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Transparent qubit manipulations
with spin-orbit coupled
two-electron nanowire quantum
dot

Kuo Hai", Yifan Wang, Qiong Chen & Wenhua Hai"**

We report on the first set of exact orthonormalized states to an ac driven one-dimensional (1D) two-
electron nanowire quantum dot with the Rashba-Dresselhaus coexisted spin-orbit coupling (SOC)
and the controlled magnetic field orientation and trapping frequency. In the ground state case, it

is shown that the spatiotemporal evolutions of probability densities occupying internal spin states
and the transfer rates between different spin states can be adjusted by the ac electric field and the
intensities of SOC and magnetic field. Effects of the system parameters and initial-state-dependent
constants on the mean entanglement are revealed, where the approximately maximal entanglement
associated with the stronger SOC and its insensitivity to the initial and parametric perturbations are
demonstrated numerically. A novel resonance transition mechanism is found, in which the ladder-
like time-evolution process of expected energy and the transition time between two arbitrary exact
states are controlled by the ac field strength. Using such maximally entangled exact states to encode
qubits can render the qubit control more transparent and robust. The results could be extended to
2D case and to an array of two-electron quantum dots with weak neighboring coupling for quantum
information processing.

Coherent manipulation of electron spin is one of the central problems of spintronics and is critically important
to quantum computing and information processing with spins!~. The orbital part of the spin-orbit entangled
states of a charged particle can be used for the qubit manipulation®=, in the presence of ac electric field and static
magnetic field>***. The previous investigation has paved the way for individually manipulating electron spins
in a locally gated few-quantum-dot system'"'#-1¢ or an array of quantum dots'’~'?. There were great theoretical
and experimental efforts for researching the semiconducting nanowire quantum dots (NQDs) with spin-orbit
coupling (SOC)*-%, because of their potential utility to topologically fault-tolerant quantum computation® 2.
The Rashba and Dresselhaus terms of SOC can be transformed into each other under a spin rotation**** and also
can be tunable by using a periodic field*>?¢. A qubit refers to a two-level system®, and the qubit manipulation is
necessary for realizing the quantum gate between qubits. Two-qubit gate is practically important in any scheme
of universal quantum computing®®38-40,

The exact analytical solutions to the time-dependent Schrodinger equation describing a driven two-level
system are invaluable in the context of qubit control*>*2. An obvious advantage is that the exact results can render
the control strategies more transparent*®. The charged two-particle problem was widely investigated and the exact
solutions were constructed analytically for the different confinements**~*’. A lot of generalized coherent states
of harmonic systems was derived**~>°, which describes some orthonormalized complete sets of Schrédinger cat
states®. Such cat states have been experimentally prepared as the spin-motion entangled states of a trapped
ion®%. The photonic Schrédinger cats have also been obtained exactly and been controlled well**. However, it
is notoriously difficult to acquire the exact analytical solutions of a SO coupled and ac driven two-electron system.

In the present paper, we consider a pair of SO coupled and ac driven two-spin electrons confined in a one-
dimensional (1D) NQD?. We seek a set of orthonormalized exact solutions of the system by managing the
magnetic field orientation to match the SOC-dependent phase'? and selecting the specific trapping frequencies
to fit the known exact stationary states of the relative motion**-*. As probability amplitudes of the exact spin
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states, the complete solutions of motional states are the superpositions of the generalized coherent states with
superposition constants determined by the initial states. The square norm of a motional state describes the
probability density occupying the corresponding spin state and behaves as a kind of oscillating wave packets.
The different initial-state-dependent constant sets correspond to the different ground states with the lowest
vibrational quantum number. For any ground state we show that the spatiotemporal evolutions of probability
densities and the transfer rates between different spin states can be adjusted by the ac electric field and the intensi-
ties of SOC and magnetic field. Effects of the system parameters and initial constants on the mean entanglement
measured by the average linear entropy are studied. It is revealed numerically that the exact ground state with
the approximately maximal entanglement is associated with the stronger SOC and is insensitive to the initial and
parametric perturbations. In any one of the orthonormalized states, the expected energy consists of a quantum
part and a continuously time-varying one, which is used to illustrate a novel resonance transition mechanism
where the transition time between two arbitrary states and the corresponding ladder-like time-evolution process
of the expected energy® are transparently controlled by the ac field strength. Our exact maximally entangled
states can be used to encode the qubits and to render the qubit manipulation more transparent and robust. The
results could be extended to a 2D quantum-dot-electron system? and could be applied to quantum informa-
tion processing with an array of electron pairs separated from each other by different quantum dots with weak
neighboring coupling as perturbation®.

Results and discussions

Exact and orthonormalized complete solutions. We consider a gated NQD with the Rashba-Dres-
selhaus coexisted SOC, where a pair of two-spin electrons is confined in a 1D harmonic trap controlled by the
voltages on the static electric gates, and subject to an arbitrarily strong ac electric field and static magnetic field.
The two-qubit system is governed by the effective Hamiltonian'*

H = Hy + H,,
22: o 1 2.2 >
Hy = [— + oM Xy + {xk cos(Qt)} + —
e 2meg 2 4me(x; — x1) 1)
2
H, = [(apa,f + aRa,f)pk + g(oj cost + o,f sin 9)].
k=1
Here x and py = —i%d/dxy, are the position and momentum of kth impenetrable particle?® fulfilling x, > x;;
meg ~ 0.01m, and & ~ 10g are the effective electron mass and dielectric constant?”’ with the electron mass m,

and dielectric constant &g; e and w denote the electron charge and the trap frequency, og(p) is the Rashba (Dres-
selhaus) SOC intensity, cr,f ") is the x(y) component of Pauli operator acting on the kth electron; the Zeeman term
stands for ¢ = 1g.1.pB which contains the Landé factor g, the Bohr magneton 15 and the controllable magnetic
field strength B; 0 represents the magnetic field orientation. The controllable amplitude ¢ and frequency €2 of the
ac electric field can be selected, respectively, in a wide region®>. The harmonic oscillator level hw and quantum
dot size are in orders of (1 ~ 10)meV~ (1 ~ 10)ATHz and in (1 ~ 50)nm respectively'1%17-27,

Inthebasis®* {| 11),] $4),1 14}, 1 1)}, the usual state vector of the system is |y (¢)) = Zijzl [Wnin; (D) mimj)
with n; =%, 12 =/, and the space-dependent state vector reads

2
W (1,22, D)) = (1, %209 (D) = D Yoy (1, 22, D) 0i7), )

iji=1

where the motional state function 1//,%. (x1,%2, 1) = (xl,lewm,,j(t)) is the coordinate representation of state
vector [y, (£)). The square norm |1/, (x1, %2, t) |2 denotes the probability density of the particles being in spin
states |7;7;), so the corresponding prof)ability reads Py (1) = ff [V, (1, %2, t)|2dx1dx,. The internal spin
state |n;n;) is identical to [n;)1]n;)2 with |n;) being a single spin state of kth electron, including the spin-up state

Ik =1Mx = (1) and spin-down state [n2)x = | | )k = (1) , respectively. The motional states may be

expanded in terms of a set of orthonormal basic kets with time-dependent expansion coefficients®. The corre-
sponding perturbed solution was also considered and some interesting results were found for a single-electron
case'?. However, hereafter we seek the exact orthonormalized complete solutions of Eq. (2). It is intractable but
also worth, because of the more accurate results associated with the exact solutions.

Applying Eqgs. (1) and (2) to the Schrodinger quation yields

AT

2 2
.0
m =i > Ymglning) = (Ho + Ho) 3 Y |137)- (3)

ij=1 hj=1

Making use of the well-known formulas o} [n;)x = |77)x and U/i,|77j)k = (—1)j+1i|nj/)k fori,i’,j,j = 1,2 and
i #i,j # j', we have the calculation
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2 2
it _qyiHl;
Ho 3 g lnin) = 3 Wy (e ™0 9py 4 ge D) gy
ij=1 ij=1 (4)

)i+ IRV o
+ (e 0p,y 4 gV .
Here we have adopted the expressions eV = o, + (—1)i*liag, "D = cos@ + (—1)i*1isin § and?
o= a% + af{, ¢ = arctan %' Combining Eqs. (3) and (4), we get

W . . - -
A 3,; o HoWyy, + |e™D oy 4 ge=D +119]1/’m/nj + [ae(—l)}+11¢p2 +ge(_1y+119}1/’mn/ )

fori,i’,j,j/ = 1,2andi # i,j # j'. This equation includes four coupled equations among four motional states,
which is quite hard to analytically solve. However, by adjusting the orientation angle 6 of magnetic field to match
the SOC-dependent phase ¢, we can decouple them for constructing the exact solutions®. The match condition
¢ = 0 is experimentally feasible for the fixed SOC intensities ag and ap, by selecting the proper orientation of
magnetic field. Under such a condition, from Eq. (5) we arrive at the new coupled equations

d . , )
i W + € Ynans) = HoWrniy + € Wans) + [ pr + p2) + 281 Wiy, + Vi,
d ) )
i Wi + Yaan) = Ho(Wrnums + Vo) + L1 + p2) + 28167 Wrguy + €Wy );
d . . .
i W — € Ynans) = Ho(Wrnimy = € ¥ns) + (2 = pIe” Wiy = Yipomy)»

d —i i
i Wnins = V) = Ho(Wrpimy = Ymom) + @ (p2 = pr)e™ Wy — €% 9p,)

amon, the four combined motional states. Given these equations, we can multiply the first and third equations
by e71%/2 and multiply the second and fourth equations by e'#/2, then combine the first with the second, and the
third with the fourth, respectively, to obtain the decoupled equations

ih% = HoWy + (=D a(pr + p2) + 2¢1W4,
Wi, 1) = Wy + €)™ 4 (D Wy + W)€%
ih% = Hy® + (—D)*a(py — p1) D, (6)
O (e, x2, 1) = Wy — €Yy )e ™2 4+ (DM Wy — i),
% =¢=arctana—R =¢o+Ir for k=1,2;1=0,1,2,...
ap
with ¢y € [0, /2], which contains the case ¢ = 0 = 0 of Rashba SOC vanishing.
Now we seek the separable solutions of Eq. (6) in the forms
Wi (x1, %0, 1) = WE(xe, WL (X, 1), Pi(x1, X2, 1) = DL (xe, 1) P (xr5 1) (7)

with the center-of-mass and relative coordinates x. = %(xz +x1), pc = —ihd/dx. = (p2 + p1) and
X = X3 — X1, pr = —ihd/0x, = %(pz — p1)- In the new coordinate system, Hy of Eq. (6) becomes

r

p 2
Ho(xe, X, 1) = Z [ 21’:,3 * DGR xﬂ} + ¢ cos(S2) + 4mex, ®)
= '

where m; = 2meyg and m, = mg /2. Application of Eqgs. (7) and (8) to Eq. (6) produces

2%
Btk - [ A + X2 + Cxe cos(Q1) + (—1)F (ap, + 29) | W,
8\1/ p?
k Pr r
= — —_— \I/ M
8t [ + +2xr] ko
c 9
0Pp & c
i rraill + x + ¢ x cos(82t) | Py,
FroH
ik = [_%Jr Sy +—+( l)k“Zap}(Dr

Here x. and x, have been normalized in units of a. = /A/(m.w) and a, = /h/(m,w) = 2a,, the frequency £,
time t and energy are in units of w, w~'and ho, respectively. The parameters ¢, o and g have also been normal-

2 _ o2 Zmeﬁ
4mehwa, — 4me o

. . 2 . . . . .
ized correspondingly. The parameter £ is associated with the dimensionless one o =

which expresses the importance of the Coulomb potential compared to the harmonic level and is confined by
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the exact solution of the relative motion**-*’. The smaller o value corresponds to a greater trapping frequency

w. The exact solutions of the second and the third of Eq. (9) are well-known for us. The first (the fourth) of Eq.
(9) can be changed to the similar form with the third (the second) of Eq. (9), by the function transformations

1k 2
Wi (xe, 1) = el TV @20 NE, (1), WGy, 1) = Foy (1)

R (10)
D (xer 1) = Crgafuy, (er 1), Py 1) = V200 =2E, (1),
Substituting Eq. (10) into Eq. (9), we arrive at the above-mentioned similar forms

Ofu, (Xcs )
lfnkaitc — [_ & + xc + Cx. cos(Qt)]fnk, (xc, 1),
F,, (xr, 1) P 1, o . (11)
i—E = | -y ox +—} e

at [ 2 277 2, ny (o)

with k' = k,k + 2 = 1,2, 3, 4. For different K/, functions fu, may be the same or different solutions of the first of
Eq. (11), and F,;, may be the same or different solutions of the second of Eq. (11). To simplify, we will drop the
sign “’” to write k' as k in the following.

The first of Eq. (11) is a driven harmonic oscillator equation with the exact complete solution describing the

orthonormal generalized coherent states**
fnk = Rnk (xb t)eigﬂk (xbt))

1 p
O = —(5 + nk)x(t) + broxe + o—x; + (),

2p
_ \/% % ,%52 (12)
Ry = (ﬁZ”knk!p) Hy (Se)e™27%,
o _ YO, bu®o®
k o(D) c \/a >

fork =1,2,3,4; nx =0,1,2,..., where Ry, (x.,t) and @y, (x,, t) are the real functions and Hy, (&) the Hermite
polynomial of the space-time combined variable & (x, t). In Eq. (12), the real functions p(t), x (t), vk (t), b1 ()
and by, (t) implied in yj (¢) have the known forms**°

p(t) =\/¢f + ¢3, x(t) = arctan (%) @12(t) = A1 cos(t + By ),
1

1 t
() =3 /O (b3, (v) — bi,(T)1dT + ¥4 (0),

t t
ba®) = 5[0 [ a0y cos(@0)dr — ga0) [ r(o) costnrdr]
p*(t) 0 0
- bk1(0>¢1<t> + b2 (092 (1),
t t
bt =~ [~ 00 [ o0 cos@ndr - o) [ o cosanar]
0 0

+ b2 (01 (£) + b1 (0)p2(1).

Here co = @291 — @192 is a constant adjusted by the constants A; ; and B ». Given the driving parameters ¢, Q
and the quantum numbers ng, the initial-state-dependent constant sets {Sx} = {yx(0), b1 (0), bx2(0), A1,2, B1,2}
are determined by the forms of the initial states®". Then the solutions f,, (S, x, t) are definite forny = 0,1,2,.. .,
respectively.

The second of Eq. (11) is a harmonic-Coulomb competition system whose exact stationary-state solutions
are also well-known for us?, that is

—iE, t lE’ t—x2/2 L
Fy () =Age "% Fy(x)=Aye Z Djx;
(13)
3 e \22mgp
Er/w=<7+n')ﬁw,w:w =< )
”k( ) 2 Tk "k dmeoy, h3
fork =1,2,3,4and n, = 1,2,..., where A,/ is a normalization constant. Note that 7} is a pseudo quantum-

number and is fixed to a single integer for an experimentally glven trapping frequency w,, . The dimensionless
constants o,y and D are determined by the algebraic equations*’

2Dn;(—l _O—n;(DnL =0, (”k _])(nk —j+ 1)Dn;{ i —On ’D n—j—1 +2( +2)Dn’—] 2 =0

forn;( =12,...;j=0,1,2,.. .,nk —land Dy =1, Dj.1 =0. In the 51mplestcasenk = 1, these equations give®’
D) = Dy = land the minimal constant o = 2 associated with the maximal trapping frequency w; ~ 10'2Hz for
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the smaller effective mass®” mgg ~ 0.01m, and the larger dielectric constant & ~ 10&. Such trapping frequency
and the corresponding harmonic oscillator length a. in order of 10nm are experimentally realizable!»?.
Given Egs. (6), (7) and (10), we derive the exact motional states

Yoy = € T2, 4 0) 4 (1) (@) + )]

1 .0 5. o? . .
— 261(5—5212(;5—70 (Cle_l(axc+2gt)fn1Fn’l + Czel(axc+2gt)fn2Fn/2)
. .32 . .
+ (I (e 2 By 4y )]

1 :
Yy = 3¢ 10— 02+ (1 @) — )]

1 0 o? . _ .
— Ze i(5+51 [(Cle 1(0(&4—2gt)fan/1 _ Czel(aXC+2gt)fn2Fn/2)

. . 302 . .
+ (_1)]+le—137t(C3e—12ax,fn3Fn/3 _ C4612ax, ”4an;):|

for j=1,2,j#j and 81 =0, 8 =1, where f, = fu (x.,t) and F, ;= =F, k(x,, t) are given in Egs.
(12) and (13). The solutions of Eq. (14) stand for a set of exact complete *solutions of Eq. (5) with the ini-
tial-state-dependent constants {Cx} and {St} implied in f,,. They contain the four motional states
Yiim = ¥t (oo X 1), Yy = Y1) (s X 1), Yy = Yy (X X, ) and Wy = 914 (X, Xr, ). Any oneof them
can be regarded as a coherent superposition of the generalized coherent states f,,, (x., t) with Ci.F,, (x,, t)and the cor-
responding exponent functions being the superposition coeflicients. For the orthonormal generallzed coherent
states fy, (xc,t) and the stationary states F,/ (xr, t), we can prove that the corresponding state vector (2) satisfies
the orthonormalization condition. In order fo simplify the calculations, hereafter we consider only the simple case
S =fulxet), Fy = Fy (x,t) = Ae n’tF (x,) for k = 1, 2, 3, 4. Thus the state vector (2) and the motional states
(14) can be labeleé by the quantum number # and pseudo quantum-number #', | (x1, %2, 1)) = |y (Xc> Xr> 1))
and Yning = Vninponn' (Xe> X5 1) with the constant set {Sx} = {S} = {y(0), b1(0), b2(0), A1, B1 2} of Eq. (12), which
obey the orthonormalization condition

(W (o> Xrs Vi (Xes Xrs 1)) = Z / dx, / dxrwn nj.nn’ Wmn; mn'

ij=1

4
4
= 7o O |Gkl / fnCeer O)fon s 1)l / |Fo G, 1)
<! (15)

D>

4 )
4 Z |2€1(n_m)t8nm / | Fyr (xr)|2dxr = el(n_m)tgnm)
k=1 0

— [24: ck|2/ |Fnr(x,)|2dx,}.
k=1

The careful calculation gives the expected energy of state |,y (X, xr, 1)) as

'S

49,50,52

Euw = (Yuw (xc, X5 1) |1 1//nn (X Xrs 1))

1/’77,7] nn'
12/ / v/mrzjnn — dx.dx,

ij=1

2

af +14 / / Z(Cke( 1)k1(otxt+2gt)fF )* Z(C (- l)kl(ﬂtxc+2gt)fF N

4 4 o2 . o2
+ Z(Ckel[(71)kzaxyi%t]ann’)* % (Ckel[(il)kzaxri%t]ann’)} dxcdx,
k=3 (16)

O[ r oo 2
=2 g+ A aar —1cg + Ao 102 [T IEvn P
0

A g 00 A (xcr 1) 00
g 1GE /_ mf:<xc,t)—f”at‘ dx; /0 [Fy () Py

o? 4 -1 302
S B+ (DIGR) 4GP — 1P + (GE + G -] + Eante,
k=1

Eeu(t) = % +n+ %[xfm + P2 ()] + Cxen(t) cos(Q),
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where x,(t) = f Xe|fa (X6, B)] 2dx.and Pen(t) = Xcndenote the expectation values of coordinate x. and momen-
tum p,. Clearly, the energy E.,(t) consists of a quantum part + nand a continuously time-varying one. For an
undriven coherent state with { = 0, E.,, is equal to a constant although x.,(t) and p.,(t) are time-dependent.

It is worth noting that Eq. (12) is valid for any experimentally realizable trapping frequency, but the validation
of Eq. (13) is associated with only the fixed trapping frequency Wy = Oy Therefore, for a given trapping fre-
quency the pseudo quantum-number ). = #’ and the relative energy E/, (0y) = E;, (w,) are fixed, and for two
determined initial-state-dependent constant sets {Si} and {Cy} the quantum levels of |1/, ) are distinguished
only by the quantum number #n = 0, 1,.. .. The different initial constant sets can correspond to the different
ground states |1/,/) with the lowest vibrational quantum number n = 0 and the corresponding instantaneous
energies Ep,. By the instantaneous degenerate ground states*” we mean that they correspond to the different
initial constant sets {Sx}, {Cx} and the same instantaneous energy E.(t) given by Eq. (16). Applying Egs. (14)
and (15), we can transparently perform coherent manipulations, by preparing appropriate initial states and
adjusting the control parameters. We will take the non-degenerate ground state with # = 0 and the trapping
frequency w,y = w) as an example as follows.

Transparently coherent manipulation to probability densities occupying spin states. In the
ground state case with ny = n =0, nk =n'=1land JuFy = foF1, the probability densities are described by
the square norms [Yin;,01 (Xc, Xr, 1)|? of the motional states glven in Eq. (14),

» . ) » . 2
anj,Ol |2 — R lcle i(axc+2gt) + Czel(axc+2gt) + (_1)]+le i= t(C3e i2ax, + C4612ax,)
foxr, DFL ()2,

1 . . a2 i .
|w7)j77j/,01|2 — R ’C]e i(axc+2gt) _ Czel(axf-‘ngt) + (_1)]+le i=5 t(C3€ 2ax, C4612ax,)

x |fo(xr, F; () |2

for j = 1,2, j # j'. We select the constant set*>* {S} = {y(0) = b,(0) = 0, b1(0) = x0//C0» A1 = A2 = /<o,
B; = 0,B; = —m/2}, then Eq. (12) and its auxiliary equations give the functions fy(x., t) and ®¢(x,, t) as the
following

X

(17)

</’1(t)=x/5C05t» §02(f)=«/551nf> IO:\/F) X(t)=t> Ekz-xc_bl(t))

t t
bh(t) =¢ [cos t/ sin T cos(2t)dt — sin t/ cosT cos(Qr)dr] + xp cos t,
0 0

t

ot
by(t)=¢ [ — cos t/ cos T cos(R2t)dt — sin t/ sint cos(Qr)d‘r} + xo sin t, (18)
0 0

o Geer ) = folxy 1) = 7~ /A (emb?/261000e0) for | = 1,2, 3,4,
1 1 [t
Ooxer 1) = =t + baxc + E/ [b3(r) — b3(7))dr.
0
In addition, forn}, = ' = 1and Dy = D; = 1, Eqs. (13) and (15) give the function

Fy (1) = Fi () = Ae B () = Ae B9 /2, 4 22),
4 00 4 (19)

A? =4/[Z|ck|2/ |F1(x,)|2dx,] =1.8977/ > |Gkl

k=1 J0 k=1

From Egs. (15), (18) and (19) we derive the expected spatial coordinates*

Xen(t) = xc0(t) = / Xc lfO(-xc» t)lzdxc =b ),

AZ4 o]
m=4g¥wlxmmwm (20)

_ Jo x| Fa(x) P,
Jo [F1 () Pdx,

which means that the center-of-mass of the two electrons undergos a motion just like a classically driven har-
monic oscillator®’, and the distance x,1 between electrons is a constant. Making use of the relations between
(x1,x2) and (x¢, x;), from Eq. (20) we get the electronic positions x; = by (t) — x” and x; = b1 (t) + X” .In Eq.
(17), we observe that intensities of the SOC and magnetic field appear in the phases of Yyyin; 015 whlch can be
used to tune the coherence terms of the probability densities and to perform the coherent control of the system.

= 1.3423,

Manipulating spatial distributions of the probability densities via SOC. Based on Egs. (17-20), we employ the
“Density Plot” of the Mathematica procedure to illustrate the coherent manipulation to the spatial distributions
of probability density components, as shown in Fig. 1 for a set of fixed initial constants and the undriven case.
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Hereafter, the parameters g and « are taken in the intervals'' g € [0, 1) and"? « € [0, 5), respectively. It is shown
that any density component describes some wavepackets with the different numbers and locations of the wave
peaks. The wavepackets are discrete in the usual cases except for those of Figs. (b4), (d2) and (d4) with packet
overlaps. Their center positions move from (x, = x,; = 1.3423,x, > 0) to (x,1, X, < 0) with the increase of time
fromt = 0tot = 7. Their peak numbers change between 1 and 10 for the given « values. We take @ = 0.2 and
4in (a) and (¢); @ = 2,3and @ = 1.5,2.5,3.5,4.5in (b) and (d), respectively, to shown that the numbers of wave
peaks depend mainly on SOC intensity, the larger « value corresponds to more wave peaks. For the same « value,
the wavepackets of different components, e.g.|[¥/14,01 |2in (a) and| Yry,01 |in (c), exist distinguishable differences
of the spatial distribution at the same time and on the same spatial region. The number and location of peaks
and the shapes of wavepackets can change in the time evolution. The similar result is found for the components
[V .01 |2and |y 14,01 |2, which is not exhibited here. The accurate manipulation to the wavepackets may be useful
for performing a two-qubit quantum gate, referring to the case of a two-ion system™.

Controlling spatiotemporal evolutions of the probability densities via periodic driving. The previous investigation
demonstrated that for a charged two-particle system adopting periodic driving including the state-dependent
forces to manipulate the probability density wavepackets could be used to implement a two-qubit phase gate®**,
where the Coulomb interaction is negligible. Here our exact solution is of the Coulomb-harmonic system (1)
with a set of specific trapping frequencies. Notice that the linear combinations & = x. — b; (¢) in the exponent
function of Eq. (18) and the periodic driving implied in function b; (¢), we can employ the periodic driving to
manipulate the spatiotemporal evolutions of the probability density components. In order to conveniently dis-
cuss the spatiotemporal evolutions and noticing the time-independence of the expected relative coordinate in
Eq. (20), we consider a fixed value x, = x,; = 1.3423 to plot the density components as the functions of x, and
t in Fig. 2 . From Fig. 2(a) we observe that for the smaller parameter values 2 = 0.5, = 0.2, the component
[¥r14,01 |2 oscillates in the small spatial interval x, € (-3, 3) and moves in time with period being about 477 > Q.
At any time and for the fixed x, and arbitrary x,, only one dispersed wavepacket exists, except for some moments
at which the density component vanishes, as indicated by the dotted line at t = 7. The zero density means zero
probability of the electrons occupying spin state| 11), and is similar to the case of Fig. 1(a2). In Fig. 2(b) we can
see that with increasing parameter values to © = 0.9 and o = 0.5, the density component [ | o1/ increases
its time period to about 2 x 50 and spatial region to x, € (—10, 10). The time points of zero density still exist,
as indicated by the line at t = 7. Further increasing the driving frequency to 2 = 1 and the SOC intensity to
o = 1, in Fig. 2(c), we illustrate the effect of resonance on the spatiotemporal evolutions. In this case, we find
that the distribution width of the density |4 ,01|? linearly increases without limitation. The linear resonance
diffusion is related to the aperiodic expected coordinate® x.y = b; (¢) with one term being proportional to time
t, as the second integral of b (¢) in Eq. (18) with € = 1. At about t = 57 the distribution width reaches the size
|| = 10 of the quantum dot. This means that the resonance manipulation of qubit should be performed for the
time t < 5. On the other hand, for the relatively larger o value the time point of zero density disappears. The
driving frequency Q2 = 5 in Fig. 2(d) further leaves from the resonance one that results in the distribution width
decreases to x| &~ 3. And the larger SOC intensity « = 2 means no zero density appearing at any time. For
the same « and 2 values, we make the spatiotemporal evolution images of all density components, and most of
them are not displayed in the paper. All the results consistently prove that different density components possess
a similar distribution envelope, but exist distinguishable difference of the distribution detail such that they have
different zero density times for a minor « value. The spatial sizes of the density components depend on whether the
driving frequency nears the resonance one, while increasing the SOC intensity value can avoid appearance of the
zero density component. Notice that the phase of any state in Eq. (14) is an aperiodic function of time, because of
the time-dependent phase factors in Eq. (14) being proportional to ot and gt. However, Fig. 2 shows that in the
case 2 # 1, any probability density periodically oscillates with the same time period T adjusted by the system
parameters. These properties can be used to implement a two-qubit phase gate*®, by selecting the operation times
t = kT for any integer k to turn off the ac driving for purposively changing only the phases of each spin state.

Controlling quantum transfers among different spin states. Taking n = m in Eq. (15) gives the
interesting relation

2 00 00
P =3 P @ =1 P ®© = | [ W 0P @)
—00 J0

ij=1

between the time-independent total probability P and the time-dependent probability components Py, i (£)
of the particles being in the spin states|n;n;). Time evolutions of the probablhty components describe quantum
transfers among different spin states. The phase coherence of |y, 0112 can be employed to control the state
transfers for designing a two-qubit quantum gates.

Effects of magnetic field on the state transfer rates.  InFigs. 3and 4, the probability components P44 01, Py | 01, Py 01
and P4 o1 correspond, respectively, to the thick dashed, thin dashed, thin solid and thick solid curves. By Fig. 3
we demonstrate that for a smaller « value all the probability components periodically oscillate with zero mini-
mum and the two maxima, Py401 = P01 ~ 0.89 and Py 01 = P|4,01 ~ 0.35, at different time points which
are determined by the controlled magnetic field strength implied in g. In a same time interval and for any
probability component, the greater g value is associated with more zero probability points and higher trans-
fer rates between spin states, which corresponds to the higher change rates of probability Py, from a maxi-
mum to zero with a shorter time. Taking the spin states| 11)and| | | ) as examples, the state transfer times are
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Figure 1. Spatial distributions of the probability density components |{/,;,01 |2att = 0, 7 for the

initial constants {C¢} = (Cy, Gy, C3, C4) = (0.45,0.55,0.35,0.75) and xp = 1, and the system parameters

¢ =0,Q=0,g =0.5.(a)|¥r1,01 > withe = 0.2in (al) and (a2), and with & = 4 in (a3) and (a4); (b) [/, |01 >
with @ = 2in (b1) and (b2), and with @ = 3 in (b3) and (b4); (c) [¥4,01 |2with @ = 0.21in (c1) and (c2), and
with @ = 4 in (c3) and (c4); (d) [/} 1,01 |>with o = 1.5,2.5,3.5,4.5in (d1), (d2), (d3) and (d4), respectively. By
this figure we show that shapes of the density wavepackets can change in the time evolution, and numbers and
locations of the wave peaks depend mainly on SOC intensity. In Figs. 1 and 2, the lighter areas correspond to the
higher densities and the lightest points of different regions indicate the density peaks of different heights, while
a deeper colour area denotes some lower densities and the darkest area means the zero density and wavepacket
spread. Hereafter, the probability density has been normalized in units of 1/(a.a,) and all the variables and
parameters appearing in the figures are dimensionless.

ty ~ 14, ~ 7,t. ~ 3.5 and tg ~ 1.75 for (a) g = 0.1, (b) g = 0.2; (c) g = 0.5 and (d) g = 1, respectively. In
any case, the states | 11) and | || ) transfer each other from the probabilities [P44,01(0), P} ,01(0)] = (0.89,0)
to [P44.,01 () Py y,01(t)] = (0,0.89), and the states | 1)) and | | 1) transfer each other from the probabilities
[P4,01(0), P14,01(0)] = (0,0.11) to [P4y,01(tk), P 4,01 (tx)] = (0.11,0) for k = a, b, ¢, d. Interestingly, such two
transfers just correspond to a spin flip of each electron with flip time # being the half-period of Py, 01(¢) deter-
mined by the experimentally controllable g value. Thus, according to the exact solutions, we can transparently
manipulate the state transfer rates by selecting and adjusting the magnetic field strength.

Suppression of SOC to the state transfer. In Fig. 3(b) we have seen that for the smaller value & = 0.1, the four
probability components oscillate with minimum vanishing, and the two pair (P44,01, Py |,01) and (P4 01, Py 4,01)
have two different maxima, and the former maximum is greater than that of the latter. In Fig. 4 we further
show the dependence of SOC intensity on the probabilities occupying different spin states. When o values are
increased to 0.2 in Fig. 4(a) and 0.5 in 4(b), the former maximum decreases and the latter one increases com-
pared to that of Fig. 3(b), until each maximum becomes different and the former maximum is less than that of
the latter. In case o = 1 of Fig. 4(c), oscillation amplitude of every probability component further decreases to
obey 0 < Py, < 0.5and tending to the approximately same one. For the larger value o = 4 of Fig. 4(d), all the
oscillation amplitudes become approximate zero and all the probabilities fall on the same value Py, ~ 1/4 with
state transfer rate vanishing. The numerical result means that the electrons being in the highly entangled super-
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Figure 2. Spatiotemporal evolutions of the probability density components (a) [1/44,01 12 (b) |y 14,01 12 (c)

[¥41.01 |2and (d) |y 14,01 | with the same constant set {Cy } as that of Fig. 1. The parameters are selected as

¢ =1,% =x1 =1.3423,x) = 1,g = 0.5and (a) 2 = 0.5, = 0.2;(b) 2 = 0.9,&¢ = 0.5 (c) 2 = 1, = L;and
(d) 2 = 5, = 2. Itisillustrated that the spatial size of the density distribution depends on the frequency resonance
effect and increasing the SOC intensity value can avoid appearance of the zero density component at any time.

position state of the four spin states with the approximately same probability occupying each spin state, which
possesses the approximate maximal entanglement measured by the average linear entropy™.

Manipulating mean entanglement and maximally entangled state. Clearly, applying Eq. (14) to
Eq. (2) results in a set of entangled states between the two electron spins. The entanglement can be quantified by
the average linear entropy**-** associated with the reduced density operator p; (¢) on the electron 1%,

pl(t)=//p1(xc,x,,t)dxcdx,=//Trzp(xc,x,,t)dxcdx,

2
= / / D il ¥or Gees %, 1)) (Wor (e, X, £) )2 ldxcdx,
j=1

N / / [0 + 0PI DO+ (ol + oDl D |

+ W0tV or + Yreot¥ oDl DL T+ Wuro ¥ on + W nor¥i o0l 4 (1 |] dxcdx, (22)

_( Prrot+Pro QL +Qp
Quu+Qi2 Pyyor+Pypo1 )7

Qu = //(1ﬁ¢¢,01¢f¢,01)dxcdxr,

Q2 = //(1//N,01¢f¢,01)dxcdxr~
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Figure 3. Time evolutions of the probabilities occupying spin states showing the effect of magnetic field on state
transfer for the parameters ¢ = 0, 2 = 0,xp = 1, @ = 0.1; the initial constant set {Cy} of Fig. 1 and the different
magnetic field strength (a) g = 0.1, (b) g = 0.2, (¢) g = 0.5and (d) g = 1. The results mean that transfer

rate of spin state [7;7;) associated with that of the probability P,,; from a maximum to zero, is approximately
proportional to magnetic field strength. The spin flip of each electron periodically occurs with flip time being
determined by the controlled g value.
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Figure 4. Time evolutions of the occupying probabilities showing the suppression of SOC intensity to state
transfer for (a) « = 0.2, (b) @ = 0.5, (¢) @ = 1, (d) @ = 4, and the same initial constants and other parameters
as those of Fig. 3(b). With the increase of « value, the probabilities Py, occupying state |1;n;) decrease their
oscillation amplitudes, until to zero, meaning no transfer to occur among different spin states. The situation of
approximate equal-probability appears in (d) with @ = 4, which corresponds to the approximate maximally-
entangled state.
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Here, “Q*” and “yr*” denote the conjugate complex quantities of Q and ¥. Given Eq. (21), as the entanglement
measure the linear entropy and the average linear entropy are defined as™

L(p1,t) = 1= Trlp} ()] = 1 — [(Py1.01 + Prpo1)* + (P01 + Prpon)? + 21Qun + Qizl?l,

L L ATL d @3)
= — ,b)dt.
N A (p1,1)

Here AT is a long-enough time interval such that the average linear entropy Ly is insensitive to its value.

For the case ny = 0, fy,, (xc, t) = fo(xc, t) becomes a common factor of all the motional states and the affect of
its auxiliary function b () to the mean entanglement of state (2) is negligible. In such a case, based on Eq. (22)
and considering the parameters AT = 100, b; = 0, C3 = 0.35, C4 = 0.75, we numerically display the average
linear entropy as different functions of some system parameters and initial constants, as shown in Fig. 5, where
values of L4 are indicated by the corresponding colour-number correspondence images with the maximum 0.5.
The o — g plan image is exhibited in Fig. 5(a) for the constants (C;, C;) = (0.45, 0.55). Clearly, for any fixed g
value, the average linear entropy increases with enlarging « value, while for any fixed « value, L4 is almost a con-
stant. In Fig. 5(b) with variable C; and the same constants as those of (a) and the fixed value g = 0.5, the image
of L vs (a, Cy) displays that for any fixed C; value, the effect of o« on Ly is similar to that of (a). The approximate
symmetry on C; = 0 means that L4 depends roughly on the absolute value of C;. The different initial constants
determine the corresponding motional states of Eq. (14). In Fig. 5(c,d), we investigate the average linear entropy
as a function of the initial constants (C;, C;) for g = 0.5, = 0.2 in (¢) and & = 1.5 in (d). We show that in (c)
the different states distinguished by Cj, C, values possess distinguishable mean entanglements for the small
value o = 0.2, as indicated by the colour-number correspondence images of the right hand side. The larger value
a = 1.5in (d) makes the average linear entropy to approach the maximum Ly = 0.5, since the colour-number
correspondence image of (d) exhibits the minimal number L4 ~ 0.493 in this case. Any point on the images of
(c) and (d) is associated with a set of fixed initial constants which determines a single ground state. Therefore,
Fig. 5(d) means that all the ground states corresponding to all (C;, C;) points have the approximately maximal
mean entanglement for the larger SOC intensity & = 1.5. The approximate maximal entanglement is shown in
Fig. 5(a,b) for the wider regions (g > 0, > 1.5)and (|C;| > 0, > 1.5), respectively. The wider areas associated
with the maximal entanglement mean its insensitivity to the parametric and initial perturbations. In fact, in such
regions, the effect of the small changes to the system parameters and initial constants on the mean entanglement
is negligible. The result is in agreement with that of Fig. 4d. We also draw numerically the mean entanglement
images for different (C3, C4) values and the results similar to those of Fig. 5 are found. All the results consistently
display that the stronger SCO makes the exact ground state of Eq. (2) the maximally entangled state with the
perturbation-insensitive maximal entanglement. Applying such maximally entangled states to encode qubits for
the quantum information processing can render the qubit control more transparent and robust.

A new resonance transition mechanism and transparent quantum-state manipulations. In
quantum mechanics, it is well-known for us to create a transition from an initial state to a desired final state by
using an ac field with resonance frequency matching the level difference between the two states. However, the
usual quantum transition depends only on the frequency match condition but is independent of amplitude of
the ac field®. Later, the anomalous multiphoton-transition was found®, which depends only on the amplitude
of the ac field, but does not relate to the frequency match condition. In both the usual and anomalous transition
processes, time evolutions of the expected energy are unclear such that the transfer time to the final state is con-
troversial. In this subsection, we will demonstrate a new resonance transition mechanism in which the quantum
transition is controlled by the amplitude of the ac field. The level differences between the initial and final states
are some integer times of the driving frequency (7 = 1), and the ladder-like time-evolution of the expected
energy is exactly described during the transition process. Consequently, we can transparently manipulate transi-
tions between the exact quantum states with a high precision.

To investigate the new transition mechanism, we firstly prove that for the resonance frequency 2 = 1 time
evolution curve of the expected energy exists ladders with the centre pointt = #; = ki obeying E, (#;) = 0 for
k=0,1,2,....From Egs. (16) and (20) we have Ea(t) = bl[bl + by + ¢ cos(Q)] + ¢ sin(Qt)by = ¢ sin(Qt)by
with b; obeylng the driven classical harmonic oscillator equation® by + by + ¢ cos(Q2t) = 0. The
result implies Eq,(¢ =0) =0, E.,(¢ = 0) = constants or E.,(¢ # 0, tx) =0, E.,(fx) = constants for
t=1t = kn/ @, k=0,1,2,...and any 2 value. The resonance case means f; = kr and the dependence of
Ecn(te) on t}. In fact, by substituting the resonance frequency = 1into Eq. (18), or directly solving above har-
monic osc1llator equatlon with = 1and for the initial conditions b1 (0) = x¢, b1 (0) = 0, we obtain the solution
bi(H)e=1 =3 §[costsin? t — sin t(t + sin ¢ cos £)] + Xo cost where the resonant effect is described by the term
tsint. Then from Eq. (16) we derive Ec,(¢ # 0,t) =1 = 2 +n-+ xo + ¢xo + —gzkz If we turn on the ac
field att = O then turn off it at ty = ko, the energy can evolve from a 1n1t1a1 n level Ecn ¢ =0,0= 2 +n+ lxg
to the final level E.,(¢ # 0, ). In order to realize the transmon to the desired [ level, we must select an appropri-
ate ¢ value to obey E, (¢ # 0, téc) Eg(¢ =0) = 2 + 1+ xO, namely the ac field strength should be selected
to satisfy the equation {xo + %-¢ 2k? = | — nwith the solutlon

¢ =tu= g | —x+\[ B+ ——(—n)] (24)

kK2m?

for the initially given constants xo > 0 and n < I. In Fig. 6 we illustrate that application of the driving strength
¢x1 leads to the transition from any initial n state |1,y (¢, xr, 0)) with & = ¢ to the desired [ state |y, (xc, xr, 1))

Scientific Reports |

(2021) 11:18839 | https://doi.org/10.1038/s41598-021-98152-z nature portfolio



www.nature.com/scientificreports/

0.5 0.50

0.45
0.4

0.40
0.3

~0.35

0.30

~0.50 0.500

a=1.5,g=0.5

0.45 0.498

0.40
-0.496

0.35
0.494

T

[ -

C] CI

Figure 5. Average linear entropy L4 showing the mean entanglement as functions of some system parameters
and initial constants. We consider the case fy, (xc,t) = fo(xc, t)and AT = 100,b; = 0, C3 = 0.35,C4 = 0.75
for (a) La vs (o, g) with C; = 0.45, C; = 0.55; (b) L4 vs (¢, Cy) with g = 0.5, C; = 0.55; (¢) La vs (Cy, C3) with

a =0.2,g =0.5;and (d) L4 vs (C;, Cy) with @ = 1.5, g = 0.5. Values of L4 are indicated by the corresponding
colour-number correspondence images. The results show that the mean entanglement is adjusted by the SOC
intensity and the initial constants. Under the given conditions, all the average line entropies are greater than zero
and increase with SOC intensity to approach its maximum L4 = 0.5 for o > 1.5. Wider areas associated with
the approximate maximal entanglement in (a) and (b) mean the insensitivity of the maximal entanglement to
the parametric and initial perturbations.

with ¢ = 0 for the determined time t = t; = k. However, as an inverse of the time units the frequency exists
a certain width such that an infinitely accurate #; value is impossible to experimentally set. Thus we have to
consider the transition time ¢ being in a time interval At centred at t, which is associated with a small level
width AE. To realize a transition with high precision, such a time interval should correspond to a small ladder
width of energy curves.

The time-dependent energy E.,(t) is independent of the initial constant set {Ci} and system parameters
o, g. We take the initial ground state with n = 0 as an example without loss of generality. In Fig. 6, we plot the
time evolutions of the expected energy in the resonance case, which show the transition process from an initial
ground state to the desired | excitation state. We find that the centres of energy plateaus appear at t; = kxr and
all the ladders have an approximately same width At ~ Z for the transition time tyr € [ty — /8, t; + 7/8].
The corresponding level width AE = max|Ec,(tx) — Ecn(tkf)| is in order of 1072, It is worth noting that when
the transition is finished by turning off the ac field at t = #;, the minor level width results in the energy-time
uncertainty relation AEAt < 1(h), meaning a quite high operation precision. While the greater ladder width
At ~ T leads to the transition times tis being in the experimentally appropriate interval for an usual frequency
width Aw < 1(w). In addition, by comparing the different energy curves, we find that the larger k value relates
to the smaller driving strength. The result implies that a weak ac field also can cause the level transition after a
longer time, and for a fixed ! final state the shortest transition time #xr with k = 11is associated with the highest
driving strength ¢;.

Summary

In summary, we have investigated two SO coupled electrons held in a quantum-dot hybrid 1D nanowire?, subject
to an ac electric field and a static magnetic field, which is governed by the effective Hamiltonian in Eq. (1). By
managing the orientation of the static magnetic field to match the SOC-dependent phase'? and selecting the spe-
cific trapping frequencies to fit the exact stationary states of relative motion experiencing the Coulomb interaction
and the harmonic potential simultaneously*~*, we have acquired a set of exact orthonormalized spin entangled
states of Eq. (2) with probability amplitudes being the motional states. Combining the function-transformation
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Figure 6. Time evolutions of the expected energy E.,(¢) showing the resonance transition processes

from initial state |,y (Xc, X, 0)) withn = 0,¢ = ¢k, @ = 1and an arbitrary ' to the desired [ state

|V (e, Xp ty)) with ¢ = O at time t = ki for k = 1 (blue), k = 2 (green) and k = 3 (red). The constant

xp and control parameter i; are taken as (a) xo = 0,1 = 1,11 = 0.9003, {21 = 0.4502, ¢31 = 0.3001; (b)

x0 = 0,1 = 2,815 = 1.2732, ¢35 = 0.6366, {3, = 0.4244; (¢) xg = 1,1 = 1,¢11 = 0.5821, &1 = 0.3501, {31 = 0.2583;
(d) xo = 1,1 = 2,¢12 = 0.9309, &2 = 0.5433; ¢35 = 0.3818. The dashed lines indicate the level

E (¢ =0) = % +1+ %xé As shown in this figure, the resonance transition from the ground state to any /
state with transition time f;, = k is transparently controlled by selecting the ac field strength ¢ = gy;.

method and the variable-separation treatment, exact complete solutions of the motional states have been con-
structed in Eq. (14) as the coherent superpositions of the known generalized coherent states with some arbitrary
constants determined by the initial states. The square norm of a motional state describes the probability density
occupying the corresponding spin state and behaves as a kind of oscillating wave packets. The different initial
constant sets can correspond to the different ground states with the same lowest quantum number and the same
or different expected energies. For any ground state, the spatiotemporal evolutions of the probability densities can
be adjusted by the ac electric field and the intensities of SOC and magnetic field, as shown in Figs. 1 and 2, where
the shapes and sizes of the density wavepackets and the numbers, locations and height of the wave peaks depend
mainly on SOC intensity and driving frequency. In Figs. 3 and 4, the time evolutions of probabilities occupying
different spin states reveal that transfer rate between the spin states is approximately proportional to magnetic
field strength for a weaker SOC, and the transfer can be effectively suppressed by enhancing the SOC intensity.
The effects of the system parameters and initial constants on the mean entanglements measured by the average
linear entropy have been illustrated numerically by Fig. 5, where the approximately maximal mean entanglement
is associated with the stronger SOC and wider regions of the system parameters and initial constants, meaning
the insensitivity to the parametric and initial perturbations. In any one of the orthonormalized states of Eq. (2),
the expected energy of Eq. (16) contains a quantum part and a continuously time-varying one. Applying the
frequency resonance effect, by Fig. 6 and Eq. (23) we have demonstrated a novel resonance transition mechanism
in which the ladder-like time evolution of expected energy and the corresponding transition time between two
arbitrary states are transparently controlled by the ac field strength implying in the exact motional states. The
exact ground states with the perturbation-insensitive maximal entanglement can be used to encode qubits and
to render the qubit control more transparent and robust.

Treating the exact solutions as leading-order ones, the obtained results could be applied to the locally gated
few-dot system or an array of electron pairs separated from each other by different quantum dots with weak
neighboring coupling as perturbation. The latter may have practical importance to scale up quantum computa-
tion with quantum-dot-electron system. Our results also show the coherent control of qubits in low-dimensional
electronic systems, which is fundamental important to design of solid-state quantum circuits and for encoding
spin qubits via the maximally entangled ground state. In the further work, applying the theoretical proposal of
geometric gates with the reduced sensitivity to the vibrational quantum numbers®-®2, we will implement the
two-qubit phase gates by using the state-dependent forces to manipulate the exact states*®*’. We will also extend
the exact results to a 2D two-electron quantum-dot system?®46.
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