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We study the sonic horizon phenomena of the oscillating Bose-Einstein condensates in isotropic
harmonic potential. Based on the Gross-Pitaevskii equation model and variational method, we derive
the original analytical formula for the criteria and lifetime of the formation of the sonic horizon,
demonstrating pictorially the interaction parameter dependence for the occur- rence of the sonic
horizon and damping effect of the system distribution width. Our analytical results corroborate
quantitatively the particular features of the sonic horizon reported in previous numerical study.

Since the first experimental realization of Bose-Einstein condensation (BEC) in 1995, there is a lot of experi-
mental and theoretical work focusing on the dynamical properties of the ultracold system. The nonlinear phe-
nomena, like soliton, vortex formation and evolution in the BEC system are the hot topics within the past decade
in BEC related studies'™”. The particular nonlinear features, the categorization of bright/dark soliton for exam-
ple, are dependent on the nonlinear inter-particle interaction constant in the theoretical model, for which the
Gross-Pitaevskii equation (GPE) is chosen and proved to be pretty reliable. It is now known that the amplitude
and sign of scattering length (a,) determine the strength and the sign (attractive or repulsive) of the nonlinear
inter-particle interaction. It is now possible to tune the amplitude and sign of the scattering length through mag-
netically controlled Feshbach resonance technique, so that the long pursued Bardeen-Cooper-Schrieffer to BEC
crossover is realized experimentally®’.

Given the flexible tunability, besides typical nonlinear features, ultracold system is the ideal choice for inves-
tigating many intriguing physics, among these is the ultracold physics analog of black hole event horizon in the
exploration of cosmology and gravitational physics. This corresponds to the use of artificial black holes!®!!. As
indicated by Unruh in his seminal paper!?, the supersonic flow excitations corresponds to a scalar field equation
on a curved spacetime containing a horizon. The corresponding ultracold fluid analog is sonic horizon, when
identifying the fluid flow with curved spacetime and excitation mode with curved spacetime fields. Due to their
ultracold temperature and well isolation, trapped Bose-Einstein condensates were proposed as promising candi-
dates for observing sonic black holes and Hawking radiation'®. Experimental demonstration of sonic black holes'
and Hawking radiation’® had been realized by accelerating an elongated condensate in a step like potential. It is
shown by numerical study’® that for a static ground state BEC system trapped in isotropic harmonic potential,
when there is abrupt change of scattering length via Feshbach resonance technique, the system will expand/con-
tract with time and under certain parametric setting there exists sonic horizon which is the spherical surface out-
side which the fluid flow speed surpass that of sound. Here in this paper we will perform an analytical study of the
evolution of similar initial BEC system investigated in prior numerical study'¢. We utilized the Gross-Pitaevskii
equation (GPE) model, through the modified variational approach, calculated the criterion for the formation and
lifetime of the sonic horizon, and quantitatively corroborate the sonic horizon feature shown in prior work'®. Also
the damping effect arising from phonon excitation is analyzed numerically with pictorial demonstration.

This paper is arranged as follows, the next section makes the theoretical model analysis and gives the detailed
calculation steps combined with pictorial demonstration regarding the key collective features of the system. The
conclusive remarks are made in the last section.
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Methods

The GPE model and modified variational ansatz. The study of the formation of sonic horizon could be
carried out in expanding BEC in isotropic harmonic trap (V (r) = LmQ%r?), in which an abrupt change in non-
linear interaction strength is the cause of the expansion. As in prior work, the Gross-Pitaevskii equation could be
chosen as the theoretical model, but in order to give more precise description of the nonlinear interaction, tunable
interaction strength parameter is incorporated in the model. The corresponding equation takes the following
format,

ROt | nv
ot 2m

+ 20%2 4+ g [P, 1)
2 (1)

The systems described by Eq. (1) start to evolve from the state 1), =1(r, 0) which solves the stationary equation of
Eq. (1) with g(t <0) = g,. During the evolution, g(t) =g (¢ >0). g(¢) depends on the inter-particle scattering length
which is adjusted through the Feshbach resonance technique. Assume initially (¢ < 0), the BEC system is in the
ground state with distribution width . The initial wave function (¢t =t,) takes the following form,

hy(r) = @ (r/oy) )

where ((r) vs. r functional curve is very similar as that of exp (—7%/2) (zero nodes, decay from maximum value at
r=0 to minimum value 0 at 4+-00), its actual form is discussed in the ensuing steps. Different from regular varia-
tional treatment, here we choose the parameterized functional form ¢ instead of regular gaussian function to
reach more precise description of the system. While it is generally true that ¢ may evolve into inexplicit form that
is difficult to determine analytically, the evolution of the distribution width may bear significant physical meaning
and can be solved analytically. Consider the following action of Eq. (1) § = f dtdr L with the Lagrangian density
expressed as,

o BV m,, 1 2
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We use the following ansatz for ¢(r, t) (for d-dimensional case),
Co(p) r . 2
(r, ) = =2 [—]ex (=iB(H)r%)
v w20 o))" (4)

There are three real single-variable functions p(x) (x=r/o (1)), o(t) and 3(t) to be determined, Cy(¢) is normali-
zation constant determined by function ¢(x) according to,

=G [driyf = G [ ) 5)
where N, is the total number of constituent particles.

Based on the formulation (3) and ansatz (4), we show in the subsection the principle calculation steps towards
the typical collective mode of the system.

Oscillation mode.  Substitute ansatz (4) into Eq. (1) and set the imaginary part to zero, we can directly obtain,

ma(t)
t) = —
pl) 2ho (t) (6)
Combine with (6), the variation of action S with respect to o and ¢ gives two coupled equations for ¢(x) and o(¢)
as follow,
BZSD 2 2
e — [k (t, DxTo + k() Cy | o =0 @
; V(o)
= —-——"2
mo = =5, ®)
where ky(t, Q) = [(~2ho* ()5(1) + OO 0262 (1) dt, k(1) = [gi (00X (Ddt, and V(o) = V(o) +
V,(0), with
2 2
Volo) = md o+ h CZ(('O)Z
2 2m Cy(p)o 9)
o 2g(1) 2
V(o) = 5 Cs(p, 1/07) (10)

C.(¢p), Cy(¢p) depend on ¢, C;(¢) depends on ¢ as,
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For weak nonlinear interaction (g(t) very small) which warrant neglecting V,(¢), Eq. (8) is integrable from (10)
and we can solve for o(t) as follow,

o?(t) = A sin(wt) + B (14)
where
e T R ON
A= |2+ 202 2| . 292
2 2m*Q%; 2Cm™Q (15)
s C,h*
=t 55
2 2C,m*Q 0, (16)
w =20 (17)

0, is the initial distribution width at t <0, with & (¢) reflecting the system’s expansion/contraction speed for ¢ > 0.
We can see that o(t) oscillates with period T, = 2T We can also see that the distribution width o(¢) oscillates

between the maximum value -/B + A and minimum value /B — A and is just the breathing mode arising from
the quantum pressure.

Results and extended analysis
Criterion and lifetime for the formation of the sonic horizon. Based on the analytical results regard-
ing the oscillation mode derived in the previous section. We calculate the key physical quantities bearing signif-
icant physical meaning.
From formula (6), we can get the fluid velocity as,
h 2y _ 6(0)
vo(r, t) mV( B(t)ro) U(t)r (18)

The sound velocity!” in the weak interaction limit is

_ [s® _ (80 Co(®) [L
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2
where ¢(x) possesses the same qualitative feature as exp(—=-) and is decreasing function of r for fixed time £,

whereas v(r, f) is an increasing function of r. Suppose the BEC system is bounded as r <R, the bounded function %‘;
ot

has maximum value 3,, at t=t,, in the range 0 <t < T,,, when 3,,R > ¢,(R, t) holds, there is timing range [t,, ,]
with ¢, <t,, <t, such that vy(r, t) = ¢(r, t) or

[£(8) Colp) [ r ] _ o
NV A APl T T o
m g% (t) |o(t) o(t) (20)
has solution r, (0 < r.<R) and r. is just the critical radius corresponding to the sonic horizon, below (above)
which the fluid flow is subsonic (transonic).
F0)

It is not hard to see that the time t,, for the appearance of 3,, = min (_) = min(

(19)

o(t)
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Figure 1. Sound velocity ¢, (solid line, based on formula (19)) and fluid velocity v, (dashed line, based on
formula (18)) in units of (5Q/m)"? vs. r (in units of (A/mQ)?) atf = Ot = 0.4, with a;=200a,, a;=>5a,
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Figure 2. Position of sonic horizon r, (based on Eq. (20)) vs. f = Qf in units of (5/mQ)"? for a,=200a,,
a;=>5a,.

The lifetime of =1, — t, can be evaluated as follow. Around t=t,,, both v(r, f) and ¢(r, t) are decreasing function

of t, so t; =t,,, but for significantly large R, ¢, decreases much faster than v(r, t) and coincides approximately at

zero value which corresponds to t, ~ ;—” in reference to v(r, t) o< cos(wt)r. So the lifetime of the sonic horizon is
W

3m 1 . A
T=1t,— ;= — — —arcsin| ——
B

2w w (23)

Figure 1 shows the variation of v, ¢, with r for f = Qt = 0.4 from Egs (18) and (19), which cross at r.. We can
see that the theoretically derived functional curves of v, and ¢, match very well with the results (shown as Fig. 2 in
prior work!®) that are obtained from numerical simulation. Figure 2 shows the variation of . (units of (5/mQ)'/?)
vs. t (units of Q') with r, obtained from solving algebraic equation (20). We can see that our analytical results
shown by these two figures agree very well with that reported by prior pure numerical analysis (shown in Fig 3 in
ref. 16 with same timing range). We can see that although in the timing range under study, the system’s distribu-
tion width varies significantly, but in the intermediate region of r around r,, ¢, (| ¢|*) varies in pace with v, (xr),
so the crossing point r, between curves of ¢, and v, is almost a constant in the timing range under study. Physically
this means that the position of the sonic event horizon is relatively stable in most of the timing range under study.
For the case of g;(f) = 0, when the effect of V() has to be taken into account as the magnitude of g;(f) increase,
o(t) may not possess analytical solvable format as formula (14). But when the magnitude of g;(¢) is not so big

< 1000%2”O , the g,(#) term could be treated as perturbation, we anticipate the system showing the same quali-
tative feature as the case with g, () = 0. This can be seen when we plot the ‘potential’ curve of V(o) (incorporating
V(o)) to investigate its quasi-static mode. From Fig. (3), we can see for g(t) = g (constant) that is not too big

2
<10002™%
m

the lifetime of sonic horizon is of order %, if it appears when (3,,R > ¢((R, t) holds.

, the quasi-static oscillation mode (around local minimum of V(¢)) exists and as shown by formula (23),

Damped oscillation.  The theoretical treatment made in the previous section does not consider the energy
loss due to quantum fluctuation. Generally the energy loss due to the creation of Bogoliubov phonons will lead
to the damping of the dynamical evolution. The Hamiltonian incorporating the Bogoliubov excitation reads!®:
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Figure 3. V(o) vs. o (in unit of 22 ) for three different nonlinear interaction constants: g; =0, 100, 1000 in

2
unit of ™% g is the initial s-wave scattering length.
m

q (24)

where ¢/ =)+ 81), 1, is the condensed part, (512; > [u, (r)B + v (1) ET], uq, v, solve the Bogoliubov-de Gennes
equations, with i, = e (¢, + 2g,n,) are the phonon energies, e, = —~ - are the free particle energies'®. The

formulation of Lagrang1an E’ from L is as follows,

2
o - ¢'*\iﬁ£ g mgre lg(t)lﬂ”zlw/
2m 2 2

ot (25)
The spatial integral of £’ change from that of £ as follows,
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=—|a 140) St
f =) (1)
The expression for V(o) (in Eq. (8)) will incorporate an additional term §V (o) = 3% 10,(t; ) + pg(o)in
addition to V(o) (Eq. (9)), which is equivalent to adding a damping term F, damp(t) = B‘W(”) on the right hand

side of Eq. (7b) whose detailed effects can be shown by numerical simulation. The damped oscillation is shown in
Fig. 4. But the appearance of r, (sonic horizon) is still periodic although the oscillatory magnitude of the system’s
distribution width gradually reduces due to the energy loss from phonon excitation.

Conclusion

In this paper, based on the Gross-Pitaevskii equation and modified variational method, we calculate the evolution
of Bose-Einstein condensates in isotropic harmonic potential when it suddenly experiences an abrupt change
of s-wave scattering length via Feshbach resonance technique. We show through our analytical calculation that
under certain condition, the fluid flow velocity can surpass that of sound beyond certain critical radius which
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Figure 4. Damped oscillation of o(¢) with time ¢ for a;,=200a,, a;,=5a;.

signals the occurrence of sonic horizon. We derive the original analytical formula for the lifetime of the sonic
horizon which agrees quantitatively with that reported in prior work with numerical simulation. The effect of
quantum fluctuation is studied numerically and the damping phenomenon of the system distribution width o(f)
is identified. We also show pictorially the interaction strength dependence of the existence and stability trend of
the quasi-static oscillation mode, demonstrating the applicability of the theoretical treatment presented in our
work.
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