 0.405 1a

% deviation +3.3% +2.6% +1.1% −2.2% −26.4%
isolated A5 0.543 1a

% deviation −1.3%
aPeak ω6 is normalized to one in the intensity evaluation.

Table 10. Results of FSD for the Simulated FT Spectrum with Additive White Gaussian Noises

peak ωj (j = 1, 2, ..., 6) ω1 ω2 ω3 ω4 ω5 ω6

overlapping degree γ 3.3 2.8 4.1 1.5 41.6 −
real intensity Aj 0.880 0.500 5.000 1.150 0.550 1.000
4f N SNR = 20 found Aj 0.893 0.542 4.849 1.120 0.520 1a

% deviation +1.5% +8.4% −3.0% −2.6% −5.5%
SNR = 40 found Aj 0.925 0.565 5.131 1.184 0.562 1a

% deviation +5.1% +13.0% +2.6% +3.0% +2.2%
16f N SNR = 20 found Aj 0.811 0.503 4.902 1.113 0.525 1a

% deviation −7.8% +0.6% −2.0% −3.2% −4.5%
SNR = 40 found Aj 0.817 0.512 4.915 1.111 0.527 1a

% deviation −7.2% +2.4% −1.7% −3.4% −4.2%
aPeak ω6 is normalized to one in the intensity evaluation.
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This approach contributes three benefits to FT spectroscopy:
(1) sharp resolution, (2) peak shapes unimportant, and (3) the
superimposed intensity coincident with amplitude of its
sinusoidal time signal. In this work, we used odd-order
derivatives to evaluate the independent heights of the over-
lapping spectrum peaks toward quantitative analysis of FT
spectroscopy. This simple procedure improves spectral
resolutions and analytical precisions when facing the perform-
ance ceilings of any FT spectrometer on hand. The PM gaps of
odd-order derivatives should be “convergent”, gradually
decreasing with growing derivative orders. Third- and fifth-
order derivatives are most suitable to the deconvolution. Higher
(>5th) odd-order derivatives of the overlapping peaks often
reverted to “divergent” in our simulation studies as their PM
gaps became wider than expected.

Derivative spectra are excellent remedial measurements of
conventional spectroscopy and spectrometry, raising analytical
performance without substantially upgrading instrumental
hardware. There have been few monographs devoted to
derivative spectroscopy up until now.4,28−31 Rojas, Ojeda, and
Karpinśka et al. had written a series of reviews about derivative
spectrophotometry, covering the developments and applications
in six decades, including odd-order derivatives.32−49 Karpinśka
deems odd-order derivatives as optimal in the application of the
Savitzky−Golay algorithm for the generation of derivative
spectra.47 Dehnavi et al. compared derivative methods used in
hyperspectral analysis of two mineral groups totaling 28 targets
and odd-order derivatives were overwhelmingly preferred (odd/
even = 13/7) in remote sensing studies after excluding 8 zero-
orders as a nonderivative approach.50 Cameron and Moffatt
perceived as early as 1986: “the experimental SNR is such that
the optimum result is intermediate between the 2nd and 4th”,
despite their endeavors to truncate smoothly even-order
derivative FT spectra in terms of the weighting functions.51

Higher odd-order derivatives nowadays are constantly
employed in FT spectroscopy.52−71 Most applications of
derivative spectroscopy are utilized for complex chemical
mixtures because of their analytical specificity and selectivity.
In this work, we made use of odd-order derivatives to evaluate
the independent intensities of overlaying FT bands for various
peak profiles, including magnitude-mode. Even-order deriva-
tives may not be adequate for evaluating the overlapped
magnitude peaks because of their nonadditive nature.14 Since
signal generations of conventional FT spectroscopy/spectrom-
etry involve retardation of optical interferometers or radio-
frequency pulses, their reproducibility cannot be as good as
steady optical or charge detections. Thus, the deconvolution of
overlapping FT bands with a reference peak (either by choosing
an independent peak or spiking with an internal standard) can
offset the detection bias and benefit evaluation accuracy and
precision when using odd-order derivatives. It is well-known that
the internal standard strategy has been used in the reference
deconvolution of FT-NMR spectroscopy to calibrate the peak
profile via time-frequency transformation.72 If a FT spectrum is
used instead of taking the derivative(s) first and then obtaining
its magnitude spectrum, such a procedure does not distinguish
between odd- and even-order derivatives7−9 and is beyond our
discussion scope.

The wavelet transform is closely related to FT and is good at
threshold denoising by localization.73 In a recent comparative
study with normalization, standard normal variate, Savitzky−
Golay filter, first-order and second-order derivatives, and
wavelet transform manifested the optimal deconvolution

resulted in removing noises for both FT infrared spectroscopy
and Raman spectroscopy.74 The other denoising techniques are
also available to spectroscopies.22,75,76 Magnification of spectral
noises by the higher-order derivatives consequently is not
important with respect to issues in pace with state-of-the-art
technologies. Intrinsic disturbances such as phase shifting, Gibbs
effect, and derivative satellites are crucial to derivative
spectroscopy.4

Fractional-order derivatives had been used to evaluate
overlapping spectrum peaks.4 Since the primary maximums of
the fractional-order derivatives are not linear functions of
FWHM2σ,77,78 they consume more calculation times in the
deconvolution of the overlapping peaks. The overlapping
spectra are enriched from the overlapping degrees, peak
intensities, and peak populations together, which belong to
fraction-order systems. Fractional-order derivatives are suitable
for specified and plain targets. Thus, they are widely used for
hyperspectral remote sensing.79 Alternatively, a change of
sampling rates or averaging the results of the convergent odd-
order derivatives would be easier to manipulate.

Functionally enhanced derivative spectroscopy is a spectac-
ular invention that can greatly reduce FWHM of the spectrum
peaks.49 This new tool normalizes individual overlapping peaks
against the maximum apparent peak intensity in a spectrum. It
strongly relies on specified spectra with prior knowledge about
peak identities. Because the effects of the overlapping degrees
and derivative satellites have not been studied methodically, it
had to artificially add a scale factor to adjust the deconvoluting
intensities.80

Curve fitting algorithms are the most classical deconvolution
methods of FT spectroscopy.81 They are widely used in various
spectroscopies.13 Almost all acquired data in a spectrum is
joined together in curve fitting evaluations. Many advanced
curve fitting procedures for spectroscopic deconvolution have
been developed very recently with prevalent computer programs
like Python,68 R-language,82 Matlab,83 and deep learning
approach.84 A major problem of the curve fitting is the difficulty
in locating deviations of physical processes in peak intensity
measurements.85 The PMRs of odd-order derivatives are useful
in calculating initial peak intensities, which can help greatly in
improving the accuracy of the curve fitting procedures.

Sometimes broad peaksmay appear by FT spectroscopy. Poor
shimming, nonhomogeneous sampling, nonfirst-order coupling,
and dynamic influence would cause broadening effects in NMR
spectroscopy.86 These sophisticated phenomena involve opti-
mization in NMR measurements and instrumentation. In the
presence of intermolecular hydrogen bonding, broad peaks will
appear in FT infrared spectroscopy, such as hydroxyl, amine,
amide functional groups, and polymers correlated highly with
vibration modes and chemical environments.87 Comparatively,
spectrum peak distortion in FT mass spectrometry can be
minimized by appropriate experimental design and calibration
procedures for ion detection under high vacuum conditions.88

Major broadening peaks of FT mass spectrometry originate
from space charge interaction and ion-neutral collision.89,90 We
recommend deconvoluting the broad peaks whenever they are
distinguishable by derivatives in steady state situations. If not
distinguishable derivatively, the peaks can be manifested with
their differential baselines by the differentially superimposed FT
approach.1,2 When signal intensities are weak relative to noise
levels and instrumental distortions, often in FT-Raman
spectroscopy, we should lower our expectations in a quantitative
deconvolution as the general guides.17
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7. CONCLUSIONS
We exploited new procedures to deconvolute overlapping peaks
using odd-order derivatives toward quantitative evaluation of
their independent (real) intensities according to the character-
istics of FT spectroscopy. Odd-order derivatives of Lorentzian-
type profiles have dispersive maxima and smaller derivative
satellites. Their dispersive maxima can respond to different
overlapping influences. It is applicable to cast off the overlapping
effect for the most common Lorentzian peaks of FT spectros-
copy. The PMRs of the odd-order derivatives are desirable in
deconvoluting the overlapping magnitude peaks. With the aid of
a well separated peak as a crux, independent intensities of the
overlapping peak in the same spectrum can be estimated. Our
approaches are simple and robust. Their evaluation results are
good in simulation studies and could provide more accurate and
precise deconvolutions when comparing them to even-order
derivatives. Deconvolutions to Gaussian, Voigt, and Tsallis peak
shapes with odd-order derivatives have slightly more deviations
than Lorentzian and magnitude profiles. Nevertheless, our new
approach should be improved to cover more complicated
overlapping scenarios such as different peak widths, determi-
nations involving peak areas, and asymmetric peak shapes.

Although derivative approaches play an important role in
complicated measurements, researches, and discoveries, accord-
ing to our best knowledge regarding pharmaceutical analysis,
they were rarely approved as official compendial methods.91

Spectral analysis always attempts success in distinguishable
determination physically and/or chemically. The new derivative
approaches of FT spectroscopy should further reduce routine
residue evaluation errors. Our study provides substantial
support for the odd-order derivative analysis and an explanation
for why there have been numerous applications over the last
several years.52−71 We believe that derivative spectroscopy can
be reliably used to analyze specific targets with compliant
validation.

■ ASSOCIATED CONTENT
*sı Supporting Information
The Supporting Information is available free of charge at
https://pubs.acs.org/doi/10.1021/acsomega.4c04536.

Intensity-corrected superimposed FT NMR spectrum
(XLSX)
Superimposing peak; stepwise superimpose principle;
formulas of high-order derivatives; simulation of 13C
NMR signal; Excel calculations of the deconvolutions for
the simulation and real NMR spectrum of ethylbenzene;
Python codes of white Gaussian noises; and sharpening
by FSD (PDF)

■ AUTHOR INFORMATION
Corresponding Author

Shu-Ping Chen − Nexus Scitech Centre of Canada, Richmond
Hill, Ontario L4B 3R7, Canada; Fujian Superimposegraph
Co., Ltd, Fuzhou, Fujian 350013, China; orcid.org/0009-
0008-4460-9404; Email: shuping.chen@
fjsuperimpose.com

Authors
Sandra M. Taylor −Department of Civil Engineering, Camosun
College (Interurban Campus), Victoria, British Columbia V9E
2C1, Canada

Sai Huang− Fujian Superimposegraph Co., Ltd, Fuzhou, Fujian
350013, China

Baoling Zheng − Fujian Superimposegraph Co., Ltd, Fuzhou,
Fujian 350013, China

Complete contact information is available at:
https://pubs.acs.org/10.1021/acsomega.4c04536

Author Contributions
∥S.-P.C. and S.M.T. contributed equally. S.H. and B.Z. worked
on the related software and have given their approval to the final
version of the manuscript.
Funding
This work received no specific grant from any funding agency in
the public, commercial, or not-for-profit sectors.
Notes
The authors declare no competing financial interest.

■ ACKNOWLEDGMENTS
We appreciate our families’ supporting this work during the
COVID pandemic.

■ REFERENCES
(1) Chen, S.; Huang, S.; Zheng, B.; Comisarow, M. B. Superimpose

Fourier Transform and Applications in Spectroscopy and Imaging. In
Imaging and Applied Optics Congress; OSA Technical Digest, 2020; p
ITu4G.7..
(2) Chen, S.; Huang, S.; Zheng, B. Derivative Fourier transform

spectroscopy and imaging using stepwise superimpose strategy.
International Conference on Optoelectronic Information and Computer
Engineering (OICE); Proceedings of the SPIE, 2022; p 1230805.
(3) Kauppinen, J.; Partanen, J. Fourier Transforms in Spectroscopy;

Wiley VCH: Berlin, 2001; Chapters 1, 11 and 12.
(4) Dubrovkin, J. Derivative Spectroscopy; Cambridge Scholars:

Newcastle upon Tyne, 2021.
(5) Anderssen, R. S.; Hegland, M. Derivative spectroscopy − An

enhanced role for numerical differentiation. J. Integral Equ. Appl. 2010,
22 (3), 355−367.
(6) Owen, A. J. Uses of Derivative Spectroscopy: Application Note;

Agilent Technologies, Publication Number 5963−3940E, 1995.
CorpusID: 5935801.
(7) Belkic,́ D.; Belkic,́ K. Review of recent applications of the

conventional and derivative fast Pade ́ transform for magnetic resonance
spectroscopy. J. Math. Chem. 2019, 57, 385−464.
(8) Belkic,́ D.; Belkic,́ K. Exact quantification by the nonparametric

fast Pade ́ transform using only shape estimation of high-order
derivatives of envelopes. J. Math. Chem. 2018, 56, 268−314.
(9) Belkic,́ D.; Belkic,́ K. Explicit extraction of absorption peak

positions, widths and heights using higher order derivatives of total
shape spectra by nonparametric processing of time signals as complex
damped multi-exponentials. J. Math. Chem. 2018, 56, 932−977.
(10)Marshall, A. G.; Verdun, F. R. Fourier Transforms in NMR, Optical
and Mass Spectrometry: A User’s Handbook; Elsevier: Amsterdam, 1990.
(11) Vandeginste, B. G. M.; De Galan, L. Critical evaluation of curve

fitting in infrared spectrometry. Anal. Chem. 1975, 47 (13), 2124−
2132.
(12) Gorkovskiy, A.; Thurber, K. R.; Tycko, R.; Wickner, R. B.

Locating folds of the in-register parallel β-sheet of the Sup35p prion
domain infectious amyloid. Proc. Natl. Acad. Sci. U.S.A. 2014, 111 (43),
E4615−E4622.
(13) Dubrovkin, J. Mathematical Processing of Spectral Data in
Analytical Chemistry: a Guide to Error Analysis; Cambridge Scholars,
Newcastle upon Tyne, 2018; Part IV Chapter 1 and Chapter 2.
(14) Lee, J. P.; Comisarow,M. B. The phase dependence ofmagnitude

spectra. J. Magn. Reson. 1987, 72 (1), 139−142.
(15) Bruker BioSpin END. AVANCE Beginners Guide, version 7;

Bruker, 2018; pp 18−20.

ACS Omega http://pubs.acs.org/journal/acsodf Article

https://doi.org/10.1021/acsomega.4c04536
ACS Omega 2024, 9, 36518−36530

36528

https://pubs.acs.org/doi/10.1021/acsomega.4c04536?goto=supporting-info
https://pubs.acs.org/doi/suppl/10.1021/acsomega.4c04536/suppl_file/ao4c04536_si_001.xlsx
https://pubs.acs.org/doi/suppl/10.1021/acsomega.4c04536/suppl_file/ao4c04536_si_002.pdf
https://pubs.acs.org/action/doSearch?field1=Contrib&text1="Shu-Ping+Chen"&field2=AllField&text2=&publication=&accessType=allContent&Earliest=&ref=pdf
https://orcid.org/0009-0008-4460-9404
https://orcid.org/0009-0008-4460-9404
mailto:shuping.chen@fjsuperimpose.com
mailto:shuping.chen@fjsuperimpose.com
https://pubs.acs.org/action/doSearch?field1=Contrib&text1="Sandra+M.+Taylor"&field2=AllField&text2=&publication=&accessType=allContent&Earliest=&ref=pdf
https://pubs.acs.org/action/doSearch?field1=Contrib&text1="Sai+Huang"&field2=AllField&text2=&publication=&accessType=allContent&Earliest=&ref=pdf
https://pubs.acs.org/action/doSearch?field1=Contrib&text1="Baoling+Zheng"&field2=AllField&text2=&publication=&accessType=allContent&Earliest=&ref=pdf
https://pubs.acs.org/doi/10.1021/acsomega.4c04536?ref=pdf
https://doi.org/10.1364/ISA.2020.ITu4G.7
https://doi.org/10.1364/ISA.2020.ITu4G.7
https://doi.org/10.1216/jie-2010-22-3-355
https://doi.org/10.1216/jie-2010-22-3-355
https://doi.org/10.1007/s10910-019-01001-8
https://doi.org/10.1007/s10910-019-01001-8
https://doi.org/10.1007/s10910-019-01001-8
https://doi.org/10.1007/s10910-017-0837-6
https://doi.org/10.1007/s10910-017-0837-6
https://doi.org/10.1007/s10910-017-0837-6
https://doi.org/10.1007/s10910-017-0852-7
https://doi.org/10.1007/s10910-017-0852-7
https://doi.org/10.1007/s10910-017-0852-7
https://doi.org/10.1007/s10910-017-0852-7
https://doi.org/10.1021/ac60363a029?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/ac60363a029?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1073/pnas.1417974111
https://doi.org/10.1073/pnas.1417974111
https://doi.org/10.1016/0022-2364(87)90180-6
https://doi.org/10.1016/0022-2364(87)90180-6
http://pubs.acs.org/journal/acsodf?ref=pdf
https://doi.org/10.1021/acsomega.4c04536?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as


(16) Shimizu, T.; Hashi, K.; Goto, A.; Tansyo, M.; Kiyoshi, T.;
Matsumoto, S.; Wada, H.; Fujito, T.; Hasegawa, K.-i.; Kirihara, N.;
Suematsu, H.; Kida, Y.; Yoshikawa, M.; Miki, T.; Ito, S.; Hamada, M.;
Hayashi, S. Overview of the development of high-resolution 920 MHz
NMR in NIMS. Phys. B 2004, 346/347, 528−530.
(17) Meyer, C.; Seiler, P.; Bies, C.; Cianciulli, C.; Wätzig, H.; Meyer,

V. R. Minimum required signal-to-noise ratio for optimal precision in
HPLC and CE. Electrophoresis 2012, 33 (11), 1509−1516.
(18) Wahab, M. F.; Gritti, F.; O’Haver, T. C. Discrete Fourier

transform techniques for noise reduction and digital enhancement of
analytical signals. TrAC, Trends Anal. Chem. 2021, 143, 116354.
(19) Kotani, A.; Watanabe, R.; Hayashi, Y.; Machida, K.; Hakamata,

H. Statistical reliability of a relative standard deviation of chromato-
graphic peak area estimated by a chemometric tool based on the FUMI
theory. J. Pharm. Biomed. Anal. 2024, 237, 115777.
(20) Felli, I. C.; Pierattelli, R. 13C Direct detected NMR for

challenging systems. Chem. Rev. 2022, 122, 9468−9496.
(21) Callon, M.; Malär, A. A.; Pfister, S.; Římal, V.; Weber, M. E.;
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(48) Karpinśka, J. Spectrophotometry�Derivative Spectroscopy; In
Encyclopedia of Analytical Science, 3ed, Vol. 9; Worsfold, P., Townshend,
A., Poole, C., Miró, M., Eds.; Elsevier: Amsterdam, 2019; pp 214−220.
(49) Palencia,M.; Garcés-Villegas, V.; Restrepo, D. F.;Martínez, J.M.;

Anaya-Tatis, L. R.; Combatt, E. M. Functionally-enhanced derivative
spectroscopy (FEDS): a powerful tool to increase of spectral resolution
in the mid-infrared advanced analysis of complex samples−a mini
review. J. Appl. Biotechnol. Bioeng. 2020, 7 (1), 43−46.
(50) Dehnavi, S.; Maghsoudi, Y.; Zoej, M. J. V.; Baniadam, F. High-

order derivative spectrum in hydrothermally altered minerals
discrimination. J. Appl. Biotechnol. Bioeng. 2015, 9, 096086.
(51) Cameron, D. G.; Moffatt, D. J. A generalized approach to

derivative spectroscopy. Appl. Spectrosc. 1987, 41 (4), 539−544.
(52) Rele, R. V. Derivative spectrophotometric estimation of

amoxicillin trihydrate and carbocisteine by third order derivative
spectroscopy method in combined dosage form. Res. J. Pharm. Technol.
2017, 10 (6), 1758−1761.
(53) Dehnavi, S.; Maghsoudi, Y.; Valadanzoej, M. Using spectrum

differentiation and combination for target detection of minerals. Int. J.
Appl. Earth Obs. Geoinf. 2017, 55, 9−20.
(54) Usharani, N.; Divya, K.; Vvs, A. Development and validation of

UV-derivative spectroscopic and RP-HPLC methods for the determi-
nation of amlodipine besylate and valsartan in tablet dosage form and
comparison of the developed methods by student’s t-test. Indian J.
Pharm. Educ. Res. 2017, 51 (4S), S776−S782.
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