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Abstract

Independent censoring is a crucial assumption in survival analysis. However, this is imprac-
tical in many medical studies, where the presence of dependent censoring leads to difficulty
in analyzing covariate effects on disease outcomes. The semicompeting risks framework of-
fers one approach to handling dependent censoring. There are two representative estima-
tors based on an artificial censoring technique in this data structure. However, neither of
these estimators is better than another with respect to efficiency (standard error). In this
paper, we propose a new weighted estimator for the accelerated failure time (AFT) model
under dependent censoring. One of the advantages in our approach is that these weights
are optimal among all the linear combinations of the previously mentioned two estimators.
To calculate these weights, a novel resampling-based scheme is employed. Attendant as-
ymptotic statistical results for the estimator are established. In addition, simulation studies,
as well as an application to real data, show the gains in efficiency for our estimator.

Introduction

In medical studies, it is very common that death or withdrawal of study and progression on dis-
ease of interest simultaneously occur in the study. For this case, death or withdrawal of study
may censor the development of disease. This type of data structure is called ‘semicompeting
risks data’ [4].

Semicompeting risks data have been widely studied in the past decade. Some researchers
used a Gamma copula to estimate the association parameter between the event of interest and
dependent censoring [2], [4]. There is a literature that extended the methodology of [2] to the
case that a nuisance parameter exists and also considered a more general copula model [22].

On the other hand, other researchers used semiparametric regression to model the event of
interest and dependent censoring jointly. One approach is an estimation procedure based on
the accelerated failure time (AFT) model [13], [17]. They used the artificial censoring
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technique to adjust the bias of the usual estimator. While the estimating equation of [13] is a
U-statistic of order one, that of [17] is a U-statistic of order 2.

However, none of these papers fully discussed optimality of the estimator. In this case,
choosing an estimator that is optimal from an efficiency viewpoint is an important issue for
consideration. Here, we adapt the idea of [25], which proposed an optimal estimator whose
form is a linear combination of estimators for multivariate failure time data. They used idea of
[24], which proposed using combinations of dependent tests in the presence of missing values.
Idea of [24] is to create a test which can maximize power based on linear combination of test
statistics. Approach of [25] is simple and flexible, so it is sensible to apply their method in
our case.

In this paper, we propose a weighted estimator by using methodology from [25]. Our
weighted estimator combines those of [13] and [17]. The structure of this paper is as follows.
In methods section, we review estimators proposed by [13] and [17] briefly. In addition, we de-
scribe details on our new weighted estimator. In model checking section, model checking pro-
cedure is briefly discussed. In simulation studies section, results of simulation studies will be
given. Application of our method to a real data example is presented in real data analysis sec-
tion. Some discussion concludes discussion section.

Methods
Review of Model

Let X be time to the event of interest, D the time to dependent censoring and C the time to in-
dependent censoring. All these times are transformed on a logarithmic scale. Let X =
XADACandD = DA C. Define 6 = I(X < D), A=I(D < C) and let Z be covariates. The
data contain »n independent and identically distributed observations
(X,D,,Z,,6.,A,),i=1,...,n The model is

Di:Z;rnU—'_Gzp
, i=1,...,n
X, =76, +

where 6, and 17y are k x 1 vectors, and €, = (€¥, €P) are error terms with an unknown joint dis-

i i
tribution. In this case, we assume that the model is identifiable only in upper wedge X < D [4],
[17]. We assume that € has unknown distribution H. The goal is to obtain an unbiased estima-
tor of a = (”,0")” without nonparametrically estimating the distribution of €;, i = 1,.. ., n. We
further assume that given Z, C and (X, D) are independent, but X and D can be dependent
given Z. Now we are going to describe the procedures of [13] and [17] in turn.
Since D only depends on independent censoring, a standard rank regression approach is

available for estimation [11], [13], [15], [17], [20], [23]. The estimating equation for 7 is given
by
YL 2D () > D;(m)}

S H{D;(n) > D;(m)} |’

S,(m) = n_l/QZAi Z,
i1

where D:(57) = D, — Z[11. The estimator of i can be obtained by solving S,,(7) = 0.
For estimation of 6, simply replacing D, — Z ' to X, — Z 0 does not yield unbiased estima-
tion of @. This is because the cause-specific hazard function for X, — Z @ depends on

D, — Z6, which violates the model assumption [13]. To fix this problem, many authors use ar-
tificial censoring techniques [3], [6], [7], [10], [13], [17]. In [13], a single constant term g(a) is
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proposed so that the estimation equation will be unbiased for estimation of 6 in the two-sample
case. The form of g(a) is g(@) = max,_,_, {0, Z] (6 — n)}. The proposed estimator in [13] is
obtained by solving U’ (a) = 0, where
YL X (@) > X ()}2,

2 X (@) = Xi (@)}
Xi(@) = (X,—Z/0)\(D,~Zn—gla)) A (C —Zin—g(a))

o) = H(X,~2[6) <(D,~Zn—g(e) A(C,— Z[n —g(a))},

Ul(a) = n'?) 0/(a)|2, -
i=1

and aAb means minimum of g and b. In [17], pairwise comparisons of all the subjects is pro-
posed so that each subject has different degree of the artificial censoring. The transformations
suggested by [17] are

g(@) = max{0, Z; (6 —n), Z/(8 — 1)}

A (Di - ZiT;/’ _gij(a)) A (Ci - ZiT’? _gij(a))
5iy (@) = I{(X, - 2/6) < (D, — By — g,(e)) A (C, — B[y — g(e))}

oy(@) = oy, (@)[{X, () < Xj, (@)} — 5, (@)I{X;, (@) < X;; ()}

X (@) = (X, - Z]0)

The proposed estimator according to [17] is obtained by solving U’ (&) = 0, which is defined
by
2 nl /2

Uf(a) = 1 Z (Zi - Zj)qsij(a)'

71(71 - 1) 1<i<j<n

Note that X and D are not observable, but we can express transformation (Eq 1) and (Eq 2) by
using observable quantities [7], [13].

Weighted estimator

Given these two estimation procedures, it is natural to consider their efficiencies with respect
to standard error. However, in this point of view, neither estimator is superior to the other.
Moreover, these estimators may not be optimal estimators with respect to the standard error.
There is an argument that estimator of [17] gains more efficiency than that of [13] because
pairwise comparisons lead to less artificial censoring than that in [13]. However, this logic only
holds when we look at performance of estimators in the view of bias and variance across the es-
timators in simulation study. Concentrating on standard error of an estimator in a single data-
set, the estimator by [17] may not provide better estimator than that of [13]. This will be seen
in the real data analysis section.

The reason for this is due to estimation procedure of [17]. As discussed [7], for n samples,
the number of comparisons of [13] for artificial censoring is of order n, while that of [17] is of
order n*. By definition of g;(a), different degrees of artificial censoring is applied to observa-
tions. It may lead more variation between observations, which makes standard error larger
than that of [13].

Having discussed our data structure and estimators from [13] and [17], we now describe the

proposed estimation in this paper. Let ff = (#j,,. . ., #,)" be estimator of 1o, 8" =
((9{, e éi)T be estimator of 6, by [13] and 6" = (@f, A éf)T be estimator of 6, by [17]. ot

and 0" are asymptotically unbiased estimators of 0.
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We extend the scope of estimators which provide consistent estimation of 8. The natural
extension of estimators of [13] and [17] is to consider collections of estimators that are linear
combination of these two estimators with sum of weights being 1. By choosing proper weights,
we can expect that the variance of the new combined estimator is smaller than that of each in-
dividual estimator in 8" and 6”.

The goal is to find weights such that the variance of the new estimator is smaller than the
minimum of variance of the estimators by [13] and [17], which have good theoretical proper-
ties. To obtain the estimator that yields smallest variance with these properties, we can use the
idea of [25], which was applied to the problem of modeling multivariate failure times.

In [25], the joint distribution of estimators 7 = {7}, } is considered, where m = 1,.. ., kand
r=1...R. In this case, m indicates index of regression parameters and r stands for index of the
rth event. For obtaining an optimal estimator, they applied arguments from [24] which derived
a linear combination of test statistic to maximize power against every alternative hypothesis.
Let H be the covariance matrix for the estimators 7. Then we fix m and define H,, be covari-
ance matrix of ¥, = (§,,1, - - - » 7.z )- It can be obtained from the entire covariance matrix by se-
lecting the part corresponding to  for = 1,.. ., R under fixed m. Now we can define
S dj,., whered = (dy, dy,. . ., dy) satisfies S~ d, = 1[25]. Thend = (e"H,'e) 'H, 'eis
a vector of weights which leads the best estimator among linear combinations of estimators of
¥ ,. where e is a vector consisting of R ones [24], [25].

We now apply the argument in previous paragraph to our model by considering the joint
distribution of 8 = {f”, ()", (9P)T}T. Letp, = (n!,0;,6,) and G () =
[SI'(n), {Uﬁ(a)}T, {Ui(a)}T] " where [S” (1), {U"(ax) y, {Uﬁ(a)}T]T are estimating equa-
tions for fy. The strong consistency and asymptotic joint distribution of three estimators, de-
scribed in following theorems, play a crucial role in our methodology.

To prove asymptotic results, several regularity conditions are required. As stated in [7] and
[17], define

F(a,b,c,d,e) =P(ef —e? <a,ef —C, <b,ef —¢f <c,ef —€) <d,ef —C, < e|Z,,Z,)
Let o, = (117, 0])". Define
OF . .
TI(ZD Z2) = %{gu(ao)» _Zl n, — g12(a0)7 ngw(ao)a _Z2 n, — gw(au)}
OF - -
+ %{gm(ao)v _Z1ﬂ0 —g12(a0)707g12(ao)a _Z2ﬂ0 _glz(ao)}
OF r -
+ %{gm(ao)v —Zm, — g5(@,),0,85(@,), —Zym, — g5 (@) }
OF r r
+ a{gu(ao)v —Zm, — g,(@),0,8,(@), —Zym, — g, (@) }
OF r -
+ 2&{812(0‘0)7 —Zm, — g,(@,),0,8,(@), —Zym, — g1, (@) }
and
OF r r
1,(2,,Z,) = T\(Z,,Z,) - 25{&2(“0)» —Zn, — g,(@),0,8,(@,), —Zym, — g5 (e) }

From the Appendix in [17], the additional conditions are as follows:

1. The parameter space WV is compact, and the true parameter @y is an interior point of W.
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2. 0, is the only solution of the estimating equation E{n~"/2U”(n,,0)} = 0.

3. E(||Z|]*) < oo, where ||-|| is Euclidean norm and there exists positive constant K such that
partial derivatives of F are bounded by K and there exists positive constant K* such that
marginal probability distribution of F is bounded by K* almost surely.

4. cov[(Z, - Z,){Ty(Z,, Z,)}"] and cov[(Z, — Z,){To(Z,, Z,)}'?] are positive definite.

In many parts of proofs, we adapt arguments from [13] and [17].

Theorem 1. By conditions of C1 — C3 in Appendix of [17] and conditions in [27], Bis
(strongly) consistent.

Proof. Let B = {ii", (8")", (éP)T}T. It suffices to show that 77, 8" and 8" are strongly
consistent, respectively. Let o= (17",8")". Note that we have compact region, say YV and we as-
sume regularity conditions in [27]. By [27], there exists nonrandom function 1, such that
supy ¢ ;| |n2S,,(;) — m ()| converges to 0 with probability 1 where NV is a neighborhood
of 170. Thus 7} is strongly consistent. Similarly, we have another nonrandom function m, such
that sup,,, [|n" Ul (a) — m,(a)|| converges to 0 with probability 1 where AV is a neighbor-
hood of a. Hence by [27], &" is strongly consistent.

For 67, by argument in Appendix of [17], note that by the U-statistics version of the law of
large numbers, for all & € W, ||n~/*U’ (&) — y(a@)|| converges to 0 in probability where
y(a) = E{n"/*U’(a)}. We can partition our compact space as Wi,. . .,/ so that
W € UL\ W,. Clearly, then for {&/ € W), j=1,..., k}, max,_,||n""/* U} () — y(ed)]| con-
verges to 0 in probability. Then by Appendix of [17],

sup n'?[[U (@) — U, ()|

[le—a||<¢

Sﬁ Z ||Z,-—Zj|| sup |q’)l](a) _¢ij(a**)|

1<i<j<n [le—a**||<E

and for all € > 0, there exists £ > 0 such that

hmP(ﬁ Z 1z, - ZjH sup |¢U(a) - d)ij((l**)| > 6) =0

nmee 1<i<j<n [le—a*+||<&

Hence

limP( sup 1| UZ(a) — U(ar™)]| 2 ) = 0

T la—at|<g

Thus " is strongly consistent and clearly, 8 is strongly consistent.

Theorem 2. Assuming certain technical conditions from [27] and [17], n'/? (ﬁ —B,) is as-
ymptotically normal with mean zero vector and covariance matrix ¥, where £, = I';'Q I, ",
where Iy is a nonsingular matrix and £ is the asymptotic covariance matrix of G,,(f,).

Proof. As consistency, we assume the same regularity conditions as in [27]. Let f, =
(m?,67,07)" and G, (B) = [S"(n), {U(@)}", {U"(@)}"]". Similar to [13], let A" (£) be the

cause-specific hazard function for the D’ (1) and let 2" (¢) be the cause-specific hazard
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function for X*(e) under dependent censoring. Define

t

M, (1) = N, (t:m,) — / 1D () > u} ALY (u)elu 3)

M) = Nt~ [ LR ay) > u) A () (4)

—00

Then M;; and M,; are martingales [5], [13]. By adapting a proof in the Appendix in [13],
Rebdolledo’s martingale central limit theorem [5] gives

.0 =73 [ (2~ 20 @M, )+ 0,0

Ula) =Y [ (2 290} ) + 0,(1)

where Z (u) = lim,_ [357, I{D; (m) > u}Z}]/[37, I{D;(n,) > u}] and
Z®(u) =lim,  [>" KX (et,) > u}Z]/[>" {I(X; (e,) > u)}]. From Appendix of [17],

Ui(ao) = n71/222h1 (Vi,a) + Op(l)
i=1

where 2h; (v,a0) = 2E[h(V,V3,a0)]. For j = 1,. . ., n, My(f) is the martingale associated with ejl.) ,
while M,/(t) is the martingale associated with ef and h(V;,V,a) = (Z; - Z;)¢;;(a) [13], [17]. For
j=1,..., n,define

a, = / X{Zj—z(l)(u)}dMU(u) a,; = / %{Zj—Z@)(u)}dng(u)

Ay = 2h, (Vja ao);

By the Cramér-Wold theorem, G,,(f,) has an asymptotically normal distribution with mean
zero and covariance matrix Q, where

T T T
Ay Ay Ay Ay

_— T T T
Q, =E| aja; aj;a; a;a,

T T T
A8, A4, Ayay

Note that E{n""/*U’ (@)} = 7(@). As stated in the Appendix of [17], under conditions of N1 —

N3 from [9], there exists an open neighborhood of a,, say Ky, such that

sy 1UL() = Ul() — (e
A R ]l

= 0,(1) (5)

Using a Taylor series expansion of y(at) around ay,

d)(a)
00

a=og, a=oa,

(@) =) + ] )+

(0 —6,) +o(lle — a]) (6)
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With these two results (Eq 5) and (Eq 6), by Appendix of [17],

o(a , 0y(a )
U, (a) =U,(a)) +”1/2))8Lﬂ) (n—mn,) +n1/2% (6—9,) +op(1+n1/z\|a—a0||) (7)
From [27], we have that
S.(m) =S, (m,) +n'*Py(n —m,) +0,(1) (8)

for any 1 in the small neighborhood of 77y, where Py is k x k nonsingular matrix. From the Ap-
pendix in [13], for J,, (a) =[S} (n), {U%(@)}']",

J(@) =T, (a) +n"Ly(a - a)) + Op(l) )

for any a in the small neighborhood of a,, where L, is defined as

P, 0
Lw =
M, H,

is 2k x 2k nonsingular matrix and M, and Hy are k x k constant matrices. Define
J,. (&) =[S (n), {U* (a)}']". Using expansion from [17], for any a in the small neighbor-
hood of ay,

J,(a) =3, (a)) + ”1/2L20(a —a) + Op(]‘) (10)

P, O
L,, =
R, V,

and V, = () o Combining expansions of (Eq 8), (Eq 9) and (Eq

_ (@)
where R, = =% | =L

10), we have

a=a

G,(B) = G,(B,) + n'°T (B —B,) +0,(1)
for any B in the small neighborhood of 8, where Iy is defined as
P, 0 0
r,=1M™M, H 0
R, 0 V,
The results from [9] and [27], along with the consistency of ﬁ, imply that

(B —By) = ~T,'G,(B) +0,(1)

By combining the above results with Slutsky’s theorem, #'/>( — f,) has an asymptotically nor-
mal distribution with mean zero and covariance matrix I';'Q T, "

Theorem 2 implies the asymptotic normality of § with the form of X, being
z:11 212 213
o= | 2y Zp Xy

231 232 233
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Let 3 be the estimated covariance matrix of Z,. In this covariance matrix, ¥, is a k x k covari-
ance matrix for f], £, is a k x k covariance matrix for 8" and 3 33 18 @ k X k covariance matrix
for 6. Moreover, 3, and % |, represent covariance terms between 7 and 6" and between 7
and 07, respectively. Define 3., as the covariance matrix between 8* and 6”. Clearly,
221 = 2{2’ 23.1 = 21T3 and 232 = 2;3

The issue remains of how to obtain the matrix corresponding to H, ! in our context. Note
that 77, 0" and 0" are correlated with each other. The estimating equation structure implies that

6" and 6” cannot be estimated separately from #. Thus our matrix corresponding to I:I;[1
should include the effect of 4. To obtain the matrix, we need to invert whole matrix and extract
submatrix corresponding to 8* and 7. There are two approaches to obtain submatrix.

The first approach is to invert 3 and obtain the submatrix of ! corresponding to éfn and
éfn . Let us denote this matrix as ﬁ*m Clearly, this matrix is 2 x 2 and also positive definite. Then
we can calculate €,, = (¢,,,¢,,)" = (h"Z*h) ' h, where h = (1, 1)". By using the form of
the optimal estimator in [25], we obtain new weighted estimator for mth covariate, say é],fWE,
where

AMWE __ ~ Q
oWt =¢ .0

We can repeat this step for the other regression coefficients. Then we obtain
OMVE — (MWE . E)" In this first approach, weights are generated through using k num-
ber of 2 x 2 matrices. We can refer this first approach as ‘marginal approach’.

Sometimes it is desirable to consider entire covariates all at once when obtaining weights.

~ ~ ~ T
The second approach is to obtain the corresponding submatrix of =" for {(0*)", (0%)"} . We
denote this matrix as 3**. This approach is different from first one in that I" consists of ele-
ments of the covariance matrix from éLm and 91; but now X** has elements of covariance matrix
~ ~ T ~ ~ T

from corresponding entire {(0%)", (0*)"} . This approach reflects the effect of { (0*)", (07)"}
jointly on our new estimator. Let E be a 2k x k matrix such that

1,0,...,0
0,1,...,0
0,0,...,1

E:

1,0,...,0
0,1,...,0
0,0,...,1

E is a multivariate extension of h. Note that E is concatenation of two k x k identity matrices

by row. Entries that are 1 in these two k x k identity matrices are source of weights for 8" and
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0". The next step is to construct B, which is

B = {(ETﬁ**E)*lETﬁ**}T

Then B has the form

Ak e
Cia Ciik
Ak K
¢y o

Ak Ak

Cohra o Stk
e e 3
Cok1 o+ Cork

This matrix is a multivariate extension of ¢, from the first approach. This matrix is a contrast
matrix in the sense that ¢}, , + ¢, ,, = 1 for the mth regression coefficient of 9" and 6”.
Moreover, ¢, , + ¢, , = 0 for p #m=1,.. ., k. Using a vector form, from this approach our

new estimator, say O/VE,

OME = (O)F, ... 0)"") = (&, 0" + ¢, ), 00, G 0 + 0y 0D)"

We can also refer this approach as the ‘joint approach’.
Now the key step is to obtain 2. We use the resampling approach of [16], which was also

used in [13] and [17]. Let &* = {#", (OL)T}T and a” = {ij", (éP)T}T. From [13] and [17], we
have

=4
~%

Xi(a")}
Xi(ah)}

[z_z:_lr{iﬂ )= X >}z] (@) @)
i ; : = XL X (e

>
>

and

PLOS ONE | DOI:10.1371/journal.pone.0124381 April 24,2015 9/22
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Define

A consistent estimator of  is
A 1<
Q=-% WW/.
2 WW
We then solve the estimating equation

G,B) = _”71/ZZwiin (11)

where Q; (i = 1,. . ., n) represent standard normal random variables. Note that G, (8) =
S"(n), {Uﬁ(a)}T, {u? (a)}T] " is joint estimating equation for (nt, 6!, Og)T. By solving this
equation, we obtain many realizations of s, say g% = {(i7)", (6~")", (6" *)T}T where
{@)", (6%, (6 *)T}T are solutions from (Eq 11). The next theorem, combined with Theo-
rem 2, justifies the resampling approach for calculating .

Theorem 3. Based on the technical conditions in [16], the unconditional distribution of
n'/2(B — B,) is same asymptotically as the conditional distribution of n'/>(8*% — B) where
are realizations of § from resampling.

Proof. Recall that for any f in the small neighborhood of £y, we have

G,B) =G, (l) + ”I/QFU(ﬁ —B,) + Op(l) (12)

Note that ¥ are solutions of Eq (11). By conditioning on observed data and using expansion
(Eq 12) as well as by adapting arguments in [13] and [16],

G,(B") = G,(B) + n'"T,(B* — ) + 0,(1)

and hence,

nP (Bt = B) = ~T;'n 7Y W,Q+ 0,(1)

Note thatn= /2" | ' W,Q, is asymptotically normal with covariance matrix X,. Then given ob-
served data, distribution of n'/2(8* — B) is asymptotically normal with covariance matrix
[,'X,T, . Hence conditional distribution of 7'/2(8* — B) on observed data is asymptotically
same as unconditional distribution of n'/?(8 — B,).

Form=1,...kandj=1,..,M,let (ﬁfn)g), (?)fn)(’) and (@)51*)(7) be jth realizations of an ele-

ment 7, , 0" and 9i corresponding to mth covariate, respectively. The algorithm for the first

mr Im

approach is as follows.

1. By resampling, calculate the covariance matrix ) using realizations (ﬁjn)(")7 ((A)ﬁi*)(/> and
029, m=1,...,kandj=1,.., M).

PLOS ONE | DOI:10.1371/journal.pone.0124381 April 24,2015 10/22
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2. From ﬁ)’l, obtain the covariance matrix corresponding to éan and 95, say ﬁ,’;

3. Calculate €, = (¢p1, émg)T = (hrﬁ;h)flﬁ);‘ah where h = (1,1)7 and obtain the new esti-
mate 9%WE = f’m1éﬁ1 + émgéfq.
4. Repeat step 3 for all covariates.

The algorithm for the second approach is as follows.
1. By resampling, calculate the covariance matrix ¥ using realizations (ﬁfn)(j), (6L

)Y and
(95*)(/') (m=1,..,kandj=1,..,M).

2. Obtain £** from .
3. From 2** and E, obtain B.

4. Calculate the new estimate 8% = ¢* 9L 4 ¢

* NP Ak .
mmOm + €t immby> where ¢, be the element of jth row

and Ith column of B.

By Theorem 1 and Theorem 2, our new estimators are consistent and
asymptotically normal.

Model checking

For assessing the adequacy of the model, since our weight estimator is based on estimators
from [13] and [17], it is reasonable to consider entire processes from [13] and [17]. In this case,
we extend model checking technique from [13]. As defined in [13], Let N,,(t;17) =

AI{D:(n) < t} and N,,(t; @) = Sj(a)[{fij(a) < t}, wherei=1,...,n Then Nelson-Aalen
estimators for the event of interest and dependent censoring are

A () = [ et W) Ry gy - [ i)
=1 I{D;(ﬂ) > u} —o0 Zj:l I{Xf(a) > u}

Note that by (Eq 3) and (Eq 4), martingale residuals are defined as
t

M (t:7) = Ny(£:7) / D! () > u}dAL (u, )

00

Mm(t;&) =N,(t;a) - /t I{Xj(&) 2 u}dAéZ)(u,&)7

oo

where & can be either & = {ij”, (éL)T}T oraf = {i", (9P)T}T. Then as defined in [13],

S,(s;m) = nil/QZZiMU(SQ n U, (ha)= ”71/22211\}[21'(1‘; a).

i=1 i=1

Then similar to [13] and [17], we can substitute # on S,,(s; 17), @* and @ on U,,(t; o).
[ST(s; %), {U,(t;&")}", {U,(t;@")}"]" are called observed score processes with respect to de-
pendent censoring and the event of interest, respectively [7], [13], [17]. We can construct
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[S7(s;77), {UL(E:a) ), {OP (v &™)} " [13], [17], where

. noops " H{D:(R) > wYZ| .
Sn(s;ﬁ*) = n_1/22/ lzi_zjn1 { ](nz _W} J] dMli(W;ﬁ)Qi

Zj:l I{D]*(”) > w}
+8,(s:87) = S, (s )

CTL( 4. fyl* _ ~1/2 - ' _ Zle I{X;(&L) Z W}ZJ Y )
Un(t,(l ) - n /121:/30 [Zz 2;1:1 I{XJ*(&L) 2 W} ]dMZi(W’a )Q:

+U,(a") - U, (;a")

i=1 v =X

. nofr THX@h) > whZ | .
U? : ~ Px — 71/22 / 7 — j=1 i J AM.. : v"YO.
n(v o ) n [ i n ) X*( 21(W o )Qx
+U, (v;a™) - U, (v;a"),

where & = {(i")", (éL*)T}T anda™ = {(i)")", (9P*)T}T. These three processes are called
bootstrapped processes [7], [13], [17]. We can plot the observed process with bootstrapped
processes by randomly selecting 20 or 30 observations. Standard tests for goodness of fit can be
performed by calculating Kolmogorov-Smirnov type test statistics. Test statistics are then de-
fined by sup ||S,(s; @), sup,||U, (¢; @")||, and sup,||U,, (v; @”)||. To calculate the null distribu-

tion of the test statistics, first we obtain jth realizations of bootstrap samples (7*)”, (8)" and
(67)". Then we compute BS; = sup,[[S,,(s; (71")")||, BS' = sup,|[U(t; (&*)")|| and

— i .’\*U) 4 ;— ~ L\ () ~ Pi\ (1) H
BS) = sup, [[U;(v; (&")")]|, respectively for j = 1,.. ., M, where (@"*)" and (&")" are jth re-
alizations of bootstrap samples of @"* and &". The p-values can be defined by

1 Y ;
p=o7 0 B, = sup |18, ()]}
1

j=

1 E 5
0= MZI{BSJL > sup,|[U,(;a@")]|}

=1

1 ;
Py =2z Y MBS, > sup [[U, (")}

=1

[10]. If the p-value is smaller than predetermined level, we reject the null hypothesis, which
means that data does not have appropriate fit on our bivariate model. Note that a multiple test-
ing problem arises for testing the models for 6. We address this by adjusting p-values based on
a Bonferroni correction with two tests.

Simulation Studies

We consider two simulation settings. In first simulation setting, the errors follow a bivariate
normal distribution with mean (0,1.2) with variance 1 and correlation p = 0,0.25. The indepen-
dent censoring time C is generated from log(U*), where U* has uniform distribution with mini-
mum value 0 and maximum value 20. Covariate is Z ~ Bernoulli(0.5), where Bernoulli(0.5) is
Bernoulli distribution with success probability 0.5. We run 500 simulation runs. Within each
simulation run, 500 resampling runs are tried for covariance matrix calculation. Sample sizes
are N = 150 and N = 300. If there is only one covariate in the model, the first and the second
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Table 1. Simulation result when N = 150 and N = 300, p = 0 with covariate Bernoulli(0.5).

Estimators’ N =150

Bias (Dmedian?) MSE? (Mediansq®) SEE5(Sdmedian®) Coverage’
ot 0.018 (0.018) 0.04 (0.017) 0.204 (0.2) 0.95
o7 0.021 (0.014) 0.036 (0.017) 0.193 (0.19) 0.96
ne 0.016 (0.006) 0.036 (0.015) 0.188 (0.185) 0.95
Estimators’ N =300

Bias (Dmedian?) MSE®(Mediansq®) SEE®(Sdmedian®) Coverage’
ot -0.002 (-0.003) 0.017 (0.006) 0.140 (0.140) 0.95
o -0.001 (0.002) 0.016 (0.007) 0.133 (0.132) 0.95
e -0.004 (-0.002) 0.016 (0.007) 0.130 (0.129) 0.94

1 6t: the estimator by [13]; 8°: the estimator by [17]; 6V%: the weighted estimator by the proposed approach (Note that the marginal approach and the joint
approach are equal in one variable case)

median of difference of the estimator from true value

mean squared error

median of squared error

mean of standard error

median of standard error

7 95% coverage rate

2
3
4
5
6
doi:10.1371/journal.pone.0124381.t001

method of the weighted estimation are equivalent. Let this common weighed estimator be 8"E.
We calculate bias (Bias), mean squared error (MSE), mean of standard error (SEE), 95% cover-
age rate (Coverage). The coverage is based on the normal approximation. Moreover, to evalu-
ate robustness of estimators, we also compute median of difference of the estimator from true
value (Dmedian), median of squared error of estimates (Mediansq), and median of standard
errors (Sdmedian). Results are summarized on Table 1 and Table 2.

In second simulation setting, we generate Gamma random variable v with mean y = 1 and
variance 0” = 0 or 1, then create W = exp (¢*), which is an exponential random variable with
rate 4v™" and exp (¢”) with an exponential random variable with rate v'. Then we generate
time to the event of interest by exp(X) = exp(6; Z)exp(e*) and time to the dependent censor-
ing by exp(D) = exp(n!Z)exp(e”) (By notation in our paper, X, D and C are already log-trans-
formed times. Thus in this context, exp (X), exp (D) and exp (C) are times in the original
scale). The independent censoring time exp (C) has uniform distribution with minimum value
0 and maximum value 20. True parameter values are 8, = (0.5,1)" and 1y = (1,0.5)" and covari-
ates are Z; ~ U(0,1), where U(0,1) is uniform distribution with minimum value 0 and maxi-
mum value 1 and Z, ~ Bernoulli(0.5). We run 500 simulation runs. Within each simulation

run, 500 resampling runs are tried for covariance matrix calculation. Let 8" be weighted esti-

mators from calculating weights marginally (the first proposed method) and let §/"F be weight-
ed estimators from calculating weights jointly (the second proposed method). We compute the
same quantities as we did in the first set of the simulation study. Results are summarized on
Table 3 and Table 4.

In these simulation results, we can see that our weighted estimators have good results. In
both cases, bias and mean squared error of our new estimator has similar performance com-
pared to the estimators by [13] and [17]. Mean of standard errors and median of standard
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Table 2. Simulation result when N =150 and N = 300, p = 0.25 with covariate Bernoulli(0.5).

Estimators’ N =150

Bias (Dmedian?) MSE3(Mediansq?) SEE®(Sdmedian®) Coverage’
ot 0.005 (0.01) 0.036 (0.017) 0.198 (0.197) 0.95
o 0.006 (0.007) 0.032 (0.015) 0.189 (0.188) 0.95
ne -0.001 (-0.006) 0.033 (0.016) 0.184 (0.183) 0.94
Estimators N =300

Bias (Dmedian®) MSE3(Mediansq®) SEE®(Sdmedian®) Coverage’
ot -0.003 (0.005) 0.018 (0.008) 0.138 (0.137) 0.95
e 0.001 (0.007) 0.017 (0.007) 0.131 (0.131) 0.95
e -0.003 (0.002) 0.017 (0.007) 0.129 (0.128) 0.95

1 6t: the estimator by [13]; 8°: the estimator by [17]; 6V%: the weighted estimator by the proposed approach (Note that the marginal approach and the joint
approach are equal in one variable case)

median of difference of the estimator from true value

mean squared error

median of squared error

mean of standard error

median of standard error

7 95% coverage rate

2
3
4
5
6

doi:10.1371/journal.pone.0124381.t002

errors are smaller than the estimators by [13] and [17]. Moreover, computation results for the
median of difference of the estimators from true value and the median of squared error imply
that our proposed estimator is comparable with the estimators from the original methods.

In the first simulation setting, the difference of standard error between our proposed estima-
tor and " is bigger than the one between 8" and the proposed estimator. In the second simula-
tion setting, the phenomenon is the opposite. Furthermore, in the first simulation setting, 0*
has lower standard error on average than one of 6 while 8" have better efficiency (with respect
to standard error) than ones by 87 in the second simulation setting. This simulation result veri-
fies our claim, which means that neither estimator is better than another. Our proposed estima-
tor takes advantage of smaller standard error with achieving small bias and correct coverage
except N = 150 with ¢” = 1 in the second simulation setting. In this scenario, empirical coverage
of proposed estimators is lower than nominal 95% coverage. This is due to low coverage of 6".

Since we combine 8" and 87, if one of them has low coverage, it is highly likely that the cover-
age of weighted estimator may also be below the nominal coverage.

Real data analysis

We applied our method to data from the AIDS Clinical Trial Group (ACTG) Study 364 [1],
which was used in [17]. This multicenter randomized study investigated patients whose plasma
RNA level is at least 500 copies per ml. Subjects were assigned to three treatments, nelfinavir
(NFV), efavirenz (EFV), and combination of nelfinavir and efavirenz (NFV + EFV). Details
about this study can be found in [1].

The two failure times are time to HIV RNA level greater than 2000 copies per ml and time
to withdrawal of study. Let X be the first time when HIV RNA level is greater than 2000 copies
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Table 3. Simulation result when N = 150 and N = 300, o2 = 0 with two covariates (Z,: U(0, 1), Z: Ber-
noulli(0.5)).

Estimators’ N =150
Bias (Dmedian?) MSE3(Mediansq®) SEE®(Sdmedian®) Coverage’

Z, Z, Z, Z, Z, Zy Z, Z5

oL 0.0001 0.002 0.12 0.042 0.358 0.226 0.96 0.96
(0.002) (-0.005) (0052)  (0.018)  (0.352)  (0.222)

o° -0.003 -0.003 0.158 0.051 0.427 0.243 0.96 0.96
(0.003) (-0.002) (0.074)  (0.023)  (0.418)  (0.241)

QMWE 0.003 0.003 0.123 0.043 0.351 0.219 0.95 0.95
(-0.007) (0.003) (0.053)  (0.019)  (0.349)  (0.218)

9/WE 0.003 0.004 0.123 0.043 0.351 0.219 0.94 0.95
(-0.007) (0.001) (0055  (0.018)  (0.349)  (0.217)

Estimators’ N =300

Bias (Dmedian?) MSE®(Mediansq®) SEE®(Sdmedian®) Coverage’

Z1 22 Z1 Zg Z1 22 Z1 Zz

oL -0.012 0.004 0.065 0.02 0.257 0.148 0.95 0.96
(-0.013) (0.001) 0.028)  (0.01) (0.255)  (0.148)

o° -0.014 -0.001 0.081 0.024 0.283 0.162 0.95 0.96
(-0.017) (-0.015) (0.035)  (0.013)  (0.281)  (0.162)

GMWE -0.01 0.003 0.064 0.02 0.252 0.146 0.95 0.96
(-0.012) (0001)  (0.031)  (0.01) (0251)  (0.146)

9/WE -0.01 0.003 0.064 0.02 0.251 0.146 0.95 0.96
(-0.014) (0.002) 0032)  (0.01) (0.25) (0.146)

1 6 the estimator by [13]; 87: the estimator by [17]; §"VE: the weighted estimator by the marginal

approach; 8/¥¢: the weighted estimator by the joint approach
2 median of difference of the estimator from true value

3 mean squared error

# median of squared error

5 mean of standard error

® median of standard error

7 95% coverage rate

doi:10.1371/journal.pone.0124381.t003

per ml and D be time to withdrawal of study. We considered four covariates and 194 observa-
tions. Z; takes value 1 if a patient receives EFV and 0 otherwise. Z, takes value 1 if a patient re-
ceives NFV + EFV and 0 otherwise. Z; is New3TC, which takes value 1 if lamivudine is given
as a new nucleoside analogue therapy to a patient and 0 otherwise. Z, is logarithm of RNA
level at the start of the study.

Table 5 and Table 6 show the point estimates and standard errors of 7}, 0", 07, 9M"F and

0’"E. Our method works well for the models with and without New3TC on all covariates. Some
variables are seen to be statistically significant based on the weighted estimator while they are
not by [13] or [17]. For example, let’s consider effect of EFV to the time to first virologic failure.
By Table 6, the estimated effect by using approach of [13] is 0.475 and its standard error is
0.250. From approach of [17], an estimate is 0.464 and its standard error is 0.281. Based on the
fact that estimators are asymptotic normal, from Wald test using [13] and [17], EFV is not a
statistically significant variable on 5% significant level. On the other hand, a weighted estimate
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Table 4. Simulation result when N = 150 and N = 300, o2 = 1 with two covariates (Z4: U(0,1), Z,: Ber-
noulli(0.5)).

Estimators’ N =150
Bias (Dmedian?) MSE3(Mediansq®) SEE®(Sdmedian®) Coverage’

Z, Z, Z, Z, Z, Zy Z, Z5

oL -0.010 -0.033 0.273 0.086 0.441 0.315 0.90 0.96
(-0.003) (-0.039) (0127)  (0.038)  (0.434)  (0.312)

o° 0.002 -0.032 0.295 0.095 0.559 0.325 0.95 0.96
(-0.002) (-0.046) (0142)  (0.038)  (0.552)  (0.324)

QMWE -0.009 -0.030 0.263 0.085 0.437 0.303 0.90 0.96
(-0.008) (-0.031) 0128)  (0.041)  (0.432)  (0.301)

9/WE -0.009 -0.030 0.262 0.086 0.437 0.303 0.90 0.96
(-0.008) (-0.03) 0.128)  (0.04) (0432)  (0.301)

Estimators’ N =300

Bias (Dmedian?) MSE®(Mediansq®) SEE®(Sdmedian®) Coverage’

Z1 22 Z1 Zg Z1 22 Z1 22

oL -0.024 0.003 0.133 0.04 0.345 0.211 0.94 0.96
(-0.038) (-0.006) (0.057)  (0.019)  (0.344)  (0.21)

o° -0.016 0.012 0.148 0.045 0.384 0.222 0.96 0.97
(-0.016) (0.003) (0.059)  (0.02) 0382)  (0.222)

GMWE -0.024 0.007 0.134 0.04 0.341 0.207 0.94 0.96
(-0.035) (0.003)  (0.058)  (0.019)  (0.341)  (0.207)

9/WE -0.025 0.007 0.135 0.039 0.341 0.206 0.94 0.96

(-0.035) (-0.002) (0.058) (0.018) (0.341) (0.207)

1 6 the estimator by [13]; 87: the estimator by [17]; §"VE: the weighted estimator by the marginal
approach; 8/¥¢: the weighted estimator by the joint approach

2 median of difference of the estimator from true value

3 mean squared error

# median of squared error

5 mean of standard error

® median of standard error

7 95% coverage rate

doi:10.1371/journal.pone.0124381.t004

Table 5. Point estimates with standard errors of covariates in AIDS study for model without New3TC (Standard errors are shown in parenthesis).

Covariates ]

EFV' 0.753 (0.339)
NFV2+ EFV 0.674 (0.255)
log(RNA)® -0.544 (0.154)
1 efavirenz

2 nelfinavir

8 logarithm of RNA at the start of the study

doi:10.1371/journal.pone.0124381.1005

éL éP éMWE éJWE

0.115 (0.219) 0.375 (0.269) 0.168 (0.206) 0.2 (0.205)
1.128 (0.239) 1.091 (0.309) 1.120 (0.222) 1.114 (0.222)
-0.464 (0.215) -0.531 (0.169) -0.507 (0.163) -0.511 (0.162)
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Table 6. Point estimates with standard errors of covariates in AIDS study for model with New3TC (Standard errors are shown in parenthesis).

Covariates ]

EFV' 0.770 (0.278)
NFV2+ EFV 0.650 (0.260)
New3TC? 0.927 (0.355)
log(RNA)* -0.631 (0.183)
' efavirenz

2 nelfinavir

éL éP éMWE éJWE

0.475 (0.250) 0.464 (0.281) 0.471 (0.222) 0.471 (0.222)
1.353 (0.277) 1.246 (0.338) 1.333 (0.263) 1.317 (0.261)
1.449 (0.296) 1.374 (0.328) 1.431 (0.267) 1.420 (0.261)
-0.654 (0.289) -0.661 (0.218) -0.659 (0.216) -0.660 (0.215)

3 lamivudine as new nucleoside analogue therapy

4 Jogarithm of RNA at the start of the study

doi:10.1371/journal.pone.0124381.t006

using first approach is 0.471 and its standard error is 0.222. In this case, EFV is a statistically
significant variable on 5% significant level.

Observed score process with bootstrapped processes for withdrawal of study with respect to
Z, is shown in Fig 1. Fig 2 and Fig 3 show observed score processes and bootstrapped processes
of the first virologic failure using &, &" with respect to Z;. These three plots are based on the
model without New3TC. They are fluctuating around zero, so it seems that there is no graphi-
cal evidence for lack of fit. The p-value for the lack of fit tests of withdrawal is 0.952 and the
first virologic failure using &" and &” are 0.918 and 0.959 respectively. With graphical check-
ing, p-value indicates that there is no evidence for violation of the model assumption.

For purposes of interpretation, since D represents a standard survival time, the interpreta-
tion of 77 is in terms of covariate effect for survival time. However, since the observed time for

X depends on D, interpretation of 8 is difficult. One way to interpret @ is to assume that D does

not exist and interpret the effect of 6 on X only. This approach is possible if there exists a rea-
sonable extrapolation mechanism for X [18]. However, considering the estimation structure

for 0, it is difficult to separate effect of 0 to X from effect of j to D.

Discussion

In this paper, we have proposed optimal estimators using combinations of the two estimators
from [13] and [17]. Our methodology can be extended to a case of recurrent event with depen-
dent censoring, which is extensively studied [6], [7], [10]. We are currently working on

this extension.

Optimality of the estimator has been discussed in other contexts. Recently, there is a publi-
cation that proposed optimal additive functions based on score functions [14]. The main point
of their method is to combine unbiased estimating functions. In our case, this would be com-
bining estimating equations and new solution can be obtained by this estimating equation.
Comparing performance of this solution and our proposed estimator is of interest. This will be
left open to future research.

Another way of achieving optimality is to use generalized method of moment estimator [8].
This estimator is a linear combination of estimating functions [19]. In this case, the estimating
functions have a greater dimension than the dimension of the parameter vector. The optimality
is achieved by the linear combination. It is shown that the estimator from this linear combina-
tion of estimating functions is consistent and asymptotically normal [8]. In the literature of sta-
tistics, this idea is applied to generalized estimating equations [19]. The estimating functions
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Fig 1. Plot of observed score process and bootstrapped processes of time to withdrawal of study with respect to Z,. The thickline is observed
process and the dashed lines are bootstrapped processes.

doi:10.1371/journal.pone.0124381.g001

proposed by [19] are called quadratic inference function. Recently, the quadratic inference
function is applied to Cox model [26].

[8] and [19] derived new estimating functions, while we combined two estimators directly.
This idea of the generalized method of moments is very appealing, but the estimating functions
of [13] and [17] are nonsmooth. Finding derivative for the linear combination of the estimating
functions, which is a key in generalized method moments, is challenging for our work because
we cannot find the derivatives in the estimating functions proposed by [13] and [17]. Applying
the idea of [8] to AFT model will be interesting future research.
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Our estimating equations to obtain estimators involve nonsmooth functions of 7 and .
Many literatures used a linear programming approach for estimating 8 [3], [11]. However, this
linear programming method is very slow for computing estimators of 8. Thus this approach is
very inefficient when implementing to solve (Eq 11) for estimation of 2. Recently, an approach

called a derivative free-spectral algorithm for nonlinear equations (DF-SANE) was proposed

[12], and there is a publication that showed that this algorithm is better than the linear pro-
gramming method using an example of estimating parameters of AFT models under indepen-
dent censoring. [21]. However, under dependent censoring, the artificial censoring term leads
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Fig 3. Plot of observed score process and bootstrapped processes of time to first virologic failure using &” with respect to Z;. The thickline is
observed process and the dashed lines are bootstrapped processes.

doi:10.1371/journal.pone.0124381.9003

to numerical instability in estimating parameters and calculating resampled estimators. More-
over, this algorithm does not converge well under default tolerance settings using DF-SANE
[21]. Thus using this algorithm requires changing the tolerance level. Developing efficient nu-

merical algorithms for estimating parameters is an important topic for future research.
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