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Predicting bone strength with 
ultrasonic guided waves
Nicolas Bochud, Quentin Vallet, Jean-Gabriel Minonzio & Pascal Laugier

Recent bone quantitative ultrasound approaches exploit the multimode waveguide response of 
long bones for assessing properties such as cortical thickness and stiffness. Clinical applications 
remain, however, challenging, as the impact of soft tissue on guided waves characteristics is not fully 
understood yet. In particular, it must be clarified whether soft tissue must be incorporated in waveguide 
models needed to infer reliable cortical bone properties. We hypothesize that an inverse procedure 
using a free plate model can be applied to retrieve the thickness and stiffness of cortical bone from 
experimental data. This approach is first validated on a series of laboratory-controlled measurements 
performed on assemblies of bone- and soft tissue mimicking phantoms and then on in vivo  
measurements. The accuracy of the estimates is evaluated by comparison with reference values. To 
further support our hypothesis, these estimates are subsequently inserted into a bilayer model to test 
its accuracy. Our results show that the free plate model allows retrieving reliable waveguide properties, 
despite the presence of soft tissue. They also suggest that the more sophisticated bilayer model, 
although it is more precise to predict experimental data in the forward problem, could turn out to be 
hardly manageable for solving the inverse problem.

Osteoporosis is a medical threat with a consequent increase in bone fragility and susceptibility to fracture. There 
is an increasing awareness about osteoporosis, because of the consequences of fractures on morbidity, quality of 
life and mortality1. The standard approach for the diagnosis of osteoporosis and fracture risk prediction is based 
on the use of ionizing dual energy X-ray absorptiometry (DXA) in order to assess bone mineral density (BMD). 
The role of cortical bone as a determinant of bone strength was recently highlighted2–4, as a result of which it has 
been suggested that diagnosis (risk assessment) should include accurate evaluation of cortical bone5. However, 
the structural properties (i.e., thickness and porosity) of cortical bone are poorly captured in patients by X-ray 
densitometry or computed tomography techniques. Furthermore, the non-invasive in vivo assessment of its mate-
rial properties (i.e., stiffness) remains unattainable to date. In response to these issues, sophisticated quantitative 
ultrasound (QUS) approaches are currently being explored, based on the experimental evidence that cortical 
bone supports propagation of multiple guided waves (GWs)6,7. GWs are dispersive and the relation between the 
wave number (k) and frequency (f), specific to each guided mode, is determined by the geometric and elastic 
properties of the waveguide. Changes in cortical thickness and elastic properties observed with aging, osteopo-
rosis or in response to treatments are expected to change the propagation characteristics of GWs. Consequently, 
GWs measurements on long bones such as the radius, along with appropriate waveguide modeling, have the 
potential for yielding strenght-related bone properties that can be used as biomarkers to identify patients at risk 
of fracture or to judge whether a patient has responded well to treatment.

At the macro-scale, the cortical shell of human long bones is an absorbing and anisotropic material, whose 
geometry is that of an irregular hollow structure filled with marrow and surrounded by soft tissue. The suitability 
of the waveguide model used to retrieve in vivo cortical bone properties from GWs measurements is a key step in 
data processing. Here, the purpose of the waveguide model is to represent a simplified but sufficient model that 
fits the experimental ultrasound data and provides a robust inference of one or more waveguide properties. The 
question arises as to whether the waveguide model must include the effects of soft tissue coating, bone curvature 
and irregular geometry, anisotropy and some other additional factors as well, such as, e.g., the absorption. Given 
the complexity of the bone waveguide, the choice of a model arises from the trade-off between the complexity of 
the model (i.e., number of model parameters) and the accuracy of the estimates (i.e., stability of the inverse prob-
lem solution in terms of convergence, existence and uniqueness). Several phantom and ex vivo studies focused 
on such GWs model-based approaches. Among these, authors reported estimates of cortical thickness (assuming 
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a fixed elasticity) using an isotropic hollow cylinder model8 or an isotropic hollow cylinder model filled with 
viscous liquid9,10. In another related study, authors reported estimates of Young’s modulus (assuming a fixed 
thickness), using an isotropic plate model7. More recently, our group achieved concurrent estimates of both thick-
ness and elastic properties of cortical bone using a transverse isotropic plate model11. In all these studies, only 
non-absorbing waveguides were considered. Hence, the outcomes of these earlier studies suggested that relatively 
simple models can deliver convincing results.

Clinical applications using GWs remain, however, challenging for assessing multiple bone biomarkers (e.g., 
cortical thickness, stiffness and porosity), as the impact of the soft tissue layer on top of bone is not well estab-
lished yet. The effect of the soft tissue layer may be twofold. First, the soft tissue layer nearly behaves like a fluid 
waveguide for ultrasound, which can give rise to additional guided modes12,13. These modes propagating in soft 
tissue may be mistaken with those propagating in bone when their velocities overlap14,15. A second effect arises 
from the coupling of the two waveguides (i.e., the soft tissue and the bone waveguides), potentially resulting in 
a modification of the dispersion curves of the bone waveguide16. To date, the influence of overlying soft tissue 
has only been analyzed in a few phantom studies12–15,17–20 (see Supplementary Introduction and Table S1). The 
main conclusions that can be drawn from these studies are as follows: (1) the presence of soft tissue attenuates the 
time-domain signals, (2) the number of modes significantly increases with increasing soft tissue thickness, and 
(3) the dispersion curves belonging to the solid waveguide are only modified in a certain range of the f−​k plane. A 
recent study by our group reported the first in vivo estimates of cortical thickness in healthy subjects using multi-
mode GWs measurements21. Nonetheless, this study assumed a fixed elasticity and only considered higher-order 
modes (i.e., phase velocity higher than 3 mm·μs−1) to avoid the influence of soft tissue, in which case a simple 
plate model provided an appropriate inverse model. It has also been shown that the use of sophisticated models 
(e.g., uncoupled bilayer12, fluid-solid bilayer15, solid-solid bilayer13, three-layered system19) can explain additional 
data arising from the presence of soft tissue mimics. These studies, however, only solved the forward problem 
using a priori known bone-mimicking properties, without providing any hints on a possible inversion, i.e., on the 
ability to infer properties of cortical bone for clinical purposes. It is not clear yet that such sophisticated models 
could be used in vivo, where both cortical bone and soft tissue properties are unknown, and experimental data 
are noisy and incomplete. In addition, none of these studies except12,19 considered bone as transverse isotropic, 
whereas it is expected that anisotropy has a significant influence for recovering reliable estimates of cortical bone 
properties22,23.

Following these studies, no general consensus has been reached regarding the complexity of the waveguide 
model to be used to recover reliable estimates of cortical bone properties in vivo. Consequently, the present study 
aims at determining to which extent a two-dimensional (2-D) transverse isotropic free plate waveguide model is 
accurate enough for this purpose, despite the presence of soft tissue and bone curvature. The choice of this model 
is based on earlier findings that dealt with a similar frequency-thickness product range12,20, which evidenced that 
the additional modes due to the presence of overlying soft tissue mimics do not significantly modify the trajec-
tory of the modes belonging to the solid (bone-mimicking phantom) subsystem, and can thus be predicted by 
a free plate model. We hypothesized here that the same conclusion holds for in vivo measurements, i.e., that the 
dispersion curves obtained in vivo contain data that exhibit the fingerprints of the cortical bone subsystem that 
are not significantly affected by the soft tissue, and that can be reasonably approximated by a free plate model. 
To test this hypothesis within the context of multimode GWs measurements (i.e., large frequency (f) - thickness 
(hs) product), we propose a two-step approach. In a first step, we perform an inversion of both the thickness and 
elastic properties of different waveguide structures using a 2-D transverse isotropic free plate model. The inverse 
problem is solved using an efficient model-based approach recently developed by our group24, and the accuracy 
of the inferred estimates is evaluated by comparison with reference values. In a second step, as reference values for 
in vivo cortical bone assessment are typically unavailable, the inferred estimates are subsequently inserted into a 
2-D free bilayer model to test if outliers (i.e., experimental data that are not explained with the free plate model) 
are fitted properly. This two-steps approach is first validated on a series of laboratory-controlled measurements 
performed on assemblies of soft tissue- and bone-mimicking phantoms (plates and tubes), whose thickness and 
material properties cover a representative range of expected cortical bone properties. Then, this approach is illus-
trated on a few in vivo measurements at the forearm.

Methods
Experimental measurements.  Samples and reference measurements.  Laboratory-controlled GWs 
measurements were carried out on twenty different bilayer assemblies, which result from the combination of 
bone-mimicking plates or tubes coated with layers of soft tissue-mimicking phantoms. The bone-mimicking 
material is a transverse isotropic composite made of short glass fibers embedded in an epoxy matrix (Sawbones®, 
Pacific Research Laboratories Inc., Vashon Island). The plates and tubes thickness ranged from 1 to 4 millimeters, 
which is typical for the cortical thickness of human bones11,15. The tubes had a transverse circular cross-section 
with an external radius of curvature of 17.5 millimeters. The reference thickness of the plates and tubes was 
directly derived from caliper measurements, repeated five times in the area of GWs measurements. Reference 
stiffness coefficients were obtained by performing resonant ultrasound spectroscopy (RUS) measurements, as 
RUS currently represents the reference technique for measuring the anisotropic elasticity of solid materials25. 
Samples for RUS measurements were prepared by cutting small-sized “parallelepiped-shaped” specimens from 
the volume of the coated plates and tubes measured by GWs. The mass density of each sample was deduced from 
a measurement of the dimensions using a digital caliper (accuracy of 0.01 mm) and a mass measurement (accu-
racy of 0.1 mg). For each sample, the resonant frequencies of the freely vibrating solid of known shape and mass 
density were measured and an iterative procedure was used to adjust the stiffness coefficients until the numeri-
cally predicted spectrum matched the measured frequencies26.
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The mean and standard deviation of the resulting reference stiffness coefficients and mass density are listed in 
the first row of Table 1.

The materials of the soft tissue-mimicking phantoms are solid water-based polymers (Zerdine and Urethane, 
CIRS, Norfolk, Virginia, USA). The structural and acoustic properties of these two materials, provided by the 
manufacturer, are listed in Table 2. These soft tissue-mimicking phantoms were chosen owing to the similarity of 
their acoustic properties with those of human soft tissue. Their thickness ranged from 2 to 10 millimeters, which 
is consistent with the soft tissue thickness that can be expected at the third from the distal end of the forearm15.

In addition, four healthy volunteers recruited from the laboratory staff (three males and one female, aged 
from 27 to 51 years old) were measured at the third from the distal end of the radius by positioning the center of 
the probe approximately 70 mm away from the radial styloid21. The local ethics committee (Comité de protection 
des personnes Ile de France III) approved the protocol and informed consent was obtained from all subjects in 
accordance with regulations. The length of the region of interest, prescribed by the length of the receiver array, 
was 20 mm on the postero-lateral face of the forearm. Reference measurements were performed independently 
of the GWs measurements to assess the correctness of the ultrasound-based estimates. Reference cortical thick-
ness values were delivered by site-matched high-resolution X-ray peripheral computed tomography (HR-pQCT) 
measurements (XtremCT, Scanco Medical, Brutisellen, Switzerland) with a voxel size of 82 μm (spatial resolution 
of 128 μm). All methods were performed in accordance with the relevant guidelines and regulations. The thick-
ness of the soft tissue was estimated by performing standard 20 MHz pulse-echo measurements (see Table 2), 
ensuring no probe loading to avoid deforming soft tissue. Stiffness coefficients and mass density were compared 
to typical range of values from the literature27–29 (see second row of Table 1).

Experimental set-up and extraction of the dispersion curves.  GWs measurements were performed in axial trans-
mission configuration with a custom-made probe (Vermon, Tours, France), which consists of a 24 elements 
receiving array surrounded by two arrays of 5 emitters each. The three arrays of piezocomposite elements, aligned 
along the x3-axis (i.e., main fibers orientation for the bone-mimicking phantoms and main bone axis in vivo), 
were in contact with the samples and ultrasonic gel was used for coupling. This configuration permits the propa-
gation of GWs in two opposite directions, thus allowing the correction of the bias induced by the eventual incli-
nation between the probe and the samples, which could result from the presence of uneven overlying soft tissue 
in the measurements area30.

A custom-made electronic device (Althaïs Technologies, Tours, France) was used to transmit wideband ultra-
sonic pulses at a central frequency of 1 MHz (−​6 dB power spectrum spanning the frequency range from 0.4 to 
1.6 MHz) and to record the received signals. For each propagation direction, a set of 5 ×​ 24 =​ 120 radio-frequency 
signals corresponding to all possible pairs of emitter/receiver elements were digitized (12 bits, 20 MHz, 1024 sam-
ples) after 16 averages by hardware.

The procedure to extract the experimental dispersion curves, representing the frequency-dependent wave 
numbers (i.e., k(f)) of guided modes propagating in the waveguide, was straightforwardly applied following21,31.

In short, (1) for each propagation direction, the 120 radio-frequency signals were Fourier transformed with 
respect to time and stored in a response matrix; (2) a singular value decomposition was applied to the response 
matrix at each frequency; (3) signal-to-noise ratio enhancement was achieved by removing the singular vectors 
corresponding to the lowest singular values; (4) a testing vector (i.e., an attenuated spatial plane wave with a com-
plex wave number32) was projected onto the singular vector basis, delivering the so-called Norm function, whose 
maxima correspond to the wave numbers of the guided modes; (5) combining the data acquired from the two prop-
agation directions, a bidirectional correction was applied to the measurements30; (6) the (f, k)–pairs were extracted 
from the corrected Norm function using a dilation operator21; (7) outliers were removed from those pairs by applying 
statistical denoising over 10 measurement repetitions (successively recorded without moving the probe); and (8) the 

Stiffness coefficients (GPa)
Mass density 

(g · cm−3)

c11 c33 c13 c55 ρs

Bone-mimicking samples 14.7 ±​ 0.7 22.1 ±​ 0.9 7.6 ±​ 0.3 4.6 ±​ 0.2 1.65 ±​ 0.05

Cortical bone27–29 13.1–21.5 24.8–32.4 — 4.7–6.4 1.83–2.01

Table 1.   Reference stiffness coefficients and mass density for the bone-mimicking samples and range for 
cortical bone properties.

Material

Wave velocity Mass density Attenuation at 1 MHz Thickness

cf  
(mm · μs−1)

ρf  
(g · cm−3)

αf  
(dB · cm−1)

hf  
(mm)

Zerdine 1.54 1.03 0.52
2−​10

Urethane 1.43 1.00 0.90

Soft tissue 1.43–1.60* 0.95–1.05* 0.5–1* 3–10**

Table 2.   Acoustic and structural properties of the soft tissue-mimicking materials (*Culjat et al.51; 
**Values from 20 MHz pulse-echo measurements).
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resulting denoised data on each direction were grouped together, yielding a single set of dispersion curves for each 
sample. For further details on the data processing, the reader is referred to our previous studies21,31,32.

Figure 1 depicts an example of some of the investigated specimens, along with the experimental setup used to 
obtain the dispersion curves.

Forward calculation of the dispersion curves.  Two waveguide models were used in the present study to 
fit the experimental dispersion curves. The first model, a free plate model, was used to test the reliability of such 
simplistic model for inferring estimates of cortical bone properties by solving a model-based inverse problem24. 
The second model, a fluid-solid bilayer model, was used to further support these estimates by solving the forward 
problem.

2-D free plate model.  In this paper, the choice of the waveguide model is based on the following assumptions 
derived from earlier observations: (i) at 1 MHz, ultrasound waves are sensitive to the effective (i.e., mesoscopic) 
elastic properties of bone, which can thus be considered as a homogeneous material29,33; (ii) the cortical thickness 
can be assumed as constant in the region prescribed by the length of the receiver array34; and (iii) given our probe 
configuration and the driving-frequency, the tubular bone shape can be locally approximated by a plate despite 
bone curvature20. Therefore, in what follows, cortical bone is considered as a two-dimensional (2-D) transverse 
isotropic homogeneous free plate waveguide. For such a model, the solutions of the corresponding Lamb wave 
equation for propagation in the meridian plane can be expressed as guided modes in the f−​k plane, which are 
determined by prescribed thickness hs of the waveguide, mass density ρs, and stiffness coefficients c11, c33, c13, and 
c55

11,12,35. Alternatively, the dispersion equation can be formulated as function of the bulk wave velocities, the mass 
density being embedded in the velocity parameters. The resulting model parameters that account for the stiffness 
of the waveguide are compound of two bulk wave velocities and two stiffness ratios (containing the off-diagonal 
coefficient and the anisotropic ratio), defined as:
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Figure 1.  Overview of the experimental setup: (a) Pictures of the custom-made probe in contact with a bilayer 
phantom and the forearm of a subject; (b) Schematic view of the multi-elements probe, which consists of a 24 
elements receiving array surrounded by two arrays of 5 emitters each, aligned along the main bone axis x3;  
(c) acquired radio-frequency signals for each pair of emitter-receiver; and (d) extracted experimental dispersion 
curves after applying the signal processing steps.
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where V L , 
⊥

V L , and VT denote the longitudinal bulk wave velocities (along and normal to the x3-axis) and the 
transverse bulk wave velocity, respectively.

Bilayer model.  The fluid-solid bilayer model has been introduced by Yapura and Kinra16. Initially, the disper-
sion equation was developed considering that the solid subsystem of the bilayer was isotropic. Subsequently, this 
model was extended to account for an orthotropic solid subsystem36. In this study, we considered an intermediary 
case, in which the solid subsystem was considered as transverse isotropic and non-absorbing.

Note that the fluid-transverse isotropic solid model interface may differ from that of the soft tissue and corti-
cal bone, in that fluid does not sustain shear stresses whereas soft tissue does. Nonetheless, such difference is not 
believed to induce a too large deviation while modeling the guided modes of the considered waveguide struc-
tures14, as shear waves do not propagate in the considered ultrasonic frequency bandwidth. A fluid-solid bilayer 
system introduces extra constraints to the particle motion at the interface (compared with free boundary con-
ditions), so that the energy of the GWs leaks from solid to fluid in the form of leaky waves37. When these waves 
encounter boundaries of different media, they are reflected back to the top boundary of the overlying fluid and 
propagate back to the solid substrate. Consequently, the GWs do not propagate in the fluid or solid layer alone 
(as suggested by Chen et al.12), but in the whole bilayer structure. This coupling is known to affect the dispersion 
characteristics of the guided modes.

The characteristic equation for such fluid-transverse isotropic solid bilayer waveguide can be written in the 
form,
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where κf =​ cf/VT, τ =​ hf/hs, and γ =​ ρf/ρs. Subscripts s and f characterize the models parameters, whether they 
belong to the solid layer or the fluid coating, respectively. Note that, in contrast to the plate model, the density of 
the solid must now be explicitly incorporated within the dispersion equation.

An example of the plate and bilayer modes is depicted in Fig. 2. Because the notation of antisymmetric (An) 
and symmetric (Sn) modes is reserved for uncoated solids and the guided modes issued from a bilayer model 
are no longer classical Lamb modes, we follow the ordinal numbers notation by Yapura and Kinra16 to label the 
bilayer modes (n). As can be observed, the bilayer model generates additional modes and modifies the trajectory 
of the modes issued from a plate model, particularly in the area of the f−​k plane where the modes reach their 
cut-off frequencies (k =​ 0 rad·mm−1) or asymptotic behavior (f =​ 1.6 MHz).

Inverse problem.  The inverse procedure used to retrieve estimates of the structural and elastic properties of 
waveguide structures from multimode GWs measurements has been comprehensively described in our earlier 
study24. Typically, such model-based approach comprises four elements, namely (i) the experimental data, (ii) 
the model parametrization, (iii) the definition of an objective function, as a metric to compare measured and 
modeled guided modes, and (iv) the formulation of an algorithm to iteratively optimize the objective function.

The experimental data are represented by the (f, k)-pairs, whose extraction has been described in a former 
section. The model parameters θ is a vector that consists of the waveguide thickness hs (i.e., plate, tube or cortical 
bone), the stiffness ratios and bulk wave velocities from Eq. (1), and a pairing vector M. The latter represents the 
combination of Lamb modes that are necessary to explain the experimental data, without requiring prior knowl-
edge on the mode-order n. The objective function F(θ) is defined as the occupancy rate of the Lamb modes24,
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Figure 2.  Example of the plate (continuous lines) and bilayer (dotted lines) modes for hs =​ 1.8 mm, κf =​ 0.83, 
τ =​ 1.25, and γ =​ 0.54 (the mass density ρs and elastic coefficients cij were taken from Bossy et al.22).
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restricted to:

=
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where Mmax is the maximal number of modeled Lamb modes, Ni
exp and θN ( )i

th  denote the number of experimen-
tal and theoretical data of a mode i, respectively; N exp is the mean of the Ni

exp; Ni
in is the number of inliers of a 

mode i; and N is the total number of experimental data. Briefly, Eqs (3–4) mean that experimental data can only 
form an experimental trajectory if a sufficiently large amount of them belong to a Lamb mode. Furthermore, an 
experimental data is considered as an inlier of a mode i if its euclidean distance d to that mode satisfies the follow-
ing condition:

θ θ
=




− 




+




− 



≤d f f

f
k k

k
d( ) ( )

(5)max max

2 2

0

where d0 =​ 0.025 is a user-defined dimensionless threshold, which approximately corresponds to the normalized 
resolution in k (that is, (π/L)/kmax with L being the length of the receivers array)21,24. Finally, the optimal model 
parameters θ̂ are found by maximizing the objective function F(θ),

θ θ=
θ θ θ< <

ˆ Farg max ( )
(6)inf sup

where θinf and θsup denote the lower and upper bounds of the model parameters θ. Genetic algorithms are applied 
to maximize Eq. (6), due to their capability of finding a near global solution in situations where the objective 
function is multidimensional and multimodal38. The bounds [θinf θsup] of the model parameters θ that define the 
problem domain were set according to11,24, so that they encompass realistic values for both the bone-mimicking 
phantoms and cortical bone: hs ∈​ [0.5 4], c13/c11 ∈​ [0.2 0.7], c33/c11 ∈​ [1.1 2.5], ∈

⊥
VL [1.63 7], and VT ∈​ [1.0 2.0].

Results
Bilayer phantoms.  First, results on bilayer phantoms are presented. To serve as a first example, the matching 
between experimental data and theoretical modes is depicted in Fig. 3 for a 1.25 mm thick bone-mimicking plate 
coated with soft tissue-mimicking layers of increasing thickness (2–8 mm). Each of the left plots represents the 
optimal matching resulting from the inverse problem solution using the free plate model. Right plots represent 
the forward problem solutions calculated with the bilayer model, using as input values the optimal model param-
eters obtained with the free plate model plus the soft tissue-mimicking properties reported in Table 2.

As can be observed in the left plots, the optimal inverse problem solutions reveal that parts of the experimental 
data (represented as red dots) correspond to modes belonging to the bone-mimicking subsystem (matched by the 
free plate modes represented as continuous lines), even in the presence of rather thick soft tissue-mimicking lay-
ers (e.g., cases (c)–(d)), which induced numerous additional modes and coupling effects explaining the increasing 
number of outliers (represented as blue dots). On the other hand, the forward calculation using the bilayer model 
(right plots) is more precise than the free plate model as it predicts most of the experimental data (see the relative 
percentages of inliers). Note that outliers are compound of both additional modes at low phase velocities (i.e., 
nearly pure fluid modes) and modified modes due to coupling effects at the interface between the soft tissue mim-
ics and the plate (e.g., particularly observable between f =​ 1.4–1.6 MHz and k =​ 1 rad·mm−1 for cases (b)–(d)).  
Despite the complexity of the data, our model-based inverse procedure using the free plate model delivered 
accurate estimates of both the thickness and bulk wave velocities of the plate, as will be commented below (see 
Table 3).

As a second example, the matching between experimental data and theoretical modes is depicted in Fig. 4 for a 
2.32 mm thick bone-mimicking tube coated with soft tissue-mimicking layers of increasing thickness (2–10 mm). 
As in the previous case, left plots show the inverse problem solutions using the free plate model, whereas right 
plots show the forward problem solutions using the bilayer model. Again, the optimal inverse problem solutions 
reveal that parts of the experimental data correspond to modes belonging to the bone-mimicking subsystem 
(matched by the free plate modes), despite the presence of soft tissue-mimicking layers and the sample curvature. 
The latter observation strengthens the hypothesis that, in our case, axial measurements on a coated non-flat 
contact surface do not significantly differ from those obtained from coated plates20. In addition, these results 
suggest that a coated tube is less affected by the presence of soft tissue than a coated plate. For instance, the rel-
ative percentages of inliers resulting from the inverse procedure are 31% and 57% for the coated plate and tube, 
respectively (see Figs 3(c)–4(c)).

For the additional bilayer phantoms investigated in this study (see Supplementary Figs S1–S3), the optimal 
inverse problem solutions also revealed that parts of the experimental data correspond to modes belonging to the 
bone-mimicking subsystem (matched by the free plate modes), despite the presence of soft tissue-mimicking 
layers and the sample curvature.Similarly, the forward calculation using the bilayer model turned out to be more 
accurate than the free plate model as it predicted most of the experimental data (see the relative percentages of 
inliers). For all the tested cases, Table 3 summarizes the ultrasound-based estimates θ̂, which are compared to 
reference values. It must be noted that the ultrasound-based approach delivers elasticity estimates by means of 
stiffness ratios and bulk wave velocities, while the reference method directly provides stiffness coefficients (see 
Table 1). Consequently, a face-to-face comparison can only be performed by making use of Eq. (1), which allows 
the computation of the bulk wave velocities from the reference stiffness values and mass density.
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Figure 3.  Matching between experimental data (dots) and theoretical modes (lines) for a 1.25 mm thick bone-
mimicking plate coated with soft tissue-mimicking layers of increasing thickness: (a) 2 mm, (b) 4 mm, (c) 6 mm, 
and (d) 8 mm. Left plots represent the optimal matching resulting from the inverse problem solutions using the 
free plate model (modes that are missing in the optimal pairing vector M are displayed in discontinuous lines), 
whereas right plots represent the forward problem solutions calculated with the bilayer model.
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Figure 4.  Matching between experimental data (dots) and theoretical modes (lines) for a 2.32 mm thick bone-
mimicking tube coated with soft tissue-mimicking layers of increasing thickness: (a) 2 mm, (b) 4 mm, (c) 6 mm, 
and (d) 10 mm. Left plots represent the optimal matching resulting from the inverse problem solutions using the 
free plate model (modes that are missing in the optimal pairing vector M are displayed in discontinuous lines), 
whereas right plots represent the forward problem solutions calculated with the bilayer model.
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As can be observed, there is a good overall agreement between the ultrasound-based estimates and reference 
values. There are no significant differences between the estimates obtained for the coated plates and tubes. The 
relative differences on thickness range from 0% to 7% and are in the order of magnitude of the precision of the 
reference method. In the same way, the relative difference on bulk wave velocities are in the order of magnitude of 
the precision of the reference method, except for a few cases (represented in bold). These larger errors are mainly 
associated with bilayer phantoms with large soft tissue-mimicking thickness (i.e., 8–10 mm), for which the exper-
imental data exhibit a rather poor A0-mode that could not be identified with the free plate model (e.g., Fig. 4(d)). 
Such mode is known to be mostly sensitive to the transverse bulk wave velocity component, and may thus explain 
the larger discrepancy on the inferred estimates of VT. On the other hand, for each bone-mimicking plate or tube, 
the variability of the estimates resulting from the presence of the soft tissue layers, calculated as the half-range 
divided by the median value over the four coatings, was less than 6% for hs, 6% for V L , 4% for 

⊥
V L , and 7% for VT.

In vivo cortical bone assessment.  Dispersion curves were measured in vivo on the four subjects. Figure 5 
depicts the experimental data along with the theoretical modes for the four investigated cases. As for the bilayer 
phantoms, left plots show the inverse problem solutions using the free plate model, whereas right plots show the 
forward problem solutions using the bilayer model.

Again, the optimal inverse problem solutions also revealed that parts of the experimental data correspond to 
modes belonging to the cortical bone subsystem (matched by the free plate modes) despite the presence of soft 
tissue, irregular bone geometry, absorption and experimental noise. For the forward problem using the bilayer 
model, the acoustic properties of soft tissue were set to those of water, that are cf =​ 1.54 mm·μs−1 and ρf =​ 1 g·cm−3. 
The thickness of soft tissue for the four subjects was set to that measured with the 20 MHz pulse-echo technique, 
namely hf =​ {3.9, 10.0, 5.0, 3.4} millimeters.

The ultrasound-based estimates of cortical thickness and bulk wave velocities, along with the reference thick-
ness values delivered by the HR-pQCT measurements are summarized in Table 4.

Despite a lower signal-to-noise ratio and the presence of soft tissue, a good agreement was found between the 
experimental data and the free plate model. The relative differences on cortical thickness were lower than 5% and 
are in the order of magnitude of the precision of the reference method. For the sake of clarity, the estimates from 
the inversion procedure for the bulk wave velocities are also indicated in the table although they cannot be validated  
in vivo. We note, however, that these values are slightly higher that the range of values that can be derived from Table 1 
through Eq. (1). In addition, the forward problem using the bilayer problem further supports the correctness of the esti-
mates inferred with the free plate model, as most of the outliers from left plots are now adequately fitted (see the relative 

Solid Coating

Optimal model parameters θ̂ Reference 
thickness (mm)Bulk wave velocities (mm · μs−1) Thickness (mm)

V L ⊥V L VT hs hs
ref

Plate 1

U: 2 mm 3.55 (3%) 2.96 (1%) 1.70 (2%) 1.28 (2%)

1.25 ±​ 2%
Z: 4 mm 3.63 (1%) 2.90 (3%) 1.68 (1%) 1.28 (2%)

U: 6 mm 3.58 (2%) 2.98 (0%) 1.75 (5%) 1.31 (5%)

Z: 8 mm 3.52 (4%) 2.90 (3%) 1.78 (7%) 1.25 (0%)

Plate 2

U: 2 mm 3.72 (2%) 2.92 (2%) 1.63 (2%) 2.51 (7%)

2.34 ±​ 2%
Z: 4 mm 3.67 (0%) 3.15 (6%) 1.67 (0%) 2.43 (4%)

U: 6 mm 3.54 (3%) 2.98 (0%) 1.58 (5%) 2.40 (3%)

Z: 8 mm 3.83 (5%) 3.11 (4%) 1.52 (9%) 2.39 (2%)

Plate 3

U: 2 mm 3.71 (1%) 2.99 (0%) 1.52 (9%) 3.56 (2%)

3.48 ± 6%
Z: 4 mm 3.54 (3%) 2.97 (0%) 1.69 (1%) 3.45 (1%)

U: 6 mm 3.60 (2%) 3.10 (4%) 1.75 (5%) 3.60 (3%)

Z: 8 mm 4.00 (9%) 3.20 (7%) 1.67 (0%) 3.61 (4%)

Tube 1

U: 2 mm 3.63 (1%) 3.12 (5%) 1.73 (4%) 2.49 (7%)

2.32 ± 3%
Z: 4 mm 3.58 (2%) 3.05 (2%) 1.57 (6%) 2.43 (5%)

U: 6 mm 3.65 (0%) 3.12 (5%) 1.68 (1%) 2.48 (7%)

U: 10 mm 3.69 (1%) 3.03 (2%) 1.66 (1%) 2.45 (6%)

Tube 2

U: 2 mm 3.45 (6%) 2.95 (1%) 1.68 (1%) 3.41 (7%)

3.66 ±​ 2%
Z: 4 mm 3.56 (3%) 3.06 (3%) 1.70 (2%) 3.87 (6%)

U: 6 mm 3.50 (4%) 2.89 (3%) 1.57 (6%) 3.73 (2%)

U: 10 mm 3.67 (0%) 3.02 (1%) 1.50 (10%) 3.44 (6%)

References derived from 
Table 1 (row 1) 3.66 ± 5% 2.98 ± 6% 1.67 ± 5% — —

Table 3.   Bilayer phantoms: ultrasound-based estimates of thickness and bulk wave velocities (plus relative 
errors with respect to the reference values), inferred using a free plate model (labels U and Z stand for 
Urethane and Zerdine, respectively).
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Figure 5.  Matching between experimental data (dots) and theoretical modes (lines) for subjects with increasing 
cortical thickness: (a) 2.95 mm, (b) 3.15 mm, (c) 3.30 mm, and (d) 3.50 mm. Left plots represent the optimal 
matching resulting from the inverse problem solutions using the free plate model (modes that are missing in 
the optimal pairing vector M are displayed in discontinuous lines), whereas right plots represent the forward 
problem solutions calculated with the bilayer model.
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percentages of inliers). It is worth pointing out that, as for the bilayer phantoms with a tubular cross-section, the results 
suggest that in vivo measurements are less affected by the presence of soft tissue than coated plates.

Discussion
In this study, we reported on the inversion of multimode GWs to investigate to which extent a 2-D transverse 
isotropic free plate model is accurate enough to recover reliable estimates of cortical bone properties, despite the 
presence of overlying soft tissue and bone curvature. Our two-steps approach, consisting of an inversion proce-
dure using a 2-D transverse isotropic free plate model plus a forward problem with a 2-D free bilayer model, was 
first tested on a series of laboratory-controlled measurements performed on bone-mimicking plates and tubes 
coated with different soft tissue-mimicking layers, and then evaluated in vivo at the radius.

For the bilayer phantoms, correct thickness and stiffness estimates of the plates and tubes could be retrieved 
through the multiparametric inversion using the free plate model, even for relatively thick soft tissue-mimicking 
layers (~6–10 mm). Although the coatings induced the presence of additional guided modes and slightly modi-
fied the trajectory of modes propagating in the solid plate subsystem, the robust inversion procedure developed in 
ref. 24 demonstrated that parts of the experimental data still could be identified as free plate modes. In addition, 
the forward computation of a bilayer model fed with the inferred estimates (plus known soft tissue-mimicking 
properties) showed that such model was more precise to predict the experimental data, as the resulting model 
nearly perfectly matched the experimental data (i.e., around 75% of inliers) considered as outliers when using 
the free plate model. Nonetheless, although it predicted only parts of the data, a free plate model was precise 
enough to recover reliable estimates from the solid waveguide. As a by-product of the phantom study, it should 
be noted that our proposal encompassed several aspects that were not simultaneously considered so far (see 
Supplementary Table S1), namely: (i) the ratio between the thickness of the soft tissue-mimicking layer and that 
of the solid layer covered a wide range of values (i.e., τ =​ 0.5–8) that match realistic in vivo ratios at both the 
radius and tibia15,39, two skeletal sites that can actually be measured using axial transmission; (ii) the employed 
soft tissue-mimicking materials had acoustic properties close to those of real soft tissue (recall Table 2); and (iii) 
both phantoms with planar and tubular cross-section were investigated to account for the influence of curvature 
on the propagation characteristics of the bilayer guided modes.

For in vivo cortical bone, the thickness estimates were in good agreement with the reference values deliv-
ered by HR-pQCT measurements, whereas the stiffness estimates, which are indicated here only for the sake of 
completeness as outcomes of the inverse procedure, are slightly higher than the range of values for cortical bone 
reported in the literature (see Table 1). This slight difference can be explained by the fact that our measurements 
were carried out at the forearm of young healthy subjects, whereas literature values were measured in femur 
obtained from elderly donors. There are currently no available technologies to measure anisotropic elasticity in 
vivo. As for other ultrasound-based technologies, a surrogate for tissue elasticity cannot be directly validated in 
vivo but requires previous calibration on phantoms and ex vivo validation studies. Our approach was validated 
on phantoms, and, although its clinical value is beyond the scope of the present work, we believe that the in vivo 
prospective results presented here are of interest for the community and represent a first step towards clini-
cal applications. To fully validate our stiffness estimates ex vivo, a face-to-face comparison between GWs-based 
characterization of bone specimens and resonant ultrasound spectroscopy measurements is currently ongoing. 
As a limitation, it should be noted that our approach was only tested in vivo on a small number of young healthy 
subjects, whose cortical thickness and stiffness cover a range that may likely differ from patients at risk of frac-
tures, in whom thinner cortex, impaired mechanical properties40 and/or thicker soft tissue are expected15. Further 
studies should thus be extended to investigate a larger number of subjects, in whom bone properties cover a 
broader range that might be associated with aging and pathologies. The latter could lead to irregular inner cortical 
boundaries and larger pores, which may challenge the hypothesis that cortical bone behaves as a waveguide for 
ultrasound.

As a further limitation, it is worth pointing out that soft tissue thickness larger than 10 mm could cause the 
failure of our approach, as the inverse procedure could lead to an ill-posed problem with numerous local optima 
with similar values of the objective function. To support this statement, Fig. 6 depicts 3-D slices of the normalized 
objective function F(θ) along three model parameters, i.e., hs, VT and c33/c11, with optimal values of the remaining 
three (c13/c11, 

⊥
V L  and M), for the 1.25 mm bone-mimicking plate coated with a 2 mm and a 8 mm soft 

tissue-mimicking layer, respectively (see Fig. 3(a) and (d)). The intersection of these slices corresponds to the 

Optimal model parameters θ̂ Reference HRpQCT-
thickness (mm)Bulk wave velocities (mm · μs−1) Thickness (mm)

V L
⊥V L VT hs hs

ref

In vivo 1 4.12 3.43 1.85 2.89 (2%) 2.95 ±​ 0.20

In vivo 2 4.33 3.40 1.77 3.31 (5%) 3.15 ±​ 0.20

In vivo 3 4.07 3.43 1.82 3.24 (2%) 3.30 ±​ 0.20

In vivo 4 4.09 3.46 1.75 3.70 (5%) 3.50 ±​ 0.20

Ranges derived from 
Table 1 (row 2) 3.68–4.02 2.68–3.27 1.60–1.78 — —

Table 4.  Subjects: ultrasound-based estimates of thickness and bulk wave velocities (plus relative errors 
with respect to the reference thickness), inferred using a plate model.
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global optima (i.e., F1(θ) =​ 1). As can be observed, the relative amplitudes between global and local optima tend 
to decrease with increasing coatings thickness (i.e., F2(θ)). However, rather than a misidentification of the inverse 
procedure or a limitation of the plate model, such potential source of failure is mostly due to the poor quality of 
the measurements. Indeed, the difficulty of measuring GWs in vivo on subjects with high body mass index was 
previously reported15,41.

On the basis of earlier studies, this paper aimed at clarifying a potential source of confusion for the reader 
between the forward problem (i.e., prediction) and the inverse problem (i.e., inference), whose expected out-
comes are different42. Indeed, the purpose of a waveguide model can be either (a) to represent an exact physical 
forward model or (b) to represent a simplified but sufficient inverse model to fit experimental data and provide 
a robust inference of one or more waveguide properties. An exact physical model should obviously take the soft 
tissue influence into account, as it should perhaps include the effects of curvature, anisotropy and some other 
additional factors. In such a case, the result is obvious that a free plate model predicts in vivo measurements in 
a rather incomplete manner, and one could intuitively expect that a more complex model12,13,15,19 might be nec-
essary to perform an accurate inversion of such data. This does not mean, however, that using a free plate model 
is not adequate to inverse in vivo data, as its purpose is not exactly to accurately reproduce all the data, but only 
to provide a means to infer characteristics from a simplified equivalent system that might be linked to the real 
characteristics of the medium. In fact, the dispersion curves measured in vivo feature regions of the f−​k plane 
that exhibit (i) the fingerprints of the cortical bone subsystem, (ii) the fingerprints of the soft tissue subsystem 
and (iii) the impact of coupling between the two subsystems. There are different axial transmission measurement 
setups that show off different sensitivities to these different regions, depending on the frequency bandwidth and 
some other factors that are not fully understood yet. In the context of multimode GWs measurements performed 
with a large frequency-thickness product range, our experimental data mainly exhibit sensitivity to the influ-
ence of the solid subsystem (i.e., bone), in which case a free plate model provides an appropriate inverse model. 
Consequently, our approach does not rule for or against the validity of the free plate model in its forward use. 
However, it demonstrates the adequacy of such a simplified model to solve the inverse problem. The high level of 
consistency between the reference values and the inferred properties a posteriori justifies our approach.

Furthermore, although a bilayer model has been shown to be a valuable predictive tool in different nonde-
structive evaluation applications, including, for instance, the material characterization of thin coatings43–45 or the 
application of piezoelectric materials to the problem of physical and chemical liquid sensing46,47, we believe that 
it raises several concerns for the in vivo assessment of cortical bone properties.

As a first limitation, it is challenging to solve a multiparametric inverse problem involving a bilayer model for 
at least three reasons. First, in the case of a transverse isotropic solid waveguide, such model depends upon nine 
model parameters. Beside the five model parameters of the solid waveguide (i.e., c13/c11, c33/c11, ⊥

V L , VT and hs) 
and the three model parameters involving the soft tissue properties (i.e., κf, τ and γ), the mass density ρs of the 
solid waveguide, which is typically unknown for bone, must be explicitly prescribed to solve the dispersion equa-
tion of a bilayered system, whereas it can be embedded in the velocity parameters for that of the free plate model11. 
Second, as experimental dispersion curves are usually incomplete and noisy, solving the inverse problem may lead 
to an ill-posed inversion (i.e., numerous local optima) and overfitting of the data. For example, as depicted in 
Fig. 4(d) (right plot), the number of modes (n =​ 28) is so large that any bilayer model would probably match the 
data. Third, solving the inverse problem using a global search algorithm (e.g., genetic algorithms) requires numer-
ous evaluations of the forward problem, whose computational cost highly depends upon the model complexity. 
Indeed, to avoid numerical instability that may arise from the underlying optimization algorithm (e.g., 
Newton-Raphson) for computing the roots of the dispersion equation for extracting spatially-close modes, small 
wave numbers steps are needed for predicting the corresponding frequency48. Consequently, the forward 

Figure 6.  3-D slices of the normalized objective function F(θ) along three model parameters, i.e., hs, VT and 
c33/c11, with optimal values of the remaining three (c13/c11, ⊥

V L  and M): Example of a 1.25 mm bone-mimicking 
plate coated with (a) a 2 mm soft tissue-mimicking layer and (b) a 8 mm soft tissue-mimicking layer. The cross 
and the circle represent the global and a local optimum associated with the value of the objective function F1(θ) 
and F2(θ), respectively.
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calculation of the bilayer model has a larger computational cost than the plate model (i.e., a single forward prob-
lem requires around 0.4 and 8 seconds for the free plate and bilayer model, respectively).

As a further drawback, although the physical reasons are not established yet (e.g., geometry, nature of the 
coupling, etc.), the number of additional modes observed in our measurements, that is the impact of soft tissue, 
decreases for increasing waveguide complexity (i.e., plate - tube - cortical bone). Consequently, following the 
postulate of the Ockham’s razor49, the latter experimental evidence suggests that the simplest model (e.g., a free 
plate model) that is consistent with the data should be favored through a healthy balance between the information 
gained from the data (accuracy of the estimates) and the average goodness of fit (i.e., matching between the model 
and the data)50.

Future works should address novel ways for improving the extraction of experimental data belonging to 
the cortical bone subsystem and minimizing the impact of soft tissue, rather than the model complexity or the 
inversion scheme. In that vein, photo-acoustic imaging combined with a GWs-based approach has recently 
shown promising results on phantoms to focus the measurements at the interface between bone and soft tissue18. 
Alternatively, our group is currently taking advantage of the radio-frequency signals to obtain a real-time estima-
tion of the soft tissue thickness, which could subsequently be used, prior to the inversion with a free plate model, 
to remove data belonging to soft tissue in parts of the dispersion curves corresponding to low phase velocities12, 
thus improving the accuracy of the ultrasound-based estimates of the solid waveguide. In that sense, a hybrid 
model combining plate modes plus a few low-order bilayer modes could also provide enhanced results, without 
altering too much the complexity of the inversion scheme.
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