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Abstract

Antiviral treatment remains one of the key pharmacological interventions against
influenza pandemic. However, widespread use of antiviral drugs brings with it the
danger of drug resistance evolution. To assess the risk of the emergence and dif-
fusion of resistance, in this paper, we develop a diffusive influenza model where
influenza infection involves both drug-sensitive and drug-resistant strains. We first
analyze its corresponding reaction model, whose reproduction numbers and equilibria
are derived. The results show that the sensitive strains can be eliminated by treatment.
Then, we establish the existence of the three kinds of traveling waves starting from the
disease-free equilibrium, i.e., semi-traveling waves, strong traveling waves and persis-
tent traveling waves, from which we can get some useful information (such as whether
influenza will spread, asymptotic speed of propagation, the final state of the wavefront).
On the other hand, we discuss three situations in which semi-traveling waves do not
exist. When the control reproduction number R¢ is larger than 1, the conditions for
the existence and nonexistence of traveling waves are determined completely by the
reproduction numbers Rsc, Rrc and the wave speed c. Meanwhile, we give an inter-
val estimation of minimal wave speed for influenza transmission, which has important
guiding significance for the control of influenza in reality. Our findings demonstrate
that the control of influenza depends not only on the rates of resistance emergence
and transmission during treatment, but also on the diffusion rates of influenza strains,
which have been overlooked in previous modeling studies. This suggests that antiviral
treatment should be implemented appropriately, and infected individuals (especially
with the resistant strain) should be tested and controlled effectively. Finally, we outline
some future directions that deserve further investigation.
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1 Introduction

Influenza is a serious cytopathogenic, drastic respiratory infectious disease that is
caused by an RNA virus in the Orthomyxoviridae family (Earn et al. 2002; Mohler
et al. 2005). Based on the differences in two major internal proteins, matrix protein
(M) and nucleoprotein (NP), the virus is categorized into three main types: A, B and
C (Webster et al. 1992; Tamura et al. 2005). Influenza virus can be transmitted among
human beings in various ways, such as direct contact with infectious individuals, by
contact with contaminated objects, by inhalation of virus-laden aerosols, etc (Viboud
et al. 2004).

In fact, human influenza, a more severe disease, has been a major cause of excessive
morbidity and mortality: 40 million in Spanish flu (HIN1) 1918-1919 (Oxford 2000)
and a total of 6 million in Asian flu (H2N2) 1957-1958 and Hong-Kong flu (H3N2)
1968 (Stone et al. 2007). In particular, the outbreak of 2009 HIN1 flu (swine flu) has
proved again that influenza can be a serious problem worldwide (Garten et al. 2009).
In addition, influenza poses a considerable economic burden of society and becomes
a problem of public health (Webster et al. 1992). Therefore, it is imperative to study
how to prevent and contain the outbreak of influenza, increasing our understanding of
the influenza transmission dynamics.

To prevent and control pandemic influenza, various pharmaceutical (vaccination
and antiviral treatment) and non-pharmaceutical (wearing masks, reducing the fre-
quency of going out or paying attention to personal hygiene) measures (Longini
et al. 2005; Ferguson et al. 2005; Halloran et al. 2008) may be taken. Among phar-
maceutical interventions, antiviral treatment (including a range of medications and
therapies) remains one of the most effective measures to lower disease transmission
and reduce the health burden of infections (Ferguson et al. 2005). However, abundant
use of antiviral drugs (such as oseltamivir and zanamivir) is a significant factor in pro-
ducing resistant strains. The emergence of drug-resistant strains prevents the growth
and spread of the drug-sensitive strains, which has raised great concern for public
health (Heymann 2006).

More recently, some mathematical models (primarily ordinary differential, net-
worked and stochastic models), as effective tools, have explored the potential effects
of drug resistance on the transmission of influenza (Stilianakis et al. 1998; Regoes and
Bonhoeffer 2006; Moghadas et al. 2008) and identified effective treatment strategies
for resistance management (Lipsitch et al. 2007; Moghadas 2008; Moghadas et al.
2009; Qiu and Feng 2010; Hansen and Day 2011). For example, Lipsitch et al. (2007)
designed and analyzed a deterministic compartmental model of the transmission of
oseltamivir-sensitive and -resistant influenza infections during a pandemic. They con-
cluded that the benefits of antiviral drug use to control an influenza pandemic may be
reduced, although not completely offset, by drug resistance in the virus. Jnawali et al.
(2016) developed and analyzed a classical two-player game theoretical model where
each player chooses from a range of possible rates of antiviral drug use, and payoffs
are derived as a function of final size of epidemic with the regular and mutant strain.
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Their results showed that strategic interactions could strongly influence a population’s
choice of antiviral drug use policy.

If the random movement of individuals in space plays a very important role in the
dynamics of influenza transmission, it is necessary to consider the influence of spatial
diffusion, which is usually characterized by reaction—diffusion equations. Zhang and
Wang (2014) established a reaction—diffusion influenza model with treatment and
focused on the existence and nonexistence of traveling wave solutions. Xu and Ai
(2016) formulated a mathematical model of influenza disease with vaccination to
incorporate a spatially homogeneous structure. It is shown that the existence and
nonexistence of the traveling wave solutions for the model are determined completely
by the basic reproduction number.

These studies have provided much useful insights into the emergence, spread and
control of influenza. However, most of these models have considered either antiviral
use or the spatial structure of large populations alone. The potential large-scale use of
antiviral drugs brings with it the danger of drug resistance diffusion, which will create
an unprecedented selective pressure for the control of pandemic influenza. To assess
the impact of antiviral resistance and population diffusion, in this paper, we modify and
extend a previous model of influenza epidemic into a diffusive model which takes into
account the division of large populations into smaller units, the effects of demographic
processes (recruitment and natural deaths) and spatial diffusion factors. The new model
allows us to examine the effects of antiviral use on the prevalence of both drug-sensitive
and drug-resistant strains under the influence of population diffusion and to explore
the interaction between populations considering antiviral drug use strategies.

To this end, we develop a diffusive influenza model with multiple strains includes
explicitly both antiviral use and spatial diffusion in Sect.2. The equilibria and repro-
duction numbers for the corresponding reaction model are discussed in Sect. 3. The
existence of three different kinds of traveling waves of the diffusive model is estab-
lished in Sect. 4. The conditions for the nonexistence of semi-traveling waves of the
diffusive model and the estimation of minimal wave speed are given in Sect. 5. Finally,
some further discussions are listed in Sect. 6 to conclude this work.

2 A Diffusive Influenza Model With Multiple Strains

We adapt the approach of Lipsitch et al. (2007) for modeling the drug treatment (with-
out prophylaxis). In a homogeneously mixing population, individuals may be treated
with antiviral drugs, or not treated. They may also be either infected with the regular
drug- sensitive strain, or with the mutant drug resistance strain. Then, a population is
divided into classes of individuals with epidemiological statuses as susceptible (S),
infected with the sensitive strain (Isy ), infected with the sensitive strain under treat-
ment (/s7), infected with the resistant strain (/g) and recovered individuals (R). To
describe the spatiotemporal spreading behavior between susceptible and infectious
individuals, we extend their ordinary differential equation (ODE) model by including
diffusion terms and vital dynamics (recruitment and mortality). Therefore, a diffusive
influenza model with multiple strains can be demonstrated as follows:
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88 = ds¥’S + A — uS — [BsUsu +8Ist) + PrIRIS,

su — o, PIu 1 (1 — f)Bs(Isy + 81s7)S — (hu + W s,

st = ggp Elsr Iy + f( = nBsUsy +8Isp)S — Gk + wlsr, (1)
He = dp 3"* +[frBsUsu +81s7) + BrIRIS — (kg + ) Ik,

3—R = dR 0 R+ kylsy + krlst 4+ krlr — 1R,

where S(x,t), Isy(x,t), Ist(x,t), Ir(x,t) and R(x,t) represent the quantities of
susceptible, infected with the sensitive strain and untreated, infected with the sensitive
strain and treated, infected with the resistant strain and recovered population at position
x and time ¢, respectively. The parameters dg, dsy , dst, dg and df are the diffusion
coefficients of the above five subclasses. The constant A is the recruitment rate of the
population and w is per capita natural death rate. Here we assume that each infected
individual with the sensitive strain will receive treatment with proportion f, and each
individual who received treatment will develop drug resistance with probability r.
The parameters Bs and B are the transmission coefficients of the untreated and drug-
resistant infected individuals. Due to antiviral treatment, the transmission rate by an
individual who received treatment will be reduced by the factor §. Each individual
in I subclasses can recover with the corresponding rate k;, j = SU, ST, R. All
parameters are assumed to be positive.

Since the first four equations of (1) are independent of the last one, it suffices to
consider the following reduced reaction—diffusion system:

88 = dg¥’S + A — uS — [Bs(Usu + 8Ist) + BrIR]S,

s — gy Py 4 (1 — f)Bs(Isy +81sr)S — (ku + W s,
st — ggp Clsr 2 + £ =P BsUsy + 8Ist)S — (kr + w st
0k =dpiiy ’R + [ frBsUsu +81s7) + BrIR]S — (kg + 1) Ig.

= 3

@)

3 Equilibria and Reproduction Numbers for the Reaction Model

When the spatial diffusion of population is omitted, the diffusive model (1) is reduced
to a reaction model. Sometimes it greatly affects the dynamics of its diffusion
model (Gardner 1984), so it is necessary to analyze the reaction model of model (1),
which is described by the following system of ODEs:

4 = A—puS — [BsUsu + 81s7) + BrIRIS
dsv = (1 — f)BsUsu +81s7)S — (ku + W lsu,
Ust — (1 — r)Bs(Isu + 8Is7)S — (kr + ) Ist, 3)

dr
Ur — | frBs(Isy + 8IsT) + BRIRIS — (kg + IR,
—If =kylsy + krlst +krlg — uR.
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In this section, we give a brief discussion about the existence of equilibria and repro-
duction numbers of the reaction model (3).

Denote by N (1) = S(t) + Isy (t) + IsT (t) + Ir(t) + R(t), the total quantity of the
population at time 7. Note that N (¢) satisfies the equation (fj—/;’ = A — uN, which, for
any initial value N (tp) > 0, has a general solution of the form

N(t) = L[A — (A — uN(t9)) exp H=10)],

1
n
Then, we have lim;_, o N(t) = 4, Through the above analysis, we know that the
biologically feasible set of the reaction model (3) is given by

A
r= {(S, Isy, Ist, Ig, R)IO < S, Isy, Ist, Ir, R, S+ Isy + Ist + I + R < ;} .

Obviously, the set I" is positively invariant for the reaction model (3).

There is a key parameter in epidemiological models, the basic reproduction number,
commonly denoted by Ry, defined as the expected number of secondary infections
generated by a single infectious individual during the infection period in an entirely sus-
ceptible population (Anderson et al. 1992; Diekmann and Heesterbeek 2000; Hethcote
2000). When certain control measures (such as immunization, isolation, treatment, etc)
are introduced, we use the control reproduction number, denoted by R, to determine
whether the epidemic can be contained (Anderson et al. 1992).

Similar to the calculation of the basic reproduction number, we can use the same
approach developed in Diekmann and Heesterbeek (2000) and Van den Driessche
and Watmough (2002) to calculate the control reproduction number of the reaction
model (3) with treatment terms. Note that the reaction model (3) always has a disease-
free equilibrium E 0 = (SO, 0,0,0,0), where §O .= ﬁ The reaction model (3) has
three infected variables, namely Isy, Ist and IR, linearizing the equations of these
three variables at the equilibrium EO(SO, 0,0, 0,0), the matrices F and V (corre-
sponding to the new infection and remaining transfer terms, respectively) are given
by

(1— f)BsS® (1— f)Bsss® 0

F=|fa-nrpss® FA—-rpsss® o |, )
frBsS° frpsss®  PrsS°
and
ky + 0 0
0 0 kr+nun
Thus, FV~! = (II::; F(;> , where

FU=r)BsS° f(1=r)Bsss° Kyt kru - :
ky—+u k4 kr+

(1=f)BsS®  (1—f)Bs8S° 0
S
Fi| = ( ky -+ kr+u > , Py = (frﬂsSO frBsss® )’ Fr Pr
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Let 5 Bs5 5
Rsy=—>— Rsy=—2_ Rp=—n_, 6)
ky +n kr + 1 kg + 1
then we have
(1= )BsS®  f(1—r)BssS°
Rse = p(Fuyy = L= DBsS ] PSOST _ §01(1— )Ry + £ (1—r)Rsr],
ky +p kr +
)
and 0
S
Rec = p(Fi) = LE2_ — $0Rg, (8)
kr +

where p(A) is the spectral radius of the nonnegative matrix A.
Therefore, the control reproduction number of the reaction model (3) is given by

Rc = p(FV™") = max{Rsc, Rrc}. )

The biological interpretations of these quantities are as follows. Note that Rgc
represents the number of secondary sensitive cases that one individual infected with
the sensitive strain initiates in a completely susceptible population where antiviral
treatment is implemented, while Rgc represents the number of secondary resistant
cases that one individual infected with the resistant strain initiates in a completely
susceptible population. The quantity Rsc consists of two parts: (1 — f)S°Rgy and
£ —r)S°Rgr, which represent the numbers of secondary sensitive cases produced
by a untreated and treated sensitive case during the period of infection in a susceptible
population, respectively. In the influenza context, the control reproduction number R¢
tells us, on average, the total number of individuals that each single infected individual
will initiate to influenza virus during the period of infection in a completely susceptible
population.

The above quantities can be used to investigate the existence of equilibria of the
reaction model (3), so we present the following lemma.

Lemma 3.1 (1) The disease-free equilibrium E° always exists;

(2) If Rc < 1, there exists a unique disease-free equilibrium E°;

(3) If Rc > 1, then in addition to the disease-free equilibrium E°, the reaction
model (3) has a boundary equilibrium E when Rrc > 1, and aninterior (positive)
equilibrium E* when Rgc > 1 and Rrc < Rsc.

Proof The equilibria of the reaction model (3) are the solutions of the following equa-
tions:
A —uS —[Bs(Usy + 8Ist) + BrIR]S =0,
(1 = fHBsUsy + 81s7)S — (ky + W Isy =0,
fA =r)BsUsy +81s7)S — (kr + W Ist =0, (10)
[frBs(Usu +dIsT) + BrIR]S — (kg + 1) Ir =0,
kylsy +krlst +kglg — nR = 0.

In order to solve algebraic Eq. (10), we divide it into the following three cases.
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Case I: Ig = 0. For this case, based on the setting of parameters and the fact that
S > 0, from the fourth equation of (10), we have Isy = Is7 = 0. Substituting
Ir = Isy = Ist = 0 into the first equation of (10), we can obtain § = ﬁ = S9.

Case II: Ig > 0 and Is7 = 0. For this case, it follows from the third and fourth

equations of (10) that Isy = O and § = k’;;“ = RS—:C = S, Substituting Isy =

Isy =0and S = § into (10), we get the following reduced equations

A—uS—BrIgS =0, kglg —uR =0. (11)

- .
By solving linear algebraic Eq.(11), we obtain Iz = M = Igand R =

kr+u
kRSO(l_W) — R

Case III Ir > O0and Isy > 0. For this case, we first deal with the second and third
equations of (10), which can be regarded as equations with unknown quantities /sy
and Ig7. In view of the fact that /g7 > 0, by Cramer’s Rule, we have

(= HBsS = (kv + ) (I'=f)Bsds —0
fa=rpsS S =r)BsdS — (kr + 1) '

Calculate the above determinant, we can get the value of S as follows

(kv + @) Gk + 1) _ S e

T kr+ w1 = HBs+ kv + W f(A—r)Bss  Rsc

Substituting S = S$* into (10), after some algebraic computations, we can solve the
remaining four unknown quantities of Eq. (10) with § = S* as follows

u(Rsc—1) .
Isu = Bs(+8a)+Bgb =1Isy, Ist —k‘” Uk_ Isi’
x _ kulsytkrlgr+kelp . px
Ig =bl}, =1}, R= 7y = R*,
SA=r)ky+pw) Srky+p)

and b = .
(=Pkr+1) (=) kgt1) (1= 7ES)

where a =

From the above discussions, it follows that (10) has three possible nonnegative
solutions. Accordmgly, the reaction model (3) has three posmble equilibria E0 =
(°,0,0,0,0), E = (8,0,0, i, R) and E* = (S*, I$,, I$r, I, R¥). Based on the
expression of I g in Case II, we know that I, g > 0if and only 1f Rgrc > 1. Under
the condition / ;‘U > 0, from the expression of I; in Case III, we can easily see that
Iz > 0if and only if Rgc < Rgc, which implies 5 > 0. Return to the expression of
I3, we can similarly determine that /g, > 0if and only if Rgc > 1. When R¢ < 1,
i.e., Rsc < 1 and Rrc < 1, it follows that fR < 0and I;fU < 0. Thus, when R¢ < 1,
the reaction model (3) has a unique disease-free equilibrium E 0 When Rgc > 1, it
follows that the boundary equilibrium E exists. When R Rc < Rgc and Rgc > 1, the
interior (positive) equilibrium E* exists. No matter how Rgc and Ry are valued, the
disease-free equilibrium E° always exists. The proof is completed. O

@ Springer



121 Page 8 of 45 G.Chenetal.

Table 1 Existence of equilibria

Paramet Equilibri
on the values of Rgc, Rrc and arameters ((1)UI ibria _
E E E
Rc
Rc <1 Y N N
Rsc > 1> Rpc Y N Y
Rsc > Rpc > 1 Y Y Y
RRC > 1> RSC Y Y N
Rrc > Rsc > 1 Y Y N

Remark: Y Exists, N Does not exist

In Table 1, we present a diagram to clearly show the relationship between the
existence of equilibria and the values of the parameters Rsgc, Rrc and Rc.

4 Semi-, Strong and Persistent Traveling Waves for the Diffusive
Model

Traveling wave is one of the elementary notions in the study of reaction—diffusion
systems, the existence of which determines the long-term behavior of other solutions
of the systems (Ruan and Xiao 2004; Weng and Zhao 2006; Huang 2016; Zhang
2017). In epidemiology, the existence and nonexistence of nontrivial traveling waves
indicate whether an infectious disease could persist as a wave front of infection that
travels geographically across vast distances. Therefore, the study of traveling waves
is of great significance to the prevention and control of influenza.

More specifically, we consider a solution (S(x, t), Isy (x, 1), IsT(x, 1), Ig(x, 1))
of the diffusive model (2), with the following form

S, 1) =S86), Lix,0)=1i¢), §=x+ct, 12)

wherei = SU, ST, R, and ¢ > 0is the wave speed. A solution having the form (12) is
called a traveling wave solution (or referred to as traveling wave) if S(§) and /; (§), i =
SU, ST, R, are defined for all £ € R and are nonnegative functions.

For the convenience of discussion below, we first give several definitions of different
kinds of traveling waves as follows (Huang 2016; Zhang et al. 2016; Ai et al. 2017).

Definition 4.1 (Huang 2016; Zhang et al. 2016) A traveling wave (S(§), Isy (£),
IsT (&), Ir(§)) is called a semi-traveling wave connected to the disease-free equi-
librium E° (for convenience, here we still use the same notation E 0to0 represent the
equilibrium of system (2)) if it satisfies the boundary condition

Jim (S©). Isu ©). Is7€). [r()) = E°(5°,0,0,0). (13)
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Definition 4.2 (Ai et al. 2017) A traveling wave (S(§), Isy (&), IsT (&), Ig(§)) is
strong if it satisfies

(8(=00), Isy (—00). Is7 (=00), Ir(~00)) = E°,
(S(+00), Isy (+00), Ist (+00), [r(+00)) = E/E*,

where U (£00) = limg_, 100 U (§).

Definition 4.3 (Ai et al. 2017) A traveling wave (S(§), Isy (§), IsT (&), Ig(§)) is per-
sistent if there exist two positive constants M and M, such that

(S(—00), Isy (—00), Is7(—00), Ig(—00)) = E°,
M < léiminf S(), limsupS() < M»,

§—>+o00
M| < liminf [;(§), limsup/;(§) < M, i=SU,ST,R.
§—+o0 £—>+00

Next we discuss the conditions for the existence of three kinds of traveling waves start-
ing from the disease-free equilibrium EY, i.e., semi-traveling waves, strong traveling
waves and persistent traveling waves.

4.1 Semi-traveling Waves

In this subsection, to prove the existence of semi-traveling waves for the diffusive
model (2), we first introduce an auxiliary system, the technique of which has been
widely used (see Zhang and Wang 2014; Zhang 2017; Zhang et al. 2016; Ma 2007).
Then, by linearizing the wave equations of the diffusive model (2) at disease-free
equilibrium E°, we construct a pair of upper—lower solutions for the auxiliary system.
Finally, we use Schauder’s fixed-point theorem to establish the existence of semi-
traveling waves for the auxiliary system. The detailed proof process is shown in
Appendix A.
Now we state our main results about the auxiliary system as follows.

Lemma4.4 If Rc > 1, then there exists ¢* > 0, defined by Lemma A.l, such
that for any ¢ > c*, the auxiliary system (35) admits a nonnegative bounded
semi-traveling wave (S(&), Isy (&), IsT (&), Ir(§)) satisfying the asymptotic bound-
ary condition (13).

Proof We conclude that there exists a fixed point of the operator G, denoted by
Sol = (S(&), Isy (&), IsT(§), Ir(§)) € £, by Schauder’s fixed-point theorem and
Lemmas A.6, A.7 and A.8, which is equivalent to say that Sol is a nonnegative bounded
traveling wave of the auxiliary system (35).

We can further show that Sol satisfies the asymptotic boundary condition (13). It is
easy to see that (S(&), Isy (€), IsT (€), Ir(£)) — E°(5°,0,0,0) when& — —oo due
to the definition of upper—lower solutions in (39) and Lemmas A.3, A.4 and A.5. So, the
nonnegative bounded traveling wave (S(§), Isy (&), IsT (&), Ig(§)) is a semi-traveling
wave satisfying the asymptotic boundary condition (13). The proof is completed. O
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Based on Lemma 4.4, we give the conditions for the existence of semi-traveling
waves for the diffusive model (2).

Theorem 4.5 If Rc > 1, then there exists ¢* > 0 (defined by Lemma A.1) such
that for any ¢ > c*, the diffusive model (2) admits a positive semi-traveling wave
(S&), Isy (&), IsT (&), IR()) satisfying the asymptotic boundary condition (13) and
S() < SO for any &€ € R. Furthermore,

Slim Li(&)e ™ =k, S1im [[(E)e ™5 = he;, i=SU,ST,R, (14)
——00 ——00

where ksy = K2, KST = K3, KR = K4.

Proof SetY =7, := rll Obviously, the sequence {1},} satisfies 0 < V41 < 7; < 1
and7;, — Oasn — +o0o. By Lemma 4.4, there is a nonnegative semi-traveling wave

D, (&) = (@10 (&), 020(8), 931(8), pan(§)) € £

of the auxiliary system (35) with 7" = 77, satisfying the asymptotic boundary condition

(@171 (—00), P20 (—00), Y3, (—00), Pan(—00)) = E(S°,0,0,0).

From the proof of Lemma A.8, we know that {|<plfn (&)]} are uniformly bounded for
i =1,2,3,4since @,(£) € Lisafixed point of the operator G. In addition, {|¢/ (£)[}
and {|¢!"(£)|} are also uniformly bounded since @, (£) is the solution of the auxiliary
system (35) with T = 75,. Therefore, {®, (£)}, {®} (§)}, (@) (£)} are equicontinuous
and uniformly bounded in R. Then, Arzela—Ascoli theorem implies that there exists
a subsequence {77, } such that @, (§) — ¥ (§), @, (§) — ¥'(§), @, (§) — ¥'(§)
uniformly in any bounded closed interval when k — 400, and pointwise on R, where
V(&) = (W1(8), Y2(8), ¥3(8), Ya(§)).

Since @, (¢) is the solution of the auxiliary system (35), and let 1;,, — 0, we
obtain

ey =dsy| + A — pyy — [Bs(Y2 + 8v3) + Brval,

ey =dsyyy + (1 — f)Bs(W2 + 8v3) ¥ — (ky + w2,
ey =dstyy + (1 —r)Bs(Ya + 8Y3)y — (kr + )3,
ey = dryry) + [frBs(W2 + 8Y3) + Brvalyn — (kg + ).

Therefore, ¥ (£) is a nonnegative semi-traveling wave of the diffusive model (2) sat-
isfying the asymptotic boundary condition (13).

Next, we show that ¥ (§) is a positive semi-traveling wave of the diffusive model (2),
ie,¥i(§) >0,i=S,SU, ST, R forany & € R.

Suppose that (S(§), Isy (&), IsT (&), Ir(§)) € £ is a nonnegative semi-traveling
wave of the diffusive model (2). For fixed ¢ > ¢* and T € (0, 1], then &, & and &3
defined in Lemmas A.3, A.4 and A.5 can be chosen such that they do not depend on the
choice of 7. So, by the definition of the profile set £ in (44), we know that there exists
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a constant &y < & such that S(&§) > O for any £ < &. Now we show that S(§) > 0
for any & € R. On the contrary, we suppose that there exists £* such that S(§*) = 0.
Since S(&) > O for any & € R, S(§*) is a minimum, implying that S'(§*) = 0 and
S”(&*) > 0. Employing the first equation of system (36) yields dgS”(§*) + A = 0,
which is a contradiction. Thus, we have S(§) > 0 for any £ € R.

We then claim that I5y(§) > 0 for any £ € R. In fact, there exists '50 < &3 such
that Isy(§) > 0 when &€ < Eo. If there exists E* such that Iy (E*) = 0, then there
exist constants ay, ap such that a; < &3 < ap and E* € (a1, ap). Itimplies that Isy (&)
achieves its minimum in (ap, az) for any & € [aj, az]. From the second equation of
system (36), we know that /sy (§) satisfies, for any & € [ay, a2],

—dsy Iy (&) + clgy (&) + (ky + W Isy ) = (1 — f)BsUsy(§) + 8Is7(6))S(E) = 0.

By the elliptic strong maximum principle [see Theorem 3.3.6 in Gilbarg and Trudinger
2001], it follows that Isy (§) = O for & € [ay, az]. On the other hand, by Lemma A.3,
we have Isy (§) > 0 for & € [ay, &3), a contradiction. Similarly, by the elliptic strong
maximum principle, it can be shown I;(§) > 0, i = ST, R forany £ € R.

Based on the above arguments, we easily obtain S(&) < S° for any £ € R. Other-
wise, there exists /é\* such that

dsS" (") = [Bs(Isy (") + 8157 (E*)) + BrIrE¥)ISE") > 0,

a contradiction due to S” (?*) <0.

We finally show that the positive semi-traveling wave (S(§), Isy (§), IsT (&), Ir(§))
of the diffusive model (2) satisfies (14).

Let (S, (&), Isyn(&), IsTn(§), IR, (§)) € Lbeanonnegative semi-traveling wave of
the diffusive model (35) with 7" = 7}, in Lemma 4.4. Let ks = k2, KsT = K3, KR =
k4. Since the selection of k;,i = 2, 3,4 is independent on 7", by the definition of
upper—lower solutions of the diffusive model (35), we have

kit (1= Qe) < 1;,(6) < 1jn(€) < [jn(€) < xje’,

which follows that limg_, _og 1, (§)e % =k, j = SU, ST, R.

In addition, note that (S, (£), Isun (&), IsTn(§), Ign(§)) € £ is a fixed point of the
operator G,. Applying L’Hospital rule to the maps G;,, i = S, SU, ST, R, itis easy
to see that S),(—oo) = 0 and IJ’.n(—oo) =0, j = SU, ST, R. Integrating both sides
of the second equation of the diffusive model (35) from —oo to & gives

3
dsu Ty, (&) = clsun(®) — (1 — F)Bs / (st (s) + 81570()) Su (5)ds

—00

& 3
+ (ky + ) / Isyn(s)ds + 15, / 1%, (s)ds.
—00 —00
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Recall that S,,(—o0) = S, S (—00) =0, Ij,(—00) =0, I}n(—oo) =0and
Sgr_noo Iin(E)e ™5 =kj, j=SU,ST,R,

then we have

Jim Iy, @

1 &
= lim —[ee‘“lsuﬂ(s)—a—f‘)ﬂse‘“ f (Isu,,<s)+alsrn(s>)sn(s)ds]

Eﬁfocdsy _
. 1 —ic€ £ —Xrc€ § 2
+ EBIPOC a (ky + p)e " / Isyn(s)ds + Ve / I3y, (s)ds
—00 —00

_ cheksy — (1= f)Bsesy + Sks1)S° + (ku + sy
B dsuhe '

By the first equation of the eigenvalue Eq. (38), we know

cheksy — (1 — f)Bs(sy + Skst) SO + (ky + wixsy
dsuhe

= AeKSU -

So, limg— —o0 Iy, (§)e ™ = heksu.
Based on the previous discussion in this lemma, we suppose that there exists a
subsequence {nj} such that

here (S(§), Isu (&), IsT(§), Ir(§)) is a positive semi-traveling wave of diffusive
model (2) satisfying the asymptotic boundary condition (13). Applying the limiting
arguments yields

fgrzloo IéU(é)e_ME - kEI—iI-loo SEIPOO IéUﬂk (g),—)e—)»cf = AcKsu-

Similarly, we can also demonstrate limg_, _ I]f (E)e‘*cé = Ackj, j = ST, R. This
completes the proof of the theorem. O

In Theorem 4.5, we establish the existence of positive semi-traveling waves starting
from the disease-free equilibrium E 0 for the diffusive model (2), where the disease-free
equilibrium E° is the population state before the transmission of influenza. Meanwhile,
its presence means that the influenza will spread among the crowd. Different from
reaction model (3), the control reproduction number Rc is not the only factor that
determines whether influenza spreads in space. If influenza spreads among population,
except for R¢ > 1, the wave speed ¢ should be greater than the critical wave speed ¢*,
which depends on the diffusion coefficients of three infected subclasses. This implies
that the speed of group movement affects the likelihood of a global influenza outbreak.
In terms of influenza control, it can reduce the scale of influenza outbreak by restricting
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individual travel and implementing home quarantine. Equation (14) gives the growth
rates of different infection strains in the initial stage, which is favorable for us to make
reasonable predictions and rationally arrange medical resources.

4.2 Strong Traveling Waves

By Theorem 4.5, we have obtained the conditions that positive semi-traveling waves
exist. In this subsection, we will further study under what conditions the final state of
semi-traveling waves will tend to the boundary equilibrium E(S, 0, 0, Ig).

Theorem 4.6 Under the condition of Rc > 1, if Rsy < Rg and Rst < Rp (defined
in (6)), then for any ¢ > c¢* (¢* > 0 is defined by Lemma A.1), the diffusive model (2)
has a strong traveling wave (S(£), Isy (€), Is (£), Ir(€)) connecting E°(S°, 0, 0, 0)
and E(S,0,0, Ig).

Proof From Theorem 4.5, we know that when Rc > 1, there exists ¢* > 0 such
that for any ¢ > ¢*, the diffusive model (2) admits a positive semi-traveling wave

(S), Isy (§), IsT (&), Ir(§)) satisfying

(S(—00), Isy (—00), Ist(—00), Ir(—00)) = E°(5°, 0,0, 0)

with (&) < SO for any & € R.
To complete the proof, it is sufficient to show

(8(+00), Isy (+00), IsT(+00), Ig(+00)) = E(S,0,0, Ig).

/ I
We first claim that % and Ij_—g, j = SU, ST, R are bounded for any £ € R. To
get the result, we rewrite wave Eq. (36) of the diffusive model (2) as follows

dg 0 0 O S” S’
0dsy 0 O Ig’U . IS*U
0 0 dst O I./Q/T IéT
0 0 O dg Iy I

bii(§) 0 0 0 S

by1(§) bo(§) O 0 Isy

=0, 15

Tlowe 0 bue 0 ||1s (15)

by(§) O 0 baa(§) Ig

where

A
b11(§) = so T [BsUsu(§) +31sT(§)) + BrIR(E)],

by1(§) = (1 = fHBsUsy &) +8Is7(8)), bn(§) =—(ky + ),
b31(§) = f(1 —r)BsUsy (&) + 8Is7(§)), b33(&) = —(kr + 1),
ba1(€) = frBsUsy (&) + 81s7(£)) + BrIR(E), baa(§E) = —(kr + ).
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By Lemmas A.3, A.4 and A.5, it is not difficult to see that the functions by (£), bk (§),
fork = 1,2, 3, 4 are bounded. Moreover, by (§) > 0, for k = 2, 3, 4 due to the fact
SE&) >0and I;(§) > 0, j = SU, ST, R for any £ € R. We can apply Harnack
inequality (see Theorem 1.1 in Chen and Zhao 1997) for system (15), and it follows
that there exists a constant D > 0 such that for any £ € R, we have
max S(é) <D min S(é),
[s—1,s+ [s—1,s+1]
max I(§)<D 1’1’1111 I(S) j=38U,ST,R,
[s—1,5+1]

where D depends only on the coefficients of system (15) and the length of interval
[s —1, s+1]. As aconsequence, we can deduce that there exists some constant D1 > 0
such that

1)
1;(6)

S'(&)
So |t > ‘SDl, £ eR.

j=SU,ST,R

Set Vs(§) = S'(§), V;(§) = I}(E), Jj = SU, ST, R, the wave Eq. (36) of the
diffusive model (2) can be transformed into the following equivalent system

S = Vg,

dsVg =cVs — A+ pS+ [Bs(Usuy + 81st) + BrIR]S

I§U = Vsu,

dsyVgy =cVsy — (1 = f)BsUsy + 81s7)S + (ky + w)Isu, (16)
IS’T = Vsr.,

dstVer = cVsr — f(1 —r)Bs(Usy + 81s7)S + (kr + ) IsT,

II/Q = Vg,

drVyg = cVg = [frBs(Usy + 8Ist) + BrRIRIS + (kg + 1) IR.

Finally, we complete the proof of the lemma by introducing a Lyapunov functional,
determining that the positive semi-traveling wave (S(&), Isy (&), IsT(§), Ir(&)) of the
diffusive model (2) converges to the boundary equilibrium E (S’ ,0,0, I R)as& — 4o0.
Equivalently, it corresponds to the convergence of the solution

(85(8), Vs(&), Isu (&), Vsu (&), IsT (&), VsT(§), Ir(§), VR(§))
of systemA(16) to E(S’, 0,0,0,0,0, fR, 0). [For the convenience, we still use the same
notation E to denote the equilibrium of system (16).] To this end, we consider the

following Lyapunov functional

L(§) :=Ls()+ Lsu (&) + Lsr(§) + Lr(5),
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where

Ls()=cS—dsVs+

S'd_gVS /S S
—c | —=dn,
N §m
Lsy(§) =clsy —dsuVsu,
Lg7(§) = clst —dst Vs,
IrdR Vg R IR

LR(€) = clg — dgVi + 2RTR _ cﬁ IR 4,
IR ix N

Then, through a simple calculation, the derivative of Lg(&) along the solution of
system (16) satisfies

T v - asvi© + dsg(vé@)sfz)(;) B@OSE) g st)
— leVs(®) — ds Va6~ g S_ dsfzv(sgg)
< [eVs(E) - dsvg@]%;)g
Similarly, we can calculate
dLsy® Ly ®)

= cVsu(§) —dsuVsy (6), = cVsr(§) — dst Vgr (§),

dg dg

and deLE(E) <[cVr(§) —drVjg (g)]’R,(@@ I . Therefore, we have

dL()  Lg(§) | Lsu(§) | Lsr(§) = Lg(§)
ds_dg+d5+ds+ds

SE)—§
< [eVs (&) — dsVi(®)] (25) +[eVsu (&) — dsy Vig )]

I .y
+ [eVsT(€) — dst Vig ()] + [cVR(§) — dg er@”%

By system (16), we can further get

dL(§)
dg

<{A—puSE) = [BsUsu &) + 8IsT(§)) + BrIR(E)IS(E)}
+ [0 = HBsUsu(§) + 3157 (6))SE) — (ku + W lsu§)]

S) —
S(&)
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+ [f(A=r)pBsUsu(§) + 8Is7(5))S(E) — (kr + ) Is7 ()]

Ir(E) — Ig

L rBs(Usu(©) + 8157 () + FrIrEISE) = ki +WIrE) = "=

Together with the following equilibrium conditions A = uS + BrSIg and kg +p =
BrS, we have

dL NOER
(E) < {18 + BrSir — 1S© — 1BsUsu &) + 8157 ©) + BrIr @)1 S (2&)
+ (= BsUsy ) + 815 ENSE) — (ky + W) s (E)]
+ (=) BsUsy €) +81s7(E)SE) — (kr + W IsT ()]
. IR =1
+{f7BsUsu €) + 8151 ©) + BrIr(@)1 S©) — FrSIr(@)] %
(&) = $)? §  s®
= - 2= — =
“ s PeST ( S& 3 )
+ Bs(Usu &) + 8157 (E)S — (ky + W sy (&) — (kr + ) Is7 (€)
 frBsUsu®) + 8IsT€)SE) Ik
Ir (&)
. RNG)
SIg|2— — — —
< BrSIg ( 5 3 )

BsS BssS
1 -1 k 1 —-1].
+ (ky + ) SU($)<ku+M )+(T+M) ST(E)(kT+M )

Let ®(x) ;=1 —x 4+ Inx, for x € (0, 400). Using the fact S = % = -1 and the
property that ® (x) < 0 with ®(x) = 0 if and only if x = 1 gives

dL(&) - S S(&)
d fﬂRSIR[@<TE))+@< 5 )}
ST

+ (ky + w) sy () (R_R - 1) (kr + ) Ist(§) (— - 1)

Rg

Rsy
< (ky + m)Isu (&) ( R ) ke +wlsr @) <_R B 1) '

It is obvious that dL—g) < 0 holds for all £ € R when Rsy < Rg and Rs7 < Rpg,

dL(S)

implying that L (&) is decreasing. Furthermore, = 0 if and only if

(S, Vs, Isy, Vsu, Ist, Vst, Ig, V&) = E(S,0,0,0,0,0, Ig, 0).
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Finally, LaSalle’s invariance principle (1976) implies

(88), Vs(&), Isy (&), Vsu (&), Ist(§), VsT(€), Ir(€), VR(§)) — E(8,0,0,0,0,0, g, 0)

as € — +oo. That is, (S(400), Isy (+00), Is7(+00), Ig(+00)) = E(S,0,0, Ig).
The proof of the theorem is completed. O

In Theorem 4.6, we obtain the conditions for strong traveling waves connecting
the disease-free equilibrium E° and boundary equilibrium E. From Rsy < Rg and
Rst < Rpg, we can easily derive that Rgc < Rpgc. So we address the connection
problem between two equilibria E® and E in the later two cases of Table 1 in Sect. 3.
The existence of this strong traveling wave shows that the spread of influenza is
successful, which describes the influenza propagation into the susceptible individuals
from an initial disease-free equilibrium to the final boundary equilibrium with only
resistant strain. From Rsy < Rg and Rst < Rpg, we see that it is unfavorable for
the formation of sensitive strains in the competition of three strains, leading to the
extinction of sensitive strains. In this case, according to the mathematical expression
of I, the resistant strains can be significantly reduced by improving the cure rate
of drug-resistant individuals. In order to prevent the large-scale spread of resistant
strains, we should reasonably restrict the flow of drug-resistant individuals.

4.3 Persistent Traveling Waves

We can easily show that the positive semi-traveling wave (S (&), Isy (§), IsT (&), IR(§))
of the diffusive model (2) in Theorem 4.5 satisfies

(8@), Isu(§), IsT(§), Ir(§)) € £,

which implies lim SUP:_, 4 oo SE) < SO lim SUPg oo i &) < KK* i =
SU, ST, R, where ksy = k2, KST = k3, KR = K4.

To prove that the positive semi-traveling wave (S(§), Isy (&), IsT (&), Ir(£)) is
persistent, we only need to prove

liminf S(§) > 0, liminf ;(§) >0, i= SU,ST,R.
E—>4o0 §—>+o0

For this, we will apply the uniform persistence Theorem 4.5 in Thieme (1993) and
restate it as Lemma B.1. To use Lemma B.1, we define

X1 =A(S. Vs, Isu, Vsu. Ist, VsT, Ir, VR) : (S(§), Isu (§), IsT (§), Ir(§)) is a
positive semi-traveling of the diffusive model (2) in Theorem4.5
andVs(§) = S'(§), V;§) = I)(§). j = SU, ST, R},

X2 ={(S.V5.0,0,0,0, I, Vg) : 0 < S < $°, |Vs| < Dy|S].

0 < Ir < k4K™, |Vr| < D1lIrl},
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where x4 and K* have been determined in Lemmas A.1 and A.3 and D; is a positive
constant that is just determined in Theorem 4.6.

By establishing Lemma B.2, we get the conclusion that W*(E®) N X| = #, which
is to prepare for the proof of the following theorem.
Theorem 4.7 If Rsc¢ > 1 > Rpgc [defined in (7) and (8)], and ¢ > max{c*, ¢*}
(c* > 0 is defined by Lemma A.1, ¢* is defined by Lemma B.2) hold. The diffusive

model (2) admits a persistent traveling wave (S(§), Isy (&), Ist (&), Ir(§)) satisfying
the asymptotic boundary condition (13).

Proof Assume that, when & — 400 (asi — +00),

(8, Vs(&), Isu (&), Vsu (&), IsT (&), VsT (&), Ir(E:), VR(Ei))

— (8" Vg, Isy. Vsy {57 Vsr: Ir. Vi)-

We first prove several results as follows:
@ Iy, =0=> Ve, =15, =V =0;
In view of the fact that /5, = 0 and Vsy = I ;U, if Vg, # 0, by the Taylor formula,
we know there exists £* such that Isy(§*) < 0, a contradiction. In addition, we

assume that limg_, 4 I;U(S) exists, then we can show that limg_, 4 1_;’[,(5) > 0.
By selecting a subsequence of §;, denoted by &; ;, we directly give the Taylor expansion

of Isy (&) at &7:
Isu i) = Isu G+ sy G =6+ 5y &) G =& +o((&, —&0)D). (17)

Let g}; — 400, implying that I SU(si(;) — 0 and I;U(g};) — 0. Combining with

Isy (&) = 0, we can get limg_ 4o I 5y, (£) > 0 from (17).
Now go back to the equation of Isy in wave Eq. (36) of the diffusive model (2)

clgy(§) = dsulsy ) + (1 = HBsUsu§) + 8157 (6))S — (kv + W) Isy §). (18)

Take the limit on both sides of equality (18), in order to make the limiting equation
still hold, we have I¢;;(+00) = 0 and I57 (4+00) = I, = 0. Similar to the proof of
V§y = 0, we can show Vg, = 0.

Through similar discussions, we can also prove the following results (b) and (c).
b) I3, =0= Vg, =I5, =V, =0;
© Ig=0= Vg =I5, =V, =I5, =V, =0.

By (a), (b) and (c), we can find that I, =0 & I5, =0, I =0 =I5, =I5, =0,
while 15, = Ig; = 0 does not imply /; = 0. So we only need to show that X»
excludes X1, if we want to prove that S(&), Isy(§), IsT (&) and Ig (&) are persistent.
Now we study the dynamics of system (16) in X». Equivalently, we consider the
subsystem of system (16)
S = Vg, dsv_éZCVS—A-i-/JLS-i-,BRIRS, (19)
11/2 = Vg, dRVI/g =cVg — BrIRS + (kg + ) Ig.
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If Rrc < 1,system (19) has a unique equilibrium EO (SO, 0, 0, 0). Now we consider
the Jacobian matrix of (19) at E°, which has the form

01 0 0
w o pBrS® 0
J_ — ds dg ds
00 0 1
krt+u—BrS® ¢
00 drgr drgr

The characteristic equation of J is (dsA%>—cA—p) [de2 —ch+ BrS® — (kg + /L)] =
0. It is easy to calculate the eigenvalues of J as follows:

c++/2+4dsp e c* V2 +4dg (kg + )(1 — Rre)

At = =
S 2ds R 2dR

When Rgc < 1and ¢ > 0, the real part of all eigenvalues of J is nonzero, by the Hopf
bifurcation theorem (Marsden and McCracken 1976), we know there is no periodic
solution around E°. Obviously, there is no heteroclinic orbit connecting E° for any
c>0as Rrc < 1.

Finally, we need to rule out the possibility of a homoclinic connection at £°. For
the non-degenerated critical point EY, if there is a homoclinic orbit connecting EO,
then we have I € WY(E®) N WS(E?). The eigenvectors of matrix J corresponding
to eigenvalues )Lii, i=S,Rare

nE = 1,280,007, hh = BrS®, A EBRSY, Ps(A k), A5 PsOENT,
hy = (1,25,0,007, hp = (BrS®, AxBrS", Ps(A ), Ax Ps )T,

where Pg()) = dsA?> — ch — .

The unstable subspace of the linearized system of (19) at E° is spanned by h‘;
and h;, and the stable subspace is spanned by kg and hp. If there is a homoclinic
connection at E°, then | — E° # {J, we suppose that there is some point P* € [ — E°
such that PO € WY (E®) n WS(EY). Through simple calculations, together with
h;“hg < 0 and h;ﬁh} < 0, we can show P = EO©, a contradiction. So there do not
exist homoclinic orbits in X5 for system (19).

The above discussions imply that the sets £2» and M in Lemma B.1 are given
by £2, = E® = M. Obviously, M is an acyclic isolated covering of £2,. Applying
Lemmas B.1 and B.2 completes the proof of the theorem. O

In Theorem 4.7, we only give the existence of persistent traveling waves starting
from the disease-free equilibrium since it is difficult to construct a Lyapunov functional
or a pair of closed upper—lower solutions which converge to the positive equilibrium E*
as& — +oo. Although we can determine the components of the final state of persistent
traveling waves are positive, it does not mean the final state of persistent traveling waves
is E*. At the end of influenza spread, susceptible individuals and infected individuals
with sensitive and resistant strains may coexist at constant levels (E*) or periodically
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fluctuating state. However, Theorem 4.7 can still tell us the propagation speed of
infection into susceptible individuals.

Biologically, itis indeed of public health importance, indicating that if few infectives
are introduced into a completely susceptible population, then the infected individuals
with sensitive and resistant strains would not vanish at the end of the wavefront.
The condition Rsc > 1 > Rpc implies that sensitive strains are more competitive
than resistant strain. During the proof process, we find that two types of sensitive
strains cannot disappear alone; moreover, the extinction of resistant strain must be
accompanied by the extinction of sensitive strains.

5 Nonexistence of Semi-traveling Waves and Estimation of Minimal
Wave Speed for the Diffusive Model

Now we show the nonexistence of semi-traveling waves for the diffusive model (2)
in the following three cases: (I) R¢c < 1 and ¢ > 0; (II) Rgc > 1, Rsc # 1 and
0 <c<cf;and () Rgc > 1, Rre # 1and 0 < ¢ < ¢;. In addition, we also give
an estimation of minimal wave speed.

5.1 Nonexistence of Semi-traveling Waves
5.1.1 Casel:Rc <1andc>0

Theorem 5.1 Suppose that Rc < 1, then for any ¢ > 0, the diffusive model (2) has
no nonnegative bounded semi-traveling waves (nontrivial) satisfying the asymptotic
boundary condition (13). That is, in addition to the trivial semi-traveling wave, the
diffusive model (2) does not admit any traveling wave connecting the disease-free
steady state E° itself

Proof Suppose that the diffusive model (2) admits a nonnegative bounded semi-
traveling wave (nontrivial) satisfying the asymptotic boundary condition (13). Without
loss of generality, we assume that 0 < S(§) < S0 and 1(¢§) > 0for& € R.

Note that the three equations for (Isy, IsT, Ig) in wave Eq.(36) of the diffusive
model (2) can be transformed into

§ k _
tsw© = [ RIS gy

oo PSU vtnup

+
4 / Tkt p gen
3 pSU ky + u

Hgy (t)dt,

S krtu - 1
IsT(§) = f A (N
—co  PST kr +n

+00 k 1
- / LI r 60— Hp (o,
3 PST kr +
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kR 41 ey

1
Hg(t)dt
PR +un

&
Ir(&) =/

T k 1
+ / TR RN Hy (o, (20)
£ PR kr + 1
+ /2 44dsy (ky +10) + ctn/ 2 +4dgT (k+p1)
where A, = ZdSSUU L Ay = 2dSSTT ==,
L ot/ Adglkr + ) L L
)‘R: 2dr s 'OSU:)‘SU_)\SU’ ,OSTZ)"ST_)\STy
PR =g = Ag,
Hsy(t) = (1 — fHBsUsy () +8Is7(1))S(1),
Hsr(t) = f(1 —r)BsUsu(t) + 81s()S(1),
Hp(t) =[frBsUsy(t) +1s7(t)) + BrIR(®)]S(2).
According to (20) and assumptions, we have
£ k - 1
Isu (&) < / R e L1 p)pstisy ) + 815 (1) 5%
—00  PSU ky + 1
+00
+/ Kotk e L et ) + 8IS,
€ PSU ku +
£ _
Is7(€) < f M psren L (- st o) + stsrastar
—00  PST kr +np
+00
* / L g FQU= 1) Bssy () + 8Tsy (1) Sdr,
3 ST kr +p
£k - 1
In(®) < / SRR it L[ oI5y (1) + 81s7() + Brlr(0)]S'dr
—00 PR kr + 1
+o00 k 1
+ / EEE b LfrBs sy (1) + 81s7(1) + BrIr()1S%dr.  (21)
£ PR kr + 1

Making further simplification of inequalities (21) yields

Isy(€) < (V7'F),
Ist() < (VT'F),

IR(E) < (V7'F)3

£ _ oo
/ kv 1 €0 1 (1yar + / Me*?u@*”l(z)dr] ,
-0 PSU § psu

3 _ +oo
/ melsr(éﬂ)l(r)dt + / Melgrr(éfl)l(t)d[] ,
—o00  PST & PST

£ - e
/ e+ 1 =01 yar + f KR A1 pieny (t)dt] . (22
—c PR § PR
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where (V’IF),-, i = 1,2, 3 denotes the ith row of the matrix V~! F and

(1=£)BsS®  (1—f)BssS° 0

TR TR TI Isy (1)

VI = [ JE08S JLDPOS o |, 1) = | Ist(0)
frBsS° frBsés®  BrsS° IR (7)
kr—+p kr—+p kr+p

Let 19 := supgcg 1;(€), j = SU, ST, R. Then, I° := (Ig;;, I, Ip)" > 0 and
1% # 0, where T represents the transpose of vectors. Furthermore, by (22), we have

1< 'm0 (23)

In Sect. A.2, we have proven that ,o(V_lF) = ,o(FV_l) = Rc. Through the
Perron—Frobenius theorem, we see that there exists a vector P = (p1, pa2, p3)T eR3
with p; > 0,i = 1, 2, 3 such that (V"F)P = RcP. As 19 is bounded, we can sup-
pose that there exists a constant y > 0 such that 7° < y P. Iterating inequalities (23),
we have 10 < (VIF)" 10 < x(VTYF)"P = x(R¢)" P.

When Rc < 1, by selecting a sufficiently large n, we get 10 = 0, which is in
contradiction with the assumption. Thus, we complete the proof. O

Theorem 5.1 determines whether nonnegative bounded semi-traveling waves con-
necting the disease-free equilibrium E° itself exist in the first case of Table 1 in
Sect. 3. The extinction of influenza in all local areas will inevitably make it difficult
for influenza to spread globally. The results show that the control reproduction number
Rc is a critical threshold determining whether nonnegative bounded semi-traveling
waves exist.

5.1.2 Casell: Rec > 1,Rsc # 1and0 < c < ¢}

Theorem 5.2 If Rgc > 1 and Rsc # 1 are satisfied, then for any c € (0, c}), the
diffusive model (2) has no nonnegative bounded semi-traveling waves satisfying the
asymptotic boundary condition (13), where ¢} = 2/dgr(kr + )(Rrc — 1).

Proof We first define the two-sided Laplace transform by

+o0
LIUGOI) := / e MU (1)dt, (24)

—0o0

for A > 0.
We can rewrite (24) as follows

LIUOIR) = LTUOIR) + LTU O, (25)

where L7[U(-)](A) = fi)oo e MU (t)dt is referred to as the negative one-sided
Laplace transform (see Zhang et al. 2016), LT[U (1)](A) := f0+°° e MU (1)dr.
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It follows from (25) that, if the function U (¢) is bounded in [0, +00), the con-
vergence of L[U (-)](A) is equivalent to that of L~ [U(-)](A). From the definition of
L7[U()](X), we can find that L7 [U (-)](A) is increasing in [0, A*), where A* = 400
or A* < 400 with limy_ 3+« L[U (-)](A) = +o0.

It is easy to verify that the two-sided and negative one-sided Laplace transforms
have the following properties:

LIU'()]0) = ALIUOIM),  LIU"OIG) = A2LIUOIR).

and
LTIU'OIR) = ALT[UOI) 4+ U(0),

LU 100 = 2L UG + 2U0) + U'(0). (26)

Set Ji(A) = LIL()IW), i = SU,ST, and J5 (1) := LT[Ir(:)](}), for A €
[0, A:‘), i =S8U, ST, R. By Lemma C.1, it follows that A:f >n,i=S8U,ST,R.

The latter three equations of wave Eq. (36) of the diffusive model (2) can be rewritten
as

dsully —clyy + (1= £)BsS® — (ku + wWllsu
=1 — fHBs(S® = S)Usy +8Ist) — (1 — [)Bs8S I,
dsr Iy — clir + [ f(1 —1r)BsS® — (kr + w)ist
= f(1 —7r)Bs(S® — ) Usy + 8Ist) — fF(1 —r)BsS°Usy,
drlf —clp 4+ [BrS® — (kg + W)k
= (8 = S)[frBsUsu + 8Ist) + BrIR] — frBsS°(Isy + 8Ist).

27

Define v = min{Pg(A) : A > 0}, where Pr(A) = drr? — cA + BrS® — (kg + ).
It follows from the condition 0 < ¢ < ¢} = 2+/dgr(kg + )(Rgc — 1) that v > 0.

Now we suppose that system (2) has a nonnegative semi-traveling wave (S(§),
Isy (&), IsT (&), IR (&)) satisfying the asymptotic boundary condition (13). According
to the boundary condition (13), without loss of generality, we can assume S 0_s &) <
5 forall £ < 0. By the third equation of (27), we get

drly —clp + [BrS® — (kg + w)g = Br(S® — S)Ig — frBsSUsy + 8Ist)

< Br(S" — $)Ig < “TRIR < glR.

Taking the negative one-sided Laplace transform of the above inequality and making
use of the properties of L[] in (26), we obtain
_ v o_
PrO) T () + Q) = T (), (28)
where Q(X) = (drA — ¢)Ig(0) + dRII’e (0). Therefore, by (28), we have

EG) = | Pr() = 3| g ) + 20 =0, 29)
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If A% < 400, we have hmx»x’;; Jg (A) = 400, which implies limxaxj‘; g =
+o00, which is in contradiction with (29). If A%, = +o0, since J; (A1) is mono-
tonically increasing, together with the definitions of Pr(A) and Q(A), we have
lim, AL E(X) = 400, which is still in contradiction with (29). Thus, the proof
of the theorem is completed. O

5.1.3 Caselll: Rsc > 1,Rpc # Tand0 < c< ¢

Theorem 5.3 If Rsc > 1 and Rrc # 1 are satisfied, then for any c € (0, c3), the
diffusive model (2) has no nonnegative bounded semi-traveling waves satisfying the
asymptotic boundary condition (13).

Proof We prove the theorem by contradiction. For fixed ¢ € (0, c¢}), we suppose that
there exists a nonnegative bounded semi-traveling wave of the diffusive model (2)
satisfying the asymptotic boundary condition (13).
Based on the definition of the two-sided Laplace transform [see (24)] in Sect. 5.1.2,
we take the two-sided Laplace transform of first and second equations of (27), yielding
{ Psy (M) JsuM) = (1= )BsGG) — (1 — fH)Bs8S Isr (M), (30)
Pst (W) Jst (M) = f(1 =r)BsG() — f(1 —r)BsS"Tsu (),

where G(A) = L[g()I), gt) = (S° — HUsy + 8Is7).
Now, we illustrate Af < +o00,i = SU, ST. By the first equation of (30), we obtain

Hsy (V) = [dsy i —cr—(ky+m)1Isu (W) +(1— ) BsLIS() Isy ()+8 st ())]1(A) = 0.

By the aid of the two-sided Laplace transform in (24), we have ey
Jsu(r) >0, (32)

and, for A € [0, Ag;),
LISCUsy () + 8Is ()IR) > 0. (33)

If 5, = +00, using (32) and (33), we get Hsy (+00) = +00, which is in contra-
diction with (31). So we can conclude that 15, < +o0c. Similarly, we can also prove
that 1§, < +o0.

Then, we show A%, = A§y. Assume that Ag, < A%, which means
1im;\_);\§u Jsy(A) = +4oo and limx—»ﬂs‘u Jst(A) = Jst(Mgy) < +oo. From
Lemma C.1 and the definition of the two-sided Laplace transform in (24), together
with the boundedness of semi-traveling waves, we know that G(A’g y) < +0oo, which
follows that the second equation of (30) does not hold. So, )ﬁgU > k’gT. On the other
hand, we suppose that 1%, > A%, by a similar discussion, we have 15, < A%,.
Based on the above analysis, we can get the conclusion that 1* := 1%, = A%,
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Next, let us further consider Psy (A*) and Psp (A™). If Psyy(A*) > 0, we have
Psy (W) Jsu (W) + (1 — f)Bs8S Ist (W) = +oo > (1 — fHBsG(LY),
which is in contradiction with the first equation of (30). So, we have Psy(L*) < 0.

Similarly, we can also prove Ps7(1*) < 0.
Finally, we multiply the first equation by the second one of (30), yielding

HMW) sy JIst (W) = f(1— £)A —rBIGRIGH) — S°(Usy (L) + 8JsT (W)].

Consequently, we have

L fa=NHa- PBFGMIG() — S°(Jsy(A) + 8Js7(M)] 0

HOM\Y = 1i ;
pr Jsu(A)JsT ()
which is in contradiction with Lemma C.2. Therefore, the proof is completed. O

Combined with Lemma C.1, Theorems 5.2 and 5.3, we can give the following
proposition directly.

Proposition5.4 If Rc > 1 and R; # 1,i = SC, RC are satisfied, then for any c €
(0, min{c7, c}}), the diffusive model (2) has no nonnegative bounded semi-traveling
waves satisfying the asymptotic boundary condition (13).

When the control reproduction number R¢ is greater than 1, the range of the wave
speed ¢ determines whether nonnegative traveling waves exist. Fixed R¢c > 1, the
diffusion rates of three infectious subclasses affect the critical wave speeds ¢ and ¢,
determining the possibility of the existence of nonnegative traveling waves. From the
expressions of ¢} and 3 (see Theorem 5.2 and Lemma C.2), we can see that the critical
wave speed ci‘ is related to the diffusion coefficient dg of resistant strain, while the
critical wave speed c3 is related to the diffusion coefficients dgy and dgr of sensitive
strains. When Rc > 1, influenza will spread locally in a certain area. If Rgc > 1,
then CT > (0, indicating that the movement of individuals with resistant strains will
accelerate the spatial spread of influenza. If Rgc > 1, then ¢5 > 0, indicating that
the movement of individuals with sensitive strains will play an important role in the
spatial spread of influenza. In short, the movement of infected individuals in space
increases the possibility of a global outbreak of influenza.

5.2 Estimation of Minimal Wave Speed

The minimal wave speed for a traveling wave is a key parameter to characterize the
speed at which the disease spreads in a spatial domain (Huang 2016; Zhang 2017;
Zhang et al. 2016). Biologically speaking, epidemics can spread for ¢ > cpin While
they cannot spread for any ¢ < c¢pjin, where cpin is minimal wave speed, an important
threshold value to determine whether epidemics can spread or not. Proposition 5.4
provides the basis for our estimation of the range of minimal wave speed. Combining
with Theorem 4.5, we can conjecture that minimal wave speed cpin of the diffusive
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model (2) satisfies cpin € [min{cy, ¢3}, ¢*]. We find that the lower bound of minimal
wave speed cpin depends on the minimum value of minimal wave speeds of its two
subsystems where Ig = 0 or Isy = Is7 = 0, which seems to be a new phenomenon.
This also provides suggestions for us to control influenza in reality. By calculating the
minimal wave speeds of two kinds of strains, an optimal scheme for influenza control
can be scientifically formulated.

6 Conclusions and Discussions

Antiviral treatment remains a major pharmaceutical intervention in the management
of influenza infection. This is particularly important in the absence of preventive mea-
sures (such as vaccination). However, antiviral resistance may develop during the
treatment of drug-sensitive strains. The emergence and spread of resistant strains dur-
ing influenza pandemics has the possibility of causing major morbidity and mortality,
becoming one of the most challenging public health issues. To better understand the
temporal and spatial characteristics of influenza transmission and reduce the risk of
future influenza pandemic, in this paper, we incorporate antiviral resistance, population
diffusion and demographic processes (recruitment and natural deaths) into the previ-
ous influenza models, forming a diffusive influenza model (1) with multiple strains,
where a population is divided into five disjoint classes: susceptible individuals, indi-
viduals infected with the sensitive strain and untreated, individuals infected with the
sensitive strain and treated, individuals infected with the resistant strain and recovered
individuals.

First of all, we analyze its corresponding reaction model. By solving algebraic equa-
tions, we find all equilibria of the reaction model (3) and the corresponding conditions
that guarantee their existence (see Table 1). There are three possible equilibria for
the reaction model, i.e., two boundary equilibria (the disease-free equilibrium E? and
the boundary equilibrium E) and an interior (positive) equilibrium E*. We introduce
three parameters, Rsc, Rrc and Rc, to determine the region where each equilibrium
exists. The disease-free equilibrium E° always exists. When the reproduction numbers
of both strains are less than one, then all strains will die out. When at least one of the
reproduction numbers is greater than one, the strain with the higher reproduction num-
ber is certain to persist. If the reproduction number Rgc of the drug-sensitive strains is
greater than 1 and exceeds the reproduction number Rgc of the drug-resistant strain,
then there is an equilibrium state at which three pathogen strains are present. If the
reproduction number R ¢ of the drug-resistant strain is greater than 1, then there is an
equilibrium state at which only the drug-resistant strain is present. We conjecture that
the single-strain (drug-resistant strain) equilibrium is globally asymptotically stable
when Rrc > 1 and Rgrc > Rgsc. In general, the sensitive strain is the one that is
more dominant, but it can be eliminated by treatment. Depending on the reproduction
number of the drug-resistant strain, if increasing the treatment rate reduces the repro-
duction number of the drug-sensitive strains to a value below the reproduction number
of the drug-resistant strain, then influenza may move the three-strain equilibrium state
to the disease-free equilibrium state or to the boundary equilibrium state where only
drug-resistant infection is present.
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Next, we study the existence of the three kinds of traveling waves in the diffusive
model (2) which starts from the disease-free equilibrium E° (at the initial stage of
influenza transmission): semi-traveling waves, strong traveling waves and persistent
traveling waves. As it is well known, traveling waves starting from the disease-free
equilibrium are of biological significance since we can get a lot of information from
them, such as whether epidemics will spread, asymptotic speed of propagation and
the final state of the wavefront. Note that the diffusive model (2) is a non-monotone
system containing four equations and is full of complexity (such as time-varying
population and crossed reaction items), some dynamical problems on this system
become very challenging. To over those difficulties, we first technically introduce the
auxiliary system (35). Then, a bounded cone is achieved through a pair of upper—lower
solutions associated with Schauder’s fixed-point theorem. The existence of positive
semi-traveling waves of the diffusive model (2) is obtained by the limiting techniques
and Arzela—Ascoli theorem, and a prior estimate of exponential decay of semi-traveling
waves is made. We find that the existence of positive semi-traveling waves starting from
the disease-free equilibrium E? is jointly decided by the control reproduction number
Rc¢ and the critical wave speed ¢*. On the basis of the existence of semi-traveling
waves, we construct an appropriate Lyapunov functional and use LaSalle’s invariance
principle to obtain the existence condition of strong traveling waves connecting the
disease-free equilibrium E° and boundary equilibrium E for the diffusive model (2).
The results show that if strong traveling waves connecting E? and E exist, in addition
to Rc > 1 and ¢ > c*, it also requires Rsy < Rg and Rsy7 < Rpg. Furthermore,
persistence theory of dynamical systems is creatively applied to prove the existence
of persistent traveling waves starting from the disease-free equilibrium E°. In this
case, we have more stringent requirements on the reproduction numbers and the wave
speed, that is, Rs¢c > 1 > Rpc and ¢ > max{c*, ¢*}.

In view of these three types of traveling waves, we give some biological interpre-
tations about their analytical results in each subsection, respectively. Biologically, the
existence of semi-traveling waves starting from the disease-free equilibrium E° indi-
cates that the spread of influenza will occur. The existence of strong traveling waves
which connect the disease-free equilibrium E° and boundary equilibrium E indicates
that there is a transition zone moving from the steady state with no infective individ-
uals to the steady state with only drug-resistant infected individuals. In particular, the
presence of persistent traveling waves indicates that the infection with sensitive and
resistant strains does not disappear at the end of the wavefront.

On the other hand, the nonexistence of nonnegative bounded semi-traveling waves
connecting the disease-free steady state EV itself in three cases is proved by the com-
parison principle, the negative one-sided and two-sided Laplace transforms. We show
that the diffusive model (2) has no nontrivial traveling waves when (i) Rc < 1 and
¢ > 0;(@) Rpc > I, Rsc # 1and 0 < ¢ < c“f; or (iii) Rsc > 1, Rpc # 1 and
0 < ¢ < c}. When the control reproduction number R is larger than 1, the conditions
for the existence and nonexistence of traveling waves for the diffusive model (2) are
determined completely by the reproduction numbers Rgsc, Rgc and the wave speed c.
Theorem 4.5 and Proposition 5.4 combined provide an interval estimation of minimal
wave speed ¢, Which satisfies ¢, € [min{c], ¢}, ¢*].
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In this study, we consider the use of antiviral treatment and population diffusion in
order to gain more insights on the implementation of control measures of influenza
among human population. Antiviral resistance in influenza may have devastating con-
sequences, which poses a significant challenge in the control of influenza. Our findings
demonstrate that the control of influenza depends not only on the rates of resis-
tance emergence and transmission during treatment, but also on the diffusion rates
of influenza strains, which has been overlooked in previous modeling studies. This
suggests that antiviral treatment should be implemented appropriately, and infected
individuals (especially with the resistant strain) should be tested and controlled effec-
tively. The current study provides two policy recommendations: (i) apply control
theory to find the optimal timing and level of treatment profile that minimize the
cumulative number of infections (i.e., the epidemic final size) and resistance; (ii)
make scientific screening for people in disaster areas and restrict infected individuals’
travel, providing sufficient time for vaccine development and the preparation of treat-
ment regime. The model presented in this work provides a simplified framework for
the dynamics of drug resistance emergence and diffusion in the population and has
important guiding significance for mathematical epidemiological modeling in general.

Finally, we should remark that although we discover some rich dynamical behaviors
for a diffusive influenza model (1) with multiple strains, there are quite a few problems
that deserve further investigation in future work. For example, we have not showed
whether the critical wave speed c¢* is equal to the minimal wave speed ¢y, that is, we
have not completely determined the nonexistence of nonnegative bounded traveling
wave solutions connecting the disease-free equilibrium E° for 0 < ¢ < ¢*. Moreover,
from the viewpoint of mathematical biology, it is an important problem to consider
the asymptotic speeding of the diffusive model (2). We here conjecture that ¢* is the
asymptotic speeding of the diffusive model (2); however, we do not verify it and we
also leave it for another future work.

Acknowledgements X. C. Fu was supported by the NSFC under Grant 11572181.

A Semi-traveling Waves for the Auxiliary System
A.1 An Auxiliary System

An auxiliary system related to the diffusive model (2) can be described by

98 — 45 4 A — S — [Bs(Usu +8ls7) + BrIRIS,

a{a% = dSUaz% + (1= H)BsUsy + 8Is7)S — (ky + W lsy — T1E,.
st — g ST 4 £(1 = r)BsUsy +81sp)S — (kr + st — T1Zy,
%R = dk% + [frBsUsy + 8Ist) + BrIRIS — (kg + W) Ig — Y13,

(34)

where 7 is a small positive constant.
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Substituting the wave profile S(x, t) = S(&), li(x,t) = I;(£),i = SU, ST, R, x+
ct = & into (34), we obtain the corresponding wave equations

¢S’ =dsS" + A —uS —[Bs(Usuy + 8Ist) + BrIrlS

clyy =dsully + (1 — BsUsy +81s7)S — (ky + W Isy — Y13,
clyy =dsr1iy + f(1 —r)BsUsy + 81s7)S — (kr + W Ist — T 1%y,
cly = dgly+ [ frBs(sy + 8Ist) + BrIRIS — (kg + w) g — T 1.

(35)

The limiting equations of (35) when ¥ — 0 become the wave equations of the
diffusive model (2). For the convenience of use, we give their specific form as follows:

cS' =dsS" + A —puS — [Bs(Usu + 8Ist) + BrIRIS

cly, =dsylgy, + (1 — f)BsUsy + 81Ist)S — (kv + W lsy., (36)
clgp =dstIgp + f(1 —r)Bs(Isy + 81s7)S — (k1 + ) Ist,

clp =dplg +[frBsUsy + 8Ist) + BrIRIS — (kg + ) Ig.

A.2 Linearization of the Wave System at E°

Linearizing system (36) at the equilibrium EO(SO, 0, 0, 0) and only considering the
last three equations of the linearized system, we have

cph = dsupl + (1 — f)Bs(p2 + 8¢3)S° — (ku + wgs,
cph =dsr@i + fF(1—r)Bs(pr + 8¢3)S° — (kr + )3, 37
c@y = dro) + [frBs(pr + 8¢3) + BrealS® — (kg + 1)¢a,

where the functions ¢; (§), i = 2, 3, 4 correspond to 1;(§), j = SU, ST, R, respec-
tively.

We look for the solutions with the form (¢ (&), 93(£), p4(£)) = € (k2, k3, k4),
where x; > 0, i = 2,3,4 and A > 0. Substituting them into Eq. (37), we obtain the
following eigenvalue equations

chiy = dsyriiy + (1 — f)Bs(ica + 8k3)S° — (ky + pka,
chicz = dst A + (1 —r)Bs(ia + 8k3) S — (kr + ks, (38)
chig = drrPicy + [frBs(ia + 8k3) + BricalS® — (kg + 1)Kq.

Let A = diag(dsy,dsr,dg), B = diag(c,c,c) and M(x,c) := AM2 — BA +
F V', where the matrices F' and V' are given by (4) and (5). Then, by denoting
= (k2, k3, ka)T, the eigenvalue Eq. (38) can be rewritten as M (X, c)K = 0. By the
transformat1ons A =V~'Aand B = V~!B, we obtain an equivalent form of these
equations as follows M (A, c)K = K, with M(A, ¢) = (— AN+ Ba+ D)~ N VLR,
which is

(1=£)BsS®  (1=f)BssS° 0

®20.0 00
— | fA=—r)BsS” f-r)BsdS
M@, ) = 9301.¢) G30..0) 0 ’
[rBsS [rBsss®  _BrS°
04010 O4(h0) a0
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where @y (A, ¢) = —dsyA® +ch +ky + p, O3(r, ¢) = —dst A% + cA + kg + p and
O4(r, ¢) = —drA* + ch + kg + 1.

Denoting d = max{dsy, dsr, dr}, since ©; (2 7 ) is strictly increasing and non-
negative in ¢ € [0, +00), we can deduce that the matrix M (% c) is decreasing for
c € [0, +00).

Denote by p(M (A, c)) the principal eigenvalue of the nonnegative matrix M (A, c)
for A € [O, 3 d] Since p(M(A,c)) is continuous and monotonically increasing
with respect to the nonnegative matrix M (A, c¢), p (M (2 7 c)) is strictly decreas-
ing in ¢ € [0,+00). In particular, we have p(M(0,0)) = ,o(V_lF), and
lime—s 100 P (M (ﬁ, c)) =0.

For the continuation of the analysis, here, we give a brief proof of p(V~!F) = Re.
By the definition of the control reproduction number R¢ in (9), we know R¢c =
o(FV~1), implying that R¢ is the Perron—Frobenius eigenvalue of the matrix FV !,
So there exists a positive eigenvector P = (py, p2, p3)T with p; > 0,i =1,2,3
such that (FV~1)P = RcP. Then, we have V-!'P > 0 and (V- !'F)(V~lP) =
V=Y FV~YYP = RcV~'P. This implies that Rc is a nonnegative eigenvalue of
the matrix V~!F with positive eigenvector V~!P. It is easy to see that V™' F is
irreducible, that is, (V_lF + 1 )2 > 0. Using Perron-Frobenius theorem, we get
p(V~'F) = Rc

Combining with p(M (0, 0)) = o(V-IF) yields p(M (0, 0)) = Rc. Consequently,
when R¢ > 1, there exists a unique ¢* > 0 such that

c >1, cel0,c*);
p(M(g,C)) =1, c=c"
<1, ce(c* +x).

Now we fix ¢ > ¢*, note that ®; (A, c)(i = 2,3,4) is strictly increasing in
A€ [O, 3 d] then we obtaln that p(M (X, ¢)) is strictly decreasing and nonnega-
tive in & € [0, 55]. In view of the facts p(M(0, ¢)) = p(M(0,0)) = Rc > 1 and

p (M (55.¢)) <1, then there exists a A € (0, 55) such that

>1, Ae[0,2e);
p(M(,c)y =1, A=A
<1, re(he gl

Based on the above discussions, we have the following lemma.

Lemma A.1 Assume that Rc = p(FV~Y) > 1. Then, there exists ¢* > 0 such that
for any ¢ > c*, we can always find A, € (0, %) and K, = (k2, k3, ka)T with
ki >0, i =2,3, 4 satisfying det M (A., ¢) = 0 and M (\¢, c)Kc = 0.

Proof 1t follows from the above arguments that p (M (A., ¢)) = 1. By the Perron—
Frobenius theorem, we conclude that there is a vector I, € R3 with positive
components such that M (A., ¢)KC, = K. Multiplying the matrix —AA2 + B, + I
on both sides of the above equality, we have (AA% —Bic+V'F— DK, = 0. Mul-
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tiplying the diagonal matrix V_to both sides of the above equality, we finally obtain
(AA% — Bl + F —V)K. = M(A¢, c)K, = 0. This completes the proof. O

Let K. = (k2, k3, k4)T as obtained in Lemma A.1, then the following lemma is
straightforward.

Lemma A.2 The vector valued function ¢(§) = (92(€), ¢3(§), pa(&)) with ¢; (§) =
kiet§ i =12,3,4 satisfies Eq. (37).

A.3 Construction and Properties of Upper-Lower Solutions

In the next subsection, by using the Schauder’s fixed-point theorem, we establish the
existence of semi-traveling waves of the auxiliary system (35). For this purpose, we
need to define a pair of upper—lower solutions of system (35) as follows.

5@):=5", S(&) := max{S? — ge®, 0},

Isy (§) = min{koe** ko K*}, Iy () := max{kze™ (1 — Qet%), 0},
Is7(§) := min{ize™ S, i3 K*},  Lgp(§) := max{xze’¥ (1 — Qe%), 0},
Ig(§) = min{kge™s k4 K*},  1x(€) := max{rge’s (1 — Qe%), 0},

(39)

where the constants k7, k3, k4 and A, have been determined in Lemma A.1. The positive
constants K*, o, a, Q, ¢ will be determined later.

We next show that such constructed upper and lower solutions satisfy some prop-
erties in Lemmas A.3, A.4 and A.5.

LemmaA.3 For K* > 1 large enough, the functions Isu &), Igr (&) and Ir (&) satisfy
the following inequalities

clyy = dsulg, + (1= f)BsUsu + 5IST)SO (ky + W isy — TISU,

CIST > dSTIST + /50— r),BS(ISU + 81Is7)S° — (k7 + ,U«)IST TI%, (40)
clp = drlf + [frBs(Usy + 8Ist) + BRIRIS® — (kg + w)Ir — Y1,

forany & # & = K

Proof Define the operator L[Isy (), IsT(-), IR(-)1(§) :=
dsul§y —clyy + (1= f)BsUIsu + 81s7)S° — (ky + W Isu
dstIly —cler + fF(1—1r)Bs(Isy + 8Is7)S° — (kr + W st | .
drIf} — eIy + [frBs(sy + 8Ist) + BrIr1S? — (kg + W) IR

then (40) can be transformed into the following equivalent operator inequalities

LUsu (), Ist () IrOIE) = T (By. By 17) (41)

So, as long as we prove operator inequality (41), we complete the proof of Lemma A.3.
We now prove operator inequalities (41) in two cases:
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When & < &;, by the definition of the upper solutions in (39), we have

(Isu®). Is7 (6). Ir(§)) = (k2. k3, k)™~
Substituting it into the equations of operator L yields
L{Isy (). Ist (). IR(I(E) = € M (A K, = 0.
Obviously, operator inequalities (41) hold. B
When § > &, by (39), we have (Isy (§), IsT(§), Ir(§)) = (k2, k3, ka) K*. Taking

the first inequality of operator inequalities (41) as an example, we substitute the upper
solutions into it, yielding

dsyI§y — Iy + (1 = fHpsUsy +81sr)S° — (ky + sy — T13,
= {[(1 — F)BsS® — (kv + Wz + (1 — )Bs8S k3 — ’rng*} K*.

To ensure that the value of the above equality is smaller or equal to 0, we require

1A= DB — Gy + Wl + (1= F)Bs8S%s

K*
2
Tk;

To make the remaining two inequalities of operator inequalities (41) also hold, simi-
larly, we can choose

_fa- r)BsS%: + [f(1 —r)Bs8S® — (kr + 11)]k3

K*
2
T3

)

and

. FrBsS°(ea + 8k3) + [BrS® — (kg + 11)]ka

K*
TKZ

By selecting K* > 1 satisfying the above three inequalities, we complete the proof of
operator inequalities (41) when & > &;. Overall, the proof of the lemma is completed.
O

[Bs (k2+38x3)+BrKalS° }, the

LemmaA4 For 0 < a < min{%,kc}, o > maX{SO, (c—dsa)atin

function S(§) satisfies the following inequality

¢S’ <dsS" + A —puS — [BsUsv + 81st) + BriIR]S (42)
0
forany & # & = (lxln S;
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Proof If & > &, then S(&) = 0. Obviously, the inequality (42) holds.
If £ < &, then S(&) = S° — 0¢*. From the choice of K* and o, we know that

£=1mS <0<, implying (Isu(©), Isr (&), Ir(E)) = (2, 3, k4)e* when
& < &. Through direct calculations, we have
dsS" — ¢S + A — uS — [BsUsu + 81Ist) + BrIr]S
= —dsoa’e®s + coae® + A — (S — ge*d)
— [Bs(2e™® + Sic3e™®) + Bricae’ F1(S” — o)
= {coa + po — dsoo’ — [Bs(kz + 8k3) + Brica] (S0 — oeE)ete @5 )%
> {(ca + pu — dsa?)o — [Bs(kz + 8k3) + PrislS }e™ > 0,

where we use the fact that e*<~®¢ < | due to @ < A. and & < 0, and the conditions

[Bs (2 +8x3)+BricalS°
(c—dsa)a+u

that ) < o < %ando >

. Thus, the proof is completed. O

LemmaA.5 Let ¢ > 0 be small enough withe < a, & < Ac and Ae + € < ﬁ, then for

sufficiently large Q > 1, and for any & # & = —n Q , the functions I g;;(§), L7 (§)
and I (&) satisfy the following inequalities

clsy <dsulsy + (1 — f)Bs(Lsy +8Lgr)S — (kv + W) Lgy — TI§U,
CL;gT = dST/Lgr + A =r)BsUsy +8Lsp)S — (kr + W Lgr — %‘T’ (43)
clp <dgrIp +1frBs(Lsy +8Lsy) + BRIRIS — (kg + W Ig — Vg

Proof Choose Q > 1 sufficiently large and ¢ small enough such that &3 < & < 0,

R|m

this implies that Q > max { (%) , 1}.

When £ > &3, based on the definition of the lower solutions in (39), we have
Ly (&) = Lgr(§) = [x(§) = 0. Itis clear that inequalities (43) hold.

When & < &3, by (39), we have (I (§), Ig7(§), Ig(§)) = (k2, k3, ka)e*<s (1 —
Qe and S(€) = SO — o¢*. For the first inequality of (43), we can show

clsy —dsul§y — (1 — F)BsUsy +8Lgp)S + (ku + W lgy + T3y

= " {era[Ae(1 — Q) — Qee™ | — dsyke
[A2(1 — Qef) — AcQee™® — (he + ) Qee 1}
— (1 = f)Bslia + 8k3)e™E (1 — Qe™)(S” — 0e™) + (ku + wikae™* (1 — Q)
+ Tlrae™E (1 — Qe )

= (1 = Qe ){[—dsuri + che — (1 — H)BsS® + ky + plky — (1 — £)Bs8S8 K3}
+ X[ 20 + e)dsy — c]Qerz + (1 — f)Bskr + Sk3)oe® D5 (1 — Qe)
+ TiZePemE (1 — Qett)?)

= eH 20 + £)dsy — c]Qekz + (1 — f)Bs(kz + Sk3)ae@ 5 (1 — Qe)
+ Ti3eP % (1 — Qe%)?)
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< oUetot {[(nc +e)dsy — c]Qekz

InQ o

+ (1 = f)Bslir 4 8k3)ae™ @07 4 Tide P87 }

In view of the conditions that ¢ > 0 and A. + & < 57, we have
(Qhe +8)dsy —c <2(he +&)dsy —c < 2(0e +8)d — ¢ < 0.

Thus, we can choose sufficiently large Q > 1 such that

InQ (% . _\In0O
[ 4 &)dsy — c]Qeia + (1 — f)Bs(ica + Sk3)oe™ @7 4 Ticde *=075 <,

indicating that the first inequality of (43) holds. Similarly, we can verify the second
and third inequalities of (43) also hold. This completes the proof. O

A.4 The Existence of Semi-traveling Waves

We look for semi-traveling waves of the auxiliary system (35) in the following profile
set

£={(SO). Isu (), Ist (), Ir()) € C, (R, RY)
1 8(€) < S(6) = 8(¢), 1;(€) < 1;(6) < 1;(§), j =SU,ST,R, forall§ € R}.
(44)

Note that C,,(R, R?) is a Banach space with the norm || - || formulated by
1] := |® ()], = max {sup lpi©)le™™8, i=S.SU.ST.R}, (45
£eR

where @(§) = (1(§), p2(6), 93(8), @a(§)) € C,(R,RY), v is a positive constant
which will be determined later. Obviously, £ is a bounded nonempty closed convex
subset of C,, (R, R%).

Cyv (R, R) is a Banach space with the sup norm [¢(-)|y := supgcg lp(&)]e VIl
where ¢(&§) € C,(R,R). LetT; : £ - C,(R,R), i = S, SU, ST, R be operators
defined by

Ts(S, Isu, IsT, IR)(§) := ¥sS(§) + A — uS(&)
— [BsUsu(§) + 81s1(§)) + BrIR(E)]S(E),
Tsy (S, Isu, Ist, IR)(E) = Dsulsu(§) + (1 — f)BsUsu (&)
+ 8157 (E)SE) — (ku + W sy €) — T3 &),
Tsr(S, Isu, Ist, IR)(§) := Vst lsT(§) + f(1 —r)BsUsu (§)
+8Is7(E)SE) — (kr + W s (€) — VI, (E),
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Tr(S, Isy, Ist, IR)(E) := ORIR(E) + [frBs(sy (&) + 8Is7(€)) + BrIR(E)IS(E)
— (kg + W)IR(E) — TI§(),

where

Us >+ [Bs(ka + 8k3) + Breal K™, 95y > 2V 0 K™ + (ky + ),
st > 2ViaK™ + (kr + 1), Or > 2V kg K™ + (kg + ).

Then, the auxiliary system (35) can be now rewritten as

—dsS" (&) + cS'(§) + 9sS(E) = Ts(S, Isu, IsT, IR)(§),
—dsu Iy (&) +clgy (§) + Vsulsu () = Tsu (S, Isu, Ist, Ir) (&),
—dst 1§ (&) + clgp (&) + Vs IsT(§) = Ts (S, Isu, Ist, IR)(£),
—dRIg(E) + cIx(&) + VrIR(E) = TrR(S, Isy, Ist, IR)(§).

(40)

Let i1 < 0 < &2 be the roots of the quadratic equation d; ;“iz —c¢g — 9 =0, then
define the operators G; : £ — C, (R, R) by

£
Gi(S. Isu. Ist, IR &) = g [ / SNEIT(S, Tsu, Ist, TR)()ds

—0o0

~+00
+ / e 2EIT(S, Isy, Ist, IR)(s)ds} :
&

where §; = ¢ip — i1, i = S, SU, ST, R. Then, G = (Gs, Gsy, Gst,GR) : £ —
C,(R, R4) is a well-defined map and satisfies

—dsG'5(§) +cG5(§) +95Gs(§) = Ts(Gs, Gsu, Gst, Gr)(£),

—dsy Gy (€) + cG'sy (§) + VsuGsu(§) = Tsy(Gs, Gsu, Gst, Gr) (&),
—dst G () + ¢G'sp () + Vs7Gs7(§) = Tst(Gs, Gsu, Gsr. Gr)(£),
—dRrG'y () +cGR(§) + 9rGR(E) = TrR(Gs, Gsu, GsT, GRr)(),

forany (S(-), Isu (), IsT (), Ir(:)) € C,(R, R%). Thus, any fixed point of the operator
G is a solution of (46), which is a traveling wave of the auxiliary system (35). On the
other hand, a solution of (46) is also a fixed point of the operator G.

To apply Schauder’s fixed-point theorem, we need to prove that the operators
Gs, Gsy, Gst and G g admit the following properties:

Lemma A.6 The operator G maps £ into £, i.e., G(£) C L.
Proof If (S(-), Isy (+), IsT(-), Ir(:)) € £, that is,

SE) <SE) <8SE =5, L¢) <LE <L§), i=SU,ST,R
for any £ € R. Then, it suffices to show

S() < Gs(S, Isy, Ist, Ir)(¢) < §(§) = S,
1) < Gi(S, Isu, Ist, IR)(§) < [i(§), i=SU,ST,R.
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We now prove the first inequality about the operator G s. First consider the left-hand
side of the first inequality.
If& > &, then S(&) = 0 by (39). Based on the choice of ¥, it is obvious that

Ts(S, Isy, IsT, IR)(§) = 0

for all £ € R, which implies that G5(S, Isy, Ist, [g)(§) > 0 = S(§) when & > &.
If & < &, then by Lemma A.4, we obtain

—dsS" (&) +¢S'(§) + 0sS(8)
< 0sSE) + A —uSE) — [BsUsu () + 8Is(§)) + BrIR(E)]S ()
= {95 — 1 — [BsUsu (&) + 8Is7(€)) + BrIR(E)}S(E) + A
<{¥s —u—[BsUsu &) +ls7 (&) + BrRIRE)}S(E) + A
= Ts(S, Isu, Ist, Ir)(§),

which follows

Gs(S, ISU, Ist, Ir)(§)

& +oo
— |:/ ebs1(6—=s) +/ e(sz(S—S)jI Ts(S, Isu, IsT, Ig)(s)ds
% §
1 & +oo
> d— [ / (5160 4 / em@—“] [—dsS"(s) + ¢S/ (s) + P5S(5)lds
0 §

- / SEI[_dgS"(s) + ¢S (s) + DS (s)Ids

Ls
1 &
+ @‘/g‘ efsz(éfs)[_dsg//(s) 4 ¢S'(s) + DsS(s)]ds
+00
+ KZ‘S/ eCSZ(S—S)[_dSE//(S) + Cﬁl(s) + l?sﬁ(s)]ds
1
> S(),

where the final inequality uses the fact that S'(§, +0) = 0 and S’(&§; — 0) < 0.

To summarize, Gs(S, Isy, Ist, Ir)(E) > S(&) forall £ € R.

Next, we prove the right-hand side of the firstinequality, i.e., Gs(S, Isy, IsT, Ir)(§)
< SE) = S0 forall € € R.

It is easy to verify the validity of the following inequality for all £ € R

cS'(£) > dsS" (&) + A — pnSE) — [BsU gy (€) + 8L (§)) + BrRIR(E)ISE),
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it follows that

—dsS"(€) +cS'(§) + 9s5(5)
> 955(E) + A — uS©E) — [Bs(Usy (©) + 8157 (&) + BRIR(E)ISE)
= {05 — n — [Bs(Usy () + 8157 () + BrIRE)}S(E) + A
>{0s —u—[BsUsu(§) +8Is7(8) + BrIR(E)}S(E) + A
= Ts(S, Isu, Ist, IR)(§).

Through the above inequality, we can prove that, for all £ € R,

Gs(S, Isy, Ist, Ir)(§)

1 § , +o0 ‘
= |:/ 551679 +/ 6;52(53)] Ts(S, Isy, Ist, Ir)(s)ds
dsts [J-oo 3
! : gs1(E—s) oo (E—s) o o/ S
< — e%s! + %52 [—dsS" (s) 4+ ¢S’ (s) + ¥sS(s)]ds
dsts |J-oo £
U5 oy & S
= E e [—dsS"(s) + ¢S (s) + ¥sS(s)]ds
—00
1 § _ _ _
+ ool / 52691 _ds 8" (s) + ¢S8'(s) + ¥5S(s)]ds
S6S J4o00
= S(&).

In a similar way, we can also show that the remaining three inequalities about
operators G;, i = SU, ST, R hold for any £ € R. Thus, we complete the proof of the
lemma. O

In what follows, we shall apply Schauder’s fixed-point theorem to the operator
G, which requires the continuity and compactness of G. To achieve the two proper-
ties, we need to introduce a topology in C, (R, RY. Let v € (0, min{—{¢i1, §io, I =
S,SU, ST, R}). Denote

By (R, RY) = {@(€) = (91(5), 92(&), 93(5), 9a(£)) € Cu(R,RY) : [@ ()], < +00}

with the same norm as that in (45), then it is easy to verify that (B, (R, RY), ||y isa
Banach space.

LemmaA.7 The operator G = (Gs, Gsy, Gst, Gg) : £ — £ is continuous with
respect to the norm | - |, in B,(R, R*).

Proof For @ (§) = (¢1(§). 92(§), ¢3(§), 94(§)), W (&) = (Y1(§), ¥2(8), ¥3(6), ¥u(§)) €
£, by the definition of the operator T, we easily get

|Ts(D)(£) — Ts(¥)(&)|e "]
= {05 — 1 — [Bs(@2(8) + 893(6)) + Brea ()01 (§) — Y1 (€))
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+ Y1ENBsI(V2(E) — 92(8)) + 8(Y3(E) — @3(EN] + BR(Wa(E) — @a(&))}e ]
< Ns|®(-) — ()],

where Ny = 05 — i — [Bs (k2 + 8k3) + BricalK* + [Bs(1 4+ 8) + Br1S® > 0. Then,
by the definition of the operator G g, we obtain

|Gs(D) (&) — Gs(W)()|e ]

eV T [t oo
< [/ e{sn(E—S)+/ e(sz(é—s)] [ Ts(@)(s) — Ts(¥)(s)|ds
dsis —00 §

kel [t +
o NseT ™ [/ SES1E=S)Hls] g +f Ooe:sz<s—s>+u|s|ds} D) — (),
00 3

dsis

N d oo
s |:/ eEs1E=9)—vIEl+visl g ¢ +f 8452(5—‘Y)—U|§|+V|Sds:| D) — W)y
" dsts £

Ng & too

< |:/ ebs1E=9)HviE—slq¢ _|_/ eCsz(E—‘Y)+U|§—SIdS:| D) — W)y
dsts |- £

_ Ns s1—8s24+2v
dsts (&s1+v)(&s2 —v)

|2() = POl

Hence, Gs : £ — C, (R, R) is continuous with respect to the norm | - |, in B, (R, R).
Similarly, we can show the remaining operators G; : £ — C,(R,R), i = SU, ST, R
are also continuous with respect to the norm | - |, in B, (R, R). This implies that
G : £ — £is continuous with respect to the norm | - |, in B, (R, R*). The proof is
completed. O

LemmaA.8 The operator G = (Ggs, Gsy, Gst, Gr) : £ — £ is compact with
respect to the norm | - |, in B, (R, R4).

Proof Let @ (&) = (p1(&), 2(&), p3(&), pa(€)) € L, obviously, for all £ € R, we
have

I Ts(D)(E)| = [9501(6) + A — 1191 (§) — [Bs(@2(8) + 8¢3(8)) + Broa(©)p1(§)] < N,

where Ng = A + {05 + p + [Bs(k2 + 8k3) + Brical K*}S°.
Consequently,

+00
d Gs@)(s)' ’[451 e8I 4 ey /S em@”] Ts(®)(s)ds

i
+00
[ICSlI/ 516 Y)ds+§52/ 65sz(s—AY)ds}
£

ds;“s

@ Springer



Traveling Waves and Minimal Wave Speed... Page390of45 121

which implies ‘%Gg(@)()‘v < 25 50, we see that | L Gs(®)(€)], is bounded,

Using similar arguments as above, we can show that |%Gi @)(E&)|y, i =SU,ST, R
are also bounded. This means that G(£) is uniformly bounded and equicontinuous
with respect to the norm | - |,,.

For fixed positive integer n, we define an operator G" = (G, G@U, G’;T, G';) by

G(®)(—n), & € (—o0,—n],
G"(@)¢) =1 G@)E), §e[-nn]
G(D)(n), & € [n, +00).

By Arzela—Ascoli theorem, G” : £ — £ is compact with respect to the norm | - |, in
B, (R, R%). Since

1 § +o0
Gs(@) ) = —— [/ efs16=9) +/ efsz(f—”} Ts(P)(s)ds
NS —00 &
- N -
< & |:/‘E eé'Sl(S*A‘)ds +/ ooe{sz(és)ds:| _ Ng ’
T dsts |- € ds|¢silgs2
we have

|GH(@)() — Gs(D)()]y = sup IG(®)(E) — Gs(®)(E)]e "]
€

2N
= sup [GH(P()(E) — Gs(D()E)]e "l < 5=,
1&1=n ds|tsiles2

When n — +o00, we have |G's(®)(-) — Gs(®)(-)|, — 0. By similar arguments, we
can also show that |G} (®)(-) — G;(®)()|, — Owhenn — +oofori = SU, ST, R.

Overall, |G*(®@)(-) — G(®)(1)], — 0 when n — +o00. By Proposition 2.12
in Zeilder (1986), we know that G" converges to G in £ with respect to the norm
| - |v. Therefore, the operator G = (Gs, Gsy, Gst, Gr) : £ — £ is compact with
respect to the norm | - |, in By (R, R%). This completes the proof. O

B Lemmas B.1 and B.2

Lemma B.1 Let X be locally compact, and let X> be compact in X and X1 be forward
invariant under the continuous semiflow @ on X. Assume that $2», defined by

2= Jo0). N2={xeXs:®x) e X2,V >0},
yeY2

has an acyclic isolated covering M = \J;{_, M. If each part My of M is a weak
repeller for X1, then X, is a uniform strong repeller for X 1.
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LemmaB.2 If Rs¢c > 1 > Rpc (defined in (7) and (8)), and ¢ > max{c*, ¢*} (¢* >
0 is defined by Lemma A.1, ¢* > max{2/dsy Psy(0), 2</dst Ps7(0)}) hold. Let
W (E®) denote the stable manifold of system (16) at the equilibrium E°, then we
have

WSEDHN X, =0,

where E® = (5°,0,0,0,0,0,0,0) and § denotes the empty set.

Proof First, we calculate the Jacobian matrix of system (16) at E® as follows:

01 0 0 0 0 0 0
/3 SO ,B 850 ,B SO
0 0 ku+u—(§1—f)ﬁs50 e —(1—df)/ssss0 0 0 0
J = SU SU SU

00 0 0 0 1 0 0

—f(—r)BsS° kr+u—f(1-r)Bsss® ¢
00 0 0 0

dsr dst ST
00 0 0 0 0 0 1

—frBsS° —frBsss’ kr+n—BrS°
00 e 0 I 0 HEE= R
Let

0
Ji =< (kR-HL BrS® ¢ )’
ds s dr
1
L
s

0
ky+p— <1 $pss° —(= f)ﬁséSO 0

— dsy U dsy
2 0 0 0 1
—f(1—r)BsS° kr+p—f(1-r)Bsss® ¢
dst dst dST

Obviously, the characteristic polynomial of J will be determined by the characteristic
polynomial of Ji1, Jo» and J33. That is to say, the eigenvalues of J consist of the
eigenvalues of Ji, J2» and J33, so we consider the characteristic equations of Jy1, J2
and J33 and calculate their eigenvalues, respectively.

Upon a direct computation, one is able to verify that Ji; and J33 have eigenvalues

c+ /e +4dsu i + /c2 +4dg (kg + 1)(1 — Rrc)

aE = (EVE TRk _
11 33 2dR

J11 has one positive eigenvalue ATI and a negative eigenvalue A, the eigenvector
of matrix J corresponding to the negative eigenvalue A, is (1,1,,,0,0,0,0,0, O)T.
When Rgc < 1, J33 has one positive eigenvalue )\;'3 and a negative eigenvalue 155,
the corresponding eigenvector to A55 is (0,0,0,0,0,0,1, A3_3)T.

In addition, the characteristic equation of J»; is H(A) := Psy(A)Pst (L) —y =0,
where Psy (1) = dsyr> — ch + (1 = f)BsS® — (ky + 1),
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Pst (M) =dstA> — ek + f(1 —r)Bs8S® — (kr + ) and y = (1 — )8 f(1 —
r)(8§9)2.

It is easy to verify that Rgc > 1 if and only if Ql(SO) < 0, where QL(SO) =
H(0). From Lemma 2.1 (e) in Zhang (2017), it follows that when ¢ > ¢&* >
max(2+/dsy Psy (0), 24/dst Ps7(0)), J2» has only one negative eigenvalue, denote
by A,,. Suppose that = (a1, a2, a3, a4, a5, a6, a7, ag)T is the eigenvector of matrix
J corresponding to A,,, wherein (oe3,04,05,06) T is the eigenvector of matrix J; cor-

responding to A,,, then the relationship among the components «;, i = 3,4, 5, 6 can
be described by

A3 = a4, Psy(Ayp)az = —GYas, Psr(hp)as = —Ghasz, Ands = e,
47
where G9; = (1 — f)Bs8S°, G, = f(1 —r)BsS°.
It follows from (47) that (a3, a4, a5, ag) has the form

(ngv 332 G5, = Psu (3;). _)‘272PSU()‘272))

or equivalent form (ng, )\2_26(3)2, —Ps1(X53), —A55 PsT(X5,)). From Lemma 2.1 (e)
in Zhang (2017), we know that Pgy (A5,) > 0 when Rgc > 1 and ¢ > ¢*. So, a3 and
o5 have the opposite sign.

If A1;, Ay and As; are not equal to each other, the stable subspace of the
linearized system of (16) at EC is spanned by (1,17;,0,0,0,0,0, O)T, o and
(0,0,0,0,0,0,1, A3_3)T. Inview of azas < 0,4} < Oand A3; < 0, together with the
tangency of stable manifold to the stable subspace in stable manifold theorem (Perko
2001), then we have W*(E%) N X| = @.

If only two of A, A,, and A5 are equal or all three are equal, without loss of gener-
ality, we suppose that Ay, = A Or Ay, = A} = A33. Since A,, is a simple eigenvalue
of Jp; and a multiple eigenvalue of J with multiplicity 1 or 2, then the stable subspace
of the linearized system of system (16) at EQis spanned by (1,,,,0,0,0,0,0, O)T,
a and (0,0,0,0,0,0, 1, A§3)T, where the elements &3 and a5 of the eigenvector &
satisfy azas < 0 by (47). Similar to the above discussion, we can get the conclusion
that W*(E®) N X| = . Thus, the proof of the lemma is completed. O

C Lemmas C.1and C.2

Lemma C.1 Suppose that Rc > 1, R; # 1, i = SC, RC are satisfied. For any ¢ > 0,
if (S&), Isy (&), IsT (&), IR(§)) is a nonnegative semi-traveling wave of the diffusive
model (2) satisfying the asymptotic boundary condition (13), then there exists a positive
constant n such that

sup{|S® — S(&)|e™"} < 400, sup{|l;j(&)le ™} < +o00, j=SU,ST,R. (48)
&£eR £eR
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Proof Since nonnegative traveling wave (S(&), Isy (§), IsT (&), Ir(&)) of the diffusive
model (2) satisfies the boundary condition (13), we have, as £ — —oo,

(S, Vs, Isu, Vsu, Ist, Vst, Ir, VR)(£) — E°(S°,0,0,0,0,0,0,0).

It is easy to calculate the characteristic_polynomial of the linearized system of
equivalent system (16) of wave Eq. (36) at EY as follows

Ps(AM)H (1) PR(2) =0, (49)

where Pr(A) = dgA? — ci + BrS? — (kg + ).

When Rrc # 1, we know that the roots of the polynomials Ps(A) = 0 and
Pr(A) = 0 have no zero real part. Next, we determine whether the polynomial
H() = Psy(AM)Psr(A) —y = 0 has a eigenvalue with zero real part. Since
H(0) = Psy(0)Psr(0) — y = (kv + w)(kr + w)(1 — Rsc) # 0 when Rgc # 1,
A = 0 is not the root of H(A) = 0. By H(x) = 0, we get the following quartic
polynomial of A

A 4 a3nd + ad® +ajh +ag =0, (50)
where
gy _CUsutds) (A= NIBsS® = Gy )
dsuydsr dsuydst dsu
f(1=r)Bs8S® — (kr + )
+ )
dst
_clf A =n)Bs8S® = (kr + ) + (1 = [HBsS® = (kv + )]
B dsudst ’
a0 = W= DBsS = ky + LS (1 = )ps3S” — (ke + )]
dsudst
(L= )BssSOf(1 —r)Bss”
dsydst '

Suppose that (50) has a pure imaginary root, denoted by A = Bi, 8 # 0, then we
substitute A = Bi into (50), yielding

Bt —ap®+ag =0, a1 =ap’. (51)
On account of A2 > 0 and a3 < 0, we have a; < 0, implying
FA=1)Bs8S” — (kr + ) + (1 = )5S’ — (ku + w) > 0.
Combining the two equalities in (51), we obtain
a? + apa3 — ajazaz = 0. (52)
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Through calculations, we can get the following inequality

alz + aoa% —ajaraz
2
e L(dsy +dsT)[f(1 = )Bs8S® — (kr + ) + (1 — )BsS® — (ky + p)lc?
+{dsulf (1 —r)BssS® — (kr + 1)1 — dst[(1 — f)BsS® — (ky + w1}
+ (1= f)BsS f(1 —r)Bs8S°(dsy + dst)*]
<0, forc>0,

which is in contradiction with (52). Thus, when R¢c > land R; # 1, i = SC, RC,
the characteristic polynomial (49) has no roots with zero real parts for any ¢ > 0,
implying that the equilibrium E° is hyperbolic. By using stable manifold theorem
in Perko (2001), we know that there exists a positive constant 1 such that (48) holds.
The proof is therefore completed. O

Lemma C.2 Forany c € (0, ¢3), there does not exist positive real root 1* for
H) = PsuM)Pst(A) —y =0

such that Psy (A*) < 0 and Pst(\*) < 0, where

¢ i=infy~ PSU<A)+PST<A>+¢<PsU<x) Fsr 002 +4y

Psy (1) = dmz (= f)BsSO — (hy + ), (53)
Pst(h) = dstA* + f(1 = r)Bs8S® — (kr + ).

Proof Suppose that H(A) = Psy(A)Psr(A) — y = 0 has a positive real root A*,
satisfying
H(") = Psy(W) Pst (M) —y =0, (54)
and Psy(A*) < 0, Ps7(A*) < 0.
Since 0 < ¢ < ¢3, by the definition of ¢3 in (53), we have

Psy (W) + Pst (W) + v/ (Psy () — Psp (A)2 + 4y

cA* <
2

Then, we obtain

0> Psy(A*) = Psy(A*) — cA*

_ Psy (W) — Pst (%) — /(Psy (W) — Psp (W)2 + 4y
2 9

and 0 > Pgp(W%) = Psp (W%) — ch* > Psr (W) =Py (05) =~/ (Psy 39— Pst 0:9))+4y

2
It follows that 0 < Pgsy(A™)Ps7(A™) < y, which is in contradiction with (54).
Thus, we complete the proof of the lemma. O
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