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In the absence of valid medicine or vaccine for treating the pandemic Coronavirus (COVID-19) infection, other
control strategies like; quarantine, social distancing, self- isolation, sanitation and use of personal protective
equipment are effective tool used to prevent and curtail the spread of the disease. In this paper, we present a
mathematical model to study the dynamics of COVID-19. We then formulate an optimal control problem with the
aim to study the most effective control strategies to prevent the proliferation of the disease. The existence of an
optimal control function is established and the Pontryagin maximum principle is applied for the characterization

of the controller. The equilibrium solutions (DFE & endemic) are found to be locally asymptotically stable and
subsequently the basic reproduction number is obtained. Numerical simulations are carried out to support the
analytic results and to explicitly show the significance of the control. It is shown that Quarantine/isolating those
infected with the disease is the best control measure at the moment.

1. Introduction

The highly contagious corona virus (COVID-19) infection that cause
the current global pandemic was first identified in the late December,
2019 in Wuhan city, China (European Center for Disease Prevention and
Control (ECDQ)). It is significantly less severe than the other two corona
viruses; Severe Acute Respiratory Syndrome (SARS-COV) and Middle
East Respiratory Syndrome (MERS-COV) that caused an outbreak in
2002 and 2008 respectively (1mg).Although the source of the virus is
not yet known, but genetic investigation revealed thatCOVID-19 virus
has the same genetic characteristics with SARS-COV which were likely
to be originated from bats (European Center for Disease Prevention and
Control (ECDQ)).

The COVID-19 virus spread from infected human to healthy human
through eyes, nose or mouth via a droplet produced of coughing,
sneezing or contact with contaminated surfaces, object and equipment
of personal use. After the incubation period of 2-14 days (1mg) the
infection developed further to cause mild symptoms that include respi-
ratory symptoms, fever, cough, and shortness of breath and breathing
difficulties. In more severe cases, infection can cause pneumonia, SARS,
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kidney failure and even death (World Health Organization (WHO)).

Scientists have not yet developed a vaccine or medicine to cure the
COVID-19 infection, but the standard recommendation to prevent the
spread of the infection include; quarantine, social distancing, self-
isolation, use of personal protective equipment (such as face mask,
hand globes, overall gown, e.t.c) regular hand washing using sanitizer,
avoiding having contact with person showing the symptoms, reporting
any suspected case, and compliance with orientation exercises.

However, many governments engaged in widely public orientation
on distancing from public gathering that include social and religious,
banning both the local and international trip except for an essential
purpose, closing both public and private institutions that may attract
large gathering, contact tracing and isolation of infected individuals,
providing sanitizers at public domains like markets and car park,
fumigating exercise, and to the large extent imposing stay at home
curfew.

Since the inception of SIR epidemiological model by Kermack and
Merckendric (Kermack and Mckendrick, 1991) in 1927, significant
contributions in modeling human diseases and their controls have been
offered, as such models of HIV-AIDS (Naik et al., 2020, Naik et al.,
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Figure 1. schematic diagram describing the transmission dynamics of COVID-19.

2020), illicit drug use (Berat et al.,), multi-mutation and drug resistance
(Owolabi and Shikongo, 2020), e.t.c . In fact, a collection of such related
articles can be found in Kumar and Singh (Kumar and Singh, July 10,
2020).

The impact of the ongoing global pandemic of COVID-19 epidemic in
terms of morbidity, mortality and socio-economic aspects require urgent
and effective control measures. However, to decline the apocalyptic
proportion of such predicaments, mathematical model should be applied
to determine the transmission dynamics and optimize the possible
control measures (Naik et al., 2020, Yavuz and Bonyah, 1 July 2019,
Naik et al., 2020, Naik et al., 2020, Yavuz and Ozdemir, 2020).

Optimal control is an effective mathematical tool use to optimize the
control problems arising in different field including epidemiology,
aeronautic engineering, economics and finance, robotic, e.t.c. (Becerra,
2008).

In an effort to have a quick response about the situations, several
contributions have been made as such: Mishra et al (Mishra et al., 2020)
who considered asymptomatic and quarantine classes for SARS-COV2.

Sunhwa et al (Sunhwa and Ki, 2020), established deterministic
mathematical model (SEIHR) to suit Korean outbreak, in which he
estimated the reproduction number and the effect of preventive
measures.

S. Zhao et al. (Zhao and Chen, 2020 March 11) developed a Sus-
ceptible, Un-quarantined infected, Quarantined infected, Confirmed
infected (SUQC) model to characterized the dynamic od COVID-19 and
explicitly parameterized the intervention effects of control measures.

In (Yang and Wang, 2020), C. Yang et al., proposed a new model to
study the current outbreak COVID-19 in Wuhan, China. M. Tahir et al.
(Tahir et al., 2019) developed mathematical model (for MERS) in form
of nonlinear system of differential equations, in which he considered a
camel to be the source of infection that spread the virus to infective
human population, then human to human transmission, then to clinic
center then to care center. However, they constructed the Lyapunov

Table 1
Model variables and their description.
Model Variables Descriptions
Sy = Sp(t) Susceptible bats population
Iy = Iy(t) Infected bats population
Sn = Sh(t) Susceptible human population
Iy = Ix(t) Infected human population
Hp, = Hp(t) Human to human transmission population
Fp = Fp(t) Infected individual to family members
P. =P.(t) Patient to clinic center transmission population
C. = Cc(t) Patient to care center transmission population

Total model population

candidate function to investigate the local and global stability analysis
of the equilibriums solution and subsequently obtained the basic
reproduction number or roughly, a key parameter describing trans-
mission the infection.

T. M Chen et al. (Chen et al, 2020) Developed a
Bats-Hosts-Reservoir-People (BHRP) transmission network model for
the potential transmission from the infection source (probably bats) to
the human infection,which focus on calculating Ry.

Q. lin et al. (Lin et al.,) modeled (based on SEIR) the outbreak in
Wuhan with individual reaction and governmental action (holiday
extension, city lockdown, hospitalization and quarantine) in which they
estimated the preliminary magnitude of different effect of individual
reaction and governmental action.

M. A. Khan and A. Atangana (Khan and Atangana, February 2020)
developed a fractional order model to study the brief interaction among
the bats and unknown hosts, and then among people and infection
reservoir. Their concern is on the origin of the virus; bats and sea food
market.

Manyof the models in literature have a general shortcoming of not
taking into consideration the time dependent control strategies. Some of
these time dependent control strategies were studied (Yang and Wang,
2020; Tahir et al., 2019; Chen et al., 2020; Lin et al.; World Health
Organization (WHO); Baleanu et al., September 2016; Qureshi and
Yusuf, 2019; Qureshi and Yusuf, 2019; Qureshi and Yusuf, 2019).This
type of control strategy can be used to suggest or design epidemic
control programs (Baba et al., 2020; Akman et al., December 2018;
Akman et al., December 2018).

To mimic the ongoing global pandemic of COVID-19, we modified
the model by M. Tahir et al. in which we incorporated the susceptible
human population. We also formulated anoptimal control problem
subject to the model with the aim of minimizing the transmission in
infected human population I;, in human to human transmission popu-
lation Hp, in infected individuals to family members F,, in patient to
clinic center transmission population P, and in the patient to care center
transmission population C,.

In the absence of valid medicine or vaccine for treating the pandemic
Coronavirus (COVID-19) infection, other control strategies like; quar-
antine, social distancing, self- isolation, sanitation and use of personal
protective equipment are effective tool used to prevent and curtail the
spread of the disease. The main contribution of this paper is incorpo-
rating these available control measures in the model as function of time
and studying the end result if they were to be applied optimally.

The paper is arranged in the following order: chapter one gives an
introduction, chapter two deals with the model formulation, chapter
three studies the optimal control problem, chapter four discusses local
stability analysis and the derivation of the reproduction number and
lastly chapter five gives numerical simulation to support the analytic
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Table 2

Model parameters and their descriptions.
Model Description
parameters

p;,i=1,2,...,8 Natural death rates in Sy, I, Sp, I, Hy, Fm, Pc, and C,

compartments

81 Disease induced death in I,

8,1 =23,...,5 Disease induced death in Sy, Iy, Hy, Fn, P, and C,
compartments

s Birth rates of bats

An Birth rates of human

pi.i=12,..6 Transmission rates

result, and then the discussion follows.
2. Model formulation

With bats as the origin of the novel Covid-19 virus, it is assumed that
the new born of bats are born into susceptible class Sy, at the rate 4,
which joined the infectious classl, at rate $,.1It is also assumed that the
new born of humans are born into susceptible class Sy which later
became infectious I as a result of contact with an infected bats at the
rate f3,. Then the virus spreads from an infected human to human Hy, to a
family member Fy, then to clinic center P, and care center C, at the rates
Ps, P4, Ps and g respectively. The dynamics of the model is illustrated in
figure 1, and the meaning of parameters and variables are given in table
1 and 2 respectively.

The transmission dynamics can be described by the nonlinear system
of the first order differential equations;

dsSy(t
2() :ﬂb— ﬂlsb—ﬂlsbllu (1)
t
dl,(t
25 ) = B1Sply — (Hy + 1)y — BySuls, @
dsy(t
;( ) = j'h — /@Sh 7/}2Sh1b> (3)
3
dl(t
25 ) = PaSuly — (uy + 62)1s — B3 luHi, @
dH, (t
;t( ) = 3 1,H), — (ps + 63)Hy, — Py HyF,, )
dF,(t
dl< ) = B, HFp — (”6 +54)F”‘ B ﬂSP[Fm7 ©
dP.(t
dz( ) BoP.Fy — (i, + 3P~ B,P.C.. @
dC.(t
dz( - BeP:Ce — (g +6)Ce. ®
Where,

55(0) > 0, 1,(0) > 0, 5,(0) >0, I,(0) >0, H,(0) >0, F,(0) >0, P.(0)
>0, C.(0) > 0.
3. Optimal Control

In this chapter we give detail of the formation of the optimal control
problem together with the analysis of the control function.

3.1. Formulation of Optimal Control Problem

The goal of the control strategies is to reduce or minimize the
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infected human population I, the human to human transmission pop-
ulation Hp, the infected individuals to family members F,, patient to
clinic center transmission population P, and the patient to care center
transmission population C..

Let the control functions, u; (t) be the rate of quarantine of infected
individuals which assume to minimize the infected human I, ux(t) be
the rate of social distance which assume to minimize human to human
transmission population Hp,us(t) be the rate of self- isolation which
assume to minimize transmission to family member F,,,u4(t) be the rate
of sanitation which assume to minimize patient to clinic center trans-
mission population P., and us(t) be the rate of use of personal protective
equipment which is assumed to minimize patient to care center trans-
mission population C,.

The dynamics of control system can be described by the following
system of nonlinear ODE;

dSh(t)

o = #Se = BiSply, ©
dlsgt) = B1Sply — (4y +80)1y — BoSull, a0
dsi(t) _ A= 1Sk — BoSul, an

dt
d12§t) = PoSuly — (g + 82+ vy ()1, — B3, H, 12)
dF;[(t) = By HyF,y — (g + 84 + asus (£)) o — PsPoFo, 14)
dPC;t(t) = fsP.F,, — (u; + 65 + asus(1)) P, — psP.C,, (15)
dcc;t(t) = feP.Ce — (s + 36 +asus(1))Ce, 16)

a; >0,i=1,2,...,5 are constants.
1,(0) = I, Hy(0) = Hyo, Fu(0) = Fyo, Cc(0) = Ceo, P.(0) = Peo. a7

Ui(t), i =1, ..., 5are defined on the closed interval [0,t;].The control
functions u;, ..., us are bounded and Lebesgue integrable. The coef-
ficientsA;, C; (i=1, ..., 5) denote the corresponding weight constants
which balance the cost elements on the basis of their size and impor-
tance in the parts of the objective functional. Our goal is to reduce the
number of infectious population and the cost for implementing strategy.
The objective functional is defined as;

4
J(uy, 1, 3, g, uis) :/[Allh +AyHy, + AsF,, +AyP. +AsC. + Crul (1)

0

+ Cou3 (1) + C3u3 (1) + Card (1) + Csuz (1)) dt.

(18)
the goal is to find the optimal control Uj(t), i =1, ..., 5 such that,
J(u " us™ ug" us™) = min - J(uy,up, Uz, Us, Us).

(uy ..y us)el’

where the constraintis I’ = {(uy,uz,us,us,us) € L! [0,t], 0 < u1,uz,us,us,
us < 1}. The existence, uniqueness and the characteristics will be dis-
cussed in the following subsection.

3.2. Existence of optimal solutions

Theorem 1. There exist optimal controls (u;*, ux*,us*,us*,us*) €’
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such that;

Ju " w  us uy us™) = min J(uy, up, uz, Ug, Us).
(uy ..y us)el’

satisfy the control system (9)-(16) with the initial condition (17).

Proof. : This result will be yielded by the general discussion in (Lin
et al.) and the following Lemma.

Lemma 1. The control system (9) — (16) with the initial condition (17)
satisfy the following conditions

i I' is non — empty and the interval [0, 1] is closed and convex.

il LetX =[S, I, S, In, Hp, Fm, P, Cc)T, U = [t1, s, U3, ug,us)". Then the
right — hand function of the control system (9) — (16) has the form
v (X) + ¢(X)U, where

w(X) =1,

px) =

iii L(X,U) = A1ly + A2Hp + AsFn
+A4P, + AsC. + C1u3(t) + Coua(t) + Cau3(t) + Cqua (t) + Csud(t)
is a convex function of U and satisfies L(X, U) > min{ci, ¢z, c3, C4,

csH| U |\§. Proof. :Itisclear that1 and 2 are trivial and 3 comes
from the positivity of the state variables.

3.3. Characterization of optimal control

The control goal is to search the optimal control function (u;*,us*,
uz*,us*,us*) such that,

J(u " wy" 3™ uy"us™) = min F](Hl,ub Uz, Uy, Us),
reaches its minimum. The necessary condition for the optimal solution is
given by Pontryagin’s maximum principle, which converts the optimal
control (9)-(16) into a problem of minimizing the Hamiltonian function.
Let us consider the Hamiltonian function given by;

H = Al + AsHy, + AsF,y + AyPe + AsC + Cuaii (1) + Cous (1) + Cauis (1)

+ Cytl (1) + Csud(r)
whereld = (44, ..., /113)T is the adjoint variable and w = (wy, ...,ws)T is the
relaxing variable. By Pontryagin’s maximum principle in (Becerra,

2008) and the existence result for the optimal control, the following
theorem is formulated.

Theorem 2. There exists an optimal control (u;*, uz2*, us*, us*, us*) and
corresponding solutions Sy, Iy, Sy, In, Hy, Fin, Pc, Cc which minimizes J(u,
Uy, U3, Us,Us) over ['. Furthermore, there exist adjoint functions 44 (t), ...
,413(t) such that the adjoint equations:

oH . oH
’ Az = —5—

Iy = —=—y .
BT 0s, : ows’

with the transversality conditions;

() =0, i=1,..,13,

then the characteristic values uy*, up*, us*, us*, us* are given bys;

u (1) = min{b, max <0, /1—41,,> }, (19)
Ag

w (1) = min{b, max (O7 j‘—sHh> }, (20)
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uy*(t) = min{b, max <O, A—GFm> }7 21
Ag

uy*(t) = min b, max (0, =P, | s, (22)
Ag
. Ag

us* (1) = mm{b7 max (0, —Q) } 23)
Ao

Proof. :In view of Pontryagin’s maximum principle, we only need

to consider the extremum conditions ui% =0i=1,2,3,4,5 which im-

plies that,
oH
u]()_u] = (Aguty — LAs)uy =0, (24)
oH
s~ = (A7uy — Hyds)up =0, (25)
()
o0H
us=— = (Asuz — Fde)uz =0, (26)
()M3
oH
U= = (Aguy — Pod7)uy = 0, 27)
(3u4
oH
MST = (Alous - CJS)MS =0, (28)
Us
namely;
. A4
u;*(t) = min{ b, max (0, ==, | ¢, (29)
Ag
. As
u,*(t) = min{ b, max (0, 2H, | ¢, (30)
Ay
. A6
u3*(t) = ming b, max (0, —~F, | ¢, (€X0)]
Ag
) : i
uy*(¢) = ming b, max| 0, P (32)
9

us*(t) = rnin{b7 max <07 l—"Q) } (33)
Ao

Through the range of (u;*, uz*, us*, us*, us*)we can obtain the prop-
erties of (1", ux*, u3*,us” ,us*). Furthermore, the second derivative of the
optimal control u;(i=1, ..., 5) is positive, which means that the optimal
problem arrives minimum at controls. Then combined with the adjoint
equations, the state equations, the initial and transversality conditions,
the optimal system can be formulated as;

dS;,(l)

= d = Sy = BiSsl, 34
d’;f’) = BiSply — (Hy +80)1y — o Suls, (35)
dS;t(t) = — .“3Sh - /}ZShlb-, (36)
dlzlgf) = B Suly — <M4 + 6, erin{b7 max <07 ;\%Ih) }>1h — B LH,, (37)
dfi;,t(l) = pslhH), — </45 -+ 83 +min{b, max <07 j—iH,,) })Hh — B.H,F,,

(38)
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dF,,(t ) A
dt( ) = B,H,F,, — (M6+54+mm{b, max (0, A—GF,”> }) \w — BsPcF,
8

39
dP. A
) = BsP.F, — (,u7 + 35 +min{b, max (0, —7PL.> })P(- = psP.Ce,
dt : Ag
(40)
dC.(1) = BP.F,, — (ﬂs + 8 —',—min{b7 max (0, A—BC‘.) }) C.. 41)
dt Ao

4. Stability Analysis

In this chapter we study boundedness of the solutions, obtain disease
free and endemic equilibria, calculate the basic reproduction ratio and
carry out local and global stability analysis of the equilibria.

4.1. Boundedness

Theorem 3. All positive solutions of the system have the ultimate
upper bound in R®

Proof. :LetN =Sy + I+ Sp+ I + Hy + Fp + P, + C..

Then,

dN dSb dIb dSh dl, dHh dF,, dPCerCC
dat dt dr | ar ar T ar | dr | dr dt’

=d = S (Hy + 601
—(us + 83 + arua (1)) Hy

ﬂGPCCC +ﬂ5PcCc — (ﬂx + 86 + a5u5(t))CC

- /}ISth +/}1Sblh - - ﬁzShIh + lh - M}Sh

< Ay + A — uSp — pody — Sy — pudy — psHy — pgFo — s Pe — pigC.

Let p :=min{y;}, i =1,...,8
Then,

dN
— < A+ A — uN,
a s b+ Ay — M

which implies,

Ay + A
N < % +ce ™™,

So, the biologically feasible region of the model is;
Q@ = {8y 11, Sis Iy Hi Fu, Pey C.) € RS

A+ A
Sy 41+ S+ 1+ Hy+F+ P+ C, < ”” ’}

4.2. Equilibria

Disease free equilibrium Eyis obtained by equating I, Iy, Hy, Fp,
P, and C, to zero. Hence we get;

= BaSuly + BoSuly —
— ﬁ4Hth +ﬁ4Hth — (/'{6 + 54 + a3u3(t))F,,, — ﬂsPcFm +ﬂ5PEFm — (ﬂ7 + 55 + (14”4(1))P[7
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2
Eo= (S0, 19, 80, I°, HY, F°, P°, C°) = (ﬂl 0,22 0, 0, 0, 0, 0)

¢ H

The endemic equilibrium is obtained by taking all the variables to be
different from zero, and solving the system simultaneously;
Solving (9)-(16)

(Mg + 86 + us)

P, = ) (42)
Pe
. (s + 36 + us)
H, = ﬁ He+ 04+ Ps 5. ) (43)
A
S = (44)
b W+ B,
A
Sy = (45)
" s+ Bo
Sy = (y+ 61) = p,S7, = 0. (46)
Putting (42) and (43) into (46) yield
Brdoty — Bodupty — (pa +81) s — 1B (y + 51)122
+ 8182 (Ap — 2n) + (4 +61) (1B, + ps 1)1, = 0,
1
Bty <1 _R_0> + [B182 (A — ) + (uy + 81) (1B, + ps 1)1
— BBy + )17 =0,
(g + 62 + ayu (1)1 — B3I, Hy, + p31,H,
A I
2+ 6 By B
by —=dn u1>2 iy ( 1 )
+ +—=+=) +—"=1-= |, 47)
\/C‘z"" 6 B B Ba(uy + 01) Ry
= ﬁzﬂztﬂﬁj'/’llj
" [BaPolut 8t us) + By (g + 8+ us) +BsPs (s + 86 +us)] (3 + o)
(48)
m /)r [ 3 I1 (”5 + 53 +u2)]7
. PaPsPend,,

Ff =
" [BaBs (st S2F 1)+ BB (s + Sa+u3) + 3 Bs (s + 86+ us)] (43 +Bol;)

1
—/j—4(ﬂ5+ 3 +us),

(49

13 1 vk
C. = A [BsFy — (47 + 85 +uy)],
s
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Cc— BaBsPsinl;
© [BuPe (gt St ur) + P3P (s + 84 +-u3) + B s (Hg + 56 +us)] (ﬂz ""/}215)

1
————(us+ 63 +ux) ——(uy + 85 +us).
6 Ps

(50)
4.3. Local Stability of the Equilibria

From equation (9) through (16) we obtained the Jacobian matrix

N1 7ﬂ]Sb 0 0 0 0 0 0
Bl N —pI, O 0 0 0 0
0 =5S N 0 0 0 0 0
J= 0 PSu By Na —psl, 0 0 0
0 0 0 PBHy Ns —pH, 0 0
o 0 0 BiFw Ny —PiFw O
o0 00 0 pP. N —PCe
0 0 0 0 0 0 BC. Ng
Ny = —py = Pidy, N =Sy — pty — 61 — S, N3 =

Ecological Complexity 46 (2021) 100930

Ko = —pg — b1,
K7 = —p; — 65,
Ky = —pg — 6.

4.4. Basic Reproduction Number

For the DFE to be locally asymptotically stable, we need the eigen-
value K, < 0

Ab j'h
Pi—— M, — 6 — p— < 0.
lﬂl Ha l 2.“3

Simplifying, we get

Bt
(i3 (s + 61) + Bodn)

We let basic reproduction ratio (Ry) to be Ry < 1.

< 0.

—p3 = Polp, No = —py — 62 —ur — f3Hy, Ns = faly — pis — 63 — up

~PyFn, Ns = B, Hy — pg — 64 —us — psPe, N7 = fsFyy — p; — 65 — uy — psC,, and Ny = P, — pg — 66 — us.

where
Theorem 4. The disease free equilibrium E is locally asymptotically
stable
Proof
B/ 0o 0 0 O
HN 0 o000 00
0 0, 00 00
0 —Bodu/py —Hs
Jg, = 0 P/ s 0 4 N O 0 0 |
0 0 0 075 N0 o 0
0 0 o 0 07
0 000 0 M
where,

Ng :ﬂl/lb/”l —Hy — i _ﬁzﬂh/ﬂw NB = —jy — 6 —uy, Ng
= —ps — 8 —uy, Ny = —ptg — 8y —u3, Ny = —p; — 85 — us, Ny
= —Hg — 66 — Us.
Setting,

det|Jg, — KI| = 0,

we get the eigenvalues

K, = —H

Ap An
Ky =p——p, — 61 — pr—,
? 1/41 ? ] 2/43

K = —Hs,
Ky = —p, — &,
Ks = —ps — 6,

Privis
iy (p3 (s + 81) + o)
Theorem 5. The endemic equilibrium (S*,, I;, S;, I, H;, F;,, P;,
C;) is stable if Ry > 1.

Ry =

Proof

Since all the equilibrium points in the endemic equilibrium depend
on I} then it suffices to investigate the stability or otherwise of I;

Since I; > 0, then from (46)

Either

2
A — +/ﬂ+lﬂ>\/(ﬂbﬁh +/ﬂ+ﬂ> i Al (1_L)
ot 6 B B Wb+ 6 P B By + 61) Ry
oo (1)
By + 61) Ro

1
°>O*a)

Ry < 1.

This may lead to a chance of I; to be complex.
Or

A —dn |y :‘41)2 A5 ( 1 )
Nt R a1 Lo Y e
\/</42 +6 A b Bo(py + 61) Ry
A — Iy ﬂl)
> - NRa i)
(/42 + 6 B B
Ay ( 1 )
—(1=-—] >0
Po(py, + 61) Ry

1
1—— 0
< R0)>

Ry > 1.

Thus, only
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P \/(ahzh ul ul)z 4oy ( 1)
+o By fOL B P () ]
bt B b W+ o1 By B Paluy+ 61) Ry

(51)

5

1
2

4.5. Global Stability Analysis

Here we study global stability analysis of the equilibria.

Theorem6. : The disease free equilibrium is globally asymptotically
stableif Q > (4 + /1},).

Proof
Let the Lyapunov candidate function be
1
G(Sy, Ip, S I, [(Sb = 8") +1Ip + (S

, Fu, Pe, C.) = = 8) + 1

+Hy +Fp+ P+ cf]z.
e:inline-figure))"?"(1)[?tal=1] >
Iy, Sp, In, Hy, Fn, P, Cc) >0,
Also, G(Sp, Iy, Sh, In, Hn, Fm, Pc, Cc) =0 at
(s, o, s, I, Hy, Fo

hy S omd

PE,C}?)7<A—” 0’1—h00 0, 0, 0)

Hy Hs3

dG

7 [(Sp—=8p")+ 1+ (S —Si™*)+ 1y + Hy+ Fu+ P+ C.]
ds, dlb dS,, dlh dH, dF,,

dPC+dCC
dar Car " dr ' dt | ar dt dt dt

dG
@ =[Sy —S")+ L+ (S —S")+ I+ Hy + Fy + P. + C]
(Ao 4+ An — {1, So + (s + 81) 1, + PoSuly + p3Sh + (g + 62 + w11,

+(ps + 85 + up)Hy, +
+(pg + 86 +us)C.}],

(ﬂ6+64+u2) (/47-‘1‘55 +u4)P

dG

i =[Sy =Sy )+ 1Ly + (Sh =Sy )+ I, +H,+ F, + P.+C.][ O —

Where,

Q = ﬂle + (ﬂz +51)Ib +ﬂ2Sth +ﬂ3Sh + (}l4 +(32 +M1)Ih
+ (us + 83 +uz ) Hy + (pg + 84 4 uz) Foy 4 (47 + 85 +ua) Pe
+ (g + 66 +us)C.) }

Clearly,
T= 0.0 (s 1 b B HY FD P )
,(’il’ oﬂ . 0,0,0,0, 0>.
Hy py’
dG

E(Q if O)(A +n)-

Theorem7. : The endemic equilibrium is globally asymptotically
stableif W > 13 + 4.

Proof
Let the Lyapunov candidate function be

dav
ar =[(S, —S") +

[Ap + Ay —

I = L")+ (S —Su™) + (I — L) + (H, — Hy) +

Clearly the above function W(S;,

(Ap + A1)

(Fm_Fﬂt*)+(})r_Pe*)+

{uiSy + (u + 801 + oSl + i3Sn + (g + 82 +ui) i + (s + 85 + w2)Hy + (pg + 84 + uz)Fon + — (U7 + 85 + ug) Pe
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Table 3
Variable values.

Variable Values

Sp = 00— 600

I, =200 — 500
S$4(0) = 10,000,000
I, = 240 — 440

Hp =100 - 400

F, = 40— 200

P, =00- 300

C. = 00- 300

Table 4

Parameter values.

Parameter value

£ =1.2300
f, = 0.1000
f3 = 0.0060
f4 =1.0090
ps = 0.0040
Ps = 0.0900
A = 1.5000
A =1.25

u, =1.7000
py =0.1340
pu3 =0.5

py =0.1343
ps = 0.0024
pe = 0.0074
p7; = 0.3440
pug = 0.5410
& =0.0143
8 = 0.3002
83 = 0.0054
84 = 0.0019
85 = 0.0640
86 = 0.4400

1 * * *
V(Se, Ip, Suy Iny Hys Fuy Pey Co) = 5[(&; =S8")+ Iy = 1y") + (Sh = Si")
+(Ih - Ih*) + (Hh - Hh*) + (Fm - Fm*) + (Pc - Pc*) + (CL - Cl‘*)]2'

Clearly the above function V(Sy, Iy, Su, In, Hp, Fn, P, C.) >0,

AlSO,V(Sb7 Ib, Sh7 Ih: Hh7 F,m PC, Cc) :Olbe :Sb*7 Ib :Ib*, Sh =
Sy*, Iy = I*, Hy, = Hy*, F = Fn*, P, =P.*, C. = C.*.

The remaining result is,

dv

**[(Sb S )+ I —1")+ (S —S) + I — I") + (Hy — Hy™)
+(F,,,—F,,, )+(P — P, )

(Cr—cv*)}
ds, dI,, dSh dlh dHh dF, dP. dC,

ar ar Cdr dr ' ar | ar dt dt

Substituting equation (9) — (16) in above we get

(Cc - Cc*)]

+ (ug + 86 + us)C.)}],
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av _
dr

Where,

W =, Sy + (fty + 61) 1y + oSl + p3Sh + (y + 6 +ur)1I,
+ (s + 65 + uz ) Hy, + (g + 84 + u3)F + (ptg + S5 + us) P,
+ (/’ls +66 + MSCC)}

Clearly

av
i 0, if S =8" L, =1", S, =S, I, =1I,", H,=Hy", F,

=F,", P.=P", C.=C~

dv .
E«)’ if WAy + Ay

Hence the endemic equilibrium is globally asymptotically stable.
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=Sy =8 )+ Ty = L")+ (S =S )+ (I = L") + (Hy —Hy*) + (Fpy — F,)") + (Pe = P.°) + (C. = C)|[W = (Ap + )]

5. Numerical Simulation and Discussions

In this chapter, numerical simulations are carried out. Variable and
parameter values in table 3 and 4 were adopted from (Tahir et al., 2019).

The following can be observed from the graphs; Figure 2, when no
any control measure is taken, it can clearly be seen that there will be
epidemics. Figure 3, shows the dynamics of the optimal control func-
tions. Figure 4, shows how effective these control measures can be when
applied optimally. That is when infected individuals enter quarantine,
people applied social distancing, family of infected individuals undergo
self-isolation, sanitation is adopted for medical center individuals and
use of personal protective equipment for care center individuals.
Although all these control measures can’t be applied at a time in some
settings, Figure 5 shows that if all the measures will be taken except
quarantining the infected individuals, there will still be epidemics.
Lastly, from Figure 6, we can understand how important quarantine is,
that if it can be applied optimally with time the epidemics will be

1400 T

1200

1000 |-

800

600

Population

400

200

— Human to human transmission population B
Infected individual to family members

Patient to clinic center transmission population
Patient to care center transmission population

Infected human population

-200 . !

Time

Figure 2. No control is applied to any of the population.

101.6 T

101.4 |

101.2

100.8 |

100.6 |

100.4 |

100.2 |

——U1()

u2(t)|
——U3(t)
——— U4()
——— U5(t)

100 ! !

Time

Figure 3. Dynamics of the optimal control functions.
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— Patient to care center transmission population

Infected human population

Infected individual to family members
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Figure 4. Dynamics of the populations when control functions were applied optimally.
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Figure 5. Dynamics of the populations when optimal control is applied to all the populations except the population of the infected individuals (no quaran-

tine/isolation).
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Figure 6. Dynamics of the populations when quarantine is the only control measure adopted.

eliminated, even if all the remaining control measures were not applied.
6. Conclusion

In conclusion, this paper studies a model that consists of a system of

eight non - linear ordinary differential equations. The model studies the
dynamics of COVID-19. An optimal control problem was constructed
with the aim to study the most effective control strategies to prevent the
proliferation of the disease. The existence of an optimal control function
was established and the Pontryagin maximum principle was applied for



LA. Baba et al.

the characterization of the controller. Two equilibrium solutions; dis-
ease free equilibrium (DFE) and endemic equilibrium (EE) were found.
Local stability analysis was carried out, and it was established that both
DFE and EE depends on the magnitude of a threshold quantity, basic
reproduction ratio (Ro). DFE is locally asymptotically stable when Rg
< 1, whereas EE is locally asymptotically stable when Ry > 1.

Numerical simulations were carried out to support the analytic re-
sults and to explicitly show the significance of the control measures. It
was obtained that Ry = 2.73 when no control measures taken. But when
infected individuals enter quarantine, people applied social distancing,
family of infected individuals undergo self-isolation, sanitation adopted
for medical center individuals and personal protective equipment for
care center individuals were used, then the pandemic will automatically
be controlled. The significance of quarantine over the remaining control
measures was also shown.
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