
6504–6527 Nucleic Acids Research, 2018, Vol. 46, No. 13 Published online 6 June 2018
doi: 10.1093/nar/gky478

Transfer-matrix calculations of the effects of tension
and torque constraints on DNA–protein interactions
Artem K. Efremov1,2,* and Jie Yan1,2,3,*

1Mechanobiology Institute, National University of Singapore, 117411, Singapore, 2Centre for Bioimaging Sciences,
National University of Singapore, 117557, Singapore and 3Department of Physics, National University of Singapore,
117551, Singapore

Received February 10, 2018; Revised May 09, 2018; Editorial Decision May 15, 2018; Accepted May 17, 2018

ABSTRACT

Organization and maintenance of the chromosomal
DNA in living cells strongly depends on the DNA in-
teractions with a plethora of DNA-binding proteins.
Single-molecule studies show that formation of nu-
cleoprotein complexes on DNA by such proteins is
frequently subject to force and torque constraints
applied to the DNA. Although the existing experi-
mental techniques allow to exert these type of me-
chanical constraints on individual DNA biopolymers,
their exact effects in regulation of DNA–protein in-
teractions are still not completely understood due to
the lack of systematic theoretical methods able to
efficiently interpret complex experimental observa-
tions. To fill this gap, we have developed a general
theoretical framework based on the transfer-matrix
calculations that can be used to accurately describe
behaviour of DNA–protein interactions under force
and torque constraints. Potential applications of the
constructed theoretical approach are demonstrated
by predicting how these constraints affect the DNA-
binding properties of different types of architectural
proteins. Obtained results provide important insights
into potential physiological functions of mechanical
forces in the chromosomal DNA organization by ar-
chitectural proteins as well as into single-DNA ma-
nipulation studies of DNA–protein interactions.

INTRODUCTION

DNA-architectural proteins play a major role in the genome
structural organization and maintenance of its functional-
ity in living cells, regulating a delicate balance between the
chromosomal DNA condensation level and its accessibility
to various DNA-binding proteins. By synergistically coop-
erating or antagonizing each other’s action on the chromo-
somal DNA, architectural proteins can adjust its mechani-

cal properties, compaction level and supercoiling state on
a local as well as the global genome scales, affecting the
transcription level of numerous genes in living cells. Thus,
by regulating the DNA-binding properties of architectural
proteins, cells can dynamically change organization of the
chromosomal DNA and rapidly switch between different
gene expression patterns in response to environmental cues
(1–3).

While DNA-architectural proteins are the key compo-
nents determining the chromosomal DNA organization, it
should be noted that they perform their function in the
context of numerous mechanical constraints imposed on
the DNA by various factors, such as multiple DNA mo-
tor proteins [topoisomerases, helicases, RNA/DNA poly-
merases, etc. (4–9)], that generate stretching and twisting
forces on the chromosomal DNA (10–15). It is also known
that chromosomes form extensive adhesion contacts with a
number of nuclear membrane proteins, establishing force-
transmitting links between the chromosomal DNA and
cytoplasmic cytoskeleton, which frequently carries strong
mechanical loads (16–18). As a result, the chromosomal
DNA is a subject to the combined action of both DNA-
architectural proteins and the mechanical constraints ap-
plied to it. Together, these factors not only determine the
physical organization of the chromosomal DNA, but also
play the major role in gene transcription regulation inside
living cells.

Indeed, it has been revealed in recent experiments that
cells not only use various mechanical constraints to shape
the chromosomal DNA, but actually can sense and process
mechanical forces applied to the nucleus, changing the level
of genes’ transcription in response to their action (17–21).
While the exact molecular processes responsible for such
mechanosensing of living cells remain unclear, recent ex-
perimental studies suggest that this may be the result of
force- and torque-dependent interactions between different
groups of DNA-architectural proteins and chromosomal
DNA.
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Namely, crystallographic and single-molecule experi-
ments show that upon binding to DNA proteins frequently
prompt various conformational changes in the DNA struc-
ture, which can be coupled to force and torque constraints
applied to the DNA, affecting the DNA-binding properties
of proteins (22–34). What is even more interesting, existing
experimental data indicate that different groups of DNA-
architectural proteins frequently produce very distinct re-
sponses to the applied mechanical constraints. Indeed, ac-
cording to their mechanism of interaction with DNA all ar-
chitectural proteins can be divided into four major groups
(1): (i) DNA-wrapping proteins, which fold DNA into com-
pact nucleoprotein complexes (such as eukaryotic/archaeal
histones) (23,24,35); (ii) DNA-bending proteins, which
sharply curve DNA at the protein binding site (like bacterial
HU, IHF and Fis) (22,25–28,30,32,36); (iii) DNA-bridging
proteins that cross-link DNA duplexes (e.g. bacterial H-
NS, human HMGA2 or any other protein that mediates
DNA loops) (29,37–39) and (iv) DNA-stiffening proteins
forming rigid nucleoprotein filaments along DNA (like ar-
chaeal TrmBL2 and Alba) (31,33,40). Thus, the four major
groups of DNA-architectural proteins form nucleoprotein
complexes, which have very different 3D structures, leading
to diverse responses of these proteins to force and torque
constraints applied to DNA.

For example, previous studies have shown that while sup-
pressing formation of nucleoprotein complexes by DNA-
bending and DNA-wrapping proteins, mechanical stretch-
ing of DNA promotes its interaction with DNA-stiffening
proteins (32,36,41–44). Likewise, torque exerted on DNA
can either enhance or weaken binding of DNA-wrapping
proteins depending on the chirality of the resulting nucleo-
protein complexes and the direction of the applied torque
(45). Such a differential response of proteins to mechanical
constraints applied to DNA suggests that it is possible to
shift balance between nucleoprotein complexes formed by
different groups of proteins in favour of one or the other
protein group by changing the applied constraints (33).

Indeed, as experimental data show, this mechanism is fre-
quently used by living cells to organize their chromosomal
DNA. For example, topoisomerases I and II relax positive
(right-handed) torsion accumulated in DNA during chro-
mosome condensation by architectural proteins (histones)
or due to DNA replication/transcription processes, allow-
ing continuous assembly of left-handed nucleosome com-
plexes that would not otherwise form on positively super-
coiled DNA (46–48). This type of DNA organization con-
trol even more pronounced in bacterial cells, which use gy-
rases to maintain negatively supercoiled state of their cir-
cular chromosomal DNA to promote its interaction on a
local and the global scales with various DNA-architectural
proteins, such as H-NS and HU (49–51).

To better understand potential roles of mechanical con-
straints in regulation of DNA interactions with architec-
tural proteins, a number of single-DNA manipulation ex-
perimental methods have been recently developed, allow-
ing one to control the supercoiling state of individual DNA
molecules as well as to apply force and torque constraints to
them (52–61). While such experiments may provide impor-
tant information regarding the effects of mechanical con-
straints onto the DNA-binding properties of architectural

proteins, it should be noted that typical observables mea-
sured in these experiments, such as the DNA extension and
linking number change, frequently have highly complex de-
pendence on the force and torque constraints applied to the
DNA, especially in the presence of DNA-binding proteins
in solution. As a result, interpretation of the collected ex-
perimental data poses a challenging task that requires de-
velopment of a general theoretical framework aimed at de-
scription of DNA-binding behaviour of architectural pro-
teins in a wide range of force and torque constraints applied
to DNA.

So far, most of the previous theoretical studies have been
mainly focussed on understanding of the effects of stretch-
ing force on protein binding to a torsionally relaxed DNA,
proposing several different approaches to investigate this
question (42,44,62–73). Among the proposed methods, the
transfer-matrix theory developed based on a discretized
semi-flexible polymer chain model of DNA has several
unique advantages by providing very fast semi-analytical
calculations of equilibrium conformations of DNA that al-
low one to easily incorporate DNA heterogeneity into the
computations (42,64,69,74).

Furthermore, by using several famous results from the
group theory, it has been recently shown that the transfer-
matrix formalism can be further extended to take into con-
sideration not only force, but also torque constraints, con-
siderably increasing the scope of its potential applications,
including but not limited to description of local DNA struc-
tural transitions and sequence-dependent response of DNA
to stretching and torsional strains (75,76). What is even
more important, this advancement in the transfer-matrix
calculations opens a completely new way to development
of a general theoretical framework aimed at description
of DNA–protein interactions under both force and torque
constraints.

In this study, we show in details how such theoretical
framework can be constructed based on the mathematical
formalism described in ref. (75,76) and demonstrate how the
developed theoretical approach can be used to obtain in-
sights into potential roles of force and torque constraints
in regulation of DNA interaction with different types of
DNA-binding proteins found in living cells.

MATERIALS AND METHODS

Theoretical calculations

All the computations presented in this study were done by
using in-house written software developed in Matlab 8.5.0.
The source code of the simplified versions of the programs
can be downloaded from the personal websites of the au-
thors: www.artem-efremov.org (A.K.E.) and www.physics.
nus.edu.sg/∼biosmm/ (J.Y.).

Experimental data

The force-extension curves of DNA in the presence of
TrmBL2 protein in solution were measured by using trans-
verse magnetic tweezers. The details of the protein expres-
sion, purification and single-DNA stretching experiments
can be found in our previous publication (33).

file:www.artem-efremov.org
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GENERAL THEORY

Brief outline of the theoretical framework

In our previous work, it has been shown that DNA be-
haviour under mechanical constraints can be accurately de-
scribed by a semiflexible polymer model in which DNA is
represented by a polygonal chain consisting of straight seg-
ments whose 3D orientations in space are characterized by
the three Euler rotation angles, see Figure 1A and B. In-
troducing transfer-matrices defined on each of the vertices
joining neighbouring DNA segments, it is then possible to
calculate the DNA partition function and obtain detailed
information regarding the DNA conformation and DNA
structural fluctuations under force and torque constraints
(75,76). In this study, we describe how the previously devel-
oped transfer-matrix formalism can be further expanded to
integrate DNA–protein interactions into the model. While
all of the details can be found in Supplementary Appen-
dices A–G, in this section we will mainly focus on the central
ideas and assumptions underlying the transfer-matrix cal-
culations for DNA behaviour under force and torque con-
straints in the presence of DNA–protein interactions.

As before, DNA will be represented by a discretized
polygonal chain consisting of short segments, which are
treated as rigid bodies with a local coordinate system
(x j , y j , z j ) attached to each of the DNA segments, see
schematic Figure 1A. Here j is the index enumerating all of
the DNA segments from 1 to N, where N is the total number
of segments in the discretized polymer chain representing
DNA molecule. 3D orientation of each of the coordinate
systems, and thus each of the DNA segments, is then can
be described by the Euler rotation matrix R j = Rα j Rβ j Rγ j

resulting from the composition of three successive revolu-
tions through Euler angles �j, �j and � j about the fixed lab
coordinate frame (x0, y0, z0), see Figure 1B.

Besides the 3D orientation, DNA segments in addition
are characterized by their physical state. Namely, existing
experimental data show that depending on the force and
torque constraints applied to DNA it may exist in several
different structural states known as B-, L-, P-DNA, etc.
(56,77–82). For the sake of simplicity, in this study we con-
sider only the following structural states of DNA, which are
the most relevant to the physiological ranges of forces and
torques: (i) B-DNA state, which is typical for relaxed DNA
polymer; (ii) L-DNA, which is favoured at negative torques
and (iii) P-DNA, which is favoured at positive torques,
see more detailed description of these DNA forms in ref.
(75,76). Thus, in the absence of protein binding, the DNA
conformation is completely determined by the two sets of
parameters: (i) rotation matrices (R1, ..., RN) describing ori-
entations of all DNA segments, and (ii) indexes (k1, ..., kN)
representing the structural states of these segments, such
that for each segment j = 1, ..., N we put kj = 0 for B-DNA
segments, kj = −1––for L-DNA segments and kj = −2––for
P-DNA segments.

Incorporation of DNA–protein interactions into the
model results in appearance of additional DNA segment
states. Indeed, besides indexes kj = −2, −1 and 0 (j = 1, ...,
N) that indicate the structural states of bare DNA segments,
we also need to have a mean to describe the states of DNA

segments residing inside nucleoprotein complexes formed
on DNA. Namely, to mark the positions of DNA segments
in each of the nucleoprotein complexes, we will use positive
values for indexes kj that will designate the sequence num-
ber of each DNA segment with respect to the DNA entry
point into the complex. In other words, assuming that the
protein of interest occupies K DNA segments upon binding
to DNA, one can assign K DNA binding sites on the protein
surface––from 1 (the first DNA binding site on the protein
surface) to K (the last DNA binding site on the protein sur-
face). Correspondingly, for each DNA segment bound to
the protein we put the value of kj equal to the index of the
respective binding site on the surface of the protein––from
kj = 1 (if the DNA segment is bound to the first binding site
on the protein surface) to kj = K (if the DNA segment is
bound to the last binding site on the protein surface). Thus,
in the presence of DNA–protein interactions, indexes kj (j
= 1, ..., N) take integer values in the range from −2 to K,
with kj = −2, −1, 0 representing bare DNA segments be-
ing in P-, L- or B-DNA states, respectively; and kj = 1, ...,
K corresponding to protein-bound DNA segments. In the
latter case, for a given DNA segment, j, parameter kj equals
to the index of the DNA binding site on the protein surface
to which this DNA segment is bound. As an example, see
schematic figure Figure 1C for the case of K = 12.

In the general case, the total conformational energy of
DNA interacting with proteins, Etot, can be written as a sum
of the following energy terms:

Etot(k1...kN, R1...RN) = EDNA + Eprotein + � f + �τ (1)

Here EDNA is the sum of the bending and twisting deforma-
tion energies of all protein-unbound bare DNA segments,
and Eprotein is the sum of the energies associated with nu-
cleoprotein complexes formed on the DNA. Furthermore,
Φf = −(f · d) is the potential energy related to the stretching
force f applied to the DNA, where d denotes the DNA end-
to-end vector; and Φτ = −2�τ�Lk is the potential energy
associated with the torque τ applied to the DNA, where
�Lk denotes the DNA linking number change with respect
to the torsionally relaxed B-DNA state, which is used in this
study as a reference state for the energy calculations. For the
sake of simplicity, all of the energies in this study are pre-
sented in kBT units, where kB is Boltzmann constant and
T is temperature of the surrounding environment. For this
reason, the force f and torque τ are scaled by kBT; thus, f
has a dimension of 1/length and τ is dimensionless.

While the above energy terms will be discussed in details
in the next section, here we only would like to stress that un-
der very general assumptions it is possible to represent the
total conformational energy of DNA, Etot, as a sum of local
DNA segment contributions [see Supplementary Appendix
B]:

Etot(k1...kN, R1...RN)

=
N−1∑
j=1

Ekj kj+1

(
R j , R j+1

) + EkNk1 (RN, R1) (2)

Where Ekj kj+1

(
R j , R j+1

)
is the local energy contribution

by the jth vertex in the polygonal chain representing
DNA that joins the jth and the (j + 1)th DNA segments.
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Figure 1. Semiflexible polymer chain model of DNA. (A) In the model, DNA is represented by a polygonal chain comprised of straight segments. The
latter are considered as rigid bodies with attached local Cartesian coordinate frames, (x j , y j , z j ), whose 3D-orientations in space with respect to the fixed
global coordinate system (x0, y0, z0) are described by the Euler rotation matrices, Rj. (B) Each rotation matrix, Rj, results from the composition of three
successive revolutions of the coordinate frame (x j , y j , z j ) relative to the fixed coordinate system (x0, y0, z0) through Euler angles �j, �j and � j shown on
the graph. (C–F) Proteins binding to DNA results in formation of nucleoprotein complexes that constrain protein-bound DNA segments in a specific 3D
conformation: DNA-stiffening proteins typically form straight nucleoprotein filaments along DNA (C), while DNA-bending proteins kink DNA at the
binding site (D); as for DNA-wrapping proteins, such as histone tetramers and octamers, their interaction with DNA results in formation of solenoid-
like nucleoprotein complexes (E and F). On panels (C–F), bare DNA segments are shown in blue color and protein-bound DNA segments forming the
respective nucleoprotein complexes are presented in red colour. On panel (C), indexes kj, which are displayed above the DNA segments, indicate the physical
states of the corresponding segments.

Ekj kj+1

(
R j , R j+1

)
in the general case depends on the states

kj and kj + 1 of the jth and the (j + 1)th DNA segments as well
as their orientations, Rj and Rj + 1. The last term in Equation
(2) describes the contribution of the DNA end segments,
which may be considered as a part of boundary conditions
imposed on the DNA.

Knowing the total conformational energy of DNA, it
is then straightforward to find its partition function, Zf, τ ,
which can be calculated as:

Zf,τ =
K∑

k1...kN=−2

∫
dR1...dRN d[ηin] ξ (RN, R1)

×e−Etot(k1...kN,R1...RN) (3)

Where �(RN, R1) is a function that imposes specific bound-
ary conditions on the orientations of the DNA end seg-
ments. In the above formula, integrations are carried out
over all of the DNA segment orientations, (R1, ..., RN). Fur-
thermore, in order to take into account orientational free-
dom of nucleoprotein complexes, we in addition perform
integration

∫
d[�in] over all possible rotations of these com-

plexes with respect to the axes of the DNA segments en-
tering them, for more details see comments after Equation
(B11) in Supplementary Appendix B.

Substituting Equation (2) into Equation (3), it can be
shown that the exponent in Equation (3) can be re-written as
a product of local transfer-functions, Tkj kj+1 (R j , R j+1), de-
fined on the vertices joining neighbouring DNA segments,
where Tkj kj+1 (R j , R j+1) = ∫

dηin e−Ekj kj+1 (R j ,R j+1) if the jth
and (j + 1)th DNA segments are located at the interface
between bare DNA and one of the nulceoprotein com-
plexes, such that (kj, kj + 1) = (0, 1), (−1, 1) or (−2, 1);

and Tkj kj+1 (R j , R j+1) = e−Ekj kj+1 (R j ,R j+1) in all other cases
[for more details see Supplementary Appendices C and G].
Indeed, from Equations (2), (3) and the above definition of
local DNA transfer-functions, it is not hard to see that the
partition function, Zf, τ , turns into:

Zf,τ =
K∑

k1...kN=−2

∫
dR1...dRN

N−1∏
j=1

Tkj kj+1

(
R j , R j+1

)
×σkNk1 (RN, R1) (4)

Here all of the
∫

d[�in] integrals from Equation (3) are ad-
sorbed into Tkj 1(R j , R j+1) transfer-functions correspond-
ing to the DNA segments entering nucleoprotein com-
plexes. As for σkNk1 (RN, R1) functions, they describe the
boundary conditions imposed on the DNA end segments
and have the following simple form:

σkNk1 (RN, R1) = ξ (RN, R1) e−EkNk1(RN,R1) (5)

Where EkNk1 (RN, R1) depends on the states of the first and
the last DNA segments, and, in addition, on the potential
energy of the last segment due to the force f = |f| applied to
the DNA, see Equation (C5)–(C6) in Supplementary Ap-
pendix C.

To calculate all of the
∫

dRj integrals in Equation (4), it
is convenient to expand Tkj kj+1

(
R j , R j+1

)
and σkNk1 (RN, R1)

elements into the series of orthogonal D-functions, Ds
p,q (R),

that form basis in the Hilbert space of square-integrable
functions defined on SO(3) group of 3D rotation matrices
(83). Then by using orthogonality of Ds

p,q (R) basis, it can be
shown that

∫
dR1...dRN integrals in Equation (4) reduce to a

mere multiplication of matrices composed of the expansion
coefficients of Tkj kj+1

(
R j , R j+1

)
and σkNk1 (RN, R1) functions
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[see Supplementary Appendix C]:

Zf,τ = Tr
(
ULN−1Y

)
(6)

Here the entries of matrix L are the expansion coefficients of
Tkj kj+1

(
R j , R j+1

)
transfer-functions; and matrices Y and U

are composed of the expansion coefficients of σkNk1 (RN, R1)
functions, which for convenience reasons are split into two
parts [see Supplementary Appendices C and F for more de-
tails].

Knowing the DNA partition function, Zf, τ , it is then
rather straightforward to calculate the DNA extension (z)
and linking number change (�Lk) as well as the total num-
ber of protein-bound (Npr) and bare (Nu) DNA segments
in each of the states, u = L- or P-DNA, by differentiating
Zf, τ with respect to force (f), torque (τ ), protein binding en-
ergy (�pr) or DNA base-pairing energy in the correspond-
ing state (�n, n = −1 or −2), accordingly [see Equation (G1)
in Supplementary Appendix G]. From these observables it
is then easy to find the DNA superhelical density (σ ) and
the DNA occupancy fraction by DNA-bound proteins (O)
as: σ = �Lk/Lk0 and O = Npr/N. Here Lk0 is the linking
number of a torsion-free B-DNA, which in the case of DNA
comprised of Nbp base-pairs equals to Lk0 = Nbp/h0, where
h0 is the helical repeat of B-DNA.

Evaluation of the above parameters based on the
transfer-matrix computations of the DNA partition func-
tion provides a simple and fast way to predict changes in the
DNA conformation as well as in DNA–protein interactions
in response to mechanical constraints applied to the DNA,
making it possible to compare theoretical results presented
here to direct measurements performed in single-molecule
experiments.

DNA energy terms

As can be seen from the previous section, by having at hand
a mathematical expression for the total conformational en-
ergy of DNA, it is possible to calculate the DNA partition
function and predict the equilibrium behaviour of DNA un-
der various force and torque constraints applied to it. To
provide insights into the energy terms contributing to the
total conformational energy of DNA, which were briefly
mentioned in Equation (1), here we present their detailed
mathematical description with references to Supplementary
Appendices sections, where interested readers can find more
additional information.

While EDNA energy term in Equation (1) has been previ-
ously discussed in details in ref. (75), we would like to briefly
remind that in the general case it has the following form:

EDNA =
N−1∑
j=1

0∑
n,m=−2

δkj nδkj+1m

{an

2

(
R j z0−R j+1z0

)2

+cn

2

[
2π�Tw j

(
R j , R j+1

)]2 + J (1 − δnm)
}

+q
N∑

j=1

0∑
n=−2

μnδkj n (7)

Where δnm is the Kronecker delta (δnm = 1 if n = m and δnm =
0, otherwise). an = An/bn and cn = Cn/bn are dimensionless

parameters describing the bending and twisting rigidies of
bare DNA segments being state n (n = 0, −1 and −2 for B-,
L- and P-DNA, respectively), where An, Cn and bn are the
bending and twisting persistence lengths of DNA, and the
size of DNA segments in the respective state, accordingly
(see Table 1). q is the number of base-pairs in each of the
DNA segments, which is a fixed constant having the same
value for all DNA segment states. �n is the base-paring en-
ergy of DNA in state n with respect to B-DNA form (see
Table 1). J is the domain wall penalty that accounts for
the cooperativity of DNA structural transitions, describing
the molecule preference for structural uniformity (81,84).
Finally, �Tw j (R j , R j+1) ≈ 1

2π
R j z0 · [R j x0 × R j+1x0] is the

local DNA twist between the jth and (j + 1)th DNA seg-
ments.

From now on we will focus our attention on the last three
energy terms, Eprotein, Φf and Φτ , in Equation (1) that de-
scribe the elastic deformation energy of DNA caused by
DNA–protein interactions and potential energies associ-
ated with the force and torque constraints applied to DNA.
To calculate them, we generally need to know the DNA con-
formation inside nucleoprotein complexes formed on DNA.
One of the main reasons for this is dependence of the DNA
linking number change, �Lk, on the global DNA confor-
mation, which is determined by the relative orientations of
all of the DNA segments, including those contributing to
formation of nucleoprotein complexes. As a result, Φτ term
generally depends on the nature of nucleoprotein complexes
formed on DNA.

In the case of DNA-bending proteins, such as the one
schematically shown in Figure 1D, the DNA linking num-
ber change associated with the formation of nucleoprotein
complexes may vary in a wide range depending on the ori-
entations of these complexes with respect to the rest of
the DNA. Hence, one cannot assign a fixed linking num-
ber change to nucleoprotein complexes formed by DNA-
bending proteins, and the relative orientations of all DNA
segments inside such complexes must be known in order to
calculate the above energy terms, which can be done, for ex-
ample, by using existing X-ray crystallographic data for nu-
cleoprotein complexes.

In contrast, nucleoprotein complexes formed by DNA-
wrapping proteins [Figure 1E and F] make a well-defined
fixed contribution, �Lkpr, to the DNA linking number
change. Thus, one does not need to have exact information
regarding the DNA conformation inside each of the nucle-
oprotein complexes to calculate the DNA linking number
change. As a result, any such nucleoprotein complex can
be replaced by a straight line connecting the entry and exit
points of DNA, see Figure 1E and F. In this case, the DNA
linking number change can be estimated by first calculat-
ing the contribution from all protein-unbound DNA seg-
ments, and then adding to it �Lkpr × M term, where M is
total number of nucleoprotein complexes formed by DNA-
wrapping proteins. Such approach greatly simplifies the fi-
nal expression for the DNA partition function, making its
computation much more easier in comparison to the DNA-
bending proteins scenario described above.

However, it should be noted that while in the case of
DNA-wrapping proteins the replaced DNA segments do
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not make any contribution to the formula for the DNA
total conformational energy, we still need to keep track of
these segments by making a corresponding register shift by
K DNA segments each time upon encountering one of the
nucleoprotein complexes formed on DNA. One way to do
this is to split the line connecting the entry and exit points of
each nucleoprotein complex into K smaller subintervals, as-
signing each of these intervals to one of the replaced DNA
segments. Thus, for example, if DNA segments with indexes
j, j + 1, ..., j + K − 1 are bound to one of the DNA-wrapping
proteins (such that kj = 1, kj + 1 = 2, ..., kj + K − 1 = K) then
we simply put: Rj = Rj + 1 = ... = Rj + K − 1 = Rpr, j, where
Rpr, j is the rotation matrix describing the orientation of the
line connecting the entry and exit points of the given nucle-
oprotein complex. In other words, all of the DNA segments
taking part in the formation of a DNA-wrapping nucleo-
protein complex can be assumed to have the same orien-
tations, being aligned along a straight line connecting the
entry and exit points of the complex, see Figure 1E and F.

Finally, we would like to note that in the special case of
DNA-stiffening proteins that form straight filaments along
DNA both of the above approaches lead to identical de-
scription of the resulting nucleoprotein complexes.

Following the above notes, it is not hard to obtain ex-
pressions for the DNA linking number change, �Lk, as
well as Φτ energy term by using a combination of the fa-
mous Călugăreanu-White’s theorem (85,86) and the Fuller’s
approximate formula for the DNA writhe number (87).
While the first states that �Lk can be expressed as a sum
of two components: �Lk = �Tw + Wr, where �Tw =∑N−1

j=1 �Tw j (R j , R j+1) is the DNA total twist and Wr is
the DNA writhe number; the second allows to express
the DNA writhe number as a sum of local DNA seg-
ments’ contributions, WrF = ∑N−1

j=1 WrF
j (R j , R j+1), where

WrF
j (R j , R j+1) = 1

2π
(α̃ j+1−α̃ j )(1 − cos β j ), and α̃ j+1 and

α̃ j are the azimuthal Euler angles of the jth and (j + 1)th
DNA segments from the extended range of ( −∞, +∞)
(75,88,89). The superscript F in the above equations indi-
cates that the DNA writhe number calculation is based on
the Fuller’s formula approximation. The resulting mathe-
matical expressions for the DNA linking number change
in the presence of DNA interaction with different types of
DNA-binding proteins can be found in Supplementary Ap-
pendix A.

Here we would like only to stress that the Fuller’s for-
mula provides correct estimations of the DNA linking num-
ber change for those DNA conformations which can be ob-
tained by a continuous deformation of DNA initially ex-
tended along z0-axis direction in such a way that none of the
DNA sections face the negative direction of z0-axis for any
of the intermediate DNA configurations (87–89). A nearly
straight DNA or DNA folded into a helical solenoid con-
formation are examples satisfying this criterion (88–91). In
other cases, however, the DNA writhe number, Wr, does not
necessarily equal to WrF. For this reason, the Fuller’s for-
mula works well only for DNA conformations that do not
contain supercoiled plectoneme structures. Indeed, previ-
ous theoretical studies show that the Fuller’s formula can
be used to accurately predict the behaviour of DNA under
a wide range of mechanical constraints up to the onset of

the torque-induced buckling transition when DNA starts
to develop supercoiled plectonemes (42,75,76,88–91).

More importantly, by utilizing the Fuller’s approxima-
tion, it is possible to observe collapsing of bare DNA into
compact conformations upon application of sufficiently
large torques, which is accompanied by increase in the abso-
lute value of the DNA linking number (75,76). Although the
resulting conformations are not necessarily the same as su-
percoiled DNA plectonemes, the predicted force-extension
curves of DNA subjected to torque constraints resemble
those observed in single-molecule experiments, exhibiting
very similar behaviour near the DNA buckling transition
point, see ref. (75,76) and (52). Therefore, it is still possi-
ble to use the Fuller’s approximation to describe the DNA
supercoiling transition.

The only side-effect of such approach is that it leads to
a slight shift of the predicted DNA supercoiling transition
boundary relative to the experimentally measured position,
which, however, can be easily corrected by adding a new
term, 	Φτ , to Φτ energy (i.e. Φτ = −2�τ�LkF + 	Φτ ). In
the case of a structurally uniform DNA, this term simply
equals to 	Φτ = τλWrF with λ being a fixed scaling factor,
see ref. (75,76). Whereas in a more realistic scenario when
the DNA segments are allowed to make transitions between
different structural states, the correction term takes some-
what sophisticated form as each of the DNA structures (B-,
L- or P-DNA) is characterized by its own value of the scal-
ing parameter, λn, see ref. (75,76) and Table 1:

δ�τ = τ

N−1∑
j=1

[
0∑

n=−2

δkj nλn + λpr

K∑
n=1

δkj n

]

×WrF
j

(
R j , R j+1

)
(8)

Here λn and λpr are scaling parameters associated with dif-
ferent DNA structures and DNA segments residing inside
nucleoprotein complexes, respectively.

In this study, we consider only the proteins that bind to
B-form DNA. As a result, in all our calculations we simply
put λpr = λ0. Thus, in the above formula, λ0 value is used for
all of the vertices connecting neighbouring DNA segments
inside nucleoprotein complexes.

The next energy term from Equation (1), Φf, has a very
simple mathematical expression, which can be obtained by
assuming that the global coordinate system (x0, y0, z0) is
aligned in such a way that its z0-axis faces in the direction
of force f applied to the DNA. Then it is not hard to show
that in this case Φf equals to:

� f = −
N∑

j=0

K∑
n=−2

δkj nbn f
(
z0 · R j z0

)
(9)

Here f = |f| is the force magnitude, and bn is the size of DNA
segments being in state n. Since in this study we consider
only the proteins that bind to B-form DNA, the DNA seg-
ments constrained inside nucleoprotein complexes formed
by DNA-bending or DNA-stiffening proteins should have
approximately the same size as protein-unbound B-form
DNA segments: b1 = ... = bK = b0. As for DNA-wrapping
proteins, since all of the DNA segments bound to such pro-
teins are replaced by the lines connecting the entry and ex-
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Table 1. Bare DNA parameters

DNA form

Bending
persistence
length, An
(nm)

Twisting
persistence
length, Cn
(nm)

Contour length
relative to
B-DNA form

DNA helical
repeat, hn (bp)

Base-pairing
energy relative to
B-DNA form, �n
(kBT) λn

B-DNA 50 (55,108) 95 (56,93,109) 1 10.4 (110) 0 4.3 (75,76)
L-DNA 7 (80,82) 15 (80–82) 1.35 (80,82) 16 (56,80,81) 5.0 (75,76) 4.3 (75,76)
P-DNA 15 (82) 25 (82) 1.7 (77,78,82) 3 (56,77–80,82) 17.8 (75,76) −0.5 (75,76)

To account for the cooperativity of the DNA structural transitions, the domain wall penalty, J = 9.0 kBT (81,84), characterizing the DNA preference for
structural uniformity was introduced into the transfer-matrix calculations in addition to the model parameters listed in the above table.

ist points of the resulting nucleoprotein complexes, with
each line being subdivided into K equal intervals, we have:
b1 = ... = bK = rpr/K, where rpr is the distance between the
entry and exit points of the nucleoprotein complexes.

Finally, Eprotein energy term from Equation (1) equals to
the sum of individual nucleoprotein complexes’ energies,
which include: (i) the protein binding energy to DNA, �pr,
and (ii) the DNA elastic deformation energies at the entry
and exit points of the nucleoprotein complex, Ein and Eout,
respectively. Thus, denoting the orientations of the DNA
segments sitting next to the entry and exit points of a nu-
cleoprotein complex by rotation matrices Rin and Rout, and
orientations of the first and the last DNA segments in the
nucleoprotein complex by rotation matrices Rfirst and Rlast
[see Figure 1C and D], the energy of each nucleoprotein
complex can be written in the following form:

Epr = −μpr + Ein(Rin, Rfirst) + Eout(Rlast, Rout) (10)

Where in the case of DNA-wrapping proteins Rfirst = Rlast
= Rpr, see Figure 1E and F. As for Ein and Eout terms de-
scribing the DNA elastic deformation energies at the entry
and exit points of a nucleoprotein complex, in the general
case they equal to:

Ein(Rin, Rfirst) = apr

2
(RinAinz0 − Rfirstz0)2

+cpr

2
[2π�Tw(RinAin, Rfirst)]

2 (11)

and

Eout(Rlast, Rout) = apr

2
(RlastAoutz0 − Routz0)2

+cpr

2
[2π�Tw(RlastAout, Rout)]

2 (12)

Here, apr and cpr are dimensionless bending and twisting
elasticities of the entry and exit DNA segments of the nu-
cleoprotein complex; Ain and Aout are two rotation matri-
ces that determine the equilibrium orientations of the en-
try and exit DNA segments relative to the core part of
the nucleoprotein complex such that in mechanical equi-
librium we have: R(eq)

in Ain = R(eq)
first and R(eq)

last Aout = R(eq)
out . Fi-

nally, 2��Tw(RinAin, Rfirst) and 2��Tw(RlastAout, Rout) are
the twist angles of the entry and exit DNA segments with
respect to their equilibrium orientations.

Specifically, in the case of a DNA-stiffening protein that
forms straight nucleoprotein filaments along the DNA, we
have: apr = Apr/(b0K) and cpr = Cpr/(b0K), where Apr and
Cpr are the bending and twisting persistence lengths of

protein-covered DNA, and K is the number of DNA seg-
ments bound to a single protein. Furthermore, for such a
protein Ain = Aout = I, where I is the identity matrix. As
a result, in mechanical equilibrium all of the rotation ma-
trices describing orientations of the protein-bound DNA
segments have identical values: R(eq)

in = R(eq)
first = ... = R(eq)

last =
R(eq)

out (i.e. protein forms straight filaments).
Additional details regarding the mathematical descrip-

tion of the nucleoprotein complexes’ contribution into the
total conformational energy of DNA can be found in Sup-
plementary Appendix B.

Finally, it should be noted that in all of the calculations
presented below, the size of the DNA segments was set to be
equal to q = 1.5 bp for all of the DNA structural states and
the DNA length was ∼4.7 kbp (a total of N = 3073 segments
in the discretized polymer chain representing DNA). The
values of the rest of the model parameters are listed in Table
1 (for bare DNA segments) and Table 2 (for different types
of nucleoprotein complexes).

Main assumptions of the theory

In this section we would like to summarize all of the main
assumptions used to derived Equation (6) for the partition
function of DNA interacting with proteins, which is impor-
tant for understanding of potential applications that can be
solved using the transfer-matrix formalism described above.

First of all, in order to derive mathematical formulas for
the elements of the DNA transfer-matrix, L, in this study
it was assumed that nucleoprotein complexes have fixed 3D
structures, see Supplementary Appendices B–F. Therefore,
application of the current theoretical framework should be
restricted mainly to DNA–protein assemblies that have a
well-defined conformation. While this assumption serves as
a good first level of approximation to the description of
DNA interaction with many different types of proteins, it
should be noted that some nucleoprotein complexes may be
very flexible, possessing more than one stable conformation.
In this case, the formulas presented in this study should be
accordingly modified to accurately depict force- and torque-
dependent behaviour of such complexes.

Furthermore, the above assumption of a fixed nucleo-
protein complex structure implies that the current model
does not take into consideration cases of partial proteins
binding to DNA, which may take place under sufficiently
strong forces and torques applied to DNA. For instance,
existing experimental data show that at 2–3 pN force, the
outer turn of DNA interacting with histone octamers can
be unwrapped from nucleosome complexes, while the inner
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Table 2. Values of the model parameters for different nucleoprotein complexes studied in this work, which were used in the transfer-matrix calculations.

Protein
Bending rigidity,
apr

Twisting rigidity,
cpr

Binding energy to
DNA, �pr (kBT)

Cooperative
binding energy,
Jpr (kBT)

Linking number
change, �Lkpr

Ain, Aout, Aht and Aj
Euler rotation matrices

DNA-stiffening 33.3 33.3 3.0 2.0 N/A Ain = Aout = Aht =
=Aj = I(0, 0, 0)

DNA-bending 33.3 33.3 2.0 0.0 N/A Ain = Aout = A1 =
=I(0, 0, 0)
A2(�, 0.2, �)

Nucleosomes 33.3 33.3 40.0 0.0 −1.2 Ain(0, 2.12, −0.79)
Aout( − 0.79, 2.12, 0)
Aj = I(0, 0, 0)

L-tetrasomes 33.3 33.3 26.3 0.0 −0.73 Ain, L(0, 2.26, −1.11)
Aout, L( −1.11, 2.26, 0)
Aj = I(0, 0, 0)

R-tetrasomes 33.3 33.3 24.0 0.0 +1.0 Ain, R(0, 2.26, 1.11)
Aout, R(1.11, 2.26, 0)
Aj = I(0, 0, 0)

Matrices Aj in the last column of the table describe the relative orientations of DNA segments inside the respective nucleoprotein complexes, see Supple-
mentary Appendix B and Appendices F1–F3 for more details.

turn remains stably attached to the protein core, resulting
in a partially bound state of histone octamers to a mechan-
ically stretched DNA (43).

However, despite the above limitations, it is very easy
to make necessary modifications to the theory in order to
incorporate into the model partial binding of proteins to
DNA and multiple conformations of nucleoprotein com-
plexes formed by flexible proteins. This can be achieved sim-
ply by adding new DNA segment states and/or new ele-
ments into the DNA transfer-matrix in the same way as it
has been done in the case of DNA interaction with histone
tetramers that can flip between the two alternative confor-
mations, see more details in DNA-wrapping proteins sec-
tion (‘Results’ section), Supplementary Appendix F3 and
at the end of Appendix G.

The next assumption that has been used in our deriva-
tions is the propensity of DNA-binding proteins to form
nucleoprotein complexes only on B-form DNA. While there
is not much information regarding the proteins’ abilities to
bind to alternative DNA structures, such as L- or P-DNA,
it should be noted that it will be rather straightforward to
include newly discovered protein–L-DNA and protein–P-
DNA complexes into the transfer-matrix calculations again
by introducing additional DNA segment states into the
model.

Finally, to minimize the formulas’ complexity, in this
study we have not considered in detail the DNA and pro-
teins’ volume exclusion effect. As a result, the current theory
cannot be applied to scenarios in which the volume exclu-
sion plays a dominant role in determining the global DNA
conformation. However, in principle, it is still possible to in-
clude such an effect in a mathematically rigorous way into
the transfer-matrix formalism by making use of Hubbard–
Stratonovich transformation that results in addition of an
auxiliary fluctuating field to the DNA total conformational
energy, see ref. (92) for details.

In addition to the above assumptions, we also used in
this work the Fuller’s approximate formula for the calcu-
lation of the DNA writhe number, see the previous section.
From the existing theoretical studies, it is known that by
utilizing this formula it is possible to obtain rather accu-
rate estimations of the DNA linking number change for the
most of DNA conformations up to the buckling transition
point when DNA starts to develop supercoiled plectonemes
(75,76,87–89). However, as soon as plectonemes start to ap-
pear in DNA, the Fuller’s formula fails to provide correct
values for the DNA writhe number, which restricts appli-
cation of the transfer-matrix formalism up to the buckling
transition point.

Nevertheless, as has been shown in our previous stud-
ies (75,76), it is still possible to use the transfer-matrix cal-
culations to predict transition boundaries between differ-
ent structural states of DNA, including the torque-induced
change between the extended and supercoiled DNA con-
formations. Furthermore, since binding of DNA-bending
and DNA-wrapping proteins to DNA results in formation
of solenoid-like complexes for which the Fuller’s formula
works rather well (88,89), it is likely that the transfer-matrix
formalism also can be used to obtain accurate predictions
regarding the behaviour of DNA compacted by these types
of proteins under force and torque constraints. This broad-
ens application of the transfer-matrix theory to many in-
teresting DNA–protein interaction scenarios, which are fre-
quently studied in single-molecule experiments.

RESULTS

Mechanical response of bare DNA to force and torque con-
straints

Using the above transfer-matrix approach, we first investi-
gated the effects of force and torque constraints on the con-
formation of bare DNA and its transition between different
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structural states, such as B-, L- and P-DNA, in the absence
of DNA-binding proteins in solution.

It should be noted that although the case of bare DNA
has been discussed in detail in our previous studies (75,76),
it is used in this work as a control against which all other sce-
narios describing DNA interactions with proteins are com-
pared. For this reason, we briefly recall in this section what
is known about behaviour of a mechanically stretched and
twisted bare DNA.

By substituting the values of the model parameters listed
in Table 1 that describe the physical properties of bare DNA
into Equation (6), it is not hard to obtain the DNA force-
extension curves, z( f )|τ=τ0 and force-superhelical density
curves, σ ( f )|τ=τ0 , at various torque constraints (τ = τ 0),
which are shown in Figure 2A. The top and the bottom pan-
els of Figure 2A demonstrate the force-extension and force-
superhelical density curves for the case of negative (τ < 0
pN·nm) and positive torques (τ > 0 pN·nm), respectively.

From the graphs, it can be seen that the mechanical re-
sponse of bare DNA to the applied force and torque con-
straints is highly non-linear. While at small torques (−5 ≤ τ
≤ 5 pN·nm) the DNA force-extension curves do not deviate
much from the one corresponding to a torsionally relaxed
DNA (τ = 0 pN·nm), application of stronger torsional
stress (|τ | > 5 pN·nm) results in rapid decrease of the DNA
extension as soon as the stretching forces, f, drops below a
certain threshold value, see Figure 2A, left top and bottom
panels. Calculations of the DNA superhelical density, σ =
�Lk/Lk0, as a function of the applied force and torque con-
straints show that such torque-induced DNA collapsing is
accompanied by a simultaneous steep change of the DNA
superhelical density [Figure 2A, right top and bottom pan-
els], resembling typical behaviour of strongly twisted DNA
that undergoes transition into a compact supercoiled con-
formation, which is typically observed in single-DNA ma-
nipulation experiments (52).

Furthermore, from the left panel of Figure 2B show-
ing the DNA torque-extension curves, z(τ )| f = f0 , calculated
at various force constraints (f = f0), it can be seen that
the DNA folding into the supercoiled conformation occurs
both at positive and negative torques in a symmetric man-
ner at low stretching forces (f < 0.5 pN). However, at larger
forces (f ≥ 0.5 − 0.7 pN) this symmetry breaks as stronger
stretching makes it harder for DNA to form compact super-
coiled structures; thus, preventing release of the accumu-
lated DNA elastic twist energy via the DNA supercoiling
process. As a result, transition of DNA from B-form into
alternative L- and P-DNA structures becomes a more en-
ergetically favourable way for the DNA twist elastic energy
relaxation at large stretching forces (f ≥ 0.5 pN).

It is not hard to see the effects of these DNA structural
transitions on the left panel of Figure 2B as they mani-
fest themselves in an abrupt change of the twist-extension
curves’ behaviour. For example, at forces f ≥ 5 pN and large
negative torques (τ < −11 pN·nm) the DNA extension in-
creases by ∼1.1–1.3 times comparing to the case of a tor-
sionally relaxed B-DNA (τ = 0 pN·nm), indicating DNA
transition into alternative L-DNA form, which is accom-
panied by a simultaneous DNA superhelical density drop
to the value of σ ∼ −2.0––see the right panel in Figure
2B showing the DNA torque-superhelical density curves,

σ (τ )| f = f0 , calculated at various force constraints. Likewise,
at high positive torques (τ > 35 pN·nm) the DNA exten-
sion becomes ∼1.6 times longer than that of a torsionally
relaxed DNA (τ = 0 pN·nm), designating the DNA transi-
tion into P-DNA state, which is accompanied by a simulta-
neous large DNA superhelical density increase to the value
of σ ∼ 3.0, see the right panel in Figure 2B.

Similarly to B-DNA, both L- and P-DNA experience
buckling transition from the extended to a compact super-
coiled conformation, which is indicated on the left panel
of Figure 2B by steep decrease of the DNA extension at
large negative and positive torques as soon as the applied
force drops below a certain threshold, whose value is slightly
larger for L-DNA (∼1.5 pN) as compared to the B-DNA
case and even more higher for P-DNA (∼20 pN) due to
higher elasticities of L- and P-DNA forms.

Altogether, the above results demonstrate that the global
conformation and structure of bare DNA are highly sensi-
tive to mechanical constraints applied to it, in good agree-
ment with the existing experimental data previously re-
ported in multiple single-molecule studies (56,58,77,79–
81,93).

Effects of DNA-stiffening proteins on the DNA mechanical
response to force and torque constraints

Next, we used the transfer-matrix formalism to investigate
the effects of force and torque constraints on DNA inter-
action with DNA-stiffening proteins, which upon binding
to DNA form rigid nucleoprotein filaments that increase
the DNA bending persistence lengths, and presumably the
DNA twisting rigidity (27,29,31,33,94–98). For this pur-
pose, we carried out calculations in which the bending and
twisting persistence lengths of protein-covered DNA were
set to Apr = 200 nm and Cpr = 200 nm, respectively, with
the value of the bending persistence length, Apr, falling in
the range of 100 nm <Apr < 500 nm previously reported for
different types of DNA-stiffening proteins (27,29,31,33,94–
98).

In the calculations, the proteins were allowed to bind to
any place on the DNA as soon as the corresponding DNA
section was in B-form (i.e. proteins interact only with B-
form DNA), and each DNA-bound protein was assumed
to occupy K = 12 DNA segments [∼18 bp, see schematic
Figure 1C], which is a typical DNA binding site size for
many known DNA-stiffening proteins. Having at hand the
bending and twisting persistence lengths of protein-covered
DNA, and the binding site size of the proteins, it is then
straightforward to find the values of dimensionless bend-
ing and twisting elasticities of the entry and exit DNA seg-
ments of nucleoprotein complexes: apr = Apr/(Kb0) = cpr =
Cpr/(Kb0) = 33.3 (see Table 2), which were used in all of the
computations presented below.

Finally, formation of nucleoprotein complexes on DNA
was associated with the DNA–protein interaction energy of
�pr = 3.0 kBT. In addition, since it is known that DNA-
stiffening proteins often assemble into nucleoprotein fila-
ments on DNA through cooperative interaction with each
other (27,29,31,33,94–98), a cooperative binding energy of
Jpr = 2.0 kBT between proteins occupying neighbouring
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Figure 2. Mechanical response of bare DNA to the applied force and torque constraints in the absence of DNA-binding proteins. The figure shows (A)
force-extension [z( f )|τ=τ0 ] and force-superhelical density curves [σ ( f )|τ=τ0 ] as well as (B) torque-extension [z(τ )| f = f0 ] and torque-superhelical density
curves [σ (τ )| f = f0 ] obtained at different values of the force, f, and torque, τ , exerted to the DNA. From panel (A), it can be seen that application of a
sufficiently large torque (|
 | ≥ 6 pN·nm) leads to collapsing of bare DNA, which is accompanied by development of supercoiled DNA structures. Panel
(B) provides additional details, showing that at forces f < 0.5 pN all of the torque-extension curves have symmetric profiles with respect to both positive
and negative torques, while at larger forces of f ∼ 0.5 − 0.7 pN this symmetry breaks due to B-DNA switching into alternative L- and P-DNA structures,
which results in the respective change of the DNA superhelical density. In all panels, the DNA extension is normalized to the total contour length of DNA
in B-form. Abbreviations sc-B, sc-L and sc-P are used to indicate supercoiled states of B-, L- and P-DNA, respectively.

DNA binding sites was introduced into the transfer-matrix
calculations.

After substituting the above model parameters into the
transfer-matrix, L, and boundary condition matrix, Y, de-
scribing DNA interaction with DNA-stiffening proteins
[see Equation (F6) in Supplementary Appendix F1], we
found the values of the observables, such as the DNA ex-
tension and superhelical density, in order to investigate a
potential role of DNA-stiffening proteins in modulation of
the DNA conformation under force and torque constraints.
The final results of the computations are shown in Figure 3
and Supplementary Figure S1.

From the direct comparison between the force-extension
curves calculated for bare DNA (dotted lines) and protein-
covered DNA (solid lines) displayed in the left panels of Fig-
ure 3A, it can be seen that formation of rigid nucleoprotein

filaments on DNA, as expected, results in increased exten-
sion of a torsionally relaxed DNA at low forces (f ∼ 0.1 pN)
due to the higher bending persistence length of the protein-
covered DNA. In addition, the force-extension curves of
protein-bound DNA demonstrate rather substantial shift
in their buckling transition point at which DNA starts to
collapse into a compact conformation towards lower val-
ues of the applied stretching force. This result indicates that
nucleoprotein filaments assembled on DNA can delay or
even completely inhibit development of supercoiled DNA
structures. Indeed, the force-superhelical density curves of
protein-covered DNA exhibit very similar shifts towards the
lower values of the stretching force, validating that DNA in-
teraction with DNA-stiffening proteins has an adverse ef-
fect on the formation of supercoiled DNA structures, see
the right panels in Figure 3A.
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Figure 3. Mechanical response of DNA to the applied force and torque constraints in the presence of DNA interactions with DNA-stiffening proteins.
The figure shows (A) force-extension and force-superhelical density curves obtained at different values of the torque, τ , as well as (B) torque-extension
and torque-superhelical density curves obtained at different values of the force, f, exerted to the DNA. Solid curves demonstrate the behaviour of DNA
in the presence of nucleoprotein complexes formation by DNA-stiffening proteins; whereas, dotted curves indicate mechanical response of bare DNA
under the same force and torque constraints. As can be seen from comparison between the force-extension and force-superhelical density curves calculated
for protein-covered and bare DNA, formation of rigid nucleoprotein filaments by DNA-stiffening proteins results in either complete disappearance or
leftward shift of the DNA buckling transition point to smaller values of the applied force, indicating delay in the formation of supercoiled DNA structures.
Such protein-induced suppression of the DNA supercoiling can be also clearly observed from the widening of the torque-extension and torque-superhelical
density curves in the presence of DNA interactions with DNA-stiffening proteins in comparison to the case of bare DNA. In all panels, the DNA extension
is normalized to the total contour length of DNA in B-form.

Such DNA behaviour can be easily understood by recall-
ing that DNA folding into compact supercoiled structures
is initiated by DNA buckling––formation of initial DNA
loops, which eventually develop into supercoiled DNA plec-
tonemes. Since this process requires DNA bending at the
buckling site, it is clear that DNA-stiffening nucleoprotein
filaments will be preventing formation of such DNA loops
unless the applied torsional stress is sufficiently high to over-
come the nucleoprotein filaments’ resistance to the bending.
As a result, onset of the DNA supercoiling transition will be
delayed in the presence of DNA-stiffening proteins in solu-
tion.

The torque-extension curves shown on the left panels of
Figure 3B and Supplementary Figure S1b provide further

details regarding the effect of stiff nucleoprotein filaments
onto the global conformation of DNA, demonstrating that
the most significant changes, such as delay in the DNA
buckling transition that results in widening of the torque-
extension curves, take place mainly at low forces (f ≤ 3
pN); whereas at higher forces the mechanical response of
the protein-covered DNA to force and torque constraints is
practically identical to that of a bare DNA in the absence
of proteins in solution [compare the left panels of Figure 2B
and Supplementary Figure S1b].

Interestingly, from the left and right panels of Figure 2B
and Supplementary Figure S1b it can be seen that binding
of DNA-stiffening proteins to DNA has practically negli-
gible suppressing effect on the DNA transitions from B- to
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L- or P-DNA forms. The main reason for this is that the
average binding energy of the proteins to DNA per single
base-pair (<1 kBT) is much lower than the free energies �u
(u = L or P) associated with the DNA transitions between
different structural states (�u ∼ 3 − 20 kBT per base-pair,
see Table 1). As a result, this does not allow proteins to effi-
ciently interfere with the DNA structural transitions unless
the protein binding energy to DNA is very high.

In addition to the above curves characterizing the DNA
behaviour under mechanical constraints in the presence
of DNA-stiffening protein, we also calculated the average
DNA occupancy fraction by proteins as a function of the
force and torque applied to the DNA, see Supplementary
Figure S5a. As expected for �pr = 3.0 kBT binding energy
and Jpr = 2.0 kBT cooperative binding energy of proteins to
DNA used in the calculations, a large part of the DNA is
occupied by nucleoprotein complexes. Nevertheless, previ-
ously reported phenomenon of enhancement of the protein
binding to DNA with increase in the stretching force exerted
on the DNA (42) still can be clearly seen on all of the pan-
els in Supplementary Figure S5a. In contrast to the stretch-
ing force, application of stronger torsional stress to DNA
promotes proteins dissociation from it, see the middle and
right panels of Supplementary Figure S5a. Development of
supercoiled DNA structures at low forces (f ≤ 3 pN) and
high torques (τ > 10 pN·nm) further destabilizes nucleo-
protein complexes formed on DNA by DNA-stiffening pro-
teins, resulting in dramatic decrease of the DNA occupancy
fraction.

Such unusual behaviour of DNA-stiffening proteins is
tightly related to the changes in the DNA entropic elas-
ticity taking place upon proteins interaction with DNA.
Namely, formation of stiff nucleoprotein filaments leads to
restriction of available conformations that can be taken by
protein-covered DNA. As a result, there exists an entropic
penalty for the binding of DNA-stiffening proteins to DNA
at low forces at which DNA tends to assume more coiled
conformations. On the other hand, application of stronger
tension to DNA leads to a more extended DNA conforma-
tion, resulting in reduction of the entropic penalty associ-
ated with the proteins’ DNA-stiffening effect. Thus, in gen-
eral, mechanical stretching of DNA promotes formation of
nucleoprotein filaments by DNA-stiffening proteins.

As for the role of torque in regulation of the DNA-
stiffening proteins’ affinity to DNA, it is clear that rigid nu-
cleoprotein filaments have smaller propensity to twist un-
der applied torsional stress. This leads to a smaller change
in the total DNA linking number in the case of protein-
covered DNA comparing to the case of bare DNA. Thus,
the potential energy associated with the DNA twisting will
be smaller for bare DNA than for protein-covered DNA,
suggesting that nucleoprotein complexes will be losing their
stability under the applied torque. Eventually, this will re-
sult in partial dissociation of DNA-stiffening proteins from
DNA.

At the buckling transition point, proteins interaction
with DNA is further compromised by the DNA bending
into loops that prevent formation of extended nucleopro-
tein filaments by DNA-stiffening proteins. This leads to ap-
parent reduction of the proteins’ binding affinity to DNA,
which is manifested by the drop in the DNA occupancy

fraction curves shown in the middle and right panels of
Supplementary Figure S5a at the DNA buckling transition
point.

Effects of DNA-bending proteins on the DNA mechanical re-
sponse to force and torque constraints

We further investigated the effects of force and torque con-
straints on the DNA-binding properties of DNA-bending
proteins and explored the role of this type of proteins in
regulation of the global DNA conformation. As a clas-
sical example of a DNA-bending protein, we used Es-
cherichia coli integration host factor (IHF) as a model
DNA-architectural protein in the transfer-matrix calcula-
tions, which is known to introduce sharp DNA bending at
its binding site (22).

Following the existing structural and single-molecule
data for IHF–DNA nucleoprotein complexes, the binding
site size of IHF was set to 36 bp (i.e. K = 24 DNA seg-
ments) in all our computations, with the bending angle of
DNA due to formation of the nucleoprotein complex being
150◦, see schematic Figure 1D and ref. (22,32). As in the
case of DNA-stiffening proteins, in this section we assumed
that IHF binds only to B-form DNA. To reproduce the ex-
perimentally measured detachment force at which IHF dis-
sociates from DNA [∼0.8 pN (32)], the IHF binding en-
ergy to DNA was put equal to �pr = 2.0 kBT. For the sim-
plicity of calculations, in this study we did not consider the
sequence-dependent affinity of IHF to DNA. As for the ef-
fective bending and twisting rigidities of IHF-DNA nucleo-
protein complexes, apr and cpr, we used the same values for
these model parameters as in the case of DNA-stiffening
proteins described in the previous section, see Table 2.

Substituting the above parameters into Equation (F9)–
(F10) in Supplementary Appendix F2 that describe the
transfer-matrix, L, and boundary condition matrices, Y and
U, of DNA interacting with IHF proteins, we plotted the
force- and torque-extension curves [z( f )|τ=τ0 and z(τ )| f = f0 ]
as well as the force- and torque-superhelical density curves
of DNA [σ ( f )|τ=τ0 and σ (τ )| f = f0 ] at various force (f = f0)
and torque (τ = τ 0) constraints, see Figure 4 and Supple-
mentary Figure S2.

The first obvious change in the conformation of DNA,
which can be clearly seen from the force-extension curves
calculated for protein-covered DNA (solid lines) shown in
the left top and bottom panels of Figure 4A, is collapsing
of DNA into a compact conformation due to its interaction
with IHF proteins that takes place at forces below 1 pN in
a wide range of the applied torque constraints (−11 ≤ τ
≤ 12 pN·nm). This is in stark contrast to the behaviour of
bare DNA (dotted lines), which either stays in the extended
conformation (at −6 ≤ τ ≤ 6 pN·nm torques) or undergoes
supercoiling (at |τ | ≥ 6 pN·nm torques), but only at consid-
erably smaller forces than in the case of IHF-covered DNA.

Interestingly, the force-superhelical density curves of
DNA interacting with IHF proteins reveal that applica-
tion of even small torsional stress to the DNA (|τ | ≤ 5
pN·nm) leads to development of supercoiled DNA confor-
mations of the same sign as the applied torque [solid lines
in the right top and bottom panels of Figure 4A], which
is again in sharp contrast to the bare DNA case where the
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Figure 4. Mechanical response of DNA to the applied force and torque constraints in the presence of DNA interactions with DNA-bending proteins. The
figure shows (A) force-extension and force-superhelical density curves obtained at different values of the torque, τ , as well as (B) torque-extension and
torque-superhelical density curves obtained at different values of the force, f, exerted to the DNA. Solid curves demonstrate the behaviour of DNA in the
presence of nucleoprotein complexes formation by DNA-bending protein; whereas, dotted curves indicate mechanical response of bare DNA under the
same force and torque constraints. From panel (A), it can be seen that formation of nucleoprotein complexes by DNA-bending proteins results in DNA
compaction at small forces (f < 1 pN), which is accompanied by a gradual increase in the magnitude of the DNA superhelical density that assumes either
negative or positive sign depending on the direction of the applied torque. The left panel (B) provides further details, demonstrating that while having
more compact shapes, the DNA torque-extension curves maintain their symmetry with respect to the torque sign up to the point where DNA experiences
transition into alternative L-DNA structure at τ ∼ −11 pN·nm, indicating that formed nucleoprotein complexes do not discriminate between positive or
negative torques applied to the DNA. In all panels, the DNA extension is normalized to the total contour length of DNA in B-form.

superhelical density remains near zero in the same torque
range (dotted lines in the same panels). This result indi-
cates that although the IHF-mediated DNA bending does
not have a preferential chirality at zero torque, it readily as-
sumes left-handed/right-handed conformation in response
to negative/positive torques applied to the DNA, suggest-
ing that nucleoprotein complexes formed by IHF can easily
flip between left- and right-handed structures.

Furthermore, as can be seen from the right panels of Fig-
ure 4A, the magnitude of the superhelical density of IHF-
covered DNA experiences rather moderate increase with re-
ducing stretching force in τ ∈ [−11, −6] and τ ∈ [6, 11]
pN·nm torque ranges. At the same time, bare DNA rapidly
develops supercoils at these conditions, which result in the

steep DNA superhelical density change. Thus, it can be
concluded that IHF remains stably bound to DNA in this
torque range, suppressing formation of supercoiled bare
DNA structures that otherwise would form at forces f <
1 pN. Indeed, the DNA occupancy fraction curves shown
in the left and middle panels of Supplementary Figure S5b
demonstrate that the amount of DNA-bound IHF proteins
stay at a constant level at low forces (f < 1 pN) in the
broad range of the applied torque constraints (−11 ≤ τ ≤
12 pN·nm).

Application of stronger positive torques (τ ≥ 12 pN·nm)
leads to the shift of the DNA occupancy fraction curves
to higher force values, suggesting torque-induced stabiliza-
tion of nucleoprotein complexes formed by IHF proteins,
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see the middle panel of Supplementary Figure S5b. How-
ever, due to the failure of the Fuller’s formula to describe
the DNA writhe number beyond the buckling transition
point, which results in potentially inaccurate prediction of
the DNA occupancy fraction by the transfer-matrix calcu-
lations for strongly supercoiled DNA, it is not clear whether
or not the DNA occupancy fraction curves eventually reach
the same maximum level at τ ≥ 12 pN·nm torques as in
the case of lower torque values (−11 ≤ τ ≤ 12 pN·nm).
Although, resemblance of the force-extension and force-
superhelical density curves of IHF-covered DNA to those
of bare DNA [Figure 4A] suggests that IHF may partially
dissociate from DNA at τ ≥ 12 pN·nm torques due to the
formation of supercoiled bare DNA structures, similarly to
the case of DNA-stiffening proteins described in the previ-
ous section.

Torque-extension curves shown in the left panels of Fig-
ure 4B and Supplementary Figure S2b provide further de-
tails regarding the role of IHF proteins in force- and torque-
dependent regulation of the DNA conformation. Namely,
by comparing the results presented in the left panels of Fig-
ure 2B and Supplementary Figure S2b, it can be seen that at
high forces (f ≥ 3 pN) the torque-extension curves of DNA
interacting with IHF proteins are identical to those of bare
DNA, indicating that IHF binding to DNA is inhibited in
this force range regardless of the magnitude of the applied
torque, in full accordance with the torque-DNA occupancy
fraction graphs plotted in the right panel of Supplementary
Figure S5b. At lower forces (f ≤ 1.5 pN), however, formation
of nucleoprotein complexes on DNA by IHF proteins leads
to a very drastic change in the DNA conformation––the
DNA extension becomes significantly shorter than that of
bare DNA due to the DNA bending by IHF proteins,––see
the left panels of Figure 2B and Supplementary Figure S2b,
and also the left panel of Figure 4B that displays the torque-
extension curves of protein-covered DNA (solid lines) and
bare DNA (dotted lines) on the same graph.

Application of torques from τ ∈ [−11, 12] pN·nm range
leads to further DNA extension drop with the rising torque
magnitude, indicating increase in the IHF binding affinity
to DNA and formation of more compact DNA–protein
structures at stronger torques, see the left panel of Figure
4B. This result is in good agreement with the torque-DNA
occupancy fraction curves shown in the right panel of Sup-
plementary Figure S5b that demonstrate torque-induced
promotion of the DNA interaction with IHF proteins at
these conditions. Furthermore, from the left panel of Fig-
ure 4B it can be seen that the shapes of the torque-extension
curves in the case of IHF-covered DNA are much smoother
than in the case of bare DNA, suggesting that in the former
situation torque-induced decrease of the DNA extension is
mainly caused by stronger DNA bending by IHF proteins
rather than by formation of supercoiled structures typical
for bare DNA.

At larger positive torques (τ ≥ 15 pN·nm), however, the
torque-extension curves of DNA interacting with IHF pro-
teins become practically identical to those obtained for bare
DNA [compare the left panels of Figure 2B and Supple-
mentary Figure S2b], indicating IHF dissociation from the
DNA due to formation of supercoiled bare DNA structures.
Similarly, application of strong negative torques (τ < −11

pN·nm) also results in destabilization of nucleoprotein com-
plexes formed by IHF proteins, but this time this happens
due to the DNA transition into alternative L-DNA struc-
tural state, which is manifested by the increase in the DNA
extension and the large drop in the DNA superhelical den-
sity.

Indeed, the right panel of Supplementary Figure S2b
demonstrating the DNA superhelical density curves versus
the applied torsional stress shows that at extreme negative (τ
< −11 pN·nm) and positive (τ > 35 pN·nm) torques, where
DNA experiences transitions into L- and P-DNA states, the
curves look identical to those obtained in the case of bare
DNA [Figure 2B, right panel]. This result suggests that sim-
ilarly to DNA-stiffening proteins, IHF binding to B-DNA
does not have a strong effect on the DNA transitions into
alternative structural states, such as L- and P-DNA, as the
protein binding energy to DNA measured per single DNA
base-pair (�pr = 2.0 kBT / 36 bp ≈0.06 kBT per bp) is much
smaller than the free energy associated with the DNA tran-
sitions between different structural states (�u ∼ 3 − 20 kBT
per base-pair, where u = L or P, see Table 1).

Thus, it can be concluded that the most prominent
changes in the conformation of DNA due to its interaction
with DNA-bending proteins mostly take place in a narrow
range of torques (−11 ≤ τ ≤ 16 pN·nm) and only at suf-
ficiently low forces applied to DNA (f < 1.5 pN). Indeed,
as Supplementary Figure S5b shows, only in this range the
IHF density on the DNA becomes sufficiently high to alter
its spatial organization.

Finally, from the torque-superhelical density curves pre-
sented in the right panel of Figure 4B it can be seen that the
superhelical density of IHF-covered DNA switches from a
negative value at negative torques to a positive value at pos-
itive torques, once again demonstrating that nucleoprotein
complexes formed by DNA-bending proteins can easily flip
between left- and right-handed conformations depending
on the sign of the applied torque.

Effects of DNA-wrapping proteins on the DNA mechanical
response to force and torque constraints

The final group of architectural proteins, which we studied
in this work, were DNA-wrapping proteins that not only
promote formation of compact nucleoprotein complexes
upon binding to DNA, but also make a well-defined fixed
contribution to the total DNA linking number. In this sec-
tion, we explore two famous examples of DNA-wrapping
proteins: (i) histone octamers that wrap ∼147 bp of DNA
into a left-handed solenoidal structures known as a nu-
cleosomes (23,24,35), and (ii) histone (H3-H4)2 tetramers
that wrap ∼73 bp of DNA into tetrasomes––half nucleo-
some complexes that do not possess significant chiral pref-
erence, flipping between left- and right-handed conforma-
tions (99,100). Here we show how the effects of force and
torque constraints applied to DNA influence on its inter-
action with these two protein complexes, which serve as
specific examples of chiral and achiral DNA-wrapping pro-
teins.

Since the X-ray crystal structure of nucleosomes has been
previously solved (23,24), we used it as a template for con-
structing the model of nucleosome complexes, which is
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demonstrated on schematic Figure 1F. As for tetrasomes,
their exact structure is not known yet. For this reason, we
modelled them simply as a half (left-handed tetrasomes) or
a mirrored half (right-handed tetrasomes) of nucleosome
complexes that wrap ∼73 bp of DNA (101), see Figure 1E.

Furthermore, due to the absence of experimental data
regarding the elastic properties of nucleosomes and tetra-
somes, the bending and twisting rigidities of the entry and
exit DNA segments of these nucleoprotein complexes for
simplicity were set equal to the same values as in the case of
DNA-stiffening and DNA-bending proteins considered in
the previous sections: apr = cpr = 33.3, see Table 2. Although
we would like to emphasize that in contrast to the case of
DNA-stiffening proteins, bending and twist rigidities of the
entry and exit DNA segments of DNA-wrapping proteins
play less significant roles in determining the mechanical re-
sponse of protein-covered DNA to force and torque con-
straints, assuming that the protein binding energy to DNA,
�pr, is fixed at a constant value. Thus, apr and cpr parame-
ters have rather negligible impact on the results presented in
this section.

In contrast, the binding energies of histone tetramers and
octamers to DNA play the major roles in determining sta-
bilities of tetrasome and nucleosome complexes under force
and torque constraints applied to the DNA. While the ex-
act values of these energies are not yet known, estimations
based on single-molecule experimental data indicate that
the value of the DNA-binding energy of histone octamers
is likely to be of the order of ∼40 kBT (102).

In addition, single-DNA manipulation assays show that
the energy associated with the unwrapping of the first DNA
turn (known as outer nucleosome turn) from histone oc-
tamers equals to 12.0 kBT (43), and while there is no sim-
ilar data for the remaining part of the nucleosome-bound
DNA (inner nucleosome turn), the same experiments indi-
cate that its affinity to histone octamers may approximately
be twice as big (43,103). Hence, taken together, both outer
and inner nucleosome turns add up to ∼40 kBT of the nucle-
osome protein core binding energy to DNA, in good agree-
ment with the chromatin stretching experiments reported in
ref. (102). For this reason, in all our nucleosome calculations
the DNA-binding energy of histone octamers to DNA was
set equal to �pr = 40.0 kBT.

Furthermore, existing single-molecule data suggest that
the inner nucleosome turn is formed by H3/H4-DNA in-
teractions (45). Thus, the energy associated with the un-
wrapping of the inner nucleosome turn may be regarded
as the binding energy of (H3-H4)2 histone tetramers to
DNA. On top of that, experimental measurements reveal
that left-handed tetrasomes have 2.3 kBT energy preference
over right-handed tetrasomes (100). Based on these obser-
vations the DNA-binding energies for the left- and right-
handed tetrasomes were put equal to μleft

pr = 26.3 kBT and

μ
right
pr = 24.0 kBT in all of the computations presented be-

low.
Finally, as mentioned at the beginning of this section, for-

mation of nucleosome and tetrasome complexes on DNA
is accompanied by the change in the total DNA linking
number by a well-defined amount, �Lkpr, per each nucle-
oprotein complex. From the existing experimental data it

is known that the DNA linking number change due to the
DNA wrapping around the nucleosome core is �Lkpr ∼
−1.2 (100,104); whereas, in the case of tetrasomes, exper-
imentally measured DNA linking number changes associ-
ated with the left- and right-handed tetrasome conforma-
tions are equal to �Lkleft

pr = −0.73 and �Lkright
pr = +1.0, re-

spectively (100). Thus, in all of the transfer-matrix calcula-
tions, assembly of nucleosome and tetrasome complexes on
DNA was associated with the respective DNA linking num-
ber changes, see Table 2.

Substituting the values of the above model parameters
into Equation (F11)–(F12) in Supplementary Appendix F3
and using the resulting DNA transfer-matrices to calcu-
late the DNA partition function, we plotted the force- and
torque-extension curves [z( f )|τ=τ0 and z(τ )| f = f0 ] as well as
the force- and torque-superhelical density curves of DNA
[σ ( f )|τ=τ0 and σ (τ )| f = f0 ] at fixed force (f = f0) and torque
(τ = τ 0) constraints in the presence of tetrasome and nucle-
osome complexes formation on DNA. The final results of
the computations are shown in Figures 5 and 6; and Sup-
plementary Figures S3 and 4.

From the left top and bottom panels of Figure 5A it can
be seen that histone tetramers bind to DNA and promote
its collapsing into a compact conformation in a wide range
of the applied force and torque constraints. Interestingly,
shift of the force-extension curves calculated for DNA in-
teracting with histone tetramers [solid lines in Figure 5A]
towards higher force values with the increasing magnitude
of the applied torque suggests that torsional stress of both
positive and negative sign facilitates tetrasomes formation,
resulting in a more stable compaction of the DNA. This
torque-induced effect can be even more clearly observed on
the left and middle panels of Supplementary Figure S6a and
b demonstrating the change of the average DNA occupancy
fraction by tetrasome complexes as a function of the applied
force and torque constraints.

One of the most prominent features that stands out in
Supplementary Figure S6a and b is that both positive and
negative torques promote formation of tetrasomes with cor-
respondingly right- and left-handed complex chiralities, re-
sulting in the respective jump of the DNA superhelical den-
sity to ±(0.06−0.13), where the sign of the change is de-
termined by the chirality of the formed nucleoprotein com-
plexes [see the right panels of Figure 5A]. These results are
in good agreement with the previously published experi-
mental data (100), suggesting that transfer-matrix calcula-
tions correctly reproduce behaviour of tetrasome complexes
revealed in single-molecule experiments.

Furthermore, from Supplementary Figure S6a and b it
can be seen that whilst being stable at low and moderate
tensions (f < 5 − 9 pN), tetrasomes quickly become desta-
bilized by forces f > 6 − 10 pN, resulting in complete disso-
ciation of histone tetramers from DNA. Thus, it can be con-
cluded that tetrasomes respond to the force and torque con-
straints in a completely opposite way than DNA-stiffening
proteins––whilst the latter prefer torsionally relaxed DNA
stretched by a mechanical force, tetrasomes mostly bind to
twisted DNA being under sufficiently low tension.

Such a distinct behaviour of the two types of DNA-
binding proteins stems from the large difference in the geo-
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Figure 5. Mechanical response of DNA to the applied force and torque constraints in the presence of DNA interactions with histone tetramers. The
figure shows (A) force-extension and force-superhelical density curves obtained at different values of the torque, τ , as well as (B) torque-extension and
torque-superhelical density curves obtained at different values of the force, f, exerted to the DNA. Solid curves demonstrate the behaviour of DNA in
the presence of histone tetramers; whereas, dotted curves indicate mechanical response of bare DNA under the same force and torque constraints. As
can be seen from the top and bottom plots on panel (A), formation of tetrasome complexes on DNA leads to the molecule collapsing into a compact
conformation, which is accompanied by the change in the DNA superhelical density, whose sign depends on the magnitude and direction of the applied
torque. While tetrasomes can easily switch between the left- and right-handed structures, their slight preference to assume the left-handed conformation
results in somewhat asymmetric behaviour of the DNA force-superhelical density curves with respect to positive and negative torques, as can be seen
from the right graphs of panel (A). Nevertheless, torque-extension and torque-superhelical density curves displayed on panel (B) still demonstrate rather
symmetric shapes up to the point when DNA experiences transition into alternative L-DNA state at τ ∼ −11 pN·nm torque. In all panels, the DNA
extension is normalized to the total contour length of DNA in B-form. Abbreviations L-tetrasomes and R-tetrasomes are used to indicate left- and right-
handed tetrasome complexes, respectively.

metric and topological characteristics of their nucleoprotein
complexes. Namely, DNA wrapping by histone tetramers
results in −0.73/+1.0 DNA linking number change, which
leads to a strong stabilization effect of the left- and right-
handed tetrasomes at high torques of the corresponding
sign caused by the significant decrease of the terasomes’
torque-dependent potential energy. On the other hand,
DNA-stiffening proteins predominantly form straight rigid
nucleoprotein filaments on DNA that rather easily lose their
stability when either positive or negative torque is applied to
the DNA, see the DNA-stiffening protein section.

Furthermore, DNA compaction by tetrasomes results
in a situation when mechanical stretching of DNA works
against formation of tetrasome complexes, which eventually
leads to destabilization of tetrasomes by the applied force.
In contrast, sufficiently strong tension exerted on DNA pro-
motes its interaction with DNA-stiffening proteins due to
purely entropic reasons discussed in the DNA-stiffening
protein section.

Finally, it should be noted that besides having different
response to force and torque constraints, tetrasomes and
DNA-stiffening complexes also have very distinct effects
on the global DNA conformation, which are not only can
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Figure 6. Mechanical response of DNA to the applied force and torque constraints in the presence of DNA interactions with histone octamers. The figure
shows (A) force-extension and force-superhelical density curves obtained at different values of the torque, τ , as well as (B) torque-extension and torque-
superhelical density curves obtained at different values of the force, f, exerted to the DNA. Solid curves demonstrate the behaviour of DNA in the presence
of histone octamers that upon binding to DNA form nucleosome complexes; whereas, dotted curves indicate mechanical response of bare DNA under
the same force and torque constraints. In contrast to histone tetrasomes, nucleosomes always assume the left-handed conformation and, as a result, form
on DNA only at negative (τ < 0 pN·nm) or moderate positive torques (0 < τ < 15 pN·nm). Indeed, it can be seen from panels (A) and (B) that upon
binding to DNA, histone octamers collapse it into a compact conformation in −11 ≤ τ < 15 pN·nm torque range; whereas, application of a higher positive
torsional stress to DNA (τ ≥ 15 pN·nm) leads to destabilization of nucleosome complexes, which eventually give a way to formation of supercoiled bare
DNA structures. As for large negative torques (τ < −11 pN·nm), under these conditions DNA experiences transition into alternative L-DNA form, which
drives dissociation of histone octamers from the DNA. In all panels, the DNA extension is normalized to the total contour length of DNA in B-form.

be clearly seen from the DNA force-extension and force-
superhelical density curves shown in Figures 3A and 5A,
but also strongly pronounced in the behaviour of the DNA
torque-extension and torque-superhelical density curves
presented in Figures 3B and 5B. Indeed, direct comparison
between the left panels of Figures 3B and 5B demonstrates
that whilst DNA interaction with DNA-stiffening proteins
results in widening of the DNA torque-extension curves in
the force range of 0 ≤ f ≤ 3 pN due to formation of rigid
nucleoprotein filaments delaying the DNA buckling tran-
sition into a supercoiled conformation, binding of histone
tetramers to DNA leads to almost complete collapsing of
the torque-extension curves as a result of assembly of com-
pact tetrasome complexes on the DNA.

It is also interesting to note from the right panels of
Figures 4B and 5B that whilst nucleoprotein complexes
formed by DNA-bending proteins and histone tetramers
both can easily flip between the left- and right-handed con-
formations, the DNA torque-superhelical density curves
corresponding to these complexes exhibit very different be-
haviours. In the case of tetrasomes, these curves reach two
plateaus: ∼−0.09 at negative torques (−10 ≤ τ < 0 pN·nm)
and ∼0.12 at positive torques (0 < τ ≤ 30 pN·nm) ap-
plied to the DNA, see the right panels of Figure 5B and
Supplementary Figure S3b; whereas, in the case of DNA-
bending protein, IHF, no such plateaus can be observed,
see the right panels of Figure 4B and Supplementary Figure
S2b. The main reason for such distinct behaviour of the two
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proteins is previously mentioned fact that histone tetramers
make a well-defined contribution to the DNA linking num-
ber change upon formation of tetrasome complexes on the
DNA. At the same time, the contribution of DNA-bending
proteins, such as IHF, to the DNA linking number mainly
depends on the relative orientations of the resulting nucleo-
protein complexes with the respect to the rest of the DNA,
which can be changed by modulating the magnitude and
sign of the torque applied to the DNA.

As for nucleosomes, their behaviour is practically identi-
cal to that of left-handed tetrasomes. Namely, from the top
left panel of Figure 6A it can be seen that nucleosomes pro-
mote collapsing of DNA into a compact conformation with
the resulting effect being enhanced by negative torques ap-
plied to DNA. Indeed, the left panel of Supplementary Fig-
ure S6c shows that larger negative torques facilitate forma-
tion of nucleosome complexes on DNA. On the other hand,
the bottom left panel of Figure 6A and the middle panel of
Supplementary Figure S6c indicate that application of large
positive torques to DNA results in strong destabilization of
nucleosomes, causing DNA unwrapping from histone oc-
tamers with their subsequent dissociation from the DNA.

Such asymmetric response of nucleosome complexes to
the applied torque constraints can be also clearly seen in
the left panel of Figure 6B demonstrating the DNA torque-
extension curves in the presence of DNA interaction with
histone octamers (solid lines). The figure shows that whilst
DNA is compacted by nucleosome complexes in the torque
range of −11 ≤ τ ≤ 15 pN·nm, at large positive torques (τ
> 15 pN·nm) it behaves in the same way as in the absence
of histone octamers in solution, suggesting that histone oc-
tamers dissociate from DNA at these conditions [for more
details compare the left panels of Figure 2B and Supple-
mentary Figure S4b].

The above observations result from the fact that due to
the negative linking number change of DNA upon forma-
tion of nucleosome complexes (�Lkpr = −1.2), negative
torsional stresses applied to the DNA decrease the torque-
dependent potential energy of nucleosome complexes, en-
hancing their stability and promoting their formation on
DNA; whereas, positive torques result in the nucleosomes’
potential energy increase, which eventually drives dissocia-
tion of histone octamers from DNA.

Furthermore, from the right panels of Figure 6 that show
the force- and torque-superhelical density curves of DNA
interacting with histone octamers it can be seen that in-
ability of nucleosome complexes to change their chirality
by flipping from the left-handed to a right-handed confor-
mation results in the negative superhelical density of DNA
(∼−0.08), which is covered by nucleosome complexes. In
addition, this leads to appearance of only one, negative
plateau (∼−0.08), in torque-superhelical density curves at
−11 ≤ τ ≤ 15 pN·nm torques, in sharp contrast to the the
case of tetrasome complexes, whose capability to switch be-
tween the left- and right-handed conformations causes for-
mation of the two plateaus (negative and positive) in the
torque-superhelical density curves, see the right panel of
Figure 5B.

Force-torque phase diagrams of DNA structures and DNA–
protein complexes

Using the obtained theoretical results, we have plotted
force-torque phase diagrams that show the transition
boundaries between different structural states of DNA
and/or DNA–protein complexes for the five scenarios con-
sidered in the above sections, including the bare DNA case
and DNA interacting with the four different types of DNA-
architectural proteins, see Figure 7.

The boundaries between B- and L-DNA as well as be-
tween B- and P-DNA structural states were defined as
the set of points (f, τ ) at which ∼50% of the DNA seg-
ments are in L- or P-DNA forms, respectively. Furthermore,
the boundary between extended and supercoiled conforma-
tions of DNA in a particular structural state was deter-
mined as a set of points at which DNA extension experi-
ences ∼50% drop with respect to the value predicted by the
worm-like chain model for the corresponding form of DNA
being in a torsionally relaxed state.

Finally, the boundaries between bare DNA and protein-
covered DNA states were assumed to pass through the
points at which half of the maximum DNA-binding sites
are occupied by the studied protein. Here we would like to
note that the total number of DNA-binding sites is not nec-
essarily equivalent to the total number of DNA segments,
see, for example, Supplementary Figure S6c showing that
the maximum occupancy fraction of DNA by nucleosomes
never goes above ∼90%. The main reason for this is the exis-
tence of bare DNA gaps between nucleoprotein complexes
that correspond to DNA linkers connecting neighbouring
protein–DNA complexes. In the case of reconstituted nucle-
osome arrays or densely packed yeast chromatin, the min-
imal length of such DNA linkers was found to be of the
order of ∼10 − 20 bp (105,106). For this reason, the min-
imal possible spacing between neighbouring nucleosomes
was set to 18 bp (i.e. 12 DNA segments) in all of the transfer-
matrix calculations. The same minimal length of the DNA
linkers was also used in the computations of DNA interact-
ing with histone tetramers and IHF proteins, as previously
reported structural data suggest that such linkers likely ex-
ist in-between nucleoprotein complexes formed by IHF pro-
teins as well (22), see Supplementary Appendices F2–F3 for
details.

The resulting phase diagrams plotted using the above def-
initions for the DNA transition boundaries for the cases
of bare DNA and DNA interacting with DNA-stiffening,
DNA-bending (IHF) and DNA-wrapping proteins (hitone
tetramers and octamers) are depicted on Figure 7.

Whilst the case of bare DNA has been previously dis-
cussed in details in our earlier publications (75,76), here we
will mainly focus on the description of the rest of the phase
diagrams using the bare DNA graph shown in Figure 7A as
a reference point to identify main changes in the DNA be-
haviour upon addition of different DNA-binding proteins
into solution.

The next panel, [Figure 7B], demonstrates the phase di-
agram of DNA in the presence of nucleoprotein filaments
formation by DNA-stiffening proteins. As can be seen from
the figure, proteins binding to DNA leads to the leftward
and rightward shifts of the boundaries between extended
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Figure 7. DNA phase diagrams. The figure shows force-torque phase diagrams for: bare DNA (A), DNA interacting with DNA-stiffening (B) and DNA-
bending proteins (C) as well as for DNA in the presence of tetrasome (D) and nucleosome (E) complexes formation. Solid curves predicted by the transfer-
matrix calculations indicate transition boundaries between extended (B, L and P) and supercoiled (sc-B, sc-L and sc-P) states of DNA as well as between
various DNA–protein conformations. Presented phase diagrams summarize all of the theoretical results plotted in Figures 2-6. From the figure, it can
be seen that while DNA-stiffening proteins delay formation of supercoiled DNA structures, forcing DNA to stay in the extended conformation (i.e. the
boundary in panel (B) between B-DNA and sc-B states recedes to higher values of the applied torque), DNA-bending and wrapping proteins promote DNA
compaction via assembly of nucleoprotein complexes inducing DNA supercoiling. Circles in the phase diagram of bare DNA (A) indicate experimental
data points, which were digitized from ref. (56,58,77,79–81,93). Dotted lines in panel (B) demonstrate position of the boundary between extended and
supercoiled B-DNA states in the absence of DNA-stiffening proteins in solution (i.e. in the case of bare DNA).

and supercoiled B-DNA conformations at negative and
positive torques, respectively, comparing to the case of bare
DNA. Such receding of the DNA supercoiling transition
boundaries results from the delay in the DNA buckling
transition due to the DNA-stiffening effect produced by
rigid nucleoprotein filaments, which polymerize on DNA
upon proteins binding to it, see the DNA-stiffening protein
section for more details.

In the case of DNA interaction with the DNA-bending
protein (IHF), the most prominent effect that can be seen
from the phase diagram displayed on Figure 7C is appear-
ance of a new DNA–protein state in −11 ≤ τ ≤ 17 pN·nm
torque range and at forces f < 1.0 − 1.5 pN that corresponds
to the formation of compact nucleoprotein complexes by
IHF proteins on DNA. As the transfer matrix calculations
show, these complexes assume left-handed chirality at neg-
ative torques (−11 ≤ τ < 0 pN·nm) and, more importantly,
have free energy, which is smaller than the energy of super-
coiled bare B-DNA, see the DNA-bending protein section
for more details. This results in complete disappearance of
the latter state from the phase diagram of IHF-bound DNA
at negative torques. At positive torques, however, the DNA
behaviour is slightly more complicated. While at 0 < τ ≤
17 pN·nm torques IHF binding to DNA leads to formation
of compact nucleoprotein complexes with right-handed chi-
rality, further increase of the torque causes dissociation of
IHF proteins from DNA, which give a way to formation of
positively supercoiled bare B-DNA structures.

The final two panels shown in Figure 7D and E demon-
strate the phase diagrams of DNA in the presence of tetra-
some (D) and nucleosome (E) complexes formation. From
Figure 7D it can be seen that in the case of tetrasomes, the
most prominent changes emerging on the phase diagram of
DNA is appearance of the two new DNA states correspond-
ing to assembly of the left-handed tetrasomes at negative
torques and right-handed tetrasomes at positive torques.
Interestingly, in contrast to DNA-bending proteins, strong
drop in the DNA free energy associated with the formation
of tetrasome complexes not only leads to complete disap-
pearance of the supercoiled bare B-DNA state at negative
torques, but at positive torques as well.

In the case of nucleosomes, Figure 7E demonstrates
that they form in a more narrow torque range (−11 ≤
τ ≤ 15 pN·nm) comparing to tetrasome complexes. In-
deed, as the transfer-matrix calculations discussed in the
DNA-wrapping protein section show, nucleosomes become
highly destabilized at large positive torques due to their
left-handed chirality. As a result, while nucleosomes assem-
bly on DNA leads to disappearance of supercoiled bare B-
DNA state at negative torques, at high positive torques (τ
≥ 15 pN·nm) DNA keeps developing supercoiled structures
that drive dissociation of histone octamers from the DNA.
Another interesting feature that can be seen in Figure 7E
is a rather steep boundary between the nucleosome-covered
and extended bare B-DNA states, indicating that nucleo-
somes formation on B-DNA is more sensitive to the ap-
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Figure 8. Force-extension curves of DNA in the presence of different
amounts of TrmBL2 protein in solution. The figure shows fitting of the
experimentally measured force-extension curves of DNA obtained at dif-
ferent concentrations of DNA-stiffening protein, TrmBL2, in solution to
the theoretical results predicted by the transfer-matrix theory. Solid sym-
bols on the plot represent the experimental data points collected during
stretching cycles of λ-DNA; whereas, solid curves demonstrate theoretical
data fitting based on the transfer-matrix calculations described in the main
text. Error bars show experimental SEM values of the corresponding data
points.

plied torque constraints than in the case of other nucleo-
protein complexes discussed in this work––an effect which
may be employed by living cells in regulation of the chro-
matin structure and its spatial organization.

Application of the transfer-matrix theory for processing of
experimental data

To demonstrate practical utility of the transfer-matrix for-
malism, in this section we describe how to exploit it in or-
der to extract valuable information about DNA–protein
interactions from experimentally measured force-extension
curves of DNA. For this purpose, we use experimental data
obtained on a torsionally relaxed 48 502 bp λ-DNA incu-
bated in the presence of different amounts of TrmBL2 pro-
tein in solution (33).

It has been shown in our previous study that TrmBL2 is
a DNA-stiffening protein, which binds to DNA in a coop-
erative manner, resulting in polymerization of rigid nucleo-
protein filaments (33). Furthermore, it has been found that
TrmBL2 has two different binding modes to DNA, which
manifest themselves in a protein concentration-dependent
manner (33). Whilst it is not hard to introduce both of these
modes into the transfer-matrix calculations [see comments
at the end of the ‘General Theory’ section], here we deal
only with the experimental data obtained at 0 − 150 nM
protein concentrations, at which TrmBL2 interaction with
DNA can be described by a single binding mode (33). This
makes it possible to directly use Supplementary Equation
(F6) and (6) in order to fit experimentally measured force-
extension curves of DNA (solid symbols in Figure 8) in the
presence of TrmBL2 protein in solution to the theoretical
graphs predicted by the transfer-matrix theory (solid lines
in Figure 8).

For the fitting procedure we used the Nelder–Mead sim-
plex algorithm (107), which enables to search for the op-
timal values of the model parameters at which the total
deviation between the experimental data points and the
theoretical curves is minimal. To fit the data, the follow-

ing three model parameters were varied in the calculations:
(i) the bending persistence length of protein-covered DNA
[Apr], (ii) equilibrium dissociation constant of the protein
from DNA [Kd] and (iii) the cooperative binding energy
of proteins to DNA [Jpr]. At each algorithm step, the pro-
teins’ binding energy to DNA at a given concentration, c, of
TrmBL2 in solution was calculated using the following clas-
sical formula: �pr = ln (c/Kd). The final results in the form
of DNA force-extension curves predicted by the transfer-
matrix theory for the optimum values of the model param-
eters are shown in Figure 8.

As can be seen from the figure, the theoretical graphs
demonstrate very good agreement with the experimental
data. Furthermore, the obtained optimal values of the
model parameters: Apr = 88 nm, Kd = 3.8 nM and Jpr
= 4.26 kBT are very close to those previously reported in
ref. (33), which were acquired by an independent method
via fitting the experimental data to the Marko–Siggia for-
mula and Hill equation. This consistency indicates that the
transfer-matrix theory presented in this study accurately de-
scribes DNA–protein interactions and can be easily imple-
mented for extraction of important information regarding
the DNA-binding affinities of studied proteins and physical
properties of nucleoprotein complexes from single-molecule
experiments performed on individual DNA molecules.

DISCUSSION

In this study, we have developed a new theoretical approach
based on the transfer-matrix calculations for investigation
of DNA–protein interactions under force and torque con-
straints, which makes it possible to evaluate changes in
the DNA conformation due to formation of nucleoprotein
complexes by DNA-binding proteins in a wide range of me-
chanical forces applied to the DNA. As a result, the con-
structed theoretical framework may be used in future to
provide better understanding of the potential role of such
constraints in regulation of the DNA-binding properties of
different types of DNA-architectural proteins.

It should be noted that although in this study the transfer-
matrix approach has been demonstrated using examples
of proteins which equally well bind to all of the DNA
segments, the nature of the transfer-matrix formalism eas-
ily allows one to include sequence-dependent behaviour of
DNA-binding proteins into the calculations. Indeed, ac-
cording to Equation (6), the DNA partition function is de-
termined by the product of transfer matrices, which are de-
fined locally on the vertices connecting neighbouring DNA
segments in the polygonal chain representing the DNA
polymer. Thus, proteins sequence-specific binding to DNA
can be straightforwardly implemented by introduction of
site-dependent DNA transfer-matrices, Lj (j = 1, ..., N − 1),
and replacement of LN − 1 matrices product with

∏N−1
j=1 L j

in Equation (6).
Furthermore, flexibility of the developed transfer-matrix

approach makes it possible not only use it to study forma-
tion of nucleoprotein complexes by a single type of DNA-
architectural proteins at a time, but, more importantly, to
investigate competitive binding of different types of proteins
to the same DNA and its potential regulation by mechan-
ical constraints applied to the DNA. Indeed, calculations
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presented in this study demonstrate that force and torque
constraints imposed on DNA frequently have a strong ef-
fect on the proteins’ DNA-binding affinity, whose strength
may either increase or drop depending on the architecture
of the nucleoprotein complexes as well as the magnitude
and direction of the applied mechanical forces. These re-
sults immediately imply that by changing the mechanical
constraints it may be possible to modulate the balance be-
tween nucleoprotein complexes formed on DNA by dif-
ferent groups of DNA-binding proteins, warranting future
study.

Considering mounting experimental evidences showing
that the chromosomal DNA in living cells is subject to a
large number of various mechanical constraints, and tak-
ing into account that there exist many different types of
DNA-binding proteins involved in regulation of the DNA
organization inside living cells, this kind of research may
help to gain better understanding of how the force- and
torque-dependent interaction of DNA-architectural pro-
teins and transcription factors with DNA results in exper-
imentally observed activation or suppression of a number
of specific genes in response to mechanical forces applied
to the nucleus and/or chromosomal DNA in living cells
(17,18,19,20,21).

Finally, it should be noted that the transfer-matrix cal-
culations developed in this study appear to be much faster
than the existing Brownian/molecular dynamics simulation
(MD) and Metropolis-Monte Carlo (MC) computation al-
gorithms, which are frequently used to model DNA be-
haviour under mechanical constraints in the presence or
absence of DNA-binding proteins (62,63,65–68,70,71). For
example, computation of torque-extension curves of a mi-
crometer size DNA could be done in several seconds by run-
ning transfer-matrix calculations on a laptop, while for MC
algorithm it takes several days of intensive calculations on a
computer cluster to obtain similar results (data not shown).
This gives the transfer-matrix approach a strong advantage
in interpretation of experimental data obtained in single-
DNA manipulation assays.

Indeed, as demonstrated in the example of DNA inter-
action with TrmBL2 proteins at the end of the ‘Results’
section, fast transfer-matrix calculations described in our
study allow one to vary parameters to achieve best fitting
to the experimentally measured force- and torque-extension
curves as well as force- and torque-superhelical density
curves of DNA in a sufficiently short amount of time. By do-
ing so, it is possible to obtain accurate and detailed informa-
tion about the DNA-binding affinities of studied proteins
and physical properties of nucleoprotein complexes formed
on DNA from the experimental data, providing important
information about the role of force and torque constraints
in regulation of DNA–protein interactions.

For this reason, we believe that the transfer-matrix for-
malism presented in our work may be used in future to
quickly estimate potential changes in the DNA confor-
mation under various mechanical constraints imposed on
DNA in the presence or absence of DNA-binding proteins
in surrounding environment, pinpointing the most impor-
tant questions and problems that can be later studied in
detail by utilizing the classical MD and MC simulation
methods. By utilizing such a combination of the transfer-

matrix calculations and MD/MC algorithms, it will be then
possible to gain deep insights into the role of force and
torque constraints in modulation of DNA–protein interac-
tions, which will be important for better understanding of
multiple experimental findings suggesting a major role of
mechanical forces in regulation of the cell genome organi-
zation.

In summary, the transfer-matrix formalism developed in
this study allows one to gain valuable insights into phys-
ical processes governing formation of nucleoprotein com-
plexes by DNA-binding proteins under force and torque
constraints applied to the DNA. The flexibility and advan-
tages of this method make it a powerful tool for a broad
range of future applications, including but not limited to
investigation of the DNA organization by multiple DNA-
binding proteins as well as processing and interpretation of
single-molecule experimental data obtained in single-DNA
manipulation assays.
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