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Abstract

Quantification of pressure drop across stenotic arteries is a major element in the functional
assessment of occlusive arterial disease. Accurate estimation of the pressure drop with a
numerical model allows the calculation of Fractional Flow Reserve (FFR), which is a haemo-
dynamic index employed for guiding coronary revascularisation. Its non-invasive evaluation
would contribute to safer and cost-effective diseases management. In this work, we propose
a new formulation of a reduced-order model of trans-stenotic pressure drop, based on a
consistent theoretical analysis of the Navier-Stokes equation. The new formulation features
a novel term that characterises the contribution of turbulence effect to pressure loss. Results
from three-dimensional computational fluid dynamics (CFD) showed that the proposed
model produces predictions that are significantly more accurate than the existing reduced-
order models, for large and small symmetric and eccentric stenoses, covering mild to severe
area reductions. FFR calculations based on the proposed model produced zero classifica-
tion error for three classes comprising positive (< 0.75), negative (> 0.8) and intermediate
(0.75-0.8) classes.

Introduction

The relationship between the flow and pressure of blood across a stenosed artery is central to
assessing the functional severity of occlusive arterial disease. Since the 1990s when the inter-
ventional cardiology community turned their attention to functional assessments, influential
clinical trials conducted in the past decade have established the efficacy of pressure-based arte-
rial disease assessment. In particular, strong evidence was produced that Fractional Flow
Reserve (FFR)—an index based on invasive measurement of the pressure ratio distal and prox-
imal to a given lesion—is highly effective in guiding the clinical decision to revascularise [1-5].
The pressure reduction taking place along a stenosis is nonlinear with respect to the stenotic
severity, with a typical coronary artery exhibiting negligible pressure loss until a critical steno-
sis (~50% diameter reduction) is reached, above which the loss begins to increase rapidly. A
complex relationship between velocity and pressure drop is also observed, as flow regime tran-
sition will shift the balance of the dominant mechanisms underlying the energy loss. There
have been many previous attempts to capture this multifactorial process with a simple, semi-
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empirical relationship based on the grounding theory, that does not feature many parameters
nor invoke the need for a numerical solution [6-10]. In step with the clinical research, the
interest in exploiting these reduced-order models for non-invasive clinical diagnosis too
resurged, yet remains unfulfilled.

Such reduced-order models have the potential advantages over CFD of having a model sub-
structure with easily identifiable roles thus highlighting the relevant haemodynamic mecha-
nisms in individual lesions. Moreover, they require a fraction of the computational power
owing to their algebraic construction. Though the accuracy of the existing reduced-order mod-
els have not reached a clinically satisfactory precision, as FFR is a threshold-based test with a
binary decision outcome, reduced-order models have a strategic role in stratifying the clear-
cut cases from those that require a more detailed analysis, thus reducing the overall computa-
tional burden.

In order to improve the performance of the reduced-order models under disparate haemo-
dynamic conditions, it is crucial that the model construction is underpinned by a sound theo-
retical basis. This is challenging as the flow through lesions operate near transitional turbulent
regime and exhibits sensitive dependency to the lesion geometry. Capturing these relationships
with the fewest empirical constants introduces a further challenge, as these constants do not
generalise well across the different scales in physiological flows.

Existing reduced-order models

Reduced-order models of stenotic vascular flow are functions of the flow velocity u(x, t),
which influences the components of energy loss along the stenosis. In practice, these models
are more conveniently expressed in terms of the volume flow rate Q(#), assuming incompressi-
bility. Many models follow the general form

Ap:k1Q+k2Q“’+k3%—(t2 (1)
where ky, k, and k; represent coefficients to be modelled, and Ap, the pressure drop. The con-
ventional interpretation of Eq (1) is as a sum of viscous, turbulent, and inertial contributions,
respectively. The first term addresses the effect of laminar flow through the stenosis, whereby
pressure drop is linearly related to the flow rate via some modification of Poiseuille’s law, tak-
ing into account the stenosis severity via k;.

The second term of Eq (1) is characterised by a more ambiguous physical interpretation.
On one hand, the quadratic velocity term bears superficial similarity to the Bernoulli priniciple
in which the acceleration of blood through the stenosis leads to a pressure loss along a stream-
line, though this term is often attributed to the turbulence effects downstream of the stenosis
and flow separation [11]. This formulation can be seen as early as 1963 [6] and has been
adopted by many subsequent models [7, 8, 12, 13] without a rigorous definition of its physical
mechanism. Its origin, however, is most likely to have been motivated by empirical consider-
ations. Earlier studies used variations of Eq (1) to successfully reproduce experimental data in
short axisymmetric and asymmetric stenoses [6, 14, 15].

Regardless, it is known that turbulence effects can contribute substantially to the pressure
drop in arterial stenosis for both high and low Reynolds numbers Re = %; u incoming veloc-
ity, D unobstructed diameter, y dynamic viscosity, p density, [9] with the critical Re changing
with respect to the stenosis geometry to values even as low as ~ 100 [16]. Turbulent intensity
might also increase due to the flow of red cells at Re~ 500 or less, typically observed in flows
through arterial stenoses [11, 17]. For values higher than the critical Reynolds number,
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turbulence plays an increasing role in the haemodynamic parameters for both axisymmetric
and eccentric stenoses [16, 18, 19].

Further developments of reduced-order models over the subsequent years have proposed
similar relationships for pressure and flow rate, aimed at various specific applications [8, 13,
20, 21]. Studies comparing these models report contradicting results regarding their perfor-
mance—some models that perform better than others with respect to reproducing 3D CFD
results in one setting, may fail in other applications [22]. Of note, existing comparative studies
are often limited to mild, sub-critical stenoses and a limited range of geometric variation [22-
24]. Thus one of the objectives in the present study is to examine different lesion types, includ-
ing eccentric stenoses. This is particularly important due to the high prevalence of eccentric
lesions among patient populations. A study of plaque shapes using intracoronary ultrasound
previously reported that 69% of lesions were eccentrically placed within the lumen [25]. Simi-
larly, eccentric lesions accounted for 73% of 500 coronary lesions from a study of necropsy
patients [26].

In the present study, we use 3D CFD simulations to quantify the shortcomings of the exist-
ing reduced-order models, and reexamine the derivation of turbulence contributions from
first principle to yield an alternative formulation that better accounts for flow properties and
the geometry of the stenosis. Our target is vessels of different sizes from larger to smaller arter-
ies, and simulations employ three different stenosis types including axisymmetric and asym-
metric, with a range of severities and unsteady inlet flow rates. The modified model is then
compared with selected existing reduced-order models to quantify their accuracy against the
CFD results.

Materials and methods
Reduced-order models for pressure drop

Here we consider two reduced-order models for benchmarking [8, 12]. Though neither of
these models were derived for specific purposes to which they are applied here, both are used
frequently in literature for predicting pressure in various types of stenotic vessels. The model
of Young and Tsai 7, 12] is a trans-stenotic pressure drop model developed for a general vas-
cular stenosis, with empirical parameters determined from a series of in vitro experiments.
The model of Itu et al.[8] was developed for aortic coarctation employing a specific formula-
tion for the viscous and the inertial terms, aimed at predicting pressure gradient in patient-
specific stenosis geometries. These models treat the stenosis as one-dimensional fluid flow
though an area-varying tube derived from empirical correlations.

Young and Tsai model [7, 12-14]. The pressure model proposed by Young and Tsai [12]
is formulated as a quadratic polynomial of the flow rate, and is suitable for both steady and pul-
satile flows. The model is expressed as [13]

4uK Kp (A : pK,LOQ
— v t o u— 7= 2
Ap HDSQ+2A§<AS 1) Qi+ 2% )

Here p is the blood density, D, the diameter of the unobstructed area of the vessel and A, A
are the unobstructed and stenosed areas of the vessel, respectively. K; and K,,, are empirical
parameters obtained from experiments [12]. The values of K,, and K, were empirically deter-
mined to be equal to 1.2 and 1.52 respectively. The parameter K, for the viscous loss was mod-
elled as [14]

K, = 3L <A”>2 (3)
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where L, denotes the length of the stenosis and L is a length calculated as in [7], which is also
adopted here. The severity of stenosis is incorporated through the changing area ratio, which
is present in both Eqs (2) and (3). The second term includes the energy dissipation due to what
the authors attribute to turbulence, with K, the turbulence coefficient. The last term describes
the inertial effects of the flow in a stenotic region. Cross-sectional areas of the stenosis are cal-
culated from the corresponding radius, assuming that the stenosis has circular shape (although
this might not be true). Based on experiments in blunt-ended plugs, Young [14] proposed the
substitution of the length of the stenosis L; in Eq (3) in favour of L, where

L, = 0.83L, + 1.64D, (4)

Here, D; refers to the diameter at the stenosis. The above expression is used for the present
tests here for K,. The model of Young and Tsai is applicable for time-dependent flows and a
range of Reynolds numbers 100-5000. This model considered only short, smooth stenoses for
different stenosis severities 50 — 90%. Subsequent studies suggest that the model can be used
for calculating pressure drop for FFR, in mild degrees of occlusion [23] but will overestimate
Ap for higher stenosis severity [22].

Itu model [8]. The flow-dependent pressure-drop model proposed by Itu [8] is summa-
rised by the following equations

2
pK, (A, 0Q _

Ap =KR o1 KL —=+KR 5
p VVEQ+2A3<AS >Q|Q|+ uu8t+ EVCQ ()

A
K,=1+0.053—=0 (6)

AO

Su (& 1 Lo
Vc:_’u 4dx7 LM:B/ 2dx7 OC:RO g‘ (7)
T Jo R(x) .Jo R(x) u

Similar to Young’s model [14], the terms in Eq (5) represent the viscous, turbulent, and the
inertial effects on pressure gradient respectively, with a final addition which is a continuous
component to address the phase difference between the flow rate and the pressure drop. It is a
function of the mean flow rate Q over one cardiac cycle [8]. The parameter K, = 0.0018¢ is
calculated from Womersley number, ¢, which in turn is calculated from the patient heart rate
(HR) and the angular frequency w, (w = HR(271/60)).

The viscous loss term differs to the previous formulation in that it employs an integral eval-
uation of the viscous resistance (R,.) to address the spatial variation in radius (Eq (7)). In addi-
tion, the viscous coefficient K, is modified to incorporate the Womersley number (Eq (6)).
The coefficient K; for the turbulent term and K, remain the same as in Young and Tsai [12].
The formulations in Eq (7) were proposed for providing the model the capability to consider
the shape of the coarctation [8]. For the inertia term, the length L, is added so that a more
detailed description of the geometrical properties of the stenosis in the associated term in Eq
(7) is included, adapting the model for patient-specific pressure predictions.

This model was developed for aortic coarctation with Re up to 2000, and area stenosis sever-
ity (1 — A,/A,) between 40 — 60%, with a Womersley number o~ 15, but has been also capable
of predicting pressure for coronary applications, of Re approximately 100, with (1 — A,/A)
between 50 — 90%, with o ~ 1 [22].
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Modified pressure-flow model

As mentioned above, increasingly, numerical studies have been employed to compare the
reduced-order models against 3D simulations. But in some cases, the high accuracy reported
in the original studies could not be reproduced in independent numerical investigations [22,
23]. This is likely due to the difference in the test scenarios which challenged the model beyond
the original scope—vessel size, flow patterns and the severity of the stenosis are important
determinants of the performance of these models that contain empirical correlations. No exist-
ing reduced-order model reproduces the CFD results in these broadly varying scenarios.

For this reason, we consider here an alternative formulation. For theoretical consistency
across the whole formulation, we adopt and extend the approach of Ji et al. [27] which
employed Lorentz’s reciprocal theorem to decompose the fully-developed steady Navier-
Stokes solution into contributing processes. Each term can then be treated to dimensional
reduction, subject to appropriate assumptions.

In the following, we adopt the form of Lorentz reciprocal theorem previously presented
[28, 29] to establish a relationship between the Stokes and Navier-Stokes stress field solutions
within a common geometric domain [27]. Although this is an approximation, it is a useful one
that, in particular, addresses the clinical threshold conditions of stenosed arteries under inter-
est as will be demonstrated in our results. We note that similar approaches for modelling flows
with moderate Re ranges have been successful previously [30].

For instance, the use of Stokes equation by including an auxiliary, nonphysical velocity field
for pressure drop has been used in [31] and tested for Re = 560 and 765. The extension of
Lorentz reciprocal theorem for obtaining an explicit relationship between Navier-Stokes equa-
tions and that of an auxiliary irrotational velocity field suitable for arbitrary Reynolds number
flows is also possible [32].

As presented below, the use of the theorem will lead to an expression without the trouble-
some convective term and achieve a simpler breakdown of the mechanisms contributing to
the pressure drop. Based on Brenner [28] the following expression links the two solutions

(Vu):6' = (Vu): e (8)

where u, o are the velocity and stress fields satisfying Navier-Stokes, and likewise, u', ¢/, for

Stokes flow. Integrating the above over the domain of volume Q and surface s, and applying
the no-slip condition at the lesion walls, yields an expression for the LHS of Eq (8) that con-
tains the pressure drop in Stokes flow, Ap’, and the pressure drop in Navier-Stokes, Ap. The
general integral expression of Eq (8) is

/ 2 / ]. 7
Ap=Ap + ReQ_ (/ 114;8548) 000 — Q. (/(uiujsij)dg>

2 , 1 )
- ReQm (/ niujSide)in‘out + Q_m (/ ni(uiujuj)ds)in,aut

Here u;, S;j are the velocity components and strain rate tensor obtained from the Navier-Stokes
equations respectively, and u/,, S;j the equivalent fluid properties obtained from Stokes flow.
The flow rate obtained from Stokes flow is assumed to be equal to the flow rate from Navier-
Stokes Q,,, thus simplifying the equation that connects Ap-Ap’ [27]. Eq (9) includes terms that
can be grouped together into volume or surface integrals. This makes it explicit how pressure
distribution in a stenosis is modulated by conditions at the inlet and outlet, and the flow inside
the stenosis.
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The simplifications applied hereafter depend on the flow characteristics and have to be
carefully assessed to derive a simplified expression for calculating pressure. The first two sur-
face integral terms in Eq (9) have been previously studied [27] for stenotic flows with a stenosis
severity that varied within a range of 10% — 80% and were found to be small compared to the
other terms in Eq (9) for a Reynolds number range of 1-1000. These terms are induced from
the nonsymmetrical distribution of velocity at the inlet/outlet of stenosis. Since S;j is the same

in Stokes flow at both positions, the magnitude of the sum of these terms depended on the
velocity difference which is small. Consequently, for higher Re, these terms also tend to be rela-
tively small, since the integrals are multiplied by 1/Re — 0. Thus, these terms can be dropped
from the pressure equation in the current analysis. Eq (9) is then simplified as

’ ]. / ]. !
bp =85 — o [ G)a@ + o ([ s, ., (10

The first term of the RHS of Eq (10) is the pressure drop from Stokes flow and accounts for
the contribution of the viscous effects to the pressure gradient at the stenosis. This term can be
calculated by employing the lubrication theory for deriving a partial differential equation for
the fluid pressure, p, with Ap’ = Ap’(Re, Q, A) where A = A(x) is the profile along the flow
direction x. If the geometry is axisymmetric and the profile of the vessel is known, then Ap’
can be easily calculated using the lubrication theory by integrating the radius of the vessel
across the stenosis length obtaining the same expression as before [8, 27]. Nevertheless, we
choose instead the simpler expression as used previously [13, 27] for reasons explained below.
The first term is written for the volume flow rate, Q as

/o 4Kv:u
- D3

Ap Q (11)
where K, is an empirical coefficient as defined above [12, 14] in Eq (3).

The linear term here for viscous losses requires only the A,, A avoiding the use of the ana-
Iytical expression for the stenosis profile [27]. Comparisons with expressions that employ the
analytical stenosis profile shown in the results section illustrate that knowing the areas at these
two positions provides a reasonable estimation for pressure for the pulsatile flows considered
here, while offering simplicity.

The second term of the RHS in Eq (10) can be analysed by decomposing the velocity and
strain rate tensor into a sum of time-averaged and fluctuating parts. As we detail in SI Appen-
dix, of the terms that arise with this derivation, it turns out the most significant contribution to
the time-averaged part is given by the turbulence production related to the Reynolds stress
[27]. In contrast, the remaining terms are identified to be negligible. Thus the term in the inte-
gral is approximated with the turbulent kinetic energy production which can be calculated
from the dissipation rate of turbulent kinetic energy. For simplicity, it is assumed that S;j =S,
for this study. This is a reasonable estimation for steady-state flows (also shown in [27]) and
for unsteady flows upstream of the stenosis, though is expected to be less accurate for pulsatile
flows downstream of the stenosis. The second term of the RHS in Eq (10), becomes [33]

— [(uu;S,)dQ = [, edQ (12)

The aim is to simplify this integral so that it can be calculated without the need for the strain
rate tensor which can be calculated only with three-dimesional CFD simulations. Since the
pioneering work of Kolmogorov in the 1940s, much effort has been made to address approxi-
mate expressions for e [34-40]. Often, the equilibrium dissipation law of the form ¢ = C, 1°/€
is used, where C., is treated as a constant, though there is an open debate as to whether C, is
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dependent on Re. Previous experimental evidence suggest that C, tends to a constant value
independent of Reynolds number when Re is larger than 100 for tests involving turbulence
generated by biplane square mesh grids [41], with values ~1. For homogeneous shear flows,
investigations [42] concluded that C, is independent of Re (when Re > 100) and that it is also
weakly dependent on the shear. Here, we propose an empiricially-modelled expression that
includes the impact of geometry and fluid properties together with this constant. This expres-
sion, as described next, adapts for different tests presented, addressing the dependency with
respect to the flow regime for blood flows in complicated geometries. Using Eq (12) and
approximating Q = Q,), t, yields the following

—/uuS Ql w -d(Q,t) = SQ /dt Ct— (13)

A constant volume is considered to simplify and test here the above Eq (13) over a period
T = 1 which is true only in a steady flow rate or for specific inlets for a pulsatile flow. Alterna-
tively, a more accurate formulation can include the integral of the flow rate which can be easily
calculated per cycle. Here, we simplify the expression for the numerical tests, and examine the
modified pressure model with the new turbulence term. The length scale € in the simplified
turbulence term in Eq (13) can be taken as inlet diameter D. However, our experiments
showed that a better fit for the integral length scale is the length L,. We further account for
possible geometrical contribution on this term by defining the constant C, as

2Cv1 LY’
C - "\A, A, (14)

B p-Sp

€

where diameter stenosis severity Sp = (1 — Dy/Dy) indicates the reduction in diameter for the
stenosis and C,, = 1[kg” s/m"] is a constant parameter for dimensional consistency. The con-
stant C, substitutes the empirical constant K, in the previous models for Ap. In this study, we
use Eq (15) for modelling the contributions of turbulence in Ap as

5
—/ uuS dQ:CEL— (15)

For the remainder of the Ap expression, the last term of the RHS of Eq (10) is also caused by
the nonuniform distribution of velocity at the inlet and outlet of stenosis due to the presence
of convective terms in the Navier-Stokes equations. Here, the contribution of this term is con-
sidered to be small compared to the other, Stokes flow term for turbulence, which is expected
to be a reasonable assumption for sufficiently long lesions as shown by Ji et al. [27]. The wall
shear stress is the highest at the lesion inlet where the boundary layer thickness becomes very
small, and decreases gradually to the fully developed value. Therefore, pressure is higher at the
entrance of the lesion, and the effect of the entrance region is always to increase the average
friction factor for the entire lesion which may be significant for shorter segments. For long
lesions this increase is expected to be less important. For a fully developed flow along a long
lesion the integrals in this term will have the same magnitude at both inlet and outlet and will
cancel out each other. Here, we choose not to consider the contribution of the surface integral
of ni(uiuju}) which is thus taken to be zero.

Since Eq (10) is for a fully developed steady flow through a stenosis, an extra term is added
for accounting for the inertial effect of blood flow in the stenosis. This term is derived numeri-
cally from the rate of change of the volume intergral of the flux, which appears in the momen-
tum equation [12] and is equal to 2 [, pudQ. Integrating over the length of stenosis, the latter
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2Q

s ot

becomes pL

Tsai [12].
Substituting the inertia term, the linear term in Eqs (11) and (15) into Eq (10) the modified

expression for pressure drop is obtained. Using the flow rate instead of velocity, our complete

model for pressure drop can be written now in the following form

1K C pK,LOQ

— v € 3 l
ok LY T A o (16)

multiplied by K, as in the expression introduced in the model of Young and

Ap

Computational fluid dynamics

CFD is widely regarded to be a reliable tool for the numerical investigation of applications
related to physiological flows in stenosed arteries [43-46]. Here, the open-source code Open-
FOAM [47] is used for the comparisons presented. OpenFOAM is a second-order finite-vol-
ume code where equations are solved on arbitrary polyhedral meshes in two or three-
dimensions. It offers a fast development of user applications with a wide choice of discretiza-
tion schemes, including different time, gradient, surface normal gradient schemes. The flows
considered here are three-dimensional, unsteady and incompressible and the Newtonian
assumption for blood viscosity is used. The mass and momentum equations are solved in time
and space respectively in the context of an Eulerian grid

8uj

aui+u8ui __@_Fa’[,]
Plor T ox;|  Ox,  Ox

where u;(x, t) represents the i-th component of the fluid velocity at a point in space, x;, and
time, t. Also p(x, t) represents the static pressure, 7;(x, t), the viscous (or deviatoric) stresses,
and p the fluid density (instantaneous quantities are considered for now). The deviatoric stress
tensor is given by t,; = 2uS; — % 119, S, From its definition 7z = 0. The strain rate tensor is

S; = : (g—ij‘ + 3—2) , and Sy = Ouy/ Oxy.. The dynamic viscosity of the fluid is 4 and 6;; denotes the
Kronecker symbol. In case of incompressible flow, Sy = 0 and the deviatoric stress tensor
reduces to 7;; = 2uS;;.

A linear interpolation scheme is used for the convective terms. The equations are solved
implicitly using the Pressure implicit with splitting of operator, (PISO) algorithm [48] for cou-
pling of pressure-velocity. For the tests here, two PISO iterations were employed, with each
one solving the pressure equation. A first-order Euler scheme is used for time integration.
Both laminar and Reynolds-Averaged Navier-Stokes(RANS) simulations are considered for
the tests here. The k — w—SST model [49] is employed which has been proven the most suitable
turbulence model among other RANS models for pipe-like flows. Previous studies suggest that
both laminar and RANS may be appropriate for the range of Re tested here [50, 51].

Results

The numerical tests here included three different types of stenosis to allow a broader sampling
of the geometrical influence on pressure drop. First two idealised axisymmetric stenosis
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Table 1. Characteristic lengths for the different geometries used for the tests (units in centimetres).

Geometry L, D
Gl Large axisymmetric short 10 5.08
G2 Small axisymmetric short 1 0.508
G3 Large Axisymmetric long 40 5.08
G4 Eccentric 1.4 0.4

L; is the stenosis length. D is the diameter of the lesion.

https://doi.org/10.1371/journal.pone.0258047.t001

geometries (denoted as G1 and G2) and a long axisymmetric stenosis (denoted as G3) were
used. Eccentric stenoses (denoted by G4) were also considered in the present study.

The length of the stenosis L, and the unconstricted diameter of stenosis artery are shown in
Table 1. They range from scales representative of aorta down to proximal coronary vessels.
The domain considered in the CFD simulations included a distance of four unconstricted
diameters upstream of the stenosis which is considered in the pressure-drop calculations.

The stenosis severity Sp, varied in these geometries from 50% to 90%. Both laminar and
RANS simulations were performed for all cases for comparison. Two types of boundary condi-
tions were used for the inlet velocity for the pulsating unsteady blood flow. BC1 is of the form
u(t) = up+Asin(2nft), where A, f, u, are the amplitude, frequency and the offset level for the
sinusoidal flow, which for the first idealised stenosis in Fig 2 and the long stenosis Fig 4 were
A=0.01m/s, f=1s"", uy = 0.02m/s. BC2 is a pulsatile periodic flow waveform with a period of
T = 1s (see Fig 1). For the second axisymmetric and eccentric geometries tests in Figs 3 and 5,
for the inlet velocity BC1, these were A = 0.1, f= 1, uy = 0.2 and for BC2 the velocity was ten
times the one used in the larger idealised stenosis tests while preserving similar values for inlet
Re for both series of tests up to 500.

In both upstream conditions BC1, BC2, the flow was assumed to be fully developed down-
stream and a Neumann boundary condition was used at the outlet (zero gradient). Hence, a
set of 54 CFD simulations were performed in total. The CFD results were compared with the
results obtained from the three reduced-order models described in the Methodology section.

a b
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0.06 el . .
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» 0.05
T —————————— e
E o004
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——— = 0.02
e}
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" 0 =
_ -0.01 * . " . .
0 0.2 0.4 0.6 0.8 1

Time, t xT (s)

Fig 1. Types of stenosis and boundary condition BC2. Illustration of geometries used for the model testing and CFD simulations (not to scale) and
the inlet boundary condition for BC2. a: types of stenosis geometries used. b: inlet boundary condition for BC2.

https://doi.org/10.1371/journal.pone.0258047.9001
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Fig 2. G1 stenosis. Comparison of results for the reduced-order models and full 3D CFD simulations for the large axisymmetric stenosis (G1) with 50%, 70%, and 90%

stenosis severity. The average pressure for one cycle is also shown for BC1. The FFR is calculated as 1 — &p /p, with the diagnostically significant range (0.75 <
FFR < 0.8) indicated by the grey stripe. a: types of stenosis geometries used. b: inlet boundary condition for BC2. a: BC1, stenosis severity 50%, b: BC1, stenosis severity
70%, c: BC1, stenosis severity 90%, d: BC2, stenosis severity 50%, e: BC2, stenosis severity 70%, f: BC2, stenosis severity 90%, g: BC1, averaged pressure, h: BCI, FFR, i:

Contribution to Ap, Sp = 0.6.

https://doi.org/10.1371/journal.pone.0258047.9002

The value of FFR, measured in reference to aortic root pressure p,, can be approximated as the
amount of pressure drop across a stenosis based on the avaraged values for

Ap(FFR1 — Ap/p,). The results for Ap and FER for S, = 50 — 90% are shown first for the two
idealised, axisymmetric stenoses in Figs 2 and 3. Next, the results for the pressure drop and
FFR through time and the time-averaged values for each stenosis severity for BC1 and BC2 are
shown for the long axisymmetric and eccentric stenoses in Figs 4 and 5 respectively. In all
cases the percentage contribution of each term in the total calculated Ap is shown for the aver-
age velocity used in BC1 and Sp = 0.6.

Discussion
Short axisymmetric lesions (G1, G2)

The results for the idealised, axisymmetric stenoses with Ly/D = 2 in Fig 2 for the large diame-
ter case (G1), and Fig 3 for the small diameter case (G2) illustrate that the proposed model pro-
duced results that better approximated the CFD solutions for both inlet velocity boundary
conditions compared to the existing reduced-order models. For all stenosis severity levels, the
calculated Ap using Eq (16) was smaller than the other models. The results for the time-
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Fig 3. G2 stenosis. Comparison of results for the reduced-order models and full 3D CFD simulations for the small axisymmetric stenosis (G2) with 50%, 70%, and 90%
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70%, c: BC1, stenosis severity 90%, d: BC2, stenosis severity 50%, e: BC2, stenosis severity 70%, f: BC2, stenosis severity 90%, g: BC1, averaged pressure, h: BC1, FFR, i:
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averaged pressure during the first three cycles (Figs 2g and 3g) are also close to the 3D CFD
results when using the proposed expression for Ap, with 3-30% deviation from the RANS
results.

The modified term for turbulence is generally smaller in magnitude than in the model of
Young [12] and Ttu [8]. In their experiments, Young et al. [14] illustrated that localised turbu-
lence or flow separation begins to occur at low Re~2 200 or more for stenotic flows through
femoral arteries of anaesthetised dogs. Young and Tsai model uses the parameter K; that
remains constant for all geometries tested, being consistent with previous work [14]. The sec-
ond term in Eq (16) is ~Ku?, where K= 0.1, 1, 10 for Sp, = 0.5, 0.7, 0.9 respectively for the
larger idealised geometry tests (G1) in Fig 2 which resulted in a very small contribution to the
total Ap as shown in Fig 2i. In the smaller axisymmetric geometries tests (G2) in which the
velocity at the end of the stenosis is higher than in the larger axisymmetric tests with higher
local Re, the magnitude of the turbulence term is much higher resulting in a more significant
contribution to Ap as shown in Fig 3i. The term accounting for the turbulence effects in the
other reduced-order models tended to over-predict this term for both BC1 and BC2. Our for-
mulation is shown to adjust to the new stenosis severity thus avoiding the use of extra tuning
of parameters.

Of the three terms in the pressure drop equation in the lower stenosis severity cases, the vis-
cous and turbulence terms are smaller than the inertia term, which has the highest contribu-
tion to the total pressure drop. For higher stenosis severities, the viscous term becomes
increasingly important. The magnitude of the turbulence term also rises which is expected
since the local Re increases significantly for Sp > 0.7. Using a smaller value of K, = 1 for the
models of Young and Tsai, and Itu et al., as originally proposed [12] leads to a lower Ap that is
approximately 1.5 times smaller, but even with this modification, the pressure drop still
remains significantly larger than those obtained with our proposed model.

Although the values of the inertial and viscous terms in Eq (5) take into account the specific
shape of the stenosis, the results of Eq (5) were not improved since the contribution of the tur-
bulence term (which is the same as in Eq (2)) was significantly higher than in the modified
model. The continuous term in Eq (5) has a small impact on the pressure drop for the test
here. For instance, for the large axisymmetric short stenosis it always remained less than 8%
than the total Ap. Their large differences with 3D CFD may be explained considering that the
model of Itu et al.[8] was developed in the context of aortic coarctation for Reynolds numbers
of the order of 2000, as well as relatively low stenosis severities of area reduction in the range
40% to 60%, whereas in our tests, Re varied from 100 to 500 and the stenosis considered had
radius reduction that varied from 50% up to 90%, reflecting the more typical conditions in the
coronary artery.

Long axisymmetric lesion (G3)

Since all terms in the reduced-order pressure drop models strongly depend on the geometry
and type of lesion, we further employed longer stenoses keeping the same diameter D, and
boundary conditions as before. The effect of the stenosis length on pressure was examined
using the idealised axisymmetric lesion G1 extended by 400%. The new set of geometries had
Ly/D = 8 and are denoted with G3. The results for Eq (16) for each stenosis severity with BC1
shown in Fig 4 were close to the 3D CFD results when Sp, < 0.7 with error increasing at larger
Sp» although Ap remained closer to RANS than the other reduced-order models with a maxi-
mum deviation with the RANS results approximately 6%.

The predictions of the averaged Ap in Fig 4d and 4e are closer to RANS than the ones in the
short stenosis cases Figs 2g, 2h, 3g and 3h. While the Reynolds number for the same Sp
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remained generally the same for the simulations in Figs 2—4, the profile of the velocity was gen-
erally different at the end of the stenosis: for the long stenosis the velocity at the flow direction
is parabolic downstream the end of stenosis, whereas in the short stenosis cases a jet-like
regime occurs which has higher velocity at the jet core which occupied less than 50% of the ste-
nosis diameter. Since the velocity is uniform at the inlet and the outlet of the stenosis, the inte-
grals of uiuju;. have approximately the same value and their sum is assumed to be

approximately zero. Consequently, the assumption for zero contribution of the last term in Eq
(10) is valid for the long stenosis tests with Ly/D = 8 which is also illustrated from the compari-
sons with the short stenosis results with L/D = 2.

Although, it has been observed experimentally that the ratio L/D may have limited effect
for severely constricted lesions with the same stenosis severity for steady state flows [7], for the
long stenosis tests, the calculated Ap differed from those obtained with the corresponding
short lesions, and were higher for all models and CFD simulations (usually three times or
more for the 3-cycle average). The laminar and RANS results were close for the long geome-
tries used here, which was only observed for milder Sp, in the short axisymmetric stenoses
tests. When increasing the stenosis length, the characteristic Reynolds number of the initial
local turbulence (observed flow instabilities) too increases, in line with previous experimental
studies [16].

The inertia term had the most significant contribution for all the reduced-order models
with the contribution of the turbulence term being small compared to viscous and inertia
terms for Sp = 0.6 Fig 4f. It was observed that the relative contribution of the various terms in
the different pressure drop equations can differ significantly. For instance, the viscous term is
not significant in lower stenosis severities but became the highest for Sp = 0.9 for the tested
long axisymmetric geometries. Apart from the geometry, this contribution very likely depends
on the temporal flow characteristics of the problem since it can also cancel out when averaging
over a cycle. Nevertheless, results for BC1 in Fig 4d did not differ qualitatively as in the short
axisymmetric tests, revealing similar trends of the Eq (16) with respect to Sp which is also
revealed in Fig 4e for the calculated FFR.

Eccentric lesion (G4)

This set of geometries had Ly/D = 3.5. As with above, the results of the proposed formulation
were closer to the RANS results compared to the other reduced-order models for pressure
drop. The contribution of the cubic turbulence term in Eq (16) was significant and accounted
for 25 — 50% of the calculated pressure drop for the different boundary conditions (Fig 5i).

It is seen that laminar simulations can be adequate in certain stenosis conditions (Fig 5a
and 5d). Increasing the stenosis severity increases the chances for turbulence developing distal
to the stenosis at low Reynolds numbers. For instance, transition is most likely to occur at a Re
~ 200-300, for stenosis severities more than 90% [52]. Turbulence effects are more prevalent
in the diverging section of the stenosis than the converging part, with a significant impact on
both pressure and wall shear stress. Interestingly, the proposed expression for the turbulence
term in Eq (16) is capable of predicting different geometries with both short and long stenosis
lengths as shown in the results. In the model of Young and Tsai, the empirical parameters used
in the turbulence term appear to cause differences with CFD results, overestimating pressure
drop as compared to the modified model, which uses the same viscous losses and inertia
terms. On the other hand, the model of Itu et al. demonstrated an improved behaviour com-
pared to Young and Tsai model. The viscous losses and the turbulence losses terms both usu-
ally constituted the terms that were primarily responsible for the values of Ap for the tests in

PLOS ONE | https://doi.org/10.1371/journal.pone.0258047  October 1, 2021 13/22


https://doi.org/10.1371/journal.pone.0258047

PLOS ONE

An improved reduced-order model for pressure drop across arterial stenoses

Ap x103 (kg/s?m)

o3

Ap x103 (kg/s?m)

«Q

Ap (kg/s?m)

- Young and Tsai, 1973
------ Modified model
CFD, k-omega SST
CFD, laminar
\ ltu et. al., 2013

1x106

100000

10000

1000

0.2 0.4 0.6

Time, t xT (s)

0.8

- Young and Tsai, 1973
Modified model
—— CFD, k-omega SST
CFD, laminar

Itu et. al., 2013

‘._\g_, S— — —

0.2 0.4 0.6 0.8
Time, t XT (s)
F Young and Tsai, 1973
@ - Modified model
| —e= CFD, k-omega SST
E CFD, laminar pad
£ Itu et. al., 2013 72
P

i
v

R

0.5 055 06 065 0.7 0.75 0.8 0.85 0.9

Stenosis severity, Sp

b 7 c 55 — T
ya % | — - Young and Tsai, 1973 50 & & N — ++ Young and Tsai, 1973
e 6 K L SRARE Modified model 45 ‘/ :++++ Modified model
7 3 5 ~—— CFD, k-omega SST i 3 . ——— CFD, k-omega SST
- R N CFD, laminar o, 40 Fs CFD, laminar
;3 4. \ . ltuet. al, 2013 ;3 - Itu et. al., 2013
S 3 5
* | *
a 2 a
< <
1
0 |
1 0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Time, t xT (s) f Time, t xT (s)
e 8 70 i
7 — -+ Young and Tsai, 1973 | — -+ Young and Tsai, 1973
----- Modified model 60 -/ -+« - Modified model
€ 6 ——— CFD, k-omega SST E 50 \ —— CFD, k-omega SST
“Q 5 CFD, laminar ‘\é\,, CFD, laminar
g 4 Itu et. al., 2013 g Itu et. al., 2013
1% 3 kS
*x 2 * 7
a o il
< 1 q <
- 0 S ——— - - R —
-1 L I
1 0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
h Time, t XT (s) Time, t XT (s)
0.9 s 100 } Viscous [
0.8 T toanae 2 80 | | Turbulence E=m
ﬂ = . < | Inertia —
0.7 =R . . < | Other
d =< - . s 4
i - 0.6 N =, \ . ]
L 05 SN < \t’ 2
c
0.4 ~ ! 8 -
0.3 ~
0.2 .
0.1 : L
05 055 06 065 0.7 075 0.8 0.85 09
. ) R
Stenosis severity, Sp +©

Fig 5. G4 stenosis. Comparison of results for the reduced-order models and full 3D CFD simulations for the eccentric stenosis (G4) with 50%, 70%, and 90% stenosis
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https://doi.org/10.1371/journal.pone.0258047.g005

Fig 5. Whereas, according to previous reports, the effect due to inertial processes might be less
important for arterial flows through stenoses with severity higher than 50%[11].

Particularly with regard to FFR calculation, a steady flow approximation can instead be
used provided that the mean values for a complete cycle are employed during a pulsatile flow.
In this case, Eq (16) becomes of the form: Ap = AQ+BQ>. Similarly, in several previous studies
[6, 14, 15, 53] expressions with two coefficients are used for the steady problem. The results
shown in Figs 5a-5c and 5g and 5h reveal that these two terms are adequate here for obtaining
results close to the 3D CFD results, providing an FFR that remained reasonably close to CFD
within the diagnostically sensitive range.

Interestingly, from the tests here, the balance of the associated terms on the total pressure-
drop calculation changes with respect to Sp. For instance for the eccentric stenosis tests, the
viscous losses term in Eq (16), was, on average, three times more than the turbulence term
(second term in Eq (16)) for Sp = 0.5 and 1.35 times more for Sp = 0.7. On the contrary, the
turbulence term was six times higher than the viscous losses term for Sp = 0.9 (Fig 5g). As
shown in the comparisons of the calculated pressure drop across the respective stenosis from
the reduced-order models and the CFD simulations in Figs 2, 4 and 5, the new modification
for the turbulence term using Eq (14) can provide predictions for the time evolution of the
pressure change in a stenosis close to the CFD simulations. Consequently, despite the different
contributions of the involved terms, their sum remained adequately close to the 3D CFD
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results for both BC1 and BC2 which is more clearly illustrated in Figs 2h, 3h, 4e and 5h for the
calculated FFR.

FFR evaluation

From a clinical translational perspective, FFR can be classified into three categories—negative
(> 0.8), positive (< 0.75) and intermediate (0.75 — 0.8). In the intermediate range, increased
precision is demanded of any numerical scheme in order to minimise categorical diagnostic
error. While our predictions of FFR produced increasing quantitative error in higher severi-
ties, all predictions remained correct in their classifications according to the RANS results, in
every simulation performed. This classification error of 0% was produced by no other
reduced-order models.

The intermediate FFR range tended to correspond to a milder Sp, of around 60%, where the
contribution of the new turbulence term to Ap was around 0 — 35%. Towards higher Sy, of
around 90% our FFR prediction suffers from substantial overestimation, however, in these
very severe cases FFR would add little to the clinical management as the decision to revascular-
ise would rest on other factors e.g. procedural safety. Most interventional laboratories in prac-
tice would only perform an invasive FFR if the angiographic severity was ambiguous
(intermediate).

Our model performed least accurately for FER prediction in the short lesions with Ly/D = 2
but gave predictions with 13% maximum difference with the RANS results for every long axi-
symmetric and eccentric tests for Sp < 0.6 which was lower than the other models. In the case
of the short stenoses, the surface integrals of uiuju; at the two ends of the stenosis which are
induced when integrating the term (Vu'): o in Eq (8) is expected to be non-zero. For flows that
are not fully developed such as the ones here with L,/D = 2, the flow is nonuniform at the outlet
of the stenosis. Including these terms in the pressure drop calculations for these cases and for
Ly/D < 2 could further improve the performance of the model. On the other hand, for L/

D > 3.5 the results indicate that the net sum of these terms can be assumed to have insignifi-
cant contribution, since the flow was uniform at the end of stenosis.

Finally, in our results a steady state simplification of Eq (16) produced an accurate approxi-
mation of the time-averaged dynamic formulation. The elimination of an empirical constant
K, is an added advantage. Nevertheless, these results may have been favoured by the boundary
conditions we chose which were approximately “symmetric” in time, such that %2 will average
to be near zero over a cycle. Further investigation should be performed using patient-specific
measurements to verify that this assumption is reasonable in clinical application.

Model evaluation

So far, we have addressed the physical ambiguity of (what is usually) the quadratic term, by
explicitly modelling it using the assumption of turbulent energy dissipation. Our results and
discussion above show that the proposed model improves the performance over previous
ROM:s. Furthermore, by considering the contribution of the different terms, it is evident that
the improvement was due to the behaviour of the new cubic turbulence term (i.e. it does not
overestimate its own effects).

However, these conclusions are conditional upon our own CFD results being accurate. In
order to challenge this assumption, we adopted the model comparison outlined in a recent
review [54] as a benchmark. The study compared 0D (Young and Tsai model), 1D (standard
formulation) and 2D (Multiring [55]), and in vivo arterial measurements [56]. Using the simu-
lation set up described in the paper, we added the results from our CFD, the proposed ROM,
and the model of Itu et al. as reference.
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Fig 6. Model comparisons. Comparison of dimensionless pressure drops predicted by models of varying
dimensionalities in an axisymmetrically stenosed tube, adopted from [54]. Young and Tsai 0D model, 1D model and
2D multi-ring model are compared to the in vivo measurements [56] as in the original publication, to which we have
added our 3D CFD, the proposed ROM and model of Itu et al.

https://doi.org/10.1371/journal.pone.0258047.9006

Fig 6 shows that 3D CFD results are the most accurate with respect to the in vivo data up to
the final data point. It is less accurate than the 2D model at the final data point, however, the
fact that the pressure drop backed down from a less severe stenosis suggests there may be an
experimental issue. The results of our ROM is consistent with our other test cases in that its
prediction of Ap was more accurate than [8], which in turn was more accurate than [12]. Inter-
estingly, the accuracy of the proposed ROM in predicting Ap was roughly equivalent to the 2D
model at higher levels of severity and superior in mild stenoses.

Modelling approaches

The 0D algebraic modelling is not the only approach to reduced-order modelling, a term
which includes any model that simplifies the full CFD. There have been recent studies assess-
ing the suitability of the 1D and 2D models as well as other novel schemes (based on e.g. pro-
jecting the full Navier-Stokes solution to a lower-dimensional subspace using orthogonal
decomposition [57], combining 0D ROM with machine learning [58]). However, the consen-
sus emerging in the wider community appears to be that a well-designed 0D ROM is preferred
due to its simplicity, lighter computational footprint, and in most cases, accuracy that is bested
only by 3D CFD [22, 23, 54].

In context of patient-specific coronary simulations, 0D ROMs have been routinely com-
bined with higher-dimensional models to compute network flows. Indeed, this multiscale
modelling strategy has become standard in patient-specific FFR studies where 0D components
have been particularly effective at addressing the stenosis and distal boundary conditions.
Interestingly, the recent literature is split into two different camps depending on whether
CCTA or angiography provides the imaging data, each with distinct norms and philosophies.
CCTA-based FFR studies tend to employ a network model and focus on novel methodological
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applications [57, 59-61]. Angiography-based virtual FFR studies focus on less extensive
modelling domain and methods, favouring single vessel models and embracing simplifications
that are practically useful. Despite this, most recent vFFR work featured prospective multicen-
tre trials, yielding diagnostic accuracy in the region of 90% or more [62, 63]. These different
trajectories are driven by the information extractable from the respective imaging modalities
(vascular anatomy and auxiliary features that help to tune distal/proximal conditions), and the
timescale of the application (“on table” vs offline). Our present work being but one component
in the multiscale framework, we have evaluated it on the basis of its own merit here—and
while the results presented verify its efficacy in a localised stenosis setting, further modelling
and validation should be performed in the application of intended purpose.

Lastly, there have also been studies aimed at using machine learning techniques to charac-
terise physics of fluid, including the hemodynamics of stenosed vessels. While this approach
may be superior at identifying nonlinear complexities than the hand-tuned models considered
here, the interpretable model structure of the latter is beneficial to gaining clinician’s trust,
where machine learning is largely a black box and may produce spurious results outside the
training range. In addition, the mechanistic modelling approach used here requires far fewer
CFD simulations to develop and tune. It is, however, possible to combine the two approaches
for further benefit. This is an ongoing avenue we are pursuing and thus we consign this discus-
sion to outside of the present scope.

Physiological and clinical relevance

Our model is designed specifically to address the local pressure drop in the regions adjacent a
stenosis. As such, many physiological details that are otherwise necessary to capture the hemo-
dynamics of a network or a whole segment become unnecessary. For instance, elastance of the
vessel walls which modulates pulse waves can be safely disregarded for pressure estimation in
the vicinity of an atheroma which tends to be stiffer and calcified. Supporting our use of a rigid
wall model further, is that the presence of atherosclerosis is associated with elevated general
wall stiffness throughout the vascular network [64]. Simulation studies which have employed
elastic walled flow models consistently report a limited role of the vascular elastance on pres-
sure drop (2D [54]; 3D FSI [22]).

The diameters of the test geometries in this work range between 4mm to 5cm, and were
chosen to represent typical calibers of human aorta (G1/G3), common carotid (G2) and coro-
nary arteries (G4). In terms of the coronary vessels, the chosen diameters are well within those
found in the first or second generation vessels as measured by CCTA, such as Left Main
(3.5 +£0.8mm), LAD (3.2 + 0.7mm), LCX (3.0 £ 0.7mm) and RCA (3.4 + 0.6mm) [65]. Most
hemodynamically consequential lesions occur within these large coronary segments, due to
their larger distended tissue volume.

Finally, there have been numerous alternative physiological indices proposed in the recent
years for interventional decision making; in the coronary circulation, these include iFR, QFR,
and a variety of non-hyperemic pressure ratios (RFR, DFR, dPR, resting pd/pa) offered by var-
ious vendors [66]. Nevertheless, we focus our attention on FFR here since few are supported at
current time by large prospective clinical evidence based on the patient outcome as FFR has
been. Those which have undergone large-scale clinical investigation are often compared to
FFR as the gold standard, and for the foreseeable future, will remain so.

Limitations and future work

Many idealisations have been made in the geometry and simulation parameters of the model
evaluation. Real atherosclerotic lesions tend to feature an overwhelmingly eccentric lumen
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that is irregular in shape [26]. In addition, although the present testing set up has produced
flow regimes with varying contributions from viscous, inertia and turbulence terms, it lacked
the complexity found in the physiological settings. Future studies should employ these refine-
ments to quantify how much the model performance would deteriorate, which will help to
identify new targets for model improvement.

In addition, sensitivity analyses from both CCTA [61, 67] and angiography-based [68]
patient-specific FFR modelling studies agree that estimation of boundary condition is the
dominant factor contributing to the overall error, about twice as more significant than the
error in vascular modelling itself. Future work should therefore involve embedding the pro-
posed model within patient-specific settings and assess its performance across a range of physi-
ological conditions against measured FFRs.

Conclusion

Combining a CFD-based comparison with a variety of stenosis types and severities, in this
work, we produced new data on the efficacy of existing reduced-order models for predicting
FFR. Following on, we reexamined the theoretical basis of these models, and addressed their
empirical shortcomings via a novel approach utilising Lorentz’s theorem. Our analysis
revealed the ad hoc formulations of past models to be suboptimal; using a model of turbulent
energy dissipation, an improved model was recovered. The resulting expression is still simple,
but produced superior pressure drop prediction in both aorta and coronary-sized vessels as
verified by numerical testing. While the FFR predictions of the proposed model did not reach
a clinical-level precision (|A|<0.01), it produced zero classification error. Further investigation
is under way to quantify the model performance in the intermediate lesions in a more exten-
sive setting.

Supporting information
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(PDF)
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