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Since makeshift hospitals have strong ability in blocking the spread of the virus, how to design some
methods to select the reasonable sites of makeshift hospitals is vitally important for containing COVID-
19. This paper investigates an efficiency-based multi-criteria group decision making (MCGDM) method
by combining the best-worst method (BWM) and data envelopment analysis (DEA) in trapezoidal
interval type-2 fuzzy (TrIT2F) environment. This MCGDM method is called TrIT2F-BWM-DEA, where
the TrIT2F-BWM is used to determine the weights of criteria and decision-makers, and the TrIT2F-DEA
is employed to rank alternatives by measuring their overall efficiencies. Based on cut set theory, the
expectation and average expectation (AE) of TrIT2FSs are successively defined. To solve three key issues
in the development of the TrIT2F-BWM, this paper proposes a flexible ranking relation of TrIT2FSs to
transform the TrIT2F constraints, initiates an efficient theorem to normalize the TrIT2F weights, and
designs an input-based consistency ratio to check the reliability of the determined weights. A fully
TrIT2F-DEA model is originally built to measure the TrIT2F efficiencies of alternatives. The alternatives
are finally ranked according to the AEs of alternatives’ TrIT2F efficiencies. A site selection case of
Fangcang hospitals and some comparative analyses are provided to confirm the validity and merits of
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the proposed TrIT2F-BWM-DEA.
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1. Introduction

According to the historical data at the website of World Health
Organization (WHO) [1], since the 21st century, human beings
have undergone a series of public health emergencies, including
six “public health emergencies of international concern” con-
firmed by WHO from 2005 to 2020. These public health emergen-
cies caused numerous human deaths and economic losses. Two
representative examples are the well-known HIN1 pandemic in
2009 and the ongoing global COVID-19. HIN1 pandemic 2009
broke out from April 2009 to August 2010 across the world,
causing at least 24 million confirmed cases of HIN1 pandemic, in-
cluding more than 15,000 deaths. The ongoing COVID-19 (which
was identified in late 2019) has attacked a large number of
countries and regions around the world. Globally, as of 14 October
2021, more than 239.9 million confirmed cases of COVID-19
have been reported, including over 4.88 million deaths [1]. Un-
fortunately, HIN1 pandemic 2009 and COVID-19 were not two
exceptions but rather yet additions to a string of public health
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emergencies. Indisputably, despite the adverse impacts (e.g., high
infectivity and fatality rate) caused by public health emergencies
are extremely serious, they can be weakened by making some
scientific preparations and response efforts.

As one of the most important response efforts, timely isolation
and treatment of confirmed patients are crucial to contain the
rapid spread of pandemics. Large-scale outbreak of
pandemics will certainly trigger a huge number of confirmed
cases, which will inevitably result in a serious imbalance between
the tremendous confirmed patients and the limited available
medical/hospital resources. In such a situation, large numbers of
confirmed patients cannot receive timely isolation and treatment,
which will further increase the risk of the population cross-
infection and the rapid spread of pandemics. To improve the
efficiency of pandemic prevention, one of the scientific counter-
measures is to differently isolate and treat patients according to
their conditions. That is, the patients with different symptoms
should be cared with differential medical/hospital resources. For
example, during the outbreak of COVID-19 in Wuhan, China,
the severe-to-serious and mild-to-moderate patients were cared
in the designated hospitals (e.g., Wuhan Jinyintan hospital) and
makeshift hospitals (e.g., Jianghan Fangcang hospital), respec-
tively. Generally, the designated hospitals can be selected from
the existing available hospitals, while makeshift hospitals need
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to be temporarily designed and constructed based on the selected
reasonable sites. Thus, the urgent concern for local government
is how to select the reasonable sites for makeshift hospitals.
Undoubtedly, reasonable makeshift hospital sites are beneficial to
effective isolation and treatment of mild-to-moderate confirmed
patients, which is extremely instrumental in repelling pandemics.
Conversely, unreasonable makeshift hospital sites are inevitably
followed by inefficient treatment performance, which primarily
manifests in the fact that more confirmed patients cannot receive
timely isolation and treatment. Therefore, to enhance the isola-
tion and treatment performance of mild-to-moderate confirmed
patients, it is vitally important to determine the reasonable sites
for makeshift hospitals.

Makeshift (Fangcang) hospital, originally implemented in China
to tackle pandemics and natural disasters (e.g., SARS in 2003,
Yushu earthquake in 2010 and COVID-19 in 2020), is a special
form of hospital and a novel public health concept [2]. Fangcang
hospital is large-size temporary place by rapidly reconstruct-
ing existent building (e.g., stadium and exhibition center) into
healthcare facility. Since Fangcang hospital possesses five key
virtues (i.e., rapid construction, massive scale, low cost, good
mobility and strong environmental adaptability) and six essential
functions (i.e., isolation, triage, basic medical care, frequent mon-
itoring, rapid referral, and essential living), it shows strong ability
in undertaking emergency medical rescue missions. Currently,
during the period of anti-COVID-19, Fangcang hospital has be-
come a popular choice for numerous countries (e.g., Italy, Brazil,
Russia, the United Kingdom, the United States, etc.) [3].

Generally, the site selection of makeshift hospitals mainly
includes the following four successive stages:

Stage 1. Identify candidate sites of makeshift hospitals (i.e., al-
ternatives). Alternatives are usually identified by preliminary fil-
tration of some large-size public buildings in the city where the
pandemic is occurring.

Stage II. Select criteria. Criteria are obviously essential to mea-
sure the performance of candidate sites. The criteria for makeshift
hospital selection can be extracted from the related construction
standards and technical requirements. For example, according to
the “Technical requirements for the design and conversion of
makeshift (Fangcang) hospitals”, Wan et al. [4] extracted eight
criteria as follows: geographical position, infrastructure, regional
communication convenience, capacity, traffic convenience, envi-
ronmental protection, reconstruction difficulty and reconstruc-
tion cost. In this regard, the site selection of makeshift hospi-
tals can surely be regarded as a multi-criteria decision making
(MCDM) problem. In addition, due to the limited cognitive of
decision-maker (DM), it is not easy for a single DM to thoroughly
assess the alternatives on all criteria [5,6], which results in the
appearance of multi-criteria group decision making (MCGDM).
Hence, to acquire synthetic decision results, it is necessary to
recruit a group of experts/DMs to assess each alternative under
the selected criteria.

Stage III. Compare criteria and evaluate alternatives. In this
stage, the project leader would invite a panel of experts from
different expertise fields to express their reference comparisons
(RCs) on criteria and evaluate alternatives under the selected
criteria.

Stage IV. Determine the best alternative. In this stage, the
following two issues need to be solved.

(i) Determine the weights of DMs and criteria. Since DMs usu-
ally have different expertise levels, it is more reasonable to assign
different weights to different DMs. However, DMs’ weights were
often fully/partially predetermined in some achievements [7,8],
which is obviously not in line with the actual decision making
problems. The similar scenario also appears in the assignment of
criteria weights [9]. Hence, to acquire more reasonable decision
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results, it is expected to use/develop some scientific techniques to
determine the weights of DMs and criteria. Currently, analytic hi-
erarchy process (AHP) [10], analytic network process (ANP) [11]
and best-worst method (BWM) [12] are the three most popular
tools to determine the weights of objects (e.g., DMs and criteria).

(ii) Rank alternatives. Based on the obtained weights of ob-
jects and the evaluation matrices of alternatives, alternatives can
be synthetically evaluated by diverse MCDM methods, such as
TOPSIS (Technique for order Preference by Similarity to an Ideal
Solution) [13], MULTIMOORA (multi-objective optimization by
ratio analysis plus the full multiplicative form) [14], TODIM
(TOmada de Decisdo Iterativa Multicritério) [8], VIKOR (VIsekri-
terijumska optimizacija i KOm-promisno Resenje) [ 15], DEA (data
envelopment analysis) [16], etc. In particular, DEA is a frequently
used technique that measures the performance of a group of deci-
sion making units (DMUs) with a number of outputs and inputs.
Due to the strong theoretical foundation, DEA has been widely
applied to multifarious real world problems, e.g., smart product
service module selection [17], portfolio selection [18], mutual
funds evaluation [19], healthcare [20], etc. However, the DEA
models used in [18-20] are all crisp, namely, the input (output)
parameters and the decision variables in these models are all
taken as crisp numbers. This will surely limit the application of
DEA to more complex and uncertain decision making problems.

In practice MCDM problems, it is convenient for DMs to ex-
press their judgments with linguistic terms. Nevertheless, there
is an inescapable fact the same linguistic term usually means
different things for different people. For example, several DMs
express their judgments with the term “weak importance”, but
this term may have different semantic implications for these
DMs. Regrettably, most of the existing studies on MCDMs ig-
nored this difference. Currently, type-1 fuzzy sets (T1FSs) [21-
23] are the mostly-used representations of linguistic terms,15.
T1FSs make more sense than crisp numbers since they have
crisp membership grades in the interval [0,1]. However, it is
impossible for crisp membership grades to completely portray
the uncertainty appearing in “the same word means different
things for different people”. To tie this issue, Zadeh [24] proposed
type-2 fuzzy set (T2FS) to handle DMs’ different opinions by in-
troducing a secondary membership function. Besides, to broaden
the applications of T2FSs, some achievements [15,25] developed
interval approach-based type-2-fuzzistics methodology to encode
linguistic terms. Presently, trapezoidal interval type-2 fuzzy set
(TrIT2FS), a simplified format of T2FS, has been widely used to
various fuzzy decision making problems [7,8,13,15] due to its
low computational complexity and high efficiency in handling
uncertainty. To illustrate the specific semantics of TrIT2FS in real
applications, an example is presented as follows.

Example 1. A DM wishes to assess the importance of the selected
criteria. Five terms are used to express DM’s preference of one cri-
terion over another: weak importance (WI), moderate importance
(MI), strong importance (SI), very strong importance (VSI) and ex-
treme importance (EI). Assume that a word survey was conducted
by investigating 50 respondents. These respondents were pre-
informed that each of the five terms describes an interval falling
somewhere between 1 and 9. For example, the range for the term
“WI” might lie between 1 and 3. Firstly, each respondent was
asked to provide his/her judgment on the possible range of each
term. Then, based on all respondents’ judgments and the interval
approach [25], it is easy to construct a mathematical model to
determine the footprint of uncertainty (FOU) for each term. Lastly,
the FOU for each term can be determined in form of TrIT2FS,
as graphically shown in Fig. 1. Hence, the specific semantics of
a TrIT2FS can be exactly interpreted as an overall opinion of all
respondents on the same linguistic term. From this perspective,
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Fig. 1. FOUs for terms in form of TrIT2FSs.

TrIT2FS indeed has the power in dealing with the uncertainty
steamed from the fact “the same word means different things for
different people”.

Due to the advantages of TrIT2FS and the inevitable uncer-
tainty during Fangcang hospital location (FHL) decision mak-
ing, it is impeccable to extend the application of TrIT2FS to
the FHL problem. To this end, it is necessary to stipulate that
the decision information is represented by TrIT2FSs during the
FHL decision process, where TrIT2FSs are encoded from DMs’
linguistic judgments by using the type-2-fuzzistics method in
[15,25].

For real-life FHL decision problems, the following questions
need to be investigated: (i) How to deal with the TrIT2F informa-
tion during the FHL decision process. (ii) How to determine the
weights of DMs and criteria. (iii) How to assess the performance
of the candidate sites based on a set of criteria. To cover these
questions, this paper intends to develop an integrated method
(called TrIT2F-BWM-DEA) by combining BWM and DEA in TrIT2F
environment. The reason for choosing the TrIT2F-BWM-DEA to the
FHL problem is discussed as follows:

For the FHL problem with TrIT2F information, crisp weights
might be inadequate to perfectly reflect the importance of the
objects (e.g., DMs and criteria). As such, it is more reasonable to
replace crisp weights with TrIT2F weights. Recently, BWM has
become a popular choice to determine the weights of objects
since it has several outstanding advantages (e.g., requirement
of few RCs, generation of high reliable weights and easy in-
tegration with other methods). Generally, the selected criteria
for measuring the performance of alternatives could be divided
into two types: benefit criteria (e.g., capacity) and cost criteria
(e.g., reconstruction difficulty), and the evaluations of alternatives
under these criteria might be multi-scaled. Compared with other
MCDM methods [8,13-15], DEA has greater power in handling
the MCDMs with the multi-scale cost and benefit criteria, and
quickly identifying the best alternatives distributing along the
production frontiers [ 17]. Given the advantages of BWM and DEA,
this paper intends to develop an integrated method by combining
BWM and DEA (called BWM-DEA). However, due to the great
differences of different decision environments, both the crisp
BWM and DEA along with their existing fuzzy versions cannot
be directly applied to TrIT2F environment. Thus, it is meaningful
to develop a TrIT2F version of BWM-DEA (called TrIT2F-BWM-
DEA) for the FHL problem, where TrIT2F-BWM and TriT2F-DEA
are used to determine the TrIT2F weights and rank alternatives,
respectively.

Additionally, in order to better clarify the main framework of
this paper, some research assumptions and objectives are stated
as follows:

(1) Research assumptions: (i) The decision results would be
affected by DM’s risk attitudes. (ii) The proposed approaches (see
Theorems 3.1 and 4.3) are expected to avoid information loss or
distortion of TrIT2FSs. (iii) Type-2 fuzzy information is hopeful
to generate more reasonable decision results than type-1 fuzzy
information. These assumptions provide a clear orientation for
implementing this paper.

(2) Research objectives: (i) Put forward some novel approaches
to flexibly handling TrIT2F information. (ii) Develop a TrIT2F-
BWM to determine the TrIT2F weights of DMs and criteria more
accurately. (ii) Construct a fully TrIT2F-DEA model to measure
the efficiency of each alternative reasonably. These objectives
are the basic requirements to solve the above-mentioned three
questions.

The layout of this paper is taken as follows. Section 2 briefly
reviews the literature concerning emergency shelter location,
interval type-2 fuzzy (IT2F) decision making, BWM and DEA.
Section 3 introduces some preliminaries related to T2FSs and
TrIT2FSs. Section 4 develops a TrIT2F-BWM to determine the
weights of DMs and criteria. Section 5 originally proposes a fully
TriT2F-DEA to rank alternatives. Section 6 completes the inte-
gration of the TrIT2F-BWM and TrIT2F-DEA. A real FHL case and
some comparative analyses are conducted in Section 7. Section 8
terminates this paper with some remarkable conclusions and
research prospects.

2. Literature review and contributions of this paper

This section roughly reviews some essential achievements on
interval type-2 fuzzy (IT2F) decision making, BWM, DEA and
emergency shelter location. By carefully analyzing the reviewed
achievements, several research gaps have surfaced. Then, the
main contributions of this paper are summarized.

2.1. Review on IT2F decision making

Since interval type-2 fuzzy set (IT2FS) has powerful ability
in capturing uncertain and complex information by applying the
secondary membership [24,26], it has been extensively con-
cerned and applied to various decision making problems, such as
supplier selections [27,28], stock selection [29], etc. In addition,
some classical decision methods have been extended into IT2F en-
vironment, e.g., TOPSIS [7,13], likelihood-based decision making
method [27], BWM [4], VIKOR [30], analytic hierarchy process
(AHP) [31], etc. Celik et al. [32] performed a systematic review
concerning IT2F MCDMs, which provides an insightful orientation
for researchers to further study IT2F MCDMs. It is clear that
the defuzzification of fuzzy sets/numbers is an essential content
in fuzzy MCDMs. Currently, the centroid-based and possibility
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mean values (PMV)-based approaches [15,28] are commonly
used to defuzzify TrIT2FSs. However, approaches [15,28] have
the following limitations: (i) in approach [15], the calculation of
the centroid of TrIT2FS is complex, which might limit the wide
application of TrIT2FSs; (ii) in approach [28], the calculation of
the PMV of TrIT2FS is based on two pseudo level sets, where
two different cut sets need to be separately considered. Hence,
approaches [15,28] are not quite handy to defuzzify TrIT2FSs. To
this end, the first research gap is to propose a more convenient
approach to defuzzifying TrIT2FSs.

2.2. Review on BWM

Since the advent of BWM [12] in 2015, it has been applied
to multifarious decision making problems, such as maintenance
assessment in the hospitals [33], hybrid vehicle engine selec-
tion [34], Fangcang hospital selection [4], supplier selection [35],
etc. Mi et al. [36] conducted a systematic review on the applica-
tions of BWM.

Due to the complexity and uncertainty of practical MCDM
problems, it is not easy for DMs to express their judgments on
objects with crisp values [37]. As such, BWM needs to be com-
bined with uncertain information in form of fuzzy numbers/sets,
e.g., triangular fuzzy numbers (TFNs) [38], intuitionistic fuzzy
values (IFVs) [39], hesitant fuzzy sets (HFSs) [40], IT2FSs [4,15],
etc. In fuzzy environments, the crisp weight-determining model
(WDM) [12,41] will be extended into various fuzzy versions.
The key issue to solve a fuzzy WDM is how to transform it
into a crisp one, in which two sub-issues need to be solved: (i)
how to transform the objective of the fuzzy WDM; (ii) how to
normalize the fuzzy weights. To cover the first sub-issue, methods
[15,22,38,39] used a crisp absolute deviation to convert the fuzzy
minmax objective into a crisp minimization objective. To solve
the second sub-issue, methods [15,22] normalized the fuzzy
weights with direct defuzzification approaches, and method [4]
proposed a weight-normalizing approach in which the upper
and lower heights of TrIT2FSs are neglected. Although methods
[4,15,22,38,39] are enforceable in handling the above-mentioned
two key sub-issues, there might still exist the appearance of
information loss or distortion of fuzzy sets due to their imprecise
disposals. Hence, the second research gap is to develop some
more reasonable approaches to transforming the TrIT2F WDM
into a crisp one, which is also the difficulty of investigating the
TrIT2F-BWM.

2.3. Review on DEA

DEA is a data-driven linear programming method, which is
used to assess the relative efficiencies of numerous DMUs. Up to
now, multitudinous investigations on DEA have been reported.
Chen & Ming [17] proposed an integrated method by combin-
ing BWM and DEA for solving the selection of smart product
service modules. Lim et al. [18] proposed a way of using DEA
cross-efficiency evaluation in portfolio selection. Lin & Liu [19]
extended the multiplier dynamic DEA by using directional dis-
tance function for evaluating the performance of mutual funds.
Xiao et al. [42] considered the uncertainty of parameter and
constructed three diversification consistent DEA models for the
estimation of portfolio efficiency. Ebrahimi et al. [43] put forward
a novel mixed binary linear DEA model for finding the most
efficient DMU by considering DMs’ preferences. Zhou et al. [44]
established a novel dynamic network DEA model with desirable
and undesirable indicators to compute the detailed efficiencies
of sustainable supply chain. Otay et al. [20] developed a multi-
expert fuzzy method to evaluate the performance of healthcare
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institutions by integrating intuitionistic fuzzy DEA and AHP. Em-
rouznejad & Yang [45] finished a survey on the extensions and ap-
plications of DEA from 1978 to 2016, which can offer researchers
and practitioners with pragmatic guidelines.

Despite these investigations have strong power in solving
MCDM problems, they still have some shortages. For example,
two limitations appeared in [18,19]: (i) Refs. [18,19] overlooked
the different influences of inputs and outputs on the performance
of alternatives (DMUs); (ii) Refs. [18,19] assumed that the input
and output criteria were tangible, i.e., the input and output data
is objective. In fact, in some actual decision making problems,
the input and output criteria are usually intangible. In such a
case, the DEA models presented in [18,19] will be invalid. To
solve these issues, Otay et al. [20] integrated DEA with AHP in
intuitionistic fuzzy environment, where AHP and DEA are used to
derive the weights of inputs/outputs and evaluate DMUSs’ efficien-
cies, respectively. Chen & Ming [17] combined BWM and DEA in
rough-fuzzy environment. Although methods [17,20] can effec-
tively solve the above two limitations, they built non-fully fuzzy
DEA models to derive crisp efficiencies, which might result in
some inaccurate decision results. Intuitively, it is more reasonable
to derive fuzzy efficiencies with fully fuzzy inputs and outputs.
Besides, it has been assumed that the decision information in
this paper is represented by TrIT2FSs. Obviously, the processing
of TrIT2F information is quite different from those of intuitionistic
fuzzy and rough-fuzzy information. Based on the above analysis,
it is imperative to construct a fully TrIT2F-DEA model to accurately
measure the efficiencies of DMUs. This is the third research gap.

2.4. Review on emergency shelter location

Presently, only few progresses [46-48] related to makeshift
(Fangcang) hospitals have been reported. A common feature
of [46-48] is that they mainly discussed the introduction of
Fangcang hospital, such as the functions of Fangcang hospital
[46,48] and the significance of Fangcang hospital [47]. Although
Wan et al. [4] investigated a multi-criteria group decision making
(MCGDM) method and applied it to locate makeshift (Fang-
cang) hospitals, they overlooked the upper and lower heights
of TrIT2FSs. Considering that Fangcang hospital is also a special
form of emergency shelters, some studies [49-53] concerning
the site selection of emergency shelters are also reviewed. These
studies mainly focused on the location of emergency shelters for
post-natural disaster rescue operations. It is evident that natural
disaster emergencies are quite different from public health emer-
gencies, which implies that methods [49-53] are not suitable for
solving the FHL problem in this paper. In recent years, BWM
[12,41] has become an effective and popular tool to determine
the weights of criteria. However, only few studies [4,15] have
completed the integration of classical MCDM methods and BWM
in TrIT2F environment. Therefore, the fourth research gap is to
develop a combined method to address the FHL problem in
TrIT2F environment. This is also a challenge of integrating the
TrIT2F-BWM and TrIT2F-DEA.

2.5. Contributions of this paper

To narrow and fill the aforementioned research gaps, this
paper investigates a TrIT2F-BWM-DEA for the FHL problem. Firstly,
a TrIT2F-BWM is proposed to determine the TrIT2F weights of
DMs and criteria. Then, a TrIT2F-DEA is developed to measure
the overall efficiencies of alternatives. Compared with previous
achievements, this paper highlights the following contributions:

(1) This paper defines the expectation of TrIT2FS based on cut
set theory, where only one cut set is considered. Then, the average
expectation (AE) of TrIT2FS is defined to defuzzify TrIT2FSs. The
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rationality of the defined AE of TrIT2FS is demonstrated with the
mean absolute percentage error (MAPE) between the AEs and
centroids of TrIT2FSs. This achieves the first research gap.

(2) Based on the defined expectation of TrIT2FS, this paper
proposes a novel flexible ranking relation of TrIT2FSs and a TrIT2F
weight-normalizing theorem. The ranking relation of TrIT2FSs
used in [4,15] is defined by the rigorous ranks of several pairs
of numbers related to TrIT2FSs, it is very simple but too strict.
The ranking relation of TrIT2FSs proposed in this paper is more
flexible and suitable for portraying the vagueness of TrIT2FSs than
that used in [4,15]. To normalize TrIT2F weights, Wan et al. [4]
designed a support-core-based weight-normalizing approach to
replacing the centroid-based one used in [15]. Despite the former
is more effectual in preserving the fuzzy information of TrIT2FSs
than the latter, it ignored the lower and upper heights of TrIT2FSs
which are two essential components of TrIT2FSs. To cover this
flaw, the proposed TrIT2F weight-normalizing theorem considers
the lower and upper heights of TrIT2FSs. Consequently, both the
proposed flexible ranking relation of TrIT2FSs and TrIT2F weight-
normalizing theorem are greatly helpful to preserve the inherent
information of TrIT2FSs. This fills the second research gap.

(3) A fully TrIT2F-DEA is proposed to evaluate the efficiencies
of alternatives. Considering that the decision information is fi-
nally represented by TrIT2FSs, this paper constructs a fully TriT2F-
DEA model to measure the TrIT2F efficiencies of alternatives. In
this model, all the parameters and variables are represented by
TrIT2FSs. This finishes the third research gap.

(4) To solve the FHL problem, this paper develops a TrIT2F-
BWM-DEA, in which the TrIT2F-BWM is used to determine the
TrIT2F weights of DMs and criteria, and the TrIT2F-DEA is em-
ployed to measure the TrIT2F efficiencies of alternatives. The
interaction of the TrIT2F-BWM-DEA mainly relies on the proposed
TrIT2F-BWM and TrIT2F-DEA, which is detailed as follows: (i)
Based on the determined weights of DMs and criteria, the individ-
ual TrIT2F evaluation matrices can be aggregated into an overall
TrIT2F evaluation matrix. (ii) From the overall TrIT2F evaluation
matrix, it is easy to extract all alternatives’ TrIT2F inputs and out-
puts which are further used to the constructed fully TrIT2F-DEA
model. This completes the fourth research gap.

3. Preliminaries

In this section, some basic concepts concerning intervals and
TrIT2ESs are briefly reviewed. Then, the expectation of TrIT2FS
is defined and a novel flexible ranking relation of TrIT2FSs is
proposed.

3.1. Basic concepts of intervals

Let h; = [h;, h'] (i = 1,2) be two intervals, m(h;) = (h}" +
h;)/2 and r(h) = (hfr — h;)/2 be the midpoint and radius of
hi, respectively. The terminology “h; is not greater than hy” is
denoted by h; < hs.

Definition 3.1 ([23]). Let hy = [y, hi]and hy = [h;, h] ] be two
intervals. The order relation h; < h; is considered to be a fuzzy
set, whose membership degree is defined as follows:

M(E Sﬁz)
1, if h <hy
1*, if hy <h, <hf <hf Ar(h;)>0
(hy —hy)

= 2lr(h) — (i)l (3.1)

if hy <hy <hf <hi Ar(hy) > r(hy)

0.5, if r(hy) = r(hi) Ahy =hy
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where 17 denotes a fuzzy number being less than 1, which
represents that h; is weakly not greater than hy. u(h; < hy) is
interpreted as DM’s acceptability of the ranking relation hy < hy.

It is obvious that 0 < pu(hy < hy) < 1. If u(hy < hy) = 0,
then DM totally declines h; < hy. If u(hy < hy) = 1, then DM
completely accepts h; < h,. Otherwise, DM accepts h; < h;
with different satisfactory degrees between 0 and 1. Similarly, the
terminology “hy is not less than h,”, i.e., hy = hy, is defined below.

Definition 3.2 (/23]). Let hy = [h], hi]and h; = [h5, hj] be two
intervals. The order relation h;y = h, is considered to be a fuzzy
set, whose membership degree is defined as follows:

0, if Bt < hy
0f, ifhy <h;y <hf <hf Ar(hy) >0
(hy —h3)

b =)= iy (i
if hy <hy <hf <hf Ar(hy) > r(h)

05, ifr(h)=r(hy)Ahy =hy

(3.2)

where 01 means a fuzzy number being greater than 0, which
indicates that hy is weakly not less than h,.

If hy = hy and hy < hy, then hy; = h;, where the symbol “=” is
an interval version of the ranking relation “>" in the real value
set and has the linguistic term of “essentially not less than”. Other
symbols “x” and “~A" are interpreted similarly.

Definition 3.3 ([23]). Let h; = [h], h{] and h, = [h;, hy] be two
intervals. The satisfactory crisp equivalent form of the interval
ranking relation h; < h; is defined as:

hi < hi and pu(hy = hy) < 0 (3.3)

where ¢ € [0, 1] signifies DM’s acceptance degree of h; < h;
to be violated. The value of ¢ is pre-given according to DM'’s
risk attitudes. In particular, ¥ € [0,0.5) means that DM is
conservative, # = 0.5 indicates that DM is neutral, and ¢ €
(0.5, 1] signifies that DM is adventurous.

The acceptance degree ¢ € [0, 1] implies that DM may allow
the relation h; < hy to be violated with the acceptance degree
between 0 and 1. In particular, ¢ = 0 stands for that DM fully
rejects the relation hy < h, to be violated, and ¢ = 1 indicates
that DM totally accepts the relation h; < h, to be violated.

Similarly, the satisfactory crisp equivalent form of h; 3= hy is
defined as:

hy > h; and pu(hy < hy) < 0 (3.4)

3.2. Basic concepts of TrIT2FS

Let X be the universe of discourse.

Definition 3.4 ([17]). A type-2 fuzzy set (T2FS) B in X is defined
as:

B = {(x, v), uz(x, v)|Vx € X, Vv € J,} (35)

where J, € [0, 1] represents the main membership at x, uz(x, v) €
[0, 1] indicates the secondary grade of (x,v), x and v are the
primary and the secondary variables, respectively.

Definition 3.5 ([54]). Let B be a T2FS defined in X. If ux,v) =1
(x € X, v € Jy), then B is called an interval type-2 fuzzy set (IT2FS).
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Fig. 2. Trapezoidal interval type-2 fuzzy set.
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B
a / - \
h ) ettt Ao —————5
B

By (@) By (@) B () By () x

Fig. 3. Geometrical interpretation of a TrIT2FS B.

Definition 3.6 ([4]). An IT2FS B = [B', B'] = [(b}, b}, b}, bl; AL),
(bY, bY, by, bY; )] is called TrIT2FS, its LMF and UMF are formu-

4> "
lated as follows:
x — b
e T =x <D
2 M
hk if L < x < B!
B’ 2 ="="3
upx) = p. — (3.6)
A b, <x <,
4 — D3
0, otherwise
and
X — b¥ .
bg—bz‘ X if by <x < by
) » hz, if b5 <x < b} (37)
U == — X .
’ il D < x < b}
4 3
0, otherwise

where hk and hz are the lower and upper heights of B respectively,
hi, hi, b‘? and b“ (i = 1,2,3,4) are all real numbers and satisfy
bF<bl < by < b, b”<b“<b“<b”b”<b’ b, < bl
and 0< h’ < h” < 1 If b{ > 0 then Bis called a non-negative
TrIT2FS.

Obviously, if b} = b} (i = 1,2,3,4) and h& = h{ = 1, then
B reduces to a trapezoidal fuzzy number (TrFN) if bl b =b
(i=1,2,3,4)and k¥ = hL = 1, then B degenerates to a real
number which is denoted by b* = [(b, b, b, b; 1), (b, b, b, b; 1)].
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According to Definition 3.6, it is easy to plot the image of
TrIT2FS, as shown in Fig. 2, where the shaded region is the
footprint of uncertainty (FOU) of B, denoted by FOU(E) The upper
membership function (UMF) is associated with the upper bound
of FOU(M) and denoted by BY. The lower membership function
(LMF) is associated with the lower bound of FOU(B) and denoted
by B..
Defirlition37([55]) LetB = [(b’ b’ b’ bﬂl,hg) (bY, bY, b}, bﬁ’l,h;’)]
and B; = [(b ”,b,z,bf3,bf4;h3) (b}’l,b}‘z,bjg,b;il;hg)] (i =1,2)
be three arbitrary TrIT2FSs. Some basic arithmetic operations of
TrIT2FSs are defined as follows:

(i) Addition:

El +§2
(b + by, by + by, big + by, by + by: min{h%l, hlﬁz})’
(b'fl + b5y, by + by, b3 + by, by + bhy: min{hﬂl, hﬁz})
(3.8)

(ii) Subtraction:

B, — B,
(bln - b'24, bl]2 - b'23, bl]3 - blzzs b114 b121’ mln{hg , B 1),
(biy — B34, by — b33, b3 — by, by — by l‘l‘lll‘l{hB ) hB )

(3.9)
(iii) Multiplication:
~~ (bhy by, bhobhy, bsbhs, bybys min{hg ; h;; b,
(3.10)

BB, =
(D11, bY;b5, bisbhs, bishay: min{hl‘; ’ h§ )
where bl and by, (i = 1,2;k = 1,2, 3,4) are all positive real
numbers
(iv) Division:

5 /§ “/b24, bllz/b23v bl13/b22’ bl14/b21’ mln{hg ; B b,
1/B2
(b1 /by, by /b33, b3 /bay, bla/byy; mm{h” , hu 1))
(3.11)

where bﬁk and b}, (i = 1,2;k = 1,2, 3, 4) are non-zero positive
real numbers.
(v) Scalar multiplication:

4> '"g

[(kb',, kb, kb, kb; hk), (kb%, kb%, kb%, kb"; h¥)], k <0

1 '/

& {[(kb’l,kb’z,kbg,kbg; h%). (kbY, kb, kb, kbl B)], k >0
KD —

1°'"
(3.12)

3.3. A novel flexible ranking method for TrIT2FSs

As shown in Fig. 3, a TrIT2FS E can surely be regarded to
be composed of an upper TrIT2FS BU (see the yellow area) and
a lower TrIT2FS BL (see the green area). In this regard, B is
mathematically expressed by B= EU U EL

For B' = (b, b}, bl bly: hL), if o = hL, then x € [b}, b}], which
means that x belongs to the core [b, b’] of B! with membershlp
(possibility) hi. Intuitively, when o« > hi x € [b’, b1 still
holds. Based on this, to make the heights of B' and BY equal, it
is reasonable to assume that if o € [hg, hi], then x € [bh, b] (see
Fig. 3).
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As such, according to Fig. 3, it is easy to determine the a-cut
set of B as follows:

- [B] (), B/ ()],
BL(O[) = U— U+
[BL (Ol),BL (a)]
[[b’l + a(by — by)/hg, by — a(by — bé)/hlg]7:|
L+ apt -

bY)/hg. by — el(by — b3)/hi]

if o € [0, hi]
Bad=1_ (Bl (o). B (@)
BU a)=
(By (), By ()]

_ [ba. b1,
| IbY + a(bh —

if a € [hL, h¥]

B’ B

b/, by — (b — b5>/hg]} ’

(3.13)

Definition 3.8. The expectation E(E) of a TrIT2FS B is defined as

hL hu
EGB) = f " Bula)da + /ZBBU(a)da (3.14)
0 h~
B
where
hk
/ " Bu(a)da = [[E(B)", E(BL)1, [E(BL)*, E(BL)*H]
0
b\ +b, , bL+ b
_[[ by Dby,
2 2
U _ pu pY — pt
[bihg + =2 (), bighy; — 42,#3(11’5)2]}
B B
(3.15)
and
h%~
/ By(a)da
'
= [[E(By)"~. E(By)'* 1. [E(By)*~, E(Bu)"*1]
u U upl upl
(e — iy | (b, b, (22 e+ mihy — mif
B B » 73 Zh% ’
m”h’ + myh + mihi —m h~
3 3 o 4 4 ]:| (3.16)
B
Similar to the addition of TrIT2FSs, it follows that
EB) [2b’2h§ + (b} — by)hk 2bLhk + (b — b)hk
- 2 ’ 2 ’
bU by bi+b
(222 B 4h~]:| (3.17)
For convenience, denote
E(B), = [E(B) . E(B)]
| 1u 1 1\l I Lu 1 1\l
_ [2b2h§ + (b} — bz)hg’ 2bshk + (b, — b3)h§] (3.18)
2 2
and
~ ~ bu b bll b
BBl = (EB)y, BB = 170 2hs, =12 (3.19)

Then, Eq. (3.17) is rewritten as E( )= (E)U].

[E(B)..
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Motivated by the definition of centroid for TrIT2FS [15,56],
the average expectation (AE) of TrIT2FS B is given below.

Definition 3.9. Let B = [(b}, b, b}, bl; hL), (bY, bY, b, bY; hY)] be

4> g 4> '
a TrIT2FS. Its AE is defined as
~ 1 (EB) +EB)Y EB); +EB)
AEF) = | (B), +E(B); N (B)y +E(B);
2 2 2
1
= §[(b’l — b}, + bl — b))
+ (2D} + 2D + b + bl + by + by)ht] (3.20)

In order to verify the validity of the defined AE of TrIT2FS, the
AEs and centroids of different TrIT2FSs are calculated and shown
in Table 1. It is easy to observe from Table 1 that for the same
TrIT2FS, the difference between its AE and centroid is tiny.

Besides, the mean absolute percentage error (MAPE) is em-
ployed to calculate the error between AEs and centroids of dif-
ferent TrIT2FSs. The MAPE measure is calculated as

1< AE; — Centroid;
MAPE = - > " |—————| x 100% = 0.69%
n P

Centroid;

where n (n = 9, herein) is the total number of observations, AE;
and Centroid; are the values of the AE and centroid of the ith
observation (i = 1, 2, ..., n), respectively. Obviously, the smaller
the value of MAPE, the more accurate and trustworthy the AE
of TrIT2FS defined by this paper. Particularly, if MAPE = 0, then
the defined AE of TrIT2FSs is perfectly trustworthy according to
the centroid of TrIT2FSs; if MAPE < 5%, then the defined AE
of TrIT2FSs is considered to be very accurate and trustworthy
according to the centroid of TrIT2FS. It is calculated that the MAPE
between AEs and centroids of different TrIT2FSs is equal to 0.6%.
Thus, the defined AE of TrIT2FS is very reliable, which can further
verify the reliability and validity of Definition 3.8.

Remark 1. According to the above analysis, it is easy to conclude
that there is only little difference between the defuzzified values
of TrIT2FSs derived by Eq. (3.20) and those derived by centroid-
based approach [15,56]. However, the calculation of the former is
remarkably simpler than that of the latter. Thus, the proposed AE
of TrIT2FS is more practical than the centroid of TrIT2FS [15,56].

Definition 3.10. Let B; = [(b},. b, bly, biy: g ). (bl bl by, bly:
h~ )] (i =1, 2) be any two TrIT2FSs. The AE- based order relations
between them are defined as follows:

(i) IfAE(B1) > AE(BZ) then 31 - Bz (ie., §1 is superior to Ez)
(i) If AE(B1) < AE(Byp), then By < B, (i.e., By_is inferior to Bz)
(iii) If AE(Bl) = AE(BZ) then B1 B, (i.e., B1 is indifferent to

B,).

In this paper, Eq. (3.20) is used to defuzzify the TrIT2F ef-
ficiencies of alternatives into the corresponding AE efficiencies.
Then, the AE-based order relations of TrIT2FSs are used to rank
alternatives based on the AE efficiencies of alternatives.

To effectively transform the TrIT2F objectives of the proposed
BWM and DEA models, a flexible ranking relation of TrIT2FSs is
proposed below.

Definition 3.11. Let B; = [(bl,, b}, bis. biy: ). (bfy. biy. bis. biy:
h~ )1 (i = 1,2) be two TrIT2FSs. The ranking relations between
them are prescribed as follows:

(i) El < Qz iff E(El) < E(Bz)'
(ii) By »= By iff E(By) = E(Bz)
(iii) By ~ By iff E(B;) = E(B) and E(B;) <

E(By).
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Table 1
TrIT2F reference comparisons for different linguistic terms.
Pairwise linguistic term Crisp RC TrIT2F RC Centroid AE Error
Completely equal importance (CEI) 1 [(1.00, 1.00, 1.00, 1.00; 1), (1.00, 1.00, 1.00, 1.00; 1)] 1 1 0
Weak importance (WI) 2 [(1.00, 1.08, 1.32, 1.93; 0.9), (1.00, 1.00, 1.72, 2.62; 1)] 1.494 1452 0.042
Moderate importance (MI) 3 [(2.52,2.62,2.78, 3.08; 0.9), (1.43, 2.35, 2.80, 3.34; 1)] 2596 2612 0.016
Moderate plus importance (MPI) 4 [(3.36, 3.48, 3.60, 3.83; 0.9), (2.15, 3.00, 3.85,4.82; 1)]  3.507  3.510  0.003
Strong importance (SI) 5 [(4.41,4.82,4.98,5.03; 0.9), (3.31, 4.25, 5.05, 6.02; 1)] 4717 4738  0.021
Strong plus importance (SPI) 6 [(5.64, 5.78, 5.97, 6.06; 0.9), (4.69, 5.50, 6.20, 6.95; 1)] ~ 5.843  5.849  0.006
Very strong importance (VSI) 7 [(6.72, 6.81, 6.96, 7.11; 0.9), (5.97, 6.75, 7.12, 8.23; 1)] 6.989 6.958  0.031
Extreme importance (EI) 8 [(7.52,7.78, 7.84, 8.08; 0.9), (7.01, 7.65, 8.00, 8.71; 1)] 7.827 7.824  0.003
Extreme more importance (EMI) 9 [(8.87, 8.92, 8.98, 9.00; 0.9), (8.03, 8.86, 9.00, 9.00; 1)] 8.758 8.833  0.075
Definition 3.12. Let B; = [(bl,, bl,, bly, bl,; L), (bl bly. b, biy: < 20[2byshy + (byy — bys)hy — 2b3hy — (b, — biy)hg |
hg.)] (i = 1,2) be two TrIT2FSs. The ranking relations between
(A . Hence, E( B1)L E(BZ)L is equivalent to
E(B;) (i = 1, 2) are specified as follows: 2R 4 (3 b < 26k 4 (3 Y
(i) E(B1) < E(B2) iff E(By). < E(By). and E(B1)y < E(By)u; e e
(ii) E(B1) = E(By) iff E(By). = E(By); and E(By)y = E(By)y: (1—20)(2bi,hy + (bhy — byl — 2b5, 1 — (b — by ]
(111) ( ) E( )lffE(Bl)L E(BZ)L and E(Bl)U E( 2)U- 5219[2b123h%2 —I—(b124—b123)hl§2 —2bll3h%1 —(bll4—bll3)h%1]
1 1 1 1 1 u u u u u
Theorem 3.1. Let 5; = [(biy, Diy, bis, bia: Iy, ) (Biy, big, Bis, b Iy )] Similarly, E(B1)y < E(B,)y is equivalent to

(i = 1,2) be two TrIT2FSs. The ranking relatzons of them can be
converted as follows:

(i) By < By iff

2}t + by — B
< 2by3hy + (bys — byhiy . (bfs + b < (b3; + b3y
(1—20)(2b,h + (bhy — byl — 2b5,h — (b — byy)hg |
< 20[2by3hy + (byy — bys)hy — 2bishly — (b, — by |
(1= 29)I(bY + bip)hy — (b3 + b3)hy |
< 20[(bY; + bg4)h§2 — (bY; + bi,ht 1
(3.21)
(ii) By = B iff
(b + bip)hy
> (b3 — b3y | 2h b, + (bhy — biyhg
> 2hf by, + (by; — byl
(1—20)(2h} by + (bhy — bhy)hy — 2h by — (b, — byy)hg |
< 20[2hy by, + (b3, — b’zz)hL — 2 by — (b = bip)hi; ]
(1= 29)[(bY5 + byg)hy — (b3 + bhy)hy |
< 20[(bY, + bgz)hgz — (b + biy)hy ]
(3.22)
(111) zﬁ Egs. (3.21) and (3.22) hold, simultaneously.
Proof. (i) From Definition 3.3, E(§1 L < E(Ez ). is equivalent to
217113’”‘%1 + (b, — blla)hlgl = 21712317%2 + (byy — blz3)hl§2
UEBL) = E(By)) < 0

By Definition 3.2, u( (Bl) E(Bz)) < ¢ is rewritten as
given in Box I, which is further equ1valer1t to

(1= 20)[2bh, kg + (bhy — bip)hiy — 2b5, ks — (b — biy)hi |

(blfs + b hly < (bb; + b5,k
(1 —=29)[(b}; + b#z)hgl — (b5, + bgz)hgz]
< 20[(b3; + b3y — (bis + biyhf |

By Definitions 3.11 and 3.12, it follows that B; < B, iff Eq.
(3.21) holds.
Similarly, the proof of Theorem 3.1(ii) can also be proven. O

Remark 2. Obviously, if b}, = b}, b, = b%, bly = b, b}, = bl}
and h~ = h~ = 1, then TrlTZFSs Bi(i=1,2) degenerates 1nto

two TrFNs In such a case, it holds that 81 < §2 iff
bi3 4+ b1s < bz + bys
(1 =20)(b11 + b1z — ba1 — by) < 289(by3 + bag — b1z — b1a)

which is exactly the crisp equivalent constraints of the relation

By =< B, proposed by Dong & Wan_[23]. Similarly, the crisp
equivalent constraints of the relation By 3= B, proposed by Dong
& Wan [23] are also the special form of Theorem 3.1(ii). Hence,
the ranking order of TrIT2FSs proposed in this paper generalizes
the ranking order of TrFNs proposed in [23], which justifies
Definition 3.11.

4. Extend traditional BWM into TrIT2F environment

This section develops a TrIT2F-BWM by extending the classical
BWM [12,41] into TrIT2F environment. To achieve this extension,
the following efforts need to be made.

(i) Transform the TrIT2F objective of the WDM (see Sec-
tion 4.2);

(ii) Normalize the TrIT2F weights in the WDM (see Section 4.3);

(iii) Determine the consistency ratio (CR) for checking the
reliability of the determined weights (see Section 4.5).

For convenience, some notations are prescribed as follows:

(i)K = {klk = 1,2,...,t},] = {ji = 1,2,...,n} and
I = {ili = 1,2,...,m} are three index sets of DMs, criteria and
alternatives, respectively;

(if) C = GU Gy = {qlj € J} is the set of n criteria, where
and Cj respectively represent the sets of cost and benefit criteria,
satisfying G; N G = ¢ (¢ indicates an empty set);
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203,15 + (b — bipdhy — 2by,hy — (b, — biy)hi

<20

219’2311§2 + (bh, — b123)h’~ 2b122h~ — (b}, — b’zz)h 2b’13h§1 — (b, — b'w)h%1 + 2b’12h§1 + (b, — bl =

Box 1.

(iii) dk stands for the kth DM/expert

(iv) we = [(wlm kav )‘k3’ )‘§<4; hwk) (Wiey» Wiigs Wiegs Wiegs i )]
refers to the welght of DM di (k € K);

(V) @ = [(wff, wi, wi, wigs b, (i, wiy', ', wi's ke h“ 1 is
the weight of ¢; with respect to dk (jel; keKkK).

4.1. Construct weight-determining model for TrIT2F-BWM

Taking the determination of DMs’ weights as example, the
construction steps of the WDM for the TrIT2F-BWM are described
in detail as follows:

Step 1. Obtain TrIT2F best-to-others vector (BOV) and TrIT2F
others-to-worst vector (OWV) on DMs

Firstly, according to the background information about DMs
(e.g., education background, professional experience, years of ex-
perience, etc.), the project leader selects the best DM dp and the
worst DM dyy, where B, W € K.

Secondly, the project leader uses linguistic RCs to express
his/her preferences of dg over other DMs d, (k € K). These
linguistic RCs are further encoded into TrIT2FSs by using the
interval approach-based type-2-fuzzistics methodology [15,25].
The linguistic RCs and the corresponding encoded TrIT2FSs are
all listed in Table 1.

Then, the TrIT2F-BOV on DMs is determined as follows:

As = (a1, o, - . » Tpe) (4.1)

~ I I ! I
where dpe = [(ap, G, Apiss Apegs aBk) (1> Opios Apiss Tpeg’
thk )] denotes the TrIT2F RC of dg over dy.

Analogically, the TrIT2F-OWV on DMs can also be obtained:

Aw = @w. ow, .. Gw)' (4.2)

where Gy = [(@y 1, Gz Gawss Gowas hlakw ) (@1 Gow» Bewss
Qiyas hg,,, )] refers to the TrIT2F RC of di over dy.

Step 2. Construct TrIT2F WDM

The TrIT2F WDM is constructed by extending the crisp one
into TrIT2F environment, as follows:

min r’IE(X{llT)B — AW, |k — Thw Ww |}

S.t. q k=1 (M1)

4.2. Transform the objective of model (M1)

Let § = maXiek {|Wp — ncili], | — Guw ), where § =
[(8}, 85, 8%, 84 ), ((sg’,ag,a“ 8%; h)] denotes a maximum TrIT2F
dev1at10r1 Then model (M1) is refaormulated as
min 8

|Wp — dpitli] < 8(k € K)

Wk — Tew W | < 3k € K)

S.t. Z T ~ ’]“ (M2)

Theorem 4.1. Model (M2) is equivalent to model (M3) in the sense
of Definition 3.11.
minz = E(3)

(M3)
s.t.Constraints are the same as those of model (M2)

Proof. Let ® be the set of feasible solutions of model (M2). It is
obvious that @ is also the set of feasible solutions of model (M3).
Suppose that §* is the optimal solution of model (M2). Then, for
any § € 0, it holds that §* < §. According to Definition 3.11,

< Bis equivalent to E(E*) < E(E). Thus, 3* is the optimal

solution of model (M3). N

Analogously, it can be proven that §* is an optimal solution of
model (M2) if it is an optimal solution of model (M3). This finishes
the proof of Theorem 4.1. O

For convenience, we denote

Wpk = Wp — ApkWk

I | | o
(Wpy — U Wiea Wy — aBk3wk3’ Wp3 — Uiy Wi,

! | B | I
Wpy — Ay Wiy; Mingh ., h k’ ey s 43)
- u u u u u u .
(W — GpyqWhgs Why — Apy3Wh3, Wpy — Ao Wiy,
u u
Wy — gy Wiy mm{huB, hWk, hﬂBk})
and
Wiw = Wi — Ay Ww
(w, —d I L _ 4 I L _ 4 ]
Wi kwaWwa> Wi w3Wwss Wis w2Wwas
! I 1l
Wiy alewW], mm{h hw, , hakW})
- u
(W — GewaWiwas Wio — B3 Wiwss Wiz — Gz Wi
u u
wk ale le’ mln{hww hwk’ hakw })
(4.4)

Then, it holds that

~ ~

|Wp — Tpeiel < 8 < W < 8 A

Y
|
>

and

| W — Gw Dw| < 3 < Biw < 8 A Wiw = 9.

~

According to Egs. (3.21)-(3.22), g < S, aw < O, Wer = —0
and wyw = —6 are equivalent to Egs. (4.5)-(4.8), respectively.
2hG,, Wiy + (Why — w’Bk3)h%}Bk

< 2148} + (84 — 8Y)hk, (Whs + Wil < (84 + S5

Wk —
(1— 20)[2wgk2h53k + (Whey — Wiy My, — 2651

WBk
— (8} — 85)hk] < 20[2h485 + (8} — 85)hs
— 2h; ka3 (Whey — wllsks)hiz,skl
(1= 29)[(wyyy + wpodh, — (67 + 83)hg]

< 29[(83 + 85)h5 — (Wi + wiy

ka

(4.5)
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wLW3)h£}7kW
(8 — 85Ik, (w3 + wiwa)hl < (8% + 8§kt

— 28t

u I 1
2hG, Wiws + (Wiayg —

< 2hish +
wsz )hl

Wgw

(8} — 85)hk

(1- 219)[2w3,<2 ww T (wll<w1
— (8} — 83)hk] < 29[2hYs} +

Wiaw3)hig, ]
— (84 + 85)hY]

u 1 1
—2hG,, Wiws — Wiy —

(1= 20) (Wi + Wiy )%

Wgw

< 20[(84 + 8)hY — (wlhys + wiydh ]

Wrw

(4.6)
2hG Who + (W — kaZ)thk

> —283h5 + (83 — S, (Wi + Wiy, > —(85 + 8)hg
wBI<3)h£uBk + 282h’§ — (8 2

(83 — 84)h5

(1—20)[2h% wiys + (W —
—8hE] = 20 — 285k +
(w{am kaZ)thk]

(1= 20)[(whis + whea ), + (85 + 85)h4]

> 20[—(83 — dg)h5 — (wpyy + wpy)h, ]

wpk

u 1
- thT)Bk Wgio —

Ul I 1
2hG,, Wiwz + (Wi — wsz)hwkw

z —25§h§ + (85 — (Sil)h%’ (Wiw1 + Wiw2)h,,,
> (84 + 84)ht
(1- Zﬁ)[ZhWkakW3 + (Whya —

—8hs] > 20 — 285k +

\

ka3)hiukW + 235’% - (52

(85 — 84k

u 1
hw,(w wsz (Wiw

- w;{WZ )hlft;kw]
(1= 20)[(wiaw3 + wiwa)iz,, + (87 + 62)h5]

> 20[—(85 + 8)h5 — (Wi + Wi i

Wiw ]

(4.8)

Motivated by Definition 5 presented in [23], model (M3) is
further transformed into a multi-objective programming model
as follows:

min z; = h4s} + (8} — 84)hk/2
min z, = h(84 + 83)/2 + (8}
(84 + 84)ht/2

min z4 = (87 + 8; + 83 + 83)h;/4
Eqs. (4.5)-(4.8) (k € K)

0<8 <688, <85:0=<hi<h

— 85 + 8 — 84)hk/4

min z3 =

(M4)
sh<sh <8l <ol st <8y <t <5y

t

S w1

k=1

« = 0(k € K)

s.t.

In the following, the fuzzy constraint }_,_, Wy ~ 1 of model
(M4) needs to be equivalently converted into a crisp form. To
complete this conversion, a TrIT2F weight normalization ap-
proach is designed.

4.3. Normalize TrIT2F weights

To normalize interval weights, Wang & Elhag [57] developed
a weight-normalization approach as follows:
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Theorem 4.2 ([57]). Let W = (wq, wy,...,w;) be an interval
weight vector. W is normalized iff the following inequalities hold:

t
wi —w, + Y w < 1(keK)
j=1
. (4.9)
wp — w4+ Y w > 1k eK)
j=1

where wy, = [w;, w; ] and 0 < w;,, < w;" (k € K).

Definition 4.1. Let W = (wy, ., W) be a TrIT2F weight
vector of DMs and E(W) = (E(w4), E(wz) , E(w,)) be the
expectation of W. If E(W) is normalized, then W is normalized.

Definition 4.2. E(W) is normalized iff all its elements E(iy,) (k €
K) are normalized.

Definition 4.3. E(wy) (k € K) are normalized iff E(wy), (k € K)
and E(wy)y (k € K) are normalized, simultaneously.

According to Definitions 4.1-4.3 and Theorem 4.2, an effective
weight-normalizing theorem is initiated to normalized TrIT2F
weights.

Theorem 4.3. Let W be a TrIT2F weight vector of DMs. W is
normalized if the following constraints hold:

2wk3hwk + (wpy — wk3)h~ Zwkzhwk (wyy — wkz)hink
+ Y R2wlhl 4 (why — wiyhl 1< 2(k € K)
yekK
2w,<2h“ (wkl wkz)hl 2wk3hu (w;m - w}@)hlﬁ;k
+ ) 2w shl 4 (wh, — whohl 1> 2(k € K)
yekK
(wis + w;}l4)h1uzk (wiy + w:z)hwk
+ ) Twly + wiyhl 1< 2(k € K)

yek

(Wi + w;?z)h'i

+ ) lw

yek

—(wys + wl?4)hu~
3+w ) ]>2(kel<)

0<wp < w,ld;w,l<4 < wpy; 0 §hl~ < hLL < 1(k € K)

I I ! I
Wiy < Wi < Wiy < Wiyl Wy < Why < Wiy < Wiy(k € K)
(4.10)

Proof. According to Definition 4.1, W is normalized if E(V~V) is
normalized. By Definition 4.2, E(W) is normalized iff E(wy) (k €
K) are normalized. In terms of Definition 4.3, E(wy) (k € K) are
normalized iff E(wy), (k € K) and E(wy)y (k € K) are normalized,
simultaneously. Thus, according to Theorem 4.2 and the definition
of TrIT2FSs, W is normalized if Eq. (4.10) holds. This fulfills the
proof of Theorem 4.3. 0

Remark 3. It is obvious that Eq. (4.10) has higher power in
preserving the information of TrIT2FSs than the centroid-based
defuzzification approaches [15]. In addition, the lower and upper
heights of TrIT2FSs are contained in Eq. (4.10), while they are
overlooked in approach [4]. Since the lower and upper heights
are the essential components of TrIT2FSs, the proposed TrIT2F
weight-normalizing approach can retain more inherent informa-
tion of TrIT2FSs.
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4.4. Solve the transformed crisp model

For convemence let h = K = mmk{hz ,hf] } and b =
h” = mmk{h;‘ , a }. Based on model (M4) and Eq. (4.10),

the TrIT2F model (M (M ) of the proposed TrIT2F-BWM is finally
converted into the following crisp multi-objective linear pro-
gramming model.

min z; = h¥s} + (8, — 83)hk/2

min z, = W84 + 85)/2 + (8} — 85 + 85 — 85)hi/4
min z3 = (83 + 83)h5/2

min z4 = (87 + &; + 83 + 83)h;/4

Eqs. (4.5)-(4.8) and (4.10) (k € K)

0<8 <688, <85;0<hi<h

(M5)

s.t.

sh<sh <8l <slst <88 <5l <5l

In the following, the efficient goal programming approach [23]
is employed to solve model (M5).

Step 1. Obtain the goal of each objective z, by solving the
following single-objective model:

min z,
s.t. constraints are the same as those of model (MS)'

It is evident that the objectives z, (x = 1,2, 3,4) can be
regarded as the functions of the auxiliary variable vector § =
(84,88, 85, 8%, 84,84, 84, 84). Then, the relation between z, and §
can be denoted by z, z.(8) (x 1, 2, 3, 4). Solving the
above single-objective model with Lingo software, the optimal
objective value z™" and its corresponding solution § can be
easily acquired.

Generally, the goal of objective z, can be written as azf{“i“
(k 1, 2, 3, 4), where o is the proportion parameter, such as
o =0.85and o =0.9.

Step 2. Obtain the priority factor ¢y allocated to each objective
z, (k = 1,2, 3, 4). The priority factor ¢, can be predetermined by
DMs.

Step 3. The TrIT2F weights of DMs can be determined by
solving the following linear goal programming model.

4

min Y ey +4q7)
k=1

Ze+q; —qf =0z™(k =1,2,3,4)
q..q5 =0k =1,2,3,4)

(M6)
s.t.

constraints are the same as those of model (M5)
4.5. Determine CR for the TrIT2F-BWM

Liang et al. [58] proposed an input-based CR in view of the
cardinal consistency ap; X @j,, — py (Apyw € [1, 9]) for checking the
consistency of the sort of the results against the sort of the RCs
provided by DM.

CR™ = max {CR™i = 1,2,...,n} (4.11)
where
[api X Qi — abw|’ ifay, > 1
CRI" = { Gbw X Gbw — Gpw (4.12)
0, if Apy = 1

CR™ is the global input-based CR for all criteria, CR" denotes
the local consistency level associated with criterion C;. Liang
et al. [58] also presented the approximated thresholds for the
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input-based CR™ (see Table 3 in [58]). Inspired by the idea of [58],
a global input-based CR for the proposed TrIT2F-BWM is defined
as follows:

n ~
CRI® s = rP:alx{|AE(CRl-n )} (4.13)
where
dgi X Qi — dpw o~ ~
————, ifaw =1
&:n _ ) aw X apw — apw B (4.14)
0, leBW ~ 1

Remark 4. Before determining the weights of DMs and criteria,
it requires to use CRTrITZFS to check the consistency of RCs. In
this paper, the thresholds of CRJ!,. can refer to those of CR™
presented in [58]. For the same scale and number of criteria, if
CRIM e < & (£ is the threshold of CR™), then the determined
TrIT2F weights are regarded to be acceptable. Otherwise, the
TrIT2F RCs of cg over ¢, and c, over ¢y must be adjusted until

CR,T?’ITZFS 5 ‘i:
5. Extend DEA into TrIT2F environment

Traditional DEA is an efficient tool to measure DMUs’ per-
formance, in which all inputs and outputs are quantitative and
identified with crisp values. Thus, traditional DEA is inapplicable
to the decision problems involving complexity, imprecision and
uncertainty. Although various fuzzy versions have been devel-
oped, such as triangular fuzzy DEA [59] and intuitionistic fuzzy
DEA [20], they are inapplicable for solving the FHL problem in
TrIT2F environment. Therefore, it is necessary to extend DEA into
TrIT2F environment. In what follows, a fully TrIT2F-DEA is pre-
sented, in which all the parameters and variables are represented
by TrIT2FSs.

For the convenience of the following text, some symbols and
variables are interpreted as follows:

(i)i e {1, 2, ..., m}implies the subscript of DMU (alternative).

(ii) r € {1,2,...,p} means the subscript of input (cost)
criterion, and G = {cl[t = 1,2, ..., p}.

(iii)r € {1, 2, ..., s} indicates the subscript of output (benefit)

criterion, and Gy = {c%|r = 1,2, ..., s}

(iv) U, (v, ) represents the TrIT2F weight of the rth (ith) output
(input) criterion for DMUs.

(V) Vi and X;; refer to the TrIT2F amounts of ¢© and ¢! for DMU;,
respectively.

(vi) ¥, and X, are the TrIT2F amounts of ¢° and c! for the
observed DMU,, respectively.

Based on the above description, a fully TrIT2F-DEA model is
constructeds as follows:

= Z Illryro
r=1

Mmaxz,

p ~
Z’J?E ~ 1
=1 ) (M7)
s.t. ULy < Z ,m)
r=1 =1
U,V = 0(r=1,2,....,557=1,2,...,p)

~ s e~ e~ s e

pLEt Yo = Izr:l UrYro, IX::O = VUiXeo, Yi = Z’r:1 Uryri, Xil =

> i UcXeiy hy = min{h }, by = ming{hy }, hy = mini{h;_}

and h%I = min;{h§ i}. Then, similar to the transformation from
T
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model (M2) into model (M5), model (M7) can be transformed into
a crisp multi-objective linear programming model.

maxz, = h%o Yy, + (Ygy — Yéz)hlyo/z
maxzy = hf (Yo, + Y53)/2 + (Yo — Yop + You — Yo3)hi; /4
maxz, = (Yo, + Ygp)hy /2
maxz, = (Y4 + Y4 + Y4 + Yohi /2
zx/rlo3h7,“0 + (X/zloél r03 )hN" r02h~’u
(Xrol 102 )hN“
+ Z[nyozh A (X — y,,z)lw ]
<2(r=1,2,...,p)
zerZh 4 +( Xr01 xrlo2 )h}”r’o - 2w;<3h7ruo
p
- (Xr04 1!03 )h?,’o + Z [2X£o3h7%
y=1
+(Xyo4 y03 ” ]
>2(t=12,...,p)
(X/ruo3 + X::u04 )h;'ruo - (X;um + X;uOZ )hi’fuo
t
+ ) XKy X 1 <27 =1,2,...,p)
y=1
(er + X‘L’OZ )hX'T"(, - (X;uo3 + X;uo4)h7,“0
s.t.
+Z[ s+ Xy 1 = 21 =1,2,...,p)
203 Yy + (Y — Yiphy < 2h§ X
+ (Kl — Xl )Rl (VA + Vi
< (XE+ XL (i=1,2,....m)
(1= 20)2h Vi, + (Vi) — Yp)hy — 2h§ X,
— (Xiy — Xip)h | < 20[2h§ X5 + (Xis — X )i
—2hg Yy — (Vi = Yp)hG li=1.2,....m)
(1= 20)I(Y; + Yip)hy — (Xiy + Xp)hg ]
< 2u[(Xj +Xﬁ’l)hﬂv — (Y5 + Y,-’jl)h%l_](i =1,2,...,m)
0<u, <ol v, <ui(r=1,2,...,551=1,2,...,p)
Upy < Uy < Uy < Upgd Uy < U < Uy < Uy
Vp1 S Vpp < Vg S v vl S < vy <ol
r=12,....,557=1,2,...,p)
(M8)

Remark 5. Undoubtedly, it is inadmissible that the DMU’s total
output is larger than its total input, which indicates that the fuzzy
constraint Y ,_, WY < Y b, VrX is completely not permitted
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to be violated. Hence, the value of acceptance degree v in model
(M8) is taken as 0.

By using the same method presented in Section 4.4, model
(M8) is finally converted into a crisp single objective model as
follows:

4

min Y e +q7)

z5 +q; —qf = pzy ™k =1,2,3,4)

(M9)
st.1q.,.qf >0k =1,2,3,4)
constraints are the same as those of model (M8)
where p is the proportion parameter, such as p = 1.15 and

o = 1.1, zf~™* means the optimal objective value of model (M8)
when only the objective zJ is considered (x = 1, 2, 3, 4).

By solving model (M9) the optimal values of i ur = [(ul, ub,
upy, ups b ), (U, wl, ul, wlhs ke )] (r = 1,2,...,s) can be ac-

quired. Then the optimal TrIT2F efﬁciency of the observed DMU,
is calculated as Z; = Y_,_, U¥ro. The optimal TrIT2F efficiency of
DMU; is denoted by Z¥ (i € I). Lastly, in terms of Definition 3.10,
the priority of alternatives can be ranked in descending order
according to the values of AE(Z.*) (iel).

6. An integrated TrIT2F BWM & DEA methodology

This section aims to investigate an integrated methodology
(i.e., TrIT2F-BWM-DEA) by combining the proposed TrIT2F-BWM
and TrIT2F-DEA. In this decision making system, there exist m
alternatives (DMUS) y; (i € I), t DMs di (k € K) and n criteria
¢ (j € J). Without loss of generality, let GG = {c1,¢,...,Cp}
and Gy = {Cpt1, Cpy2s ..., Cpys), Where p + s n. DMs use
the linguistic terms presented in Table 2 of [7] to express their
evaluations of alternatives under each criterion.

The steps of the proposed TrIT2F-BWM-DEA are stated as fol-
lows:

Step 1. Determine the TrIT2F weights of DMs and criteria

The TrIT2F weights of DMs wy (k € K) and the TrIT2F weights
of criteria 171}‘ (k € K,j € J) can be determined by the proposed
TrIT2F-BWM presented in Section 4.

Step 2. Acquire the TrIT2F evaluation matrices Q" (qﬂ)nXm
’X1 %(2 \ Xm
=K =K =K
¢ aiq Q12 1m
~k ~k
~k_C p1 p2 Qpm (6.1)
- ~ ~ ~
pt1 Qpi11 Gpr12 Tp1.m
C ~k ~ ~
pts qp+s,l q1§+s 2 q1§+s m

where 'Ejj"l refers to the TrIT2F evaluation of x; on ¢;, which is

encoded from the linguistic evaluation provided by d (i € I,j €

J, k € K) with the type-2-fuzzistics methodology in [15,25].
Step 3. Calculate the weighted evaluation matrix (WEM) Q" =

(qﬂ)nxm as follows:

=k~ ki ki kI ki ki ki ki ki I I
q; = wj CIJ, [(w Wi1Gji1, Wi Gjin» Wi3djiz» Wigljias mm{ha«ji ) hi)}‘})
ku ku ku ku ku ku ku ku u
( j1 qﬁ] ’ ]2 qﬂZ’ j3 q]135 ja qﬁ4, mln{h~k ) hﬁ]k })] (62)
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Step 4. Obtain the aggregated evaluation matrix (AEM) ag as
follows:

X1

~ ~f~
E WEwiq11

kekK

X2

~ ~k~
§ wEwiq12

kek

Xm
~ ~f~
WEWiq1m
keK
€1

~ o~k ~ o~k ~ o~k
Zwkwp%1 Zwkwpqﬂ § wkwqum

ag Cp kekK kek kek
T ~ o~ o~ o~ ~ g~
P+l § WkWp 4 1Gp+1.1 E WkWy1qp+1,2 * - E WkWy 1 1qp+1.m
keK keK kek
Cpts
~ ~k o~ ~ ~k o~ ~ ~k o~
W Wy 4 sqp+s.1 WkWp 1 qp+s.2 Wk Wy 4 sGp+s.m
kek kekK kek
X1 X2 Xm
I3 X111 X12 X1m
I Xp1 Xp2 Xpm
- C, ~ ~ ~
pt1 yu Y Yim
Cps ~ ~ ~
Ys1 Ys2 Ysm
(6.3)

Step 5. Rank alternatives

From Eq. (6.3), it is easy to obtain each alternative’s TrIT2F
inputs and outputs (i.e., ¥; and X;;). Solving model (M7) with
these outputs and inputs, the TrIT2F efficiencies of all alterna-
tives can be determined. Then, according to Definition 3.10, the
alternatives can be ranked.

The whole flowchart of the proposed TriT2F-BWM-DEA is shown
in Fig. 4.

7. Real application to Fangcang hospital location amid COVID-
19

In this section, the validity of the proposed TriT2F-BWM-DEA
is demonstrated with the real location problem of Fangcang hos-
pitals. The detailed information about this real case can be con-
sulted in [4]. Some comparative analyses are conducted to illus-
trate the stability, and merits of the TrIT2F-BWM-DEA.

7.1. Evaluation process

Most countries around the world have been attacked by COVID-
19 since it was identified at the end of 2019. Unfortunately,
Wuhan was also seriously attacked by COVID-19 from Decem-
ber 2019 to April 2020. To jointly treat the COVID-19 patients
with mild symptom and realize the mission of “leave no one
unattended”, Hubei provincial government launched the design
and conversion of Fangcang hospitals in Wuhan. The proposed
TrIT2F-BWM-DEA is used to solve the FHL problem. Without loss
of generality, this real case only considers the site selection for the
first Fangcang hospital. Four selection stages are implemented as
follows:

Stage I. Identify alternatives. Five alternatives are initially
qualified to be converted into Fangcang hospitals, i.e., Wuhan
Sports Center (1), Wuhan International Conference & Exhibition
Center (x3), Hongshan Gymnasium (x3), Wuhan Gymnasium (x4)
and Wuhan Mass Fitness Center (xs).

Stage IL Select criteria. Eight criteria can be identified based on
the requirements on the design and reconstruction of makeshift
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(Fangcang) hospitals (see http://zjt.hubei.gov.cn/) as follows: re-
construction difficulty (c;), reconstruction cost (c;), geographical
position (c3), infrastructure (c4), regional communication conve-
nience (cs), capacity (cg), traffic convenience (c;) and environ-
mental protection (cg). It is obvious that ¢, ¢; € G and ¢, € G
(y =3,4,...,8)

Stage III. Compare criteria and evaluate alternatives. Five DMs
di (k=1,2,...,5) from different professional fields (e.g., archi-
tectural design institutes, universities and hospitals) are invited
to jointly participate in this FHL decision making.

Note The linguistic BOV and OWV on DMs’ expertise given by
the project leader are the same as those in Table 6 of [4]. The
linguistic BOV and OWV on the importance of criteria given by
each DM are the same as those in Table 7 of [4]. The linguistic
evaluations of alternatives x; (i = 1,2, ...,5) on criteria ¢; (j =
1,2,...,8) given by each DM are the same as those in Table 8
of [4].

Stage IV. Determine the best alternative. The proposed TrIT2F-
BWM-DEA is employed to determine the weights of DMs (criteria)
and measure the efficiencies of alternatives y; (i=1,2,...,5).

Taking the case of = 0 (i.e.,, DM is completely conservative)
as a representative example, the assessment process is presented
as follows:

Step 1. Determine the TrIT2F weights of DMs and criteria by
using the proposed TrIT2F-BWM.

Based on Table 1, the linguistic RCs of DMs given by project
leader can be encoded into TrIT2F ones. By using Eq. (4.13), the
input-based CR of these TrIT2F RCs are calculated as CRIanITZFS =
0.289. Since 0.289 is smaller than the threshold 0.3062 than
presented in [58], the TrIT2F RCs are acceptable and can be used
to determine the weights of DMs. Without loss of generality, let
©1 = @3 = 100, ¢ = ¢4 = 1 and o = 0.9. Then, the TrIT2F
weights of DMs are derived by solving model (M6).

1 = [(0.054, 0.054, 0.054, 0.054; 0.9),
(0.049, 0.049, 0.049, 0.054; 1)];

i, = [(0.109, 0.109, 0.109, 0.109; 0.9),
(0.109, 0.11, 0.12, 0.12; 1)];

5 = [(0.548, 0.551, 0.565, 0.569; 0.9),
(0.548, 0.548, 0.548, 0.569; 1)];

4 = [(0.084, 0.084, 0.101, 0.101; 0.9),
(0.084, 0.097, 0.1, 0.101; 1)];

s = [(0.17, 0.17, 0.187, 0.187; 0.9),
(0.17, 0.171, 0.174, 0.187; 1)].

Similarly, it is easy to verify that all the TrIT2F RCs on criteria
given by DMs are also acceptable. Then, the criteria weights 171}‘
(k=1,2---,5;j =1,2,...,8) can also be determined by the
proposed TrIT2F-BWM. -

Step 2. Identify the TrIT2F evaluation matrix Q“ = (§j)nxm
given by d. According to Table 2 of [7], the linguistic evaluations
of alternatives can be encoded into TrIT2F evaluations. Then, the
TrIT2F evaluation matrices Q¥ (Ej’.‘i)nxm (k =1,2,...,5) are
easily obtained.

Step 3. Construct the weighted evaluation matrix Qﬁ = (Eﬁ Jnxm
(k = 1,2,...,5). Based on the identified ak and the obtained
criteria weights 17)}‘ G = 1,2,...,8), the weighted evaluation
matrices (1’; (k = 1,2,...,5) can be constructed by using Eq.
(6.2). _

Step 4. Obtain the aggregated evaluation matrix Qg. According
to Eq. (6.3), Qg is obtained. Here, only the values of X1; and ¥1
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1 1)
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i Expectation of TrIT2FS ¢ i
1 1
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; i
i [ Flexible ranking relation of TrIT2FS (see Theorem 3.1) ] [TrIT2F weight normalization approach (see Theorem 4.3) ':
) ’

r Phase I. TrIT2F-BWM to determine the weights e

( Determine the weights of DMs

DI¢

Determine the weights of criteria >

Step 1.1 Project leader identifies the best/worst
DMs and gives TrIT2F BOV/OWYV of DMs

Step 1.2 DMs identify the best/worst criteria and
give TrIT2F BOV/OWYV of criteria

v

CStep 2. Check the consistency of TrIT2F BOV and OWV by using Eq. (4.13) )

CR;:’ITZFS S CRI” ?
No No
Yes

!

v

Step 3.1 Determine the TrIT2F weights of
DMs (i.e.,W, ) by solving model (M6)

.o ~

\ 4

Step 3.2 Determine the TrIT2F weights of criteria with F
respect to each DM (i.e.,wjf) by solving model (M6)

*.-.-..-..----..-..-..-..--f-..-..-..-..----..-..-.--‘

~

Phase I1: TrIT2F-DEA to rank alternatives

g
.

Step 1. Construct TrIT2F evaluation matrices (i.e., Q~k )
derived by DM's linguistic evaluations

CStep 2. Construct WEM (i.e., O ) by Eq. (6.2)

»CStep 3. Construct AEM (i.e., Qg ) by Eq. (6.3)

by soling model (M8)

[Step 4. Evaluate the TrIT2F efficiencies of alternatives

»

Step 5. Rank alternatives by the descending order of
AEs of TrIT2F efficiencies

L/L/L/i/

~

Fig. 4. Flowchart of the proposed TrIT2F-BWM-DEA.

are exhibited as follows:

X11 = [(0.0058, 0.0124, 0.0192, 0.0345; 0.9),
(0.0025, 0.0088, 0.0113, 0.0515; 1)]

and

Y11 = [(0.0121, 0.0302, 0.0370, 0.0536; 0.9),
(0.0074, 0.0262, 0.0266, 0.075; 1)].

Step 5. Rank alternatives

Without loss of generality, let ¢; = ¢3 = 100, ¢ = ¢4 = 1
and p = 1.1. Then, the TrIT2F efficiencies of all alternatives yx;
(i=1,2,...,5) are determined by solving model (M7).
€, =[(0.395, 0.471, 0.95, 1.076; 0.9),

(0.153,0.287, 0.948, 1.406; 1)];

%, =[(0.527, 0.603, 1.374, 1.501; 0.9),

(0.273,0.429, 1.111, 1.896; 1)];

¥ = [(0.507, 0.574, 1.225, 1.738; 0.9),
(0.009, 0.026, 1.666, 2.299; 1)];

%1 = [(0.210,0.295, 0.581, 0.803; 0.9),
(0.099, 0.176, 0.178, 1.33; 1)];

¥ = [(0.424, 0.470, 1.081, 1.174; 0.9),
(0.214, 0.356, 0.917, 1.378; 1)].

Then, by using Eq. (3.20), the AEs of €; (i = 1,2,...,5) are
calculated as follows: AE(€;) = 0.71, AE(¢;) = 0.96, AE(e3) = 1,
AE(e;) = 0.457 and AE(és) = 0.751.

Therefore, according to Definition 3.10, the ranking order of
alternatives is determined as x3 > x2 > X5 > X1 > X4, and the
best alternative is 3.

14
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Table 2
Decision results for different types of fuzzy information.
Fuzzy information Case AE(g;) AE(&,) AE(€3) AE(e4) AE(e5) Ranking order of alternatives
TrIT2FSs »=0 0.710 0.960 1 0.457 0.751 X3 = X2 = X5 = X1 = X4
(Type-2 fuzzy sets) # =05 0.699 0977 1 0572 0.745 X3 > X2 > X5 > X1 > Xa
9 =1 0733 0.962 1 0.597 0.855 X3 > X2 = X5 = X1 > X4
TrENs =0 0.727 0.968 0.852 0.570 0.761 X2 > X3 > X5 > X1 > X4
(Type-1 fuzzy sets) 9 =05 0.691 1.000 0.852 0.493 0.762 X2 > X3 > X5 > X1 > Xa
9 = 0.707 0971 0.852 0574 0.874 X2 = X3 = X5 > X1 > Xa
Table 3 5 i . 3 ]
Ranking orders of alternatives with different methods. =P Wan's et al. (2021) method N 7
=© Chen & Lee's (2010) method § N s
X . Wu's et al. (2019) method II S S
Method Ranking order of alternatives ) =8 Wang's et al. (2012) method s N N
4R =8 The proposed method B \ »
Chen & Lee’s method [7] X2 > X3 > X5 > X1 > Xa 5 |\ III// \
3
s \ / N\,
Wang’s et al. method [48] X2 > X3 > X1 > X4 > X5 2i o\ / /
RN Vs
Wu's et al. method [15] X35> X2 > X5 = X1 > Xa ERRIRY I‘ /
S
Wan'’s et al. method [4] X35> X2 > X1> X5 > X4 2 ANEY \’\ II
\
The proposed method K3 X2 = X5 = X1 > X4 Q \/‘/ /
AN
1 \=’/ “%I
Xy X X3 Xy Xs
Alternative

Similarly, the decision results in the cases of # = 0.5 (i.e.,, DM
is risk-neutral) and ¢ = 1 (i.e,, DM is adventurous) are obtained
and shown in Table 2.

It can be observed from Table 2 that the best alternative de-
rived by proposed TrIT2F-BWM-DEA with different values of ¢ is
always xs3, which is perfectly consistent with the fact that Hong-
shan Gymnasium ( x3) is the one of the first reconverted Fangcang
hospitals in Wuhan [60]. This observation can surely illustrate
the high robustness of proposed TrIT2F-BWM-DEA along with the
objectivity and credibility of the obtained decision results.

In addition, the sums of all alternatives’ efficiencies in the
cases of # = 0, 9 = 0.5 and ¥ = 1 are 3.878, 3.993 and 4.147,
respectively. Thus, the sum of all alternatives’ efficiencies has an
increasing tendency as the value of ¥ increases. The explication
of this tendency is that the proposed flexible ranking order of
TrIT2FSs considers DM’s acceptance degree of fuzzy constraints to
be violated, which is more suitable for complex decision-making
problems.

7.2. Comparative analyses

7.2.1. Comparison with existing methods

In order to illustrate the validity and superiorities of the
proposed method, the decision results derived by the proposed
TrIT2F-BWM-DEA are compared with those derived by Wan'’s et al.
method [4], Chen & Lee’s method [7], Wu’s et al. method [15],
Wang's et al. method [48]. The obtained decision results with
these methods are listed in Table 3. Meanwhile, the ranking or-
ders of alternatives derived by different methods are graphically
depicted in Fig. 5.

It is easy to see from Table 3 and Fig. 5 that the ranking
order of alternatives determined by the proposed method is only
slightly different from those determined by methods [4,7,15,
48], which indicates the proposed method is validity. Moreover,
compared with methods [4,15], the proposed method has some
superiorities which are emphasized as follows:

(i) Superiority in transforming the minimax objective of model
(MT1). By using method [15], the maximum TrIT2F deviation § =

15

Fig. 5. Ranking orders of alternatives with different methods.

[(s}, 85, 8%, 8L h’g), (8,85, 84, 84 h¥)] is replaced by a crisp devi-
ation 8 = [(8, 4,4, 6; 1), (8,4, 4, 8; 1)] to transform the minimax
objective of model (M1). This transformation will cause informa-
tion distortion of TrIT2FSs. For example, there are two constraints
that contain the crisp and TrIT2F maximum absolute deviations,
respectively:

((3,4,5,6;0.9),(1,2,7,8, 1)] < [(8,6,6,8;1),(5,6, 6,55 1)]
=4

and

[(3,4,5,6;0.9),(1,2,7,8; 1)]
< [(81, 85, 85, 84 hb), (84, 85, 85, 84 hi)] = 3.
By method [15], it obviously holds that:

5=1(8,8,8,8;1),(8,8,8,8; 1)] and
§=1(3,4,5,6;0.9),(1,2,7,8; 1)].

Undoubtedly, 3 can perfectly retain the inherent information
of TrIT2FS, while § only retains the maximum component of
TrIT2FS, which inevitably results in the information distortion and
loss of TrIT2FS.

To facilitate comparison, we define two types of crisp con-
verted WDMs (denoted by WDM-I and WDM-II). WDM-I (or
WDM-II) is converted from the TrIT2F WDM whose objective
is transformed by using the crisp deviation approach [15] (or
the proposed TrIT2F deviation approach). By solving WDM-I and
WDM-II with six different sets of input parameters, the optimal
crisp deviations and TrIT2F deviations (in terms of their AEs) can
be acquired, as shown in Fig. 6, where “DW” represents the deter-
mination of DMs’ weights and “CW,” denotes the determination
of criteria weights with respect to di (k = 1, 2, 3, 4, 5).

It is easy to observe from Fig. 6 that all the AEs of TrIT2F
deviations are remarkably smaller than the crisp deviations. Thus,
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Fig. 7. Difference between the best and worst weights.

the transformation approach of TrIT2F objective proposed in this
paper has more superiority in retaining the inherent information
of TrIT2FSs than that proposed in [15].

(ii) Superiority of the proposed TrIT2F weight-normalizing
approach. The lower and upper heights of TrIT2FSs are considered
in the proposed TrIT2F weight-normalizing approach, while they
are ignored in approach [4]. Since the lower and upper heights
are the essential information of TrIT2FSs, the proposed TrIT2F
weight-normalizing approach would be more rigorous and credi-
ble, which can be reflected in the differences between the weights
of the best and worst DMs (or criteria). It can be seen from
Fig. 7 that the differences of the best and worst weights derived
by the proposed approach are all larger than those derived by
approach [4], which shows that the proposed approach has more
advantage in distinguishing the best and worst DMs (or criteria).

7.2.2. Comparison with trapezoidal fuzzy BWM-DEA

To further illustrate the practicability and superiority of using
TrIT2FSs, the proposed TrIT2F-BWM-DEA (denoted by method I)
is reduced to trapezoidal fuzzy BWM-DEA (denoted by method
II), in which the trapezoidal fuzzy RCs and evaluations are repre-
sented by the UMFs of the TrIT2F RCs and evaluations that have
been used in method I, respectively.

It has mentioned in Definition 3.6 that a TrFN can be rewrit-
ten as the format of a TrIT2FS. Therefore, the proposed TrIT2F-
BWM-DEA can certainly be utilized to solve the FHL problem in
trapezoidal (type-1) fuzzy environment, which implies its high
flexibility. The decision results in trapezoidal (type-1) fuzzy envi-
ronment are also listed in Table 2. To clearly compare methods
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I and II, the decision results derived by them are graphically
displayed in Fig. 8.

It can be seen from Table 2 and Fig. 8 that the ranking first
alternatives derived by method II are always y,, which exactly
tallies with the fact that Wuhan International Conference & Ex-
hibition Center () is the one of the first reconverted Fangcang
hospitals in Wuhan [60]. Therefore, it is practicable to reduce
method I into trapezoidal (type-1) fuzzy environment. Although
both methods I and II can generate objective and reasonable
decision results, the former has two outstanding advantages as
follows:

(i) Advantage in identifying DEA-efficient alternatives. The
efficiencies of the optimal alternatives derived by method I are
all equal to 1, which indicates that these optimal alternatives are
DEA-efficient. However, only when ¢ = 0.5, the optimal alter-
native derived by method II is DEA-efficient. Hence, compared
with method II, method I has the advantage in identifying more
numbers of DEA-efficient alternatives.

(ii) Advantage in obtaining more realistic decision results.
Since x3 and y; are the first batch of the reconverted Fangcang
hospitals in Wuhan [60], it is realistic to conclude that the differ-
ence between the efficiencies of them should be little. It is easy
to see from Table 2 that difference between the efficiencies of
x3 and x, measured by method I is remarkably smaller than the
one measured by method II. Hence, the decision results derived
by method I are more realistic than those derived by method II.

Based on these advantages, it is easy to conclude that com-
pared with T1FSs, T2FSs are more applicable to complex decision-
makings since they can capture the vague assessment information
by incorporating the FOU into T1FSs.

7.2.3. Comparison with crisp BWM-DEA

In this subsection, the proposed TrIT2F-BWM-DEA (i.e., method
I) is compared with a crisp BWM-DEA (denoted by method III).
In method III, the RCs and evaluations are all crisp. Note that the
crisp RCs are listed in the second column of Table 1 and the crisp
evaluations are represented by the AEs of TrIT2FS evaluations
that have been used in method I. The decision results derived by
methods I and III are graphically displayed in Figs. 9-10.

The ranking order of alternatives derived by method III is
X2 ~ X3~ X5 > X1 > X4, Which means that alternatives x,, x3
and yxs have the same priority and any of them can be selected as
the optimal alternative. However, it has known from [60] that xs
was not selected since its capacity (cg) is not large enough. Thus,
the ranking order of alternatives derived by method III is not
credible. It has mentioned in Section 7.2.1 that the ranking orders
of alternatives derived by method I are accurate and reasonable.
The main reason for the difference between the decision results
derived by methods I and III is that method I has adequate ability
in perfectly handling TrIT2F information by using the developed
flexible ranking order of TrIT2FSs and normalization approach of
TrIT2FSs. Hence, method I can produce more objective and cred-
ible decision results according to DMs’ actual needs for complex
decision making problems.

7.3. Managerial implications

Based on the proposed method and the results of the stud-
ied real case, this subsection summarizes the following specific
suggestions (managerial insights) for health care system (HCS)
managers and scholars.

(i) It is easy to see from Section 7.1 that DM’s acceptance
degree has an impact on the efficiencies of alternatives. Conse-
quently, the introduction of DM’s acceptance degree (i.e., parame-
ter ¢) is meaningful. When it comes to practical decision-making
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Fig. 10. Ranking order of alternatives.

process, HCS managers can select different values of ¢ accord-
ing the urgency of the ongoing epidemic. Generally, the more
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urgent the epidemic, the more pessimistic HCS managers (i.e., the
smaller the value of ©) should be, and vice versa. This implies that
when a very urgent epidemic occurs, the value of ¥ should be as
close to 0 as much as possible.

(ii) In the proposed method, there are two places where TrIT2F
information needs to be processed cautiously. One is the transfor-
mation of the objective of the TrIT2F model (e.g., model (M1)),
another is the normalization of the TrIT2F weights. From Sec-
tion 7.2.1, it is natural to suggest HCS scholars to select the
proposed transformation and normalization approaches (see The-
orems 3.1 and 4.3) to process TrIT2F data since they have high
ability in avoiding information distortion and loss of TrIT2FSs.

(iii) From the comparison result in Section 7.2.3, it is easy to
conclude that TrIT2FSs are more suitable than TrFNs in represent-
ing uncertain information. Thereby, HCS managers are recom-
mended to apply TrIT2FSs to represent DM’s linguistic judgments
in the complex practical FHL problems.

(iv) Since FHL problem usually involves multiple criteria, it
is hard for a single DM to thoroughly evaluate every alternative
under all criteria. Thus, HCS managers should consider the group
opinions from multi-experts. Accordingly, HCS managers are rec-
ommended to apply the proposed MCGDM technique TrIT2F-
BWM-DEA to solve the FHL problem, since it has strong power
in quantitatively expressing all experts’ opinions in an uncertain
environment.

8. Conclusion

This paper proposes a TrIT2F-BWM-DEA for solving the FHL
problem. According to the decision results of the real application
and comparative analyses, some conclusions can be drawn as
follows:

(1) The expectation of TrIT2FS is defined based on cut set
theory. Then, a flexible ranking relation of TrIT2FSs and a TrIT2F
weight-normalizing approach are proposed and used to trans-
form the TrIT2F models of the TrIT2F-BWM and TrIT2F-DEA into
crisp ones.

(2) A TrIT2F-BWM is proposed to determine the weights of
DMs and criteria, in which an input-based consistency ratio is
designed to check the consistency of TrIT2F RCs.

(3) A fully TrIT2F-DEA model is constructed to measure the
TrIT2F efficiencies of alternatives.
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(4) The validity and superiorities of the proposed TrIT2F-BWM-
DEA are confirmed with a real FHL case and some comparative
analyses.

The decision results show that the proposed TrIT2F-BWM-DEA
can effectively solve the FHL problem. To enrich the application
of the proposed TrIT2F-BWM-DEA, it is expected to be applied to
solve other real-world decision making problems, e.g., evaluation
of hospital performance [61], selection of smart product service
module [17], etc. Besides, this paper has some limitations that
need to be consummated.

(i) Remark 4 points out that if the CR exceeds a given thresh-
old, then DMs’ RCs are regarded to be unacceptably inconsistent
and decision results are usually inaccurate. In such a case, DMs’
RCs must be adjusted. However, this paper lacks a deep discussion
on how to effectively adjust DMs’ RCs. To cover this defect, some
adjustment algorithms are required to be developed in the further
research.

(ii) This paper uses TrIT2FSs to represent the decision informa-
tion. However, it is demonstrated that the preference information
provided by people tends to obey Gaussian distribution [62],
which implies that Gaussian IT2FSs have more advantage in cap-
turing uncertain information than TrIT2FSs. Therefore, the devel-
opment of an extended BWM-DEA with Gaussian IT2F information
may be a deserving research direction.
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