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Abstract: In this work, we investigate the generation of light in a distributed feedback (DFB) laser
composed of periodically arranged layers of hyperbolic medium and active material forming a 1D
photonic hypercrystal (PHC). The scope of our study covers the analysis of laser action in the presence
of different types of dispersion that are achievable in a hyperbolic medium. Using the example of a
PHC structure consisting of graphene-based hyperbolic medium, we demonstrate the possibility of
controlling laser action by tuning effective dispersion. Our analysis reveals the possibility of obtaining
a single-frequency generation with high side-mode suppression and controllable wavelength of
operation. Moreover, we present a new mechanism for the modulation of laser amplitude arising
from voltage-controllable dispersion of hyperbolic medium.

Keywords: photonic hypercrystals; distributed feedback laser; hyperbolic metamaterials

1. Introduction

The concept of controlling electromagnetic properties by proper design of an artificial
structure has been widely investigated over the last few decades. One of the milestones in
this field has been achieved by Yablonovitch in his research on photonic crystals (PC) [1,2].
In principle, the control of light propagation in photonic crystals relies on Bragg scattering
of light due to a wavelength-scaled periodic spatial variation of the structure resulting in
the appearance of a photonic bandgap. To date, extensive scientific efforts dedicated to
photonic bandgap materials have proven a wide scope of their applicability, including low-
loss resonators, spectral and spatial filters of extreme high quality-factor, highly efficient
light emitters, chemical and biological sensors, tunable lasers, reflective full-color displays,
components for signal processing, and many other practical implementations [3–7]. On the
other hand, the metamaterial platform that relies on the average response originating from
structurization of dimensions much smaller than the freespace wavelength of light has been
considered as another promising way to obtain control over the light propagation [8,9]. To
date, these two approaches, which were previously considered to be mutually exclusive due
to geometrical-scale separation, have been successfully employed to form basic building
blocks of novel passive and active photonic devices [10].

More recently, a new class of artificial optical media, i.e., photonic hypercrystals, com-
bining advantageous photonics crystals and optical metamaterial, has been proposed by
Narimanov in his work [10]. To overcome the problem of scale separation, an application
of a special class of optical metamaterials, so-called hyperbolic metamaterials (HMM), has
been proposed. This class of structure, typically realized in the simple multilayer form,
reveals unique dispersion properties that allow the obtaining of many practical functionali-
ties, such as tunable spectral filters [11], perfect absorbers [12], and many others [13–18].
Since the pioneering work of Narimanov published in 2014 [10], the topic of photonic hy-
percrystals (PHCs) has been investigated both theoretically [19–30] and experimentally [31].
It has been demonstrated that surface waves in a hypercrystal combine properties of Tamm
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states in the photonic crystal and surface plasmon polaritons at the metal–dielectric inter-
face [10,30]. Many scientific efforts have been also focused on applying PHC structures
in difractionless imaging [19], efficient polarizers [32], and cloaking applications [20]. It
has been also shown that a photonic hypercrystal slab may act as a perfect absorber [21].
Moreover, studies in this field also uncovered that PHC structures reveal a remarkable
potential for spontaneous emission enhancement combined with effective light outcoupling
compared to hyperbolic metamaterials [33,34]. Unusual propagation properties of surface
waves in hypercrystals have attracted widespread scientific attention [22–24,26–28]. To
date, propagation of surface waves in hypercrystals has been considered in many different
schemes, including propagation in the presence of an external magnetic field [22], various
interfaces [26], and aperiodical PHC geometries [24] as well as when employing plasmon
polariton gap to obtain optical bistability [27] or possibility to excite electrostatic waves [28].
In particular, it has been shown that the propagation of surface waves may be controlled
in photonic hypercrystals based on graphene [23]. An important contribution in the field
of hypercrystals was published by Smolyaninov in 2019 [25]. In his work, Smolyaninov
demonstrated that the level of nonlinearities achievable in photonic hypercrystals paves
promising foundations for future applications in optical limiting and optical computing [25].
To date, the majority of presented works have been focused on slab (one-dimensional)
hypercrystals [19–24,26,27], which are regarded as highly feasible. It has been reported that
HPCs are able to operate over visible and infrared frequencies [35]. Recently, it has been
also experimentally demonstrated that, apart from conventional deposition techniques,
optical binding may be employed in controllable ways to organize hyperbolic metamaterial
slabs into photonic hypercrystal [29].

In this study, for the first time, we investigated the lasing phenomenon in a DFB
laser based on photonic hypercrystals. In our analysis, isotropic medium with optical gain
and tunable hyperbolic metamaterial (HMM) together form the periodical arrangement
required to obtain the distributed feedback loop. The tunability of the HMM structure is
provided by the incorporation of graphene, which is sensitive to variations in temperature
and/or an external static magnetic/electric field [36]. We investigated the possibility
of controlling a threshold modal spectrum enabled with tunable dispersion of the HMM
structure. For this purpose, we developed an original approach for threshold lasing analysis
based on the transfer matrix method. We demonstrated that switching the dispersion type
of HMM medium may lead to a number of interesting effects, such as single-mode lasing
with a voltage-controlled frequency of generation. Moreover, using the example of a sample
PHC laser, we presented a new mechanism for modulation of laser amplitude arising from
the dispersion properties of a hyperbolic medium.

2. Theory

Here, we explicitly present our approach for the analysis of threshold generation in a
DFB laser based on photonic hypercrystals. The scope of this section covers a description
of the numerical model of the PHC structure and propagation in such media, as well as a
definition of the assumed threshold lasing condition.

2.1. DFB Laser Based on Photonic Hypercrystal

Typically, a photonic hypercrystal is realized as a periodical arrangement of hyperbolic
metamaterial and a dielectric medium. For the purpose of lasing threshold analysis, we
assume that our PHC is composed of alternating layers of hyperbolic medium and material
with optical gain (see Figure 1). Additionally, to obtain symmetrical boundary conditions
for output radiation, the considered PHC structure is truncated on both sides with the
gain material.
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Figure 1. Schematic representation of the considered PHC structure.

The gain material is described with εgain = Re(εSiO2)− jα, where εSiO2 corresponds
to the permittivity of fused silica [37] and α is a parameter corresponding to net gain of the
material. In our analysis, the parameters of the gain material correspond to parameters
of erbium-doped fused silica thin film [38]. Moreover, the multilayer HMM medium is
considered as a homogenous uniaxial anisotropic medium with effective permittivity tensor
components acquired with the help of well-established effective medium theory [12,39]:

ε‖ = εxx = εyy =
tdεd + tmεm

td + tm
, (1)

ε⊥ = εzz =
εdεm(td + tm)

tdεm + tmεd
, (2)

where εm/εd and tm/td are related to the permittivity and thickness of metal/dielectric
layers constituting the unit cell of the HMM structure (see Figure 2a). In our analysis, we
assume that the HMM structure is a periodical arrangement of a six-monolayer graphene
sheet with complex permittivity described by the Kubo formula [36] (i.e., εm = εgraphene(λ)
and tm = 6 × 0.35 nm = 2.1 nm [40]) and 4-nm-thick hafnium oxide (HfO2) layer (i.e.,
εd = εH f O2(λ) and td = 4 nm) with the permittivity expressed by the Sellmeier equation [41].
It is worth highlighting that the assumed dimension of the unit cell, i.e., t = td + tm, of
the HMM structure is much smaller than the wavelength considered, which validates the
effective-medium approach as a method for the description of effective parameters of the
structure [12,34].
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Figure 2. Schematic of the considered HMM medium (a) and effective permittivity components of
the considered HMM medium vs. voltage biasing for wavelength λ0 = 1550 nm (b).
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It has been demonstrated that graphene is sensitive to an external electric field [36].
Due to that property, it is possible to tune the effective permittivity of a hyperbolic medium
based on graphene [11,40]. The influence of voltage biasing on the effective permittivity
components of the considered HMM structure is illustrated in Figure 2b. It can be observed
that for a chosen wavelength λ0 = 1550 nm, it is possible to obtain various types of
dispersion, namely, elliptic (ε‖ > 0 and ε⊥ > 0), epsilon-near-zero(ENZ) (0 < ε‖ < 1 or
0 < ε⊥ < 1), and types I (ε‖ > 0 and ε⊥ < 0) and II hyperbolic (ε‖ < 0 and ε⊥ > 0)
dispersion, depending on the voltage applied (see Figure 2b). It is noteworthy that all
employed materials were chosen as examples to demonstrate more general phenomena
arising in a PHC-based laser. However, the feasibility of the proposed structure was
considered in the analysis. In particular, similar graphene-based multilayer stacks have
been experimentally demonstrated [31,42]. Additionally, the deposition process of active
material deposition, e.g., Er-doped glass, may be realized by means of a compatible
technology, e.g., RF magnetron sputtering [38,43].

2.2. Transfer Matrix Method

Propagation in the considered system can be described with a transfer matrix method

suitable for anisotropic media. Assuming the normalized magnetic field
→
H = −j

√
µ0
ε0

→
H,

Maxwell equations may be written in the following form:

∇×
→
E = k0

→
H ∇×

→
H = k0

→
E (3)

Using Equation (2) for fields →
E(
→
r ) =

→
E0ejkx xejkyyejkzz

→
H(
→
r ) =

→
H0ejkx xejkyyejkzz ,

where e+jkz denotes +z direction propagation and kx,y,z are components of the wavevector,
the problem of wave propagation in a nonmagnetic biaxial anisotropic medium may be
formulated in the form of the matrix equation [44]:

∂ψ

∂z′
−Ωψ = 0 (4)

where

Ω =



0 0 1
εz

kxky µy − kx
2

εz

0 0 ky
2

εz
− µx − 1

εz
kxky

1
µz

kxky εy − kx
2

µz
0 0

ky
2

µz
− εx − 1

µz
kxky 0 0


, (5)

and

ψ =


Ex(z′)
Ey(z′)
Hx(z′)
Hy(z′)

, (6)

and z′ = z/k0, ki = ki/k0 for i = x, y. It is worth noting that in this approach, absorp-
tion/gain of material is described with an imaginary part of permittivity. The solution of
Equation (4) can be expected to take the form of an equation with matrix function, which
can be reformulated as

ψ(z′) = Weλz′c (7)

where c = W−1ψ(0) is a column vector containing the amplitude coefficients normalized
to unity for each mode, while W and λ are eigenvector and eigenvalue matrices of the
characteristic matrix Ω.
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By imposing boundary conditions at the interface of i-th layer (see Figure 3), we obtain

ψi−1(k0Li−1) = ψi(0), (8)

ψi(k0Li) = ψi+1(0), (9)

Wi−1eλi−1k0 Li−1 ci−1 = Wici, (10)

Wieλi k0 Li ci = Wi+1ci+1, (11)

which allows us to formulate the relationship between amplitudes entering and exiting the
i-th layer:

ci+1 = Ti · ci, (12)

Ti = W−1
i+1Wieλik0Li , (13)

where Ti is the transfer matrix of the i-th layer. By considering the influence of the
surrounding medium, as well as multiplying matrices of subsequent layers (starting from
the last layer), the matrix describing the complete structure may be obtained:

Tglobal = W−1
N+1WNeλN k0LN ·W−1

N WN−1eλN−1k0LN−1 · . . . ·W−1
2 W1eλ1k0L1 ·W−1

1 W0, (14)

where W0 and WN+1 are eigenvector matrices of media surrounding the structure. Knowing
the form of the global matrix, we may formulate an expression binding the amplitude
coefficients at both sides of the structure:

cout = Tglobal · cin (15)

where cin and cout are amplitude coefficients of modes entering and exiting the structure,
respectively (see Figure 3).
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2.3. Analysis of Threshold Generation in DFB Laser

To analyze threshold generation, we consider a DFB laser based on a PHC structure
truncated with gain medium on both sides (see Figure 4), providing identical nonzero
internal reflections, i.e., ρint ≈ 0.18, and forming a Fabry–Perot cavity. Thus, the proposed
structure may be considered as a DFB laser with end reflectors. The unit cell of the laser
structure consists of isotropic gain material, i.e., εx = εy = εz = εgain, and uniaxially
anisotropic HMM medium, i.e., εx = εy = ε‖ and εz = ε⊥; see Equations (1) and (2). The
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periodical arrangement of the layers constituting the PHC structure provides the main
mechanism for the feedback loop, i.e., distributed feedback. It is worth noting that we limit
our analysis to propagation along the z axis, i.e., kx = ky = 0
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In our analysis, we consider laser action to be the result of a self-oscillating character
of the proposed structure. Thus, there are no incoming waves from outside of the structure,
while the internal waves start with nonzero amplitude arising from a reflection at the
gain medium/air interface and further accumulating energy via scattering from counter-
propagating waves inside the structure [45]. This state may be formulated in the form of
boundary conditions, identical for both possible polarizations, which is consistent with the
employed TMM approach:

cin(−)(TE/TM) = cin(−) = cout(+)(TE/TM) = cout(+) = τ (16)

cin(+)(TE/TM) = cin(+) = cout(−)(TE/TM) = cout(−) = 0 (17)

where τ is the Fresnel transmission amplitude coefficient for the interface between the
considered gain medium and air. Finally, knowing the global matrix of the structure (see
Equation (9)), it is possible to formulate the generation condition as follows:

τ
0
τ
0

 = Tglobal ·


0
τ
0
τ

, (18)

Additionally, for the purpose of the modal analysis, we defined the Bragg wavelength
of the PHC structure as follows:

λbragg = 2 ·Λ ·
(
|nHMM|+

∣∣ng
∣∣), (19)

where nHMM and ng are refractive indices of the HMM medium and material with optical
gain, respectively, while Λ denotes the thickness of the unit cell of the PHC structure (see
Figure 4). Finally, the amplitude gain coefficient is calculated based on the imaginary part
of refractive index of the gain medium required to satisfy the threshold condition for a
given mode:

g = 2
Im(ng)

λ0
, (20)

where λ0 is the freespace wavelength of the mode.
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3. Results and Discussion

The analysis in the first subsection is focused on the influence of various dispersion
types of hyperbolic medium on the output lasing characteristics of the complete PHC-based
laser. The second section is dedicated to the possibility of controlling lasing action in a DFB
laser by tuning the dispersion properties of a hyperbolic medium.

3.1. Threshold Characteristics of DFB Laser Based on PHC Structure

Here, we investigate tunable lasing in a PHC structure. The tunability of the laser
is provided by incorporating a hyperbolic medium sensitive to external stimulus; in this
case, we employ a voltage-sensitive, graphene-based HMM structure. Within our analysis,
we demonstrate threshold generation characteristics for various types of dispersion of the
HMM structure. For each type of dispersion, i.e., elliptic, type I hyperbolic, epsilon-near-
zero (ENZ), and type II hyperbolic dispersion, we demonstrate two different characteristics
calculated for various electric biasing. In our analysis, we assume that effective permittivity
components are constant within the considered spectral range. Additionally, we used
normalized spectroscopic units, i.e., wavelengths normalized to the Bragg wavelength
λbragg = 1.55 µm, which imply a different thickness of the unit cell Λ for each voltage biasing;
see Equation (19). It is worth noting that voltage-dependent optical losses of graphene, i.e.,
the imaginary part of permittivity, and, consequently, effective absorption of the hyperbolic
medium (see the imaginary part of effective permittivity components in Figure 2b), were
considered in the analysis. Since only the propagation along z axis is considered, all
possible polarizations of light perceive the same optical properties, i.e., permittivity, of
the hyperbolic medium. Thus, all obtained threshold properties are polarization invariant.
Since two different feedback loop mechanisms exist in the considered laser, i.e., the Fabry–
Perot cavity and distributed feedback (see Figure 4), it can be expected that the observed
effects will be an aggregated outcome of those two mechanisms. Moreover, distributed
feedback, which is a result of coupling between counter-propagating waves, may be
achieved via index (periodical variation of refractive index along the structure) or gain
coupling (periodical variation of gain along the structure). In our analysis, the laser
structure reveals both coupling mechanisms simultaneously, which, depending on the
biasing voltage, are more or less dominant at a time.

Let us start the analysis from the case of the hyperbolic medium revealing elliptic
dispersion, which is achievable for, e.g., Vg = 0.4 V and 0.6 V (see Figure 5a,b). Since the
contrast between the refractive indices of media constituting the unit cell of the structure
is substantial, the obtained characteristics reveal properties similar to an index-coupled
DFB laser. In particular, a frequency bandgap, which is a distinctive feature of an index-
modulated DFB laser, can be observed (see Figure 5a). However, by increasing voltage
biasing, we obtain a higher index contrast and higher level of lasing threshold, which is
not in accordance with the behavior of a DFB laser [45]. Typically, increasing the refractive
index (permittivity) contrast between layers constituting the unit cell of a DFB laser results
in a stronger index modulation and lower level of the lasing threshold. Nonetheless, in our
case, by increasing the voltage up to 0.6 V, we also obtain higher absorption (see Figure 2b),
which causes an overall increase in the lasing threshold level (see comparison in Figure 5a,b.
Thus, under the considered conditions, the similarity between the obtained characteristics
and the behavior of a refractive-index-modulated DFB laser [46] confirms the validity of the
proposed approach. In this case, the influence of the Fabry–Perot cavity may be considered
to be negligible.
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weak gain coupling, this mechanism has the biggest influence on the output characteris-
tics, which can be observed in the occurrence of the central mode. Moreover, modes of 
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Further increase in the voltage biasing leads to type I hyperbolic dispersion of the
HMM structure (see Figure 2b). In this case, the obtained characteristics reveal a regular
distribution of modes, which may be related to the low index contrast and dominant
influence of the Fabry–Perot cavity. Additionally, the obtained characteristics reveal a
central mode with the lowest threshold located near the Bragg wavelength arising from
the fact that gain coupling plays a more significant role in shaping the overall generation
properties (see Figure 6a,b). It can be observed that a higher level of gain is required to
initiate lasing (compare Figures 5 and 6), which is a result of increased effective absorption
(see Figure 2b). Moreover, by tuning biasing voltage, it is possible to adjust the level of
the lasing threshold as well as shifting the spectral position of the central mode (compare
Figure 6a,b). Hence, by adjusting the biasing voltage and the gain coefficient of the active
medium, it is feasible to obtain a single-frequency generation.
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Inducing the ENZ dispersion in the hyperbolic medium leads to a further increase
in the gain level that is required to obtain generation (see Figure 7a,b). Such a high lasing
threshold is the combined effect of a high level of effective optical losses for the given bias-
ing voltage (see Figure 2b) and a relatively weak gain/loss coupling [45]. Despite the weak
gain coupling, this mechanism has the biggest influence on the output characteristics, which
can be observed in the occurrence of the central mode. Moreover, modes of wavelength
that are shorter than the Bragg wavelength reveal a higher lasing threshold, which is an
opposite tendency with respect to the elliptic dispersion case (compare Figures 5a and 7a).
This effect is related to the inverse relation between the value of refractive indices of lay-
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ers constituting the PHC structure. Additionally, we can observe a central mode with
a voltage-controllable spectral position and relatively high side-mode suppression ratio
(see Figure 7a). Thus, again, a stable, single-mode operation of controllable wavelength
generation may be obtained.
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Finally, let us consider the influence of type II hyperbolic dispersion on threshold
generation in a PHC laser (see Figure 8a,b). Again, in this case, the distributed feedback
arises from a strong gain/loss modulation, while the influence of the Fabry–Perot cavity is
negligible. Moreover, since type II hyperbolic dispersion reveals a low optical density and a
high gain/loss modulation, the observed modes are sparsely distributed. Furthermore, the
difference in the level of thresholds between the central and adjacent modes is substantial.
Thus, the PHC laser operating under such conditions reveals a high spectral and power
side-mode suppression ratio, which is very promising in terms of obtaining a stable and
low-loss single-frequency operation. Additionally, by increasing biasing voltage, it is
possible to shift the spectral position of the central mode and, due to a lower effective
absorption (see Figure 2b), to lower the lasing threshold (compare Figure 8a,b).
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3.2. Controlling Generation in a Single Tunable PHC Structure

Now, we demonstrate the possibility of controlling the generation properties of a PHC
laser by demonstrating a sample scenario, i.e., a low-threshold, single-frequency generation
with a voltage-controllable wavelength. As an example, we chose a PHC structure with a
unit cell composed of two Λ = 945 nm layers consisting of a hyperbolic medium and active
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material with optical gain (see Figure 3). The active medium in this example has a homoge-
nously broadened gain curve with a resonance wavelength λlorentz= 1560 nm, fullwidth at
half maximum λFWHM = 6.2 nm, and maximum g0 = 500 cm−1, which correspond to the
emission line of erbium-doped SiO2 glass [47].

For the purpose of this analysis, the gain curve of the active medium was plotted
together with the modal spectrum of the considered PHC laser for different voltage biasing
providing the type II hyperbolic dispersion (see Figure 9a–d). As can be observed, the
sparse modal spectrum arising from the strong gain/loss modulation provided by type II
hyperbolic dispersion leads to single-mode operation. It is worth noting that for the given
gain curve, the generation condition, i.e., the modal lasing threshold is higher than gain
provided by the active medium, is not satisfied for each voltage biasing (see Figure 9a),
which is caused by the intrinsic absorption of graphene. However, increasing biasing
voltage leads to a lower absorption and higher modulation depth (see Figure 2b) and, thus,
a lower level of the lasing threshold. Moreover, by changing the voltage from 4.5 V to 6 V,
it is possible to influence the interplay between the gain/loss and index modulations of the
DFB laser, which affects the spectral position of the central mode (compare Figure 9a–d).
Thus, by adjusting the voltage biasing, it is possible to select the generated frequency or
to break the lasing (see Figure 9a–d). It is noteworthy that the possibility of switching
off the laser action by changing the voltage biasing delivers an intrinsic mechanism for
voltage-controlled amplitude modulation. Thus, the proposed PHC structure provides
a means for achieving single-mode operation with a controllable generation frequency,
which can be utilized in optical metrology.
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4. Conclusions

For the first time, we investigated lasing in a novel class of hybrid metamaterials based
on hyperbolic media, namely, photonic hypercrystals, which, according to our knowledge,
has not been yet investigated. To calculate the threshold characteristics of PHC laser, we
derived and explicitly demonstrated a TMM-based approach. As an example, we utilized a
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hyperbolic structure based on graphene, providing voltage tunability of the complete PHC
laser. The scope of our analysis covered generation properties arising from the various
dispersion types of the hyperbolic medium and the possibility of controlling them with
the help of an external stimulus, i.e., an external electric field. We demonstrated that it
is possible to obtain a single-mode generation with a voltage-controllable wavelength
of operation, which may be useful in many applications related to optical metrology.
Additionally, we demonstrated that a considered PHC laser reveals the intrinsic internal
amplitude modulation mechanism. It is worth noting that all the presented features are
not the consequence of any unique material properties and may be replicated with the use
of media revealing similar optical properties.
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