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Protein misfolding refers to a process where proteins become structurally abnormal and
lose their specific 3-dimensional spatial configuration. The histopathological presence of
misfolded protein (MP) aggregates has been associated as the primary evidence of mul-
tiple neurological diseases, including Prion diseases, Alzheimer’s disease, Parkinson’s
disease, and Creutzfeldt-dacob disease. However, the exact mechanisms of MP aggre-
gation and propagation, as well as their impact in the long-term patient’s clinical condition
are still not well understood. With this aim, a variety of mathematical models has been
proposed for a better insight into the kinetic rate laws that govern the microscopic pro-
cesses of protein aggregation. Complementary, another class of large-scale models rely
on modern molecular imaging techniques for describing the phenomenological effects
of MP propagation over the whole brain. Unfortunately, those neuroimaging-based
studies do not take full advantage of the tremendous capabilities offered by the chemical
kinetics modeling approach. Actually, it has been barely acknowledged that the vast
majority of large-scale models have foundations on previous mathematical approaches
that describe the chemical kinetics of protein replication and propagation. The purpose
of the current manuscript is to present a historical review about the development of
mathematical models for describing both microscopic processes that occur during the
MP aggregation and large-scale events that characterize the progression of neurode-
generative MP-mediated diseases.

Keywords: misfolded protein, prion-like hypothesis, mathematical modeling, neurodegeneration, therapeutic
interventions

INTRODUCTION

Proteins, large molecules composed by amino acids, play a central role in biological processes
and constitute the basis of all the living organisms. During different conformational phases of
the proteins, their folding into compact three-dimensional structures is a remarkable example of
biological self-assembly and complexity (1). Only correctly folded proteins have long-term stability
in crowded biological environments, while a folding failure is traditionally associated with a variety
of pathological conditions (1). Proteins that fail to configure properly are called misfolded proteins
(MP). In particular, these are thought to disrupt the function of cells, tissues, and organs (2, 3) and
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have been causally related to multiple conformational disorders,
such as Prion diseases, Alzheimer’s disease (AD), Parkinson’s
disease (PD), Creutzfeldt-Jakob disease, amyotrophic lateral
sclerosis (ALS), and several other human degenerative disorders
(see Figure 1) (1, 4-7).

Despite the biological importance of its negative effects, the
mechanisms underlying MP seeding, aggregation, propagation,
and/or effective toxicity spreading are not totally understood
(15-17) and have been the subject of scientific controversy for
decades (14, 18, 19). The high complexity of the underlying pro-
cesses, as well as the difficulties to extrapolate their effects from
microscopic (e.g., molecular) to macroscopic (e.g., organs) scales,
have become central obstacles toward the identification of con-
formational disease-specific triggering events. As a consequence,
discrete advances have occurred in the development of effective
therapeutic interventions.

For several decades, we have seen the emergence of different
mathematical approaches aimed to complement our under-
standing of the biological mechanisms that lead to MP-related
diseases. In a broad manner, mathematical models can be meth-
odologically categorized into two different classes. Namely, a
large class of models designed to reproduce molecular-level
processes (e.g. seeding, aggregation, short-range spatial
spreading in any biological tissue), and a relatively small class
of models that account for inter-regional macroscopic interac-
tions (e.g., long-range MP propagation in the human brain).
The former class of models have been traditionally developed
within the field of chemical kinetics, while the latter one is
almost restrictive to neuroimaging studies. Unfortunately, both
research fields tend to follow divergent paths. It is not hard to
note that neuroimaging-based models invariably follow a single
(large-scale) perspective, barely referring to pertinent models
coming from the chemical kinetics field.

Motivated by the current lack of an integrative methodological
perspective, in this article, we provide a comprehensive histori-
cal overview of mathematical models aimed to characterize MP
seeding, aggregation, and propagation processes. The manuscript
is organized in three sections. The first section offers an overview
of models describing prion dynamics, particularly seeding,
aggregation, and short-range spatial spreading processes. The
second section reviews recent advances on the modeling of
prion-like dynamics associated with neurological disorders. The
third section highlights important aspects on modeling strategies
for the development of drugs and therapeutic interventions in
neurological diseases.

PRION DYNAMICS

Prion Aggregation: One-Dimensional
Models

Pioneering mathematical models on prion dynamics (20) mainly
focused on simulating the biological mechanisms of prion repli-
cation/aggregation previously described in Ref. (21, 22). By using
ordinary differential equations (ODEs), Eigen (20) proposed a
prototype model for the autocatalysis mechanism of Prusiner
(21, 23), which intended to explain the conversion of a typical

prion protein (denoted by PrP¢) into an infectious agent protein
(usually denoted by PrP%). The autocatalysis mechanism, usually
called either the template-assisted model or the heterodimer
model (24) (see steps 3 and 4 in Figure 2), features a low rate
production of PrP% by spontaneous conversion of PrP¢ The
PrPs¢ protein then catalyzes the conformational change of PrP¢
by forming a heterodimer, which in turn, dissociates at faster rate
into two molecules of PrP%. However, the steady-state analysis
(20) of the system describing this mechanism revealed unrealistic
requirements for the rate constants. Consequently, the heterodi-
mer model would be, for instance, unable to replicate the long
incubation period typically found in prion diseases.

In the same study, Eigen (20) extended the heterodimer model
to a framework of a cooperative catalysis mechanism. In this new
scenario, a threshold effect on the concentration of PrP* would
determine whether the system maintain the healthy PrP¢state (i.e.
stable concentration of PrP¢) or turn (by an autocatalysis mecha-
nism) into a state of exponential production of PrP*. Despite that
extended model allows for a more meaningful values range for
the rate constants, it is still unable to simulate realistic scenarios of
prion replication. In order to overcome this limitation, Eigen (20)
showed the need to suppress the linear autocatalysis component
from the model. In fact, another disadvantage of the cooperative
catalysis model is its tendency to generate dynamics of globular
aggregates of PrP% (26). This behavior clearly contrasts with the
observations of fibrils of pathogenic PrP¢ actually conforming
geometrically linear on a macroscopic level (22). Nevertheless,
with the aim of keeping the argument of a threshold effect, Eigen
(20) also simulated the Lansbury’s mechanism (22) of plaque for-
mation. In this mechanism, prion replication does not explicitly
require a catalysis process but relies on nucleated polymerization.
In this way, the steady-state analyzes in Ref. (20), in conjunction
with the in vitro models developed by Harper and Landsbury
in Ref. (27), yield a mathematical formalization of the prion
replication mechanism that is currently known as the nucleated
polymerization model (NPM) (26, 28).

In summary, the NPM is characterized by four key aspects: (i)
no replication occurs below a critical threshold of protein con-
centration (i.e., polymerization is very slow below a critical size);
(ii) a lag time before polymerization for protein concentrations
just above the critical threshold; (iii) a relatively rapid polymeri-
zation for protein concentrations well above the critical size; and
(iv) the slow nucleation process can be bypassed by the intro-
duction of exogenous nucleus or seed (27, 29). A formalization
of a mathematical model describing the dynamics of the NPM
is due to Nowak et al. (28). In particular, that model describes
how PrP% aggregates can either elongate by the incorporation
of a PrP® monomer or break into two new aggregates. These
mechanisms of elongation and fragmentation of PrP* are typi-
cally expressed by an infinite set of ODEs (see Eq. A1 in Appendix
in Supplementary Material). As noted by Nowak et al. (28) and
Masel et al. (26), that system of infinite ODEs can be closed by
summation to yield an ODEs system of only three equations (Eq.
A2 in Appendix in Supplementary Material). Remarkably, Nowak
etal. (28) realized, for the very first time, the analogy between this
model and popular epidemiological models for describing virus
dynamics (30).
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FIGURE 1 | Different neurodegenerative disorders present disease-specific MPs and characteristic anatomical progression patterns. (A) AB plaques in the cortex of
an Alzheimer’s disease (AD) patient. (B) Tau neurofibrillary tangle in a neuron of an AD patient. (C) a-synuclein inclusion in a neuron from a Parkinson’s disease (PD)
patient. (D) TDP-43 inclusion in a motoneuron of the spinal cord from a patient with ALS. Scale bars are 50 mm in (A) and 20 mm in (B-D). (E) In Alzheimer’s
disease (AD), Ap deposits are first observed in the neocortex (NC) and are then detected in all cortical, diencephalic and basal ganglia structures (in a caudal
direction) and in the brainstem, and occasionally in the cerebellum (8, 9). (F) Tau aggregates develop in the locus coeruleus, then in the transentorhinal and ENT
regions and subsequently in the hippocampal formation and in broad areas of the NC (10, 11). (G) In PD, the progression of a-synuclein pathology follows an
ascending pattern from the brainstem to the telencephalon (9, 11). The earliest lesions can be detected in the olfactory bulb, and in the dorsal motor nucleus of the
vagus nerve (DMX) in the medulla oblongata. At later stages, the a-synuclein aggregates are found more rostrally through the brainstem via the pons and midbrain,
in the basal forebrain and, ultimately, in the NC. (H) In ALS, initial TDP43 inclusions are seen in the agranular motor cortex (AGN), in the brainstem motor nuclei of

Mathematical Modeling of Protein Misfolding Mechanisms

cranial nerves XlI-X, VIl and V, and in a-motor neurons in the spinal cord. Later stages of disease are characterized by the presence of TDP43 pathology in the
prefrontal neocortex (PFN), brainstem reticular formation, precerebellar nuclei, pontine gray, and the red nucleus. Subsequently, prefrontal and postcentral
neocortices, as well as striatal neurons, are affected by pathological TDP43, before the pathology is found in anteromedial portions of the temporal lobe, including
the hippocampus (9, 12). AC, allocortex; BFB, basal forebrain; BN, brainstem nuclei; BSM, brainstem somatomotor nuclei; ENT, entorhinal cortex; MTC,
mesiotemporal cortex; SC9, spinal cord gray-matter lamina IX; SN, substantia nigra; TH, thalamus. Figures (A-D) and (E-H) were adapted with permission from

Ref. (13, 14), respectively.
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FIGURE 2 | Schematic representation of prion aggregation mechanisms.
Native (sphere) prion molecules undergo conformational changes that lead to
an abnormal (cube) configuration (Step 1). This event is unfavorable because
the abnormal configuration is either unstable (Step 2) or sensitive to
clearance. According to the template-assisted model (24), prions in their
abnormal configuration interact with native prions (Step 3) and convert them
into the abnormal configuration (Step 4). The NPM proposes that abnormal
prions can interact with molecules in a similar state (Step 5), the oligomeric
species formed are unstable and grow by the incorporation of abnormal prion
molecules (Step 6) and dissociate (Step 7) until a stable nucleus is formed.
Such a stable prion aggregate can then grow indefinitely from one or both
ends and can also break into smaller fragments (Step 8) that act as new
nuclei. Figure reproduced from Brundin et al. (25) with the permission of the
journal.

A detailed analysis [see Ref. (28)] of the Eq. Al revealed a
mechanism whereby aggregation could be initiated from a PrP%
monomer at a uniform rate, thus neglecting the (highly probable)

possibility of aggregation from a nucleated seed. Based on this
observation, Nowak et al. (28) introduced a modified model that
allows for a more realistic assumption: all PrP*c aggregates below
a critical threshold size would become unstable and quickly dis-
sociate into pieces that return to a PrP¢ state. Therefore, a realistic
aggregation mechanism would require a nucleation-based seed
of at least a critical threshold size. Unfortunately, that modi-
fied model [see Appendix B in Supplementary Material in Ref.
(28)] was not closed by summation as in the case of Eq. Al and
required further approximations. Nevertheless, Masel et al. (26)
extended Nowak’s NPM for covering the possibility of a nucleated
seed [see Eq. 8 in Ref. (26)] while also reducing the number of
kinetic rates and making the system closed by summation. As
in the case of Eq. A2, the Masel's NPM can be also described
by an epidemiological-like system of three ODEs (see Eq. A3 in
Appendix in Supplementary Material). In comparison with the
original formulation of Nowak et al. (28), the Masel’s model not
only provided important mathematical simplifications but also
facilitated the validation of the NPM dynamics with in vitro data.

Several modifications and extensions to the NPM has been
proposed during the last two decades (31-36). A remarkable one
was given by Greer et al. (33), which, rather than modeling the
PrPs¢ dynamics through an infinite set of differential equations,
considered a continuum of possible fibril lengths, written down
by a transport partial differential equation (PDE). The PDE for-
malism turned out to be more accessible from the mathematical
point of view and yielded three-dimensional epidemiological-like
models. In addition, the PDE formalism enables the study of dif-
ferent aspects of prion dynamics, such as the distribution of prion
fibrils and fragmentation processes (33). By relying on the Greer’s
approach, Priiss et al. (34) provided a detailed characterization
of the epidemiological-like behavior of the NMP. By making an
analogy with the basic reproductive ratio (30) used in epidemio-
logical theory, Priiss etal. (34) defined a constant R, as the number
of secondary infections produced on average by one infectious
prion (i.e., PrP%). Thus, if Ry < 1, the prion replication stops and
the disease-fee equilibrium state turns out globally asymptotically
stable. On the contrary, if Ry > 1, the prion replication persists as
an asymptotically stable disease state.

As in the case of the discrete formulation of the NPM, some
studies (37, 38) have focused on extending the Greer’s continu-
ous fibril length modeling (33) to more general frameworks (e.g.,
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size-dependent kinetic parameters). Despite the mentioned
advantages of the continuous formulation, some efforts have
been put on investigating its mathematical connection with the
discrete model, as well as the biological implications of such gen-
eralization (39). A more recent study (40) has demonstrated that
the discrete formulation of the NPM can still be exploited in order
to gain further insights about the dynamics of prion replication/
aggregation.

Prion Propagation: Spatial Spreading

The main motivation for considering neuronal transport of prion
proteins seems to be given by early observations in animal models
(41) about the latency between the appearance of PrP* in the
peripherical nervous system and its appearance in the central
nervous system. This latency cannot be explained by the rate at
which PrP€ is converted into PrP*c at specific spatial location, but
it is more likely related to the rate of spread between neighbor-
ing localities (42). The first attempt to simultaneously model
processes of prion aggregation and neuronal transport inside
the brain was given by Payne and Krakauer (42). Indeed, Payne
and Krakauer (42) extended the template-assisted model (20, 23)
of prion replication by adding a spatial spreading component
consisting on the statistical assemblage of PrP% molecules with a
classical diffusion process. Note that, with the introduction of this
spatial spreading component, Payne and Krakauer (42) overcame
the main limitation (i.e. no disease latency) of the template-
assisted model. However, due to the acceptance of nucleated
polymerization as a plausible mechanism for prion aggregation,
incorporation of spatial spreading into the NPM seems to be a
promising choice. With this aim, Matthdus (43) used the diffusion
approach within the discrete NPM in order to model prion spatial
spreading over simple (i.e., one-dimensional) domains like the
spine or the mouse visual system (see Eq. A4 in Appendix in
Supplementary Material). However, classical diffusion is better
suited for modeling free movement of particles in homogenous
medium, while the whole brain is a highly heterogeneous one.
By acknowledging this limitation, Matthédus (43) proved that the
solutions of the NPM model with one-dimensional diffusion fol-
low a traveling wave behavior. Despite such characterization pro-
vided a clearer interpretation about the prion propagation speed
along pre-defined spatial domains, the proposed model cannot
be reduced to a simpler epidemiological-like system. Besides, as
pointed out by Matthéus in Ref. (43), it is not realistic to extend
the isotropic diffusion approach to large multi-dimensional
domains. Indeed, modeling diffusion in a homogeneous medium
would force prions to spread with equal speed in all spatial direc-
tions. This is unlikely to happen in practice since in vitro models
have proved that prions spread along the neuronal pathways (44),
where infection may reach distant cells at the same time or even
faster than neighboring cells (43).

By using a simplified approach, Stumpf and Krakauer (45)
modified the epidemiological-like configuration of the NPM
in order to incorporate spatial “connectivity” features into the
temporal evolution of prion kinetics. Specifically, Stumpf and
Krakauer (45) used a lattice domain to model the influence of cell
connectivity and cell density in several prion diseases (see Eq. A5
in Appendix in Supplementary Material). The main assumption

in Stumpf-Krakauer’s model (45) is that PrP% components
spatially spreads along axons and dendrites by slow axonal trans-
port, where the rate of spread from cell to cell depend on the
connectivity strengths. To our knowledge, Stumpf and Krakauer
model constitutes the first successful attempt of incorporating
brain connectivity features into prion diseases models described
by epidemiological-like equations.

Summarizing, Matthéus (43) and Stumpf and Krakauer (45)
were the first studies that attempted to fill the gap between two
different modeling scales: reaction kinetics at molecular level and
spatial spreading along a large (e.g., whole brain) and complex
domain. Unfortunately, these pioneering studies have received
little acknowledgment in subsequent studies about proteins
propagation over large-scale brain networks. Due to its close
relationship with current large-scale protein propagation models,
we will provide more details about the network approach over the
following sections.

PRION-LIKE DYNAMICS IN
NEUROLOGICAL DISEASES

Similarly to prion diseases, several neurodegenerative diseases
(e.g., AD, PD, and FTD) are pathologically associated with the
presence of MP (e.g., tau, AP, a-synuclein; see Figure 1) (15, 17,
25, 46, 47). By using in vitro models, it has been demonstrated
(48-50) that fibril aggregates of a-synuclein, tau and A proteins
self-propagate under biochemical mechanisms analogous to
those described for prion aggregation/propagation. These obser-
vations in conjunction with several in vivo animal models (50, 51)
established the founding of the so-called prion-like hypothesis of
neurodegenerative progression. Under the prion-like hypothesis,
the MP “infectivity” propagates from initial seed regions with
a relative high concentration of pathogenic proteins to other
“non-infected” brain regions. It should not be surprising that the
development of mathematical models for aggregation/propaga-
tion of AP have followed concurrent paths with those of prion
evolution.

Nucleated Polymerization of A

As in the case of prions, the NPM has been accepted as a plau-
sible preliminary mechanism for AP aggregation/propagation
(22, 27). However, early in vitro studies (27, 52, 53) suggested
that the actual mechanism of AP aggregation might be more
complex than the classical NPM. Indeed, AP aggregation is
a mechanism likely involving the formation of intermediates
soluble micelles [also called protofibrils in Ref. (53)], which
are in rapid equilibrium with APP monomers. Such interaction
yields domains of high local protein concentration that facilitate
the formation of fibril nucleus (27, 52, 54-56). As pointed out in
Ref. (54), the formation of intermediates micelles had not been
previously detected because the methods for quantification of
AP aggregation at that time (e.g. Turbidity, Thioflavin T fluores-
cence) were only able to detect large polymeric structures such
as AP aggregated fibrils. Using a Quasielastic Light Scattering
technique, Lomakin et al. (52) proposed an in vitro model that
facilitates a quantitative monitoring of the kinetics of Ap fibrils
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formation, and consequently, the detection of smaller polymeric
structures. Based on that study, Lomakin et al. (54) formalized a
mathematical model for describing the simultaneous temporal
evolution of APP monomers, AP micelles and AP fibrils. While
in the classical NPM the long latency phase was interpreted as
the time required for nucleation, the findings of Ref. (52, 54) sug-
gest that it is rather the time required for formation of larger Ap
protofibrils (55-57). Based on this re-interpretation of the NPM,
fibrillization of AP would be still a nucleation-dependent process
that occur under two concurrent nucleation pathways: exogenous
seeds and intermediates AP} micelles.

As in the case of NPM, Lomakin’s model involved an infinite
set of ODEs, one per each fibril length. That system can be closed
by summation to yield a set of four differential-algebraic equa-
tions. There, two ODEs correspond to the temporal evolution of
the total length of AP fibrils and the total concentration of Ap
aggregates, while two algebraic equations relate (by a conserva-
tion of mass condition) the number of APP monomers and Af
micelles with the AP fibrils. Although Lomakin’s model was able
to replicate the temporal evolution of the mass concentration of
fibrils and the fibrils length, it did not consider any fragmentation
process. Despite this limitation, Lomakin’s model constituted a
successful attempt to mathematically model detailed mechanisms
of AP fibrils and intermediates assemblies of different sizes.

Realizing that experiments in Ref. (52) had been conducted
under nonrealistic physiological conditions, Murphy and Pallitto
(58) carried out a thoughtful in vitro study to better characterize
the properties of intermediates micelles during the process of
fibrils formation. Using light scattering techniques, Murphy and
Pallitto (58) were able to monitor the temporal evolution of the
average length of fibrils, the average number of monomers in a
fibril, as well as to compute the time to appearance of macroscopic
AP aggregates. Based on this characterization of the Ap assem-
blies [e.g., monomers, micelles, filaments (i.e. thin fibrils), (thick)
fibrils, and aggregates], Pallitto and Murphy (59) proposed a
detailed multi-steps model for AP aggregation kinetics. In that
model, a nucleation mechanism was not assumed for the initial
step of conversion of unfolded monomers into micelles but for the
further self-association of micelles into a nucleus (59). This multi-
step mechanism also includes: (i) a cooperative (i.e., reversible)
self-association of micelles into polymeric nucleus, (ii) elongation
of nucleus into filaments by aggregation of micelles, (iii) lateral
aggregation of filaments into fibrils, and (iv) fibril elongation via
end-to-end aggregation (57, 59). As is usual in kinetic modeling,
this multi-step mechanism translates into an infinite set of ODEs,
which in turn, can be closed by summation to yield a set of eight
ODE:s. Note that the more types of AP assemblies included in the
model, the greater the number of equations and kinetic constants
rates. Fortunately, the master equations approach provides a
unified framework for formulating kinetic equations for AP
assemblies of any size (60, 61).

Master Equations for Aggregation:
A Modern Approach

The main idea underlying the master equations approach is to use
principles of chemical kinetics in order to derive equations that

explicitly account for the different microscopic processes involved
in the proteins aggregation mechanisms (61). The ultimate goal
is, from these (master) equations, to derive integrated rate laws
that characterize the kinetics of protein aggregation. Although
not explicitly developed in the specific context of Af, the master
equations approach is currently established as the most general
mathematical formulation for describing the kinetics of MP
formation (60, 61).

Mathematical modeling of protein aggregation by master
equations appeared in pioneering studies of filamentous growth
phenomena (62). Under the basic principles of homogeneous
nucleation, growth, and dissociation processes, Oosawa and Kasai
(62) formulated a master equation for describing the time evolu-
tion of a population of filaments with different polymerization
numbers. Similar to the NPM, the master equation is expressed
by an infinite set of ODEs. It also relates directly to experimental
measurements through the number and mass concentrations
of the aggregates, which temporally evolve by a closed system
of two ODEs, the so-called moment equations. Note that, in
contrast to Masel et al. (26), the moment equations do not evolve
as an epidemiological-like system. Instead, this system explicitly
remarks its dependency on the concentration of free monomers.
This discrepancy is given by the fact that, while Masel et al. (26)
considered a free production of monomers at a constant rate, the
master equations approach imposes the principle of conservation
of mass. Thus, in the master equation approach, the time evolu-
tion corresponding to the monomer concentration only accounts
for monomers consumed by incorporation into aggregates and
monomers dissociated from aggregates, while keeping the total
amount of monomers at a constant level (i.e., by conservation
of mass).

Solving the moment equations yields the desired integrated
rate laws that govern the reaction time course [see details in Ref.
(61)]. Interestingly, a detailed analysis of the integrated rate law
in Ref. (62) revealed that the actual role of the nucleation step
was to generate new elongations seeds rather than facilitate the
incorporation of monomers into aggregates. Even more, nuclea-
tion and growth processes seem to occur simultaneously [see a
more detailed discussion in Ref. (61)], thus equally contributing
to the length of the well-known lag phase observed on nucleation-
dependent processes. In addition, for the very particular case
of all proteins in initial monomeric configuration, Oosawa and
Kasai (62) showed that the early stages of the reaction time course
follow a quadratic rate law, which is a feature of growth governed
by a primary nucleation pathway. The integrated rate law also
revealed the dependency of the reaction time course on a single
parameter (in terms of the microscopic rate constants), which
ultimately scales with many of the phenomenological observable
measurements (e.g. half polymerization time, maximal growth
rate) (61). In other words, the integrated rate law of protein aggre-
gation kinetics shows a scaling behavior. This feature has become
a very important tool for understanding the protein aggregation
process across different temporal and spatial scales [see an excel-
lent discussion about this property in Ref. (63)].

During the last few decades, the Oosawa theory has been
extended (60, 64-67) to include mechanisms of fragmentation
and heterogeneous (secondary) nucleation (collectively called
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secondary pathways), where new aggregates could be also created
at a rate depending on the concentration of existing aggregates.
Extension of the Oosawa’s original formulation was mainly moti-
vated by a discovery showing that the mass concentration of actin
(65) and hemoglobin S (67) polymers tends to increase more
rapidly than a quadratic rate law. As a consequence, the master
equation should include extra terms for describing fragmentation
processes and a secondary nucleation at a rate proportional to the
surface area of existing aggregates (61, 64) (see Eq. A6 in Appendix
in Supplementary Material). Similar to Oosawa, Ferrone et al. (66)
derived closed equations for the time evolution of the number
and mass concentration of the aggregates (see Eq. A7 in Appendix
in Supplementary Material). Unfortunately, those equations are
not analytically integrable, which poses additional difficulties for
the derivation of the corresponding integrated rate law. As an
alternative to the classical global analysis of the integrated rate
law, Ferrone et al. (66) carried out a perturbation analysis for
characterizing the early stages of the reaction time course [see
a detailed explanation in Ref. (67)]. Such perturbation analysis
revealed that the quadratic early-time growth rate predicted by
Oosawas original theory is still valid when the reaction is domi-
nated by the primary nucleation process. By contrast, when the
reaction is dominated by the secondary nucleation process, the
early-time growth follows an exponential law.

At that point, the applicability of an integrated rate law
including fragmentation and secondary nucleation seemed to be
limited to the early stages of the reaction time course. Evidently,
an alternative solution would be employing numerical integrators
for solving the closed system of equations corresponding to the
number and mass concentration of the aggregates. However, it is
not recommendable due to the highly non-linear structure of this
system. Besides, understanding the role played by the kinetic rates
is extremely difficult when only numerical solutions are avail-
able. In order to overcome these limitations, Knowles et al. (60)
introduced a new technique that has been one of the major con-
tributions to the kinetic theory of amyloid formation. Specifically,
Knowles et al. (60) derived analytical solutions for the integrated
rate law that extends its validity to the entire reaction time course.
The main idea underlying this new technique is to use the early-
times solution as a starting point in order to solve the non-linear
moment equations with an iterative strategy [see details in Ref.
(60)]. Thus, closed-form integrated rate laws were presented for
the case of fragmentation (60) and monomer-dependent second-
ary nucleation (64). Similar to the Oosawa theory, these integrated
rate laws revealed the dependency of the reaction time course
on two parameters that can be easily related to experimentally
observed phenomenological variables (60, 61, 64).

Having an analytical formula for the integrated rate law
becomes extremely important since it allows global fitting [see
an excellent discussion in Ref. (68)] of experimental data under
different conditions (e.g., changing monomer concentrations).
For instance, in vitro data corresponding to the peptides AB40
and AP42 fit very well to the theoretical model of Knowles et al.
(60) which has clearly improved our understanding about the
formation of AP aggregates (69-71). In fact, the analysis of such
experimental data points to the secondary nucleation process
as the mechanism responsible for the toxicity related to Ap42

aggregation (69). Moreover, a similar analysis (70) showed clear
differences (in the relative importance of primary nucleation ver-
sus the secondary nucleation) between the molecular mechanism
of aggregation of Ap40 and AP42.

During the last few years, the master equations approach and
the corresponding integrated rate laws have been subject of mul-
tiple investigations (72-78). Among them, it is worth remarking
the contribution of Cohen et al. (76) which included mechanisms
of spatial propagation within the master equations framework. By
fitting the model to experimental data, Cohen et al. (76) found
that the secondary pathways govern the speed of spatial propaga-
tion by diffusion.

To conclude this section, note that, solely from the mathemati-
cal point of view, modeling the kinetics of protein aggregation
through master equations is still a very active research field (79).
Not to mention the profound impact that this novel approach has
produced in the quest of therapeutic techniques for reducing the
toxicity associated to low molecular weight AP aggregates (79).

Coagulation Theory for Aggregation:
A Road to Brain Imaging Modeling

As in the case of the master equations approach, the coagulation
theory described by Smoluchowski’s equations (80) also covers
the general case of self-association among particles assemblies of
different sizes. The first references to Smoluchowski’s equations
in the context of AP aggregation appeared in Ref. (58, 59) for
describing the axial elongation of fibrils by end-to-end aggrega-
tion of shorter fibrils. By using Smoluchowski’s equations, Craft
etal. (81) proposed a polymerization model where the nucleation
process appears implicitly incorporated within the mechanism
of association of small size polymers (e.g., monomers, micelles,
and filaments). This model includes processes of production and
dissociation of monomers as well as elongation and fragmenta-
tion processes for Ap polymers. Similar to Ref. (34) for the case
of prion diseases, Craft et al. (81) defined a polymerization ratio
Ry as the product of the production and elongation rates divided
by the product of the degradation and fragmentation rates. The
Ap burden (i.e., total number of Ap molecules) falls into a steady-
state level if the polymerization ratio Ry is less than one, and
shows an increasing AP accumulation if this ratio is greater than
one (81). A more formal presentation of the coagulation theory
and Smoluchowski’s equations in the context of AP aggregation
in vitro can be found in Ref. (82). (see Eq. A8 in Appendix in
Supplementary Material).

An important turning point in the field of Ap aggregation/
propagation mechanism modeling is due to Achdou et al. (83).
That study settled the grounds for linking molecular mechanism
of early aggregation/propagation of Ap oligomers with modern
imaging techniques for measurements of amyloid deposition
in vivo. The mathematical approach followed by Achdou et al. (83)
was also based on Smoluchowski’s equations. However, rather
than writing down closed ODEs for the moments of polymer
length distribution, Achdou et al. (83) truncated the infinite set of
differential equations (see Eq. A9 in Appendix in Supplementary
Material) at a large enough number N. Under this approxima-
tion, large aggregates composed of more than N monomers are
not supposed to coagulate each other. Thus, the time evolution
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equation corresponding to the truncation number N should be
able to describe the summary of all AP assemblies composed of
more than N monomers. In addition, Achdou et al. (83) realized
that the Smoluchowski’s equations also provide a straightforward
framework for incorporating processes of spatial propagation.
Note, however, that Achdou’s model is only valid on small spatial
domains (e.g., domain size comparable to a multiple of the size
of a neuron), for which isotropic diffusion is a valid assumption.
Under essentially the same assumptions, a straightforward gen-
eralization of Achdou’s model was given by Franchi and Tesi (84)
which added fragmentation terms to equation (A9). As pointed
out in Ref. (83) a major limitation is that this model is only able
to simulate temporal trajectories up to the scale of microscopic
processes occurring at the single neuron level.

The development of modern imaging techniques demands
alternative models and the possibility to probe them at greater
macroscopic scales. With this aim, a large-scale model was
recently proposed by Bertsch et al. (85). Specifically, Bertsch et al.
(85) coupled a set of truncated Smoluchowski’s equations to a
kinetic-type transport equation that models the spreading of neu-
ronal damage by neuron-to-neuron prion-like transmission. A
major advantage of such modeling is the ability to incorporate two
different temporal scales evolving over the same spatial domain:
a rapid temporal scale (e.g. hours) for modeling microscopic
processes of AP polymer agglomeration (by Smoluchowski’s
equations); and a slow (e.g., months, years) scale to account for
the longitudinal progression of AD (by the transport equation)
(85). In that model, Bertsch et al. (85) assumed that oligomers
of length greater than N can be measured by neuroimaging tech-
niques (e.g., PIB-PET), as well as the parameter that controls the
neuronal damage (e.g., FDG-PET). Note that Bertsch’s modeling
approach is the first study that attempts to build a bridge between
the microscopic and macroscopic processes that characterize the
impact of A aggregation on the onset and clinical progression of
AD. Although still insufficient, some effort has been already put
on checking the mathematical correctness and internal consist-
ency of that model (86, 87).

The Network Approach: Modeling

Inter-regional Propagation

As it was already mentioned, modeling spatial spreading of prion
proteins and MP by a homogeneous diffusion process is not a
realistic choice in large spatial domains like the whole brain.
Indeed, prion proteins and MP can spread long nerves and “infect”
distant regions (44). Thus, for the very first time, Matthéus (43)
used the so-called network approach for covering this scenario.
There, a mathematical representation of a network consisted of
a set of nodes and edges, where the nodes represented neuronal
cells and the edges characterize whether two cells are connected
(e.g., in the form of a synapse) or not (43). Using this simple
mathematical framework, Matthdus (43) described the spread of
prion protein infection along a network of inter-connected neu-
rons by a discrete Susceptible-Infected epidemiological model
(30). In this kind of models, the network nodes are classified
into susceptible and infected nodes, where the susceptible ones
become infected if at least one of their connected neighbors is
already infected. Thus, in contrast to a homogeneous diffusional

spread, the network approach models a rapid infection spread
within clusters of highly connected neurons, and propagation to
other clusters via long-distance connections (43).

The network approach (43) does not only model the influ-
ence of the network topology on the speed of the MPs spread
but it is also flexible enough to handle different spatial scales.
Correspondingly, Matthius (88) formulated a system of reac-
tion—diffusion equations by coupling kinetic equations of the
heterodimer model with discrete diffusion terms to account for
transport on networks. There, the network nodes can represent
distant regions covering large spatial domains, thereby overcom-
ing the limitations of Ref. (43). In this approach, the diffusion
term at each node is spatially approximated by a sum of flows
among neighboring nodes, such that the prion protein concentra-
tion is transported to the neighbors of the node and vice versa
(88). Unfortunately, the reaction-diffusion equations formulated
by Matthéus (88) have not been extended to nucleated polymeri-
zation mechanisms of prion replication.

While Matthédus (43, 88) modeled microscopic processes at
the neuronal level, more recent macroscopic approaches have
focused on the large-scale connectivity of the whole brain. In
this line, Raj et al. (89) proposed a macroscopic network diffu-
sion model (NDM). In the NDM, the number of MP afferents
from a given brain region to any other region uniquely depends
upon the disease concentration factors in both regions and
upon the anatomical connection strength between them. This
model was initially explored with structural atrophy data (89)
and posteriorly with FDG PET metabolism (90), reproducing
in both cases characteristic spatial distributions of MP effects on
a relatively small sample of late-onset AD subjects. In addition,
this diffusion model has been recently extended to account for
impulsive sources of brain atrophy patterns over the brain con-
nectivity network (91). As a main limitation, the NDM does not
consider mechanisms of clearance and production of MP. Instead,
the disease-related factors have no causal interpretation and
accumulate gradually in the absence of any source and/or system
resistance. By considering a more realistic scenario, Iturria-
Medina et al. (92) introduced an epidemic spreading model
(ESM) that simultaneously accounts for the regional capacity to
produce/clean MPs and the topological information of the brain’s
anatomical network (see Eq. 10). When applied to the study of
late-onset AD using AP PET data, that model was able to repro-
duce AP deposition patterns at the individual level. In line with
recent experimental results (93, 94), the ESM also identifies that
reduced AP clearance, and not AP overproduction as the primary
cause of AP deposition. Importantly, as highlighted in the ESM
study (92), the cognitive and clinical states of the AD patients can
only be partially explained by the mechanisms of Ap production,
clearance, and spatial propagation.

Beyond MPs: An Integrative Modeling
Approach

The existence of detailed pathological mechanisms and hypoth-
eses for AD progression (49, 95-98) has motivated the consid-
eration of a more integrative multifactorial modeling approach
for MP formation and propagation (98-102). Early remarkable
papers published by Edelstein-Keshet and Spiros (98) and Luca
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et al. (102) looked into detail at the underlying mechanism of
deposition, uptake, removal, and degradation of Ap. In particular,
Edelstein-Keshet and Spiros (98) focused on modeling the inter-
action among A deposits, glial cell, inflammation, and secreted
cytokines, as well as the corresponding stress, recovery, and death
of neuronal tissue. The numerical simulations carried out in Ref.
(98) have helped to fill the gaps between hypothesized interac-
tions and downstream consequences among different processes
occurring during the AD progression. For instance, it was shown
that an amyloid clearance deficiency could saturate the system and
push it to toxic AP levels, yielding a state of competition between
protective and toxic effects. Importantly, Edelstein-Keshet and
Spiros (98) showed, for the very first time, a mathematical model
where severity of AD does not need to correlate with sensitivity of
neurons to amyloid fibers. In this way, Edelstein-Keshet and Spiros
(98) highlighted the necessity of more integrative mathematical
formulations that be able to consider AD and other neurodegen-
erative diseases as multifactorial, inter-dependent processes.

In the same line, Puri and Li (99) presented a (microscopic
scale) mathematical approach for describing the dynamics of
critical components in AD pathogenesis. Formulated in terms
of ODEs, that model describes well-known interactions among
microglia, astroglia, neurons, and Af. The main feature there is
to use neuronal death as a surrogate for senile amyloid plaque
formation. Numerical simulations using that model indicates that
inflammation might be used as an early biomarker for AD since
microglia-related alterations can occurs long before apparent
senile plaques formation (99). Similarly, Hao and Friedman (101)
recently formulated a set of ODEs for describing microscopic
processes of AD that included neurons, astrocytes, microglias,
peripheral macrophages, as well as Ap and hyperphosphorylated
tau proteins. Based on numerical simulations, Hao and Friedman
(101) suggested that a combination of inflammatory processes by
cytokines and accumulation of AP plaques are key elements in
accelerating the progression of AD. By following an integrative
macroscopic approach, Iturria-Medina et al. (100) proposed a
multifactorial causal model (MCM) in order to simultaneously
account for macroscopic MP effects, regional multifactorial
causal interactions, and pathological propagations through
physical networks (e.g., axonal and vascular connectomes). The
MCM (100) considers that, once a factor-specific event (e.g., Af
deposition, vascular dysregulation, and structural alterations)
occurs in a given brain region or in a set of regions, it can directly
interact at the macroscopic level with other biological factors and
alter their states. These alterations can also propagate through
anatomical and vascular connections to other brain areas, where
similar factor-factor and spreading mechanisms may occur in a
positive feedback mechanism (see Figure 3 and Eq. 11).

THERAPEUTIC INTERVENTION
MODELING

Usually, chemical kinetic models of proteins aggregation are used
as a surrogate to therapeutics interventions in vitro. The general
idea is to simulate how a therapeutic intervention (e.g., drugs,
antibodies, and molecular chaperones) might inhibit certain
microscopic aggregation processes. Then kinetic rates of protein

aggregation can be estimated and compared under both natural
and inhibition conditions. For instance, monitoring kinetic rates
as function of a hypothetical drug dose might help to extrapolate
small drug dosages inherent of in vitro environments to dosages
more closely resembling in vivo conditions (103).

Within the formalism of the simplest NPM (e.g., Eq. A3), two
main strategies have simulated a therapeutic intervention on the
kinetics of MPs (103). In this pioneering study, Masel and Jansen
(103) used mathematical models to simulate the inhibition of
amyloid propagation with three main approaches: (i) by lowering
the effective monomer concentration of unfolded proteins; (ii) by
blocking growing polymer ends; and (iii) by increasing the poly-
mer breakage rate (see Figure 4). They found that therapeutics
following the second strategy would provide promising results,
while the remaining ones may be ineffective or even accelerate
the amyloid formation process at low drug dosages (103). Indeed,
any attempt of breaking up protein polymers into smaller pieces
might yield undesired effects since small oligomers are more
prone to propagate and spread neurotoxicity.

As discussed in a previous section, Craft et al. (81) established
anon-linear relationship between the polymerization ratio R, and
the total AP burden, where Ry determines two different regimes: a
steady-state of AP burden or a super-critical regime of continuous
AP burden increase. By using an empirical relationship between
Ap burden and clinical dementia scores (CDR), Craft et al. (81)
explored a potential therapeutic treatment based on the reduc-
tion of the polymerization ratio. Since the polymerization ratio
depends on four different kinetic rates, several treatment strate-
gies could be easily simulated in this context: (i) the reduction of
AP monomers production rate, (ii) the enhancement of fragmen-
tation, (iii) the enhancement of the clearance (i.e., degradation)
rate, and (iv) the reduction of the elongation rate. In fact, around
the time that paper was originally submitted [although originally
submitted in 2001 (81), only appeared published in 2005], several
treatment approaches following some of these strategies appeared
promising in preclinical studies (104-106).

Note that the assessment of different treatments scenarios is
usually carried out in two main steps. First, one assumes that
a hypothetical change (e.g., by treatment) on the appropriate
kinetic rates and then substitutes those modified rates into the
original model in order to evaluate the post-treatment dynami-
cal states. The therapeutic treatments simulations carried out
in Ref. (81) suggested three different possible outcomes: (1) a
reduction of AP burden from a pre-treatment steady state to a
post-treatment steady state; (2) a transition from a pre-treatment
AP burden increasing state to a post-treatment steady state; and
(3) a reduction in AP burden increasing from a pre-treatment
super-critical state to a post-treatment super-critical state.
Importantly, as pointed out by Craft et al. (81), the failure of a
potential drug to reduce the total Ap burden may not necessarily
be associated to drug inactivity but rather to a late intervention
during the super-critical state. Besides, Craft et al. (81) showed
that any drug treatment based on clearance rate enhancers might
be more effective in reducing the total Ap burden than those
based on polymer fragmentation enhancers.

The previous therapeutic intervention modeling was general-
ized in Ref. (107) by the simulation of the accumulation and
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FIGURE 3 | Multifactorial causal model. (A) Brain multimodal images and cognitive evaluations. (B) State space vectors (S), characterizing the brain’s multifactorial
alteration levels with regard to a baseline. (C) Causal multifactorial propagation network capturing the direct interactions among regions (for each biological factor/
imaging modality) or among factors (for each brain region). Diagonal blocks in the matrix correspond to a unique biological factor, with diagonal elements accounting
for intra-regional effects and off-diagonal elements accounting for inter-regional alterations spreading across physical connections. Off-diagonal blocks correspond to
the direct interactions between two different factors (e.g., glucose metabolism impact on tissue properties, or vice versa). (D) System has an output vector (),
representing the influence of the brain’s multifactorial state space on the cognitive state. Figure adapted from lturria-Medina et al. (100) with permission of the journal.

spreading of AP among the brain, CSE and plasma. Note that the
proposed compartmental model does not only consider produc-
tion and degradation of AB polymers within the brain but also
accounts for sources and losses due to transport to and from the
plasma and CSF (107). The numerical simulations carried out in
Ref. (107) suggest that potential drugs based on the production of
Apinhibitors (e.g., by enhancing clearance rate) are likely to reduce
AP burden in the brain, CSF and plasma. By contrast, any drug
based on favoring polymers fragmentation and blocking polymers
elongation may also reduce AP burden in the brain but may not
reduce (or even cause a subtle transient increase) Af levels in CSF
and plasma. By following similar ideas, Das et al. (108) proposed
a two-compartment model for the distribution of the y-secretase
inhibitor between the plasma and the CSE and its effect on the
AP concentrations in the two compartments. The steady-state
analysis of this model reproduced a primary y-secretase inhibitor
effect that caused a decrease in AP concentration in both CSF and
plasma. However, the model also captured an overshoot of Ap in
the plasma compartment, which was explained by an off-target
effect (attenuation of the AP clearance rate) of the y-secretase

inhibitor. Dasetal. (108) concluded that any effective AB-reducing
drug would have to necessarily account for more detailed kinetic
mechanisms of AP production and clearance.

More recent studies such as Ref. (109, 110) used a stochastic
modeling approach for simulating discrete versions of simple
ODEs describing MP aggregation processes. Similar to Ref. (81),
Proctoretal. (109) showed thata small decrease in the dissociation
rate of AP monomers is enough to increase the chance of appear-
ance of intermediate AP toxic species (e.g., dimers, oligomers).
In addition, numerical simulations showed that any potential
antibodies therapy against the formation of Ap dimers would
have large benefits as an early intervention strategy. Similarly,
Proctor et al. (110) studied a model that accounts for a simultane-
ous intervention on AP and tau pathology. Thus, Proctor et al.
(110) was able to show that therapies based on Af immunization
would not only be able to reduce the amount of senile plaques
but also produce small reductions in levels of soluble A species,
phosphorylated tau proteins, and neurofibrillary tangles.

Undoubtedly, a renovated interest on therapeutic interven-
tion modeling has been motivated by the recent advances in the
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field of chemical kinetics and protein aggregation (111-117).
In Ref. (116), Arosio et al. used the chemical kinetic approach
to model the interaction between molecular chaperones and
different protein species. The main idea there was to identify
which microscopic reaction steps (i.e., primary nucleation,
elongation, fragmentation, and secondary nucleation) where
perturbed by the binding of the molecular chaperones to certain
protein species (116). By using the master equations approach
and the corresponding reaction profile for the total fibril mass
concentration, Arosio et al. (116) compared the estimated
kinetic rate constants in the absence and presence of different
concentrations of molecular chaperones. Note that this kinetics
profile analysis required a new mathematical development [See
the Supplementary in the external Ref. (116)] for extending
the master/moments equations formalism for modeling the
binding between molecular chaperones and different protein
species (e.g., monomers, fibril end, and fibril surface). For the
particular case of the AP42 protein, such analysis revealed that
the action of particular molecular chaperone (termed DNAJB6)
inhibits the primary nucleation process. By contrast, the pres-
ence of another molecular chaperone (termed proSP-C Brichos)
produces a reduction in the secondary nucleation rate (116). Note
that Arosio et al. (116) also analyzed more complex scenarios
where specific molecular chaperones might simultaneously affect
different microscopic processes (e.g., elongation and secondary
nucleation) that characterize the aggregation of the AB42 protein.
In summary, Arosio et al. (116) provided a detailed modeling of
different combination of mechanisms through which molecular
chaperones might suppress amyloid aggregation. These results

open up a research avenue where molecular chaperones and
other classes of compound might be used as potential therapeutic
agents in MP-related diseases.

Similarly, Habchi et al. (113) used the chemical kinetics
approach for developing a rational drug discovery strategy that
takes into account the specific microscopic steps in the aggrega-
tion of the AP42 protein. Analogous to the case of molecular
chaperones, a potential drug compound could bind to differ-
ent species of AP42 and selectively affect specific microscopic
steps during the aggregation process (113). The strategy then
proceeds by monitoring the kinetic profiles of Ap42 fibril
formation in the absence and presence of particular potential
drugs. Remarkably, by following the master equations modeling
approach, Habchi et al. (113) reported that an anticancer drug
(termed bexarotene) disturbs the primary nucleation step in the
Ap42 aggregation, delays the formation of toxic oligomers and
completely suppresses AB42 deposition. This is a general frame-
work that yields a systematic drug discovery strategy aimed
to identify a variety of small molecules (112) and antibodies
(115) that not only target the onset of aggregation but also the
secondary nucleation step responsible for the proliferation of
toxic AP42 oligomers.

Unfortunately, large-scale models based on phenomenological
imaging-based features of protein aggregation (e.g., models based
on the brain network approach) have not yet taken advantage of
the outstanding advances on therapeutic interventions using the
chemical kinetics approach. In this direction, Iturria-Medina et al.
(100) used a theoretical control analysis to predict multifactorial
intervention effects required to revert brain biomarkers from an
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TABLE 1 | Summary of the most significant studies presented in the manuscript. These studies established turning points from either, the mathematical modeling point
of view or the ability to describe truly biological processes.

Study

Main features

Relevance

Validation

Oosawa and Kasai (62)

Infinite set of ODEs
The system can be closed to a moment equations
model

Analytical expressions for integrated rate laws based on

a primary nucleation mechanism

Introduced the master equations formalism
for protein aggregation modeling

— Validation with actual

in vitro data of different
proteins

Nowak et al. (28)

Infinite set of ODEs

The system can be closed to an epidemiological-like
model

Steady states described by a reproductive ratio
constant

Does not consider spatial spreading

The first reference to analogy with
epidemiological-like systems

Numerical simulations of
prion diseases

Masel et al. (26)

Infinite set of ODEs

Nucleated polymerization model considers the
formation of a nucleated seed of critical size

The system can be closed to an epidemiological-
like model

Steady states described by a reproductive ratio
constant

Does not consider spatial spreading

Description of quantification of kinetics
constants using actual data

Validation with actual
in vitro data of prion
diseases

Masel and Jansen (103)

Infinite set of ODEs

The system can be closed to an epidemiological-
like model

Does consider the inhibition of amyloid propagation
Does not consider spatial spreading

The first approach to therapeutic
intervention from the modeling point of view

Numerical simulations of
drugs effects on prion and
amyloid-related diseases

Stumpf and Krakauer (45)

Epidemiological-like system of ODEs
Does consider spatial spreading

The first time attempt to account for effects
of local neuronal connectivity

Numerical simulations of
prion diseases

Craft et al., (81)

Infinite set of ODEs

No explicit specification of an intermediate
nucleation mechanism

Steady states described by a reproductive ratio
constant

The first attempt of describing drugs through
a steady-state analysis

Showed for the very first time the potential
effectiveness of drug treatments based on
clearance rate enhancers

Numerical simulations

of potential therapeutic
treatments for reduction of
AP burden

Greer et al. (33)

Finite set of PDEs

The system can be closed to an epidemiological-
like model

Steady states described by a reproductive ratio
constant

Does not consider spatial spreading

The PDE formalism improved the
mathematical analysis as compared to the
infinite set of ODEs

A more detailed characterization of the
epidemiological-like behavior of the NMP

Validation with actual
in vitro data of prion
diseases

Matthaus (43)

Infinite set of partial differential equations (PDEs)
with diffusion terms

Does consider spatial spreading in small 1D domains
Does consider epidemiological-like models on
macroscopic large-scale networks

The first reference to macroscopic models
using the network approach

Validation with actual

in vitro data of prion
diseases

Simulation of prion spread
in the mouse visual system

Knowles et al. (60)

Infinite set of ODEs

The system can be closed to a moment equations
model

Analytical expressions for integrated rate laws that
account for mechanisms of fragmentation and
secondary nucleation

Detailed characterization of the protein
aggregation kinetics by explicit expressions
of integrated rate laws

The integrated rate laws are valid for the
entire time course reaction

Validation with actual
in vitro data of different
proteins

Achdou et al. (83)

Finite set of PDEs with diffusion terms
Does consider spatial spreading in small 3D
domains

The first attempt of linking kinetics A
formation and propagation with modern
imaging techniques for measurements of
amyloid deposition in vivo

Numerical simulations of
Ap in Alzheimer’s disease

lturria-Medina et al. (92)

Epidemiological-like system of ODEs

Does consider spatial spreading

Does consider the actual large-scale topology of brain
networks

Does consider mechanism for regional production and
clearance of misfolded protein (MP)

The first computational model highlighting
the direct link between structural brain
networks, production/clearance of MP

The first model validation through parameter
estimation from actual imaging data

Validation through
numerical estimation of
model parameters from
actual amyloid PET data

(Continued)
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TABLE 1 | Continued

Study Main features

Relevance Validation

Bertsch et al. (85) — Finite set of PDEs with diffusion terms couple to a
kinetic-type transport equation

— -Does consider spatial spreading in small 3D domains

— Numerical simulations of
AB in Alzheimer’s disease

— Empirical comparisons
with actual PET data

— The first attempt to simultaneously modeling
microscopic and macroscopic effects of Ap
propagation

— Incorporation of two different temporal scales
evolving over the same spatial domain

Habchi et al. (112) Infinite set of ODEs

— The system can be closed to a moment equations
model

— Analytical expressions for integrated rate laws that
account for mechanisms of fragmentation and

secondary nucleation

— Validation with actual
in vitro AB42 data

— Introduced a rational drug discovery strategy
based on the master equations formalism

— Discovery of small molecules that inhibit
specific microscopic steps of Ap42
aggregation

advanced disease stage to a clinical normal state. In particular,
Iturria-Medina et al. (100) used a multifactorial causal model as
an in silico evaluator for comparing the macroscopic effects of
multiple possible interventional treatments. Their results pro-
vided an efficient ranking of multiple AD interventions, which
might explain why recent single-target Ap-based therapies failed
to improve clinical outcomes in AD (118, 119).

CONCLUSION

In this paper, we intended to provide an historical overview of
the development of mathematical models for aggregation and
propagation of MP in neurological diseases. Our main goal was
to put in contact the neuroimaging community with important
studies of MP chemical kinetics modeling, which have not been
traditionally acknowledged but constitute a solid framework for
a better understanding of neurological diseases evolution. We
have mostly followed a chronological presentation of only those
mathematical models that, in our opinion, established turning
points from either the mathematical modeling point of view or
the ability to describe truly biological processes. As a summary
of our presentation, we selected the most important of those
contributions and present them in Table 1. Note that in the main
text, we have barely presented an overview of the mathematical
formulation and the corresponding biological interpretation
involved in those models. Besides, in order to facilitate our
exposition, we have used a unified mathematical notation that,
in some cases, might differ from the original formulation (see
Appendix in Supplementary Material).

We mainly focused our presentation on those models that
simulate microscopic processes of nucleation-dependent mecha-
nisms of MP formation. These kinds of (microscopic scale) models
provide a unique theoretical framework for relating microscopic
processes to macroscopic kinetic profiles of protein aggregation.
Thus, the most accepted model for the formation of protein
aggregates relies on a variety of microscopic processes, including
primary nucleation, fibril elongation, fibril fragmentation, and
secondary nucleation, which are collectively summarized by a
macroscopic kinetic profile that follows a characteristic sigmoi-
dal shape. The procedure by which highly reproducible kinetic
measurements are fitted to this sigmoidal profile allows for (i)
detailed characterization of protein aggregation mechanisms in
terms of underlying molecular events and (ii) the development of

drugs and early therapeutic interventions that might inhibit some
of those molecular events. Among other lessons, we have learned
that an increase in the monomer concentration of MPs as well a
reduction of the monomers clearance rate yield an increase in the
growth rate of amyloid formation. This simple lesson highlighted
the importance of systematically incorporating chemical kinet-
ics models into strategies of drugs discovery. In fact, it has been
suggested (112) that the failure of current therapeutic strategies
against AD can be attributed to a limited understanding of the
molecular mechanisms by which the tested compounds interact
with different species of protein aggregates.

On the other hand, we also presented macroscopic scale mod-
eling approaches that mainly account for the large-scale connec-
tivity of the brain and the indirect phenomenological mapping of
the underlying molecular mechanisms of protein aggregation. In
line with the network degeneration hypothesis (25), the macro-
scopic NDM of Ref. (89) supported that MP propagation follows
disease-specific anatomical patterns. Similarly, the ESM of Ref.
(92) highlighted the importance of considering intra-regional MP
generation/clearance and the inter-regional spreading through
the anatomical connections. In addition, by using a multifactorial
causal model, Iturria-Medina etal. (100) concluded that late-onset
AD it is not caused by a unique dominant biological factor (e.g.,
vascular or AP deposition) but by the complex interplay among
multiple relevant biological interactions. Taken together, those
large-scale mathematical models point to a lack of an integrative
perspective as the main cause for the failure of therapeutic strate-
gies against AD.

Undoubtedly, there is still a gap to fill for properly modeling
underlying microscopic processes of protein aggregation and their
effects on the progression of the associated neurological diseases,
as measured by in vivo imaging techniques and the assessment
of the patient’s cognitive condition. Indeed, despite recent efforts
(85), most of the large-scale models for protein aggregation still
need to incorporate additional components in order to deal
with two different temporal scales and spatial domains. Namely,
the small-scale where microscopic aggregation processes occur
relatively fast and the large-scale where protein deposits accumu-
late over a long-time period. We hope that future studies about
pharmacokinetic modeling of in vivo protein binding using PET
imaging might shed light on those unresolved issues and yield
systematic drug discovery strategies under a broader, integrative
perspective.

Frontiers in Neurology | www.frontiersin.org

February 2018 | Volume 9 | Article 37


http://www.frontiersin.org/Neurology/
http://www.frontiersin.org
http://www.frontiersin.org/Neurology/archive

Carbonell et al.

Mathematical Modeling of Protein Misfolding Mechanisms

AUTHOR CONTRIBUTIONS

FC and YI-M conceived the review and wrote the manuscript.
YI-M prepared the figures. AE revised the manuscript. All authors
contributed to constructive discussions during the manuscript
preparation.

ACKNOWLEDGMENTS

The authors would like to thank Dr. Simone Zehntner and
B.Sc. Daniel Marchand from Biospective Inc. for their useful

REFERENCES

1. Dobson CM. Protein folding and misfolding. Nature (2003) 426:884-90.
doi:10.1038/nature02261

2. Walker LC, Levine H. The cerebral proteopathies. Neurobiol Aging (2000)
21:559-61. doi:10.1016/S0197-4580(00)00160-3

3. Walker LC, Levine H. The cerebral proteopathies. Mol Neurobiol (2000)
21:83-95. doi:10.1385/MN:21:1-2:083

4. Dobson CM. Protein misfolding diseases: getting out of shape. Nature (2002)
418:729-30. doi:10.1038/418729a

5. Braak H, Braak E. Neuropathological stageing of Alzheimer-related changes.
Acta Neuropathol (1991) 82:239-59. doi:10.1007/BF00308809

6. Braak H, Ghebremedhin E, Riib U, Bratzke H, Del Tredici K. Stages in the
development of Parkinson’s disease-related pathology. Cell Tissue Res (2004)
318:121-34. doi:10.1007/s00441-004-0956-9

7. Reynaud E. Protein misfolding and degenerative diseases. Nat Educ (2010)
3(9):28.

8. Thal DR, Rub U, Orantes M, Braak H. Phases of AP deposition in the
human brain and its relevance for the development of AD. Neurology (2002)
58:1791-800. doi:10.1212/WNL.58.12.1791

9. Brettschneider J, Tredici KL, Lee VM-Y, Trojanowski JQ. Spreading of

pathology in neurodegenerative diseases: a focus on human studies. Nat Rev

Neurosci (2015) 16:109-20. doi:10.1038/nrn3887

Braak H, Alafuzoff I, Arzberger T, Kretzschmar H, Tredici K. Staging of

Alzheimer disease-associated neurofibrillary pathology using paraffin

sections and immunocytochemistry. Acta Neuropathol (2006) 112:389-404.

doi:10.1007/500401-006-0127-z

Braak H, Del Tredici K, Riib U, De Vos RAI, Jansen Steur ENH, Braak E.

Staging of brain pathology related to sporadic Parkinson’s disease. Neurobiol

Aging (2003) 24:197-211. doi:10.1016/S0197-4580(02)00065-9

Brettschneider J, Del Tredici K, Toledo JB, Robinson JL, Irwin DJ,

Grossman M, et al. Stages of pTDP-43 pathology in amyotrophic lateral

sclerosis. Ann Neurol (2013) 74:20-38. doi:10.1002/ana.23937

Jucker M, Walker LC. Self-propagation of pathogenic protein aggregates

in neurodegenerative diseases. Nature (2013) 501:45-51. doi:10.1038/

naturel2481

Prusiner SB. Novel proteinaceous infectious particles cause scrapie. Science

(1982) 216:136-44. doi:10.1126/science.6801762

Eisele YS, Duyckaerts C. Propagation of A pathology: hypotheses,

discoveries, and yet unresolved questions from experimental and human

brain studies. Acta Neuropathol (2016) 131:5-25. doi:10.1007/s00401-015-

1516-y

Lewis J, Dickson DW. Propagation of tau pathology: hypotheses, discoveries,

and yet unresolved questions from experimental and human brain studies.

Acta Neuropathol (2016) 131:27-48. doi:10.1007/s00401-015-1507-z

Uchihara T, Giasson BI. Propagation of alpha-synuclein pathology:

hypotheses, discoveries, and yet unresolved questions from experimental

and human brain studies. Acta Neuropathol (2016) 131:49-73. doi:10.1007/
s00401-015-1485-1

Alper T, Cramp WA, Haig DA, Clarke MC. Does the agent of scrapie replicate

without nucleic acid? Nature (1967) 214:764-6. d0i:10.1038/214764a0

Adams D, Field E. The infective process in scrapie. Lancet (1968) 292:714-6.

doi:10.1016/S0140-6736(68)90754-X

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

comments and suggestions during the preparation and revi-
sion of this manuscript. Likewise, we would like to thank
the suggestions made by the anonymous referees during
the review process, which undoubtedly improved our final
presentation.

SUPPLEMENTARY MATERIAL

The Supplementary Material for this article can be found online
at http://www.frontiersin.org/articles/10.3389/fneur.2018.00037/
full#supplementary-material.

20. Eigen M. Prionics or the kinetic basis of prion diseases. Biophys Chem (1996)
63:A1-18. doi:10.1016/S0301-4622(96)02250-8

Cohen FE, Pan K-M, Huang Z, Baldwin M, Fletterick R]J, Prusiner SB.
Structural clues to prior replication. Science (1994) 264:530-1. doi:10.1126/
science.7909169

Jarrett JT, Lansbury PT. Seeding “one-dimensional crystallization” of amy-
loid: a pathogenic mechanism in Alzheimer’s disease and scrapie? Cell (1993)
73:1055-8. doi:10.1016/0092-8674(93)90635-4

Prusiner SB. Molecular biology of prion diseases. Science (1991) 252:1515-22.
doi:10.1126/science.1675487

Prusiner SB, Scott M, Foster D, Pan KM, Groth D, Mirenda C, etal. Transgenetic
studies implicate interactions between homologous PrP isoforms in scrapie
prion replication. Cell (1990) 63:673-86. doi:10.1016/0092-8674(90)90134-Z
Brundin P, Melki R, Kopito R. Prion-like transmission of protein aggregates
in neurodegenerative diseases. Nat Rev Mol Cell Biol (2010) 11:301-7.
doi:10.1038/nrm2873

Masel ], Jansen VAA, Nowak MA. Quantifying the kinetic parameters of
prion replication. Biophys Chem (1999) 77:139-52. doi:10.1016/S0301-4622
(99)00016-2

Harper JD, Lansbury PT. Models of amyloid seeding in Alzheimer’s disease
and scrapie: mechanistic truths and physiological consequences of the
time-dependent solubility of amyloid proteins. Annu Rev Biochem (1997)
66:385-407. doi:10.1146/annurev.biochem.66.1.385

Nowak MA, Krakauer DC, Klug A, May RM. Prion infection dynamics.
Integr Biol (1998) 1:3-15. doi:10.1002/(SICI)1520-6602(1998)1:1<3:
AID-INBI2>3.3.CO;2-0

Come JH, Fraser PE, Lansbury PT. A kinetic model for amyloid formation in
the prion diseases: importance of seeding. Proc Natl Acad Sci U S A (1993)
90:5959-63. doi:10.1073/pnas.90.13.5959

Brauer E, Castillo-Chavez C. Mathematical Models in Population Biology and
Epidemiology. New York: Springer (2012).

Poschel T, Brilliantov NV, Frommel C. Kinetics of prion growth. Biophys |
(2003) 85:3460-74. d0i:10.1016/S0006-3495(03)74767-5

Collins SR, Douglass A, Vale RD, Weissman JS. Mechanism of prion propaga-
tion: amyloid growth occurs by monomer addition. PLoS Biol (2004) 2:e321.
doi:10.1371/journal.pbio.0020321

Greer ML, Pujo-Menjouet L, Webb GFE. A mathematical analysis of
the dynamics of prion proliferation. J Theor Biol (2006) 242:598-606.
doi:10.1016/j.jtbi.2006.04.010

Priiss J, Pujo-Menjouet L, Webb GE, Zacher R. Analysis of a model for the
dynamics of prions. Discret Contin Dyn Syst (2006) 6:225-35. doi:10.3934/
dcdsb.2006.6.225

Engler H, Priiss ], Webb G. Analysis of a model for the dynamics of prions II.
J Math Anal Appl (2006) 324:98-117. doi:10.1016/j.jmaa.2005.11.021
Simonett G, Walker C. On the solvability of a mathematical model for
prion proliferation. J Math Anal Appl (2006) 324:580-603. doi:10.1016/j.
jmaa.2005.12.036

Calvez V, Lenuzza N, Oelz D, Deslys JP, Laurent P, Mouthon E et al. Size
distribution dependence of prion aggregates infectivity. Math Biosci (2009)
217:88-99. d0i:10.1016/j.mbs.2008.10.007

Calvez V, Lenuzza N, Doumic M, Deslys JP, Mouthon F, Perthame B. Prion
dynamics with size dependency - strain phenomena. ] Biol Dyn (2010)
4:28-42. d0i:10.1080/17513750902935208

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

Frontiers in Neurology | www.frontiersin.org

14

February 2018 | Volume 9 | Article 37


http://www.frontiersin.org/Neurology/
http://www.frontiersin.org
http://www.frontiersin.org/Neurology/archive
https://doi.org/10.1038/nature02261
https://doi.org/10.1016/S0197-4580(00)00160-3
https://doi.org/10.1385/MN:21:1-2:083
https://doi.org/10.1038/418729a
https://doi.org/10.1007/BF00308809
https://doi.org/10.1007/s00441-004-0956-9
https://doi.org/10.1212/WNL.58.12.1791
https://doi.org/10.1038/nrn3887
https://doi.org/10.1007/s00401-006-0127-z
https://doi.org/10.1016/S0197-4580(02)00065-9
https://doi.org/10.1002/ana.23937
https://doi.org/10.1038/nature12481
https://doi.org/10.1038/nature12481
https://doi.org/10.1126/science.6801762
https://doi.org/10.1007/s00401-015-
1516-y
https://doi.org/10.1007/s00401-015-
1516-y
https://doi.org/10.1007/s00401-015-
1507-z
https://doi.org/10.1007/s00401-015-1485-1
https://doi.org/10.1007/s00401-015-1485-1
https://doi.org/10.1038/214764a0
https://doi.org/10.1016/S0140-6736(68)90754-X
https://doi.org/10.1016/S0301-4622(96)02250-8
https://doi.org/10.1126/science.7909169
https://doi.org/10.1126/science.7909169
https://doi.org/10.1016/0092-8674(93)90635-4
https://doi.org/10.1126/science.1675487
https://doi.org/10.1016/0092-8674(90)90134-Z
https://doi.org/10.1038/nrm2873
https://doi.org/10.1016/S0301-4622
(99)00016-2
https://doi.org/10.1016/S0301-4622
(99)00016-2
https://doi.org/10.1146/annurev.biochem.66.1.385
https://doi.org/10.1002/(SICI)1520-6602(1998)1:1 < 3:
AID-INBI2 > 3.3.CO;2-0
https://doi.org/10.1002/(SICI)1520-6602(1998)1:1 < 3:
AID-INBI2 > 3.3.CO;2-0
https://doi.org/10.1073/pnas.90.13.5959
https://doi.org/10.1016/S0006-3495(03)74767-5
https://doi.org/10.1371/journal.pbio.0020321
https://doi.org/10.1016/j.jtbi.2006.04.010
https://doi.org/10.3934/dcdsb.2006.6.225
https://doi.org/10.3934/dcdsb.2006.6.225
https://doi.org/10.1016/j.jmaa.2005.11.021
https://doi.org/10.1016/j.jmaa.2005.12.036
https://doi.org/10.1016/j.jmaa.2005.12.036
https://doi.org/10.1016/j.mbs.2008.10.007
https://doi.org/10.1080/17513750902935208
http://www.frontiersin.org/articles/10.3389/fneur.2018.00037/full#supplementary-material
http://www.frontiersin.org/articles/10.3389/fneur.2018.00037/full#supplementary-material

Carbonell et al.

Mathematical Modeling of Protein Misfolding Mechanisms

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

Doumic M, Goudon T, Lepoutre T. Scaling limit of a discrete prion dynam-
ics model. Commun Math Sci (2009) 7:839-65. doi:10.4310/CMS.2009.
v7.n4.a3

Davis JK, Sindi SS. A study in nucleated polymerization models of protein
aggregation. Appl Math Lett (2015) 40:97-101. doi:10.1016/j.aml.2014.
09.007

Scott JR, Davies D, Fraser H. Scrapie in the central nervous system: neuro-
anatomical spread of infection and Sinc control of pathogenesis. ] Gen Virol
(1992) 73:1637-44. doi:10.1099/0022-1317-73-7-1637

Payne RJ, Krakauer DC. The spatial dynamics of prion disease. Proc R Soc
London B Biol Sci (1998) 265:2341-6. doi:10.1098/rspb.1998.0581

Matthéus E Diffusion versus network models as descriptions for the spread
of prion diseases in the brain. ] Theor Biol (2006) 240:104-13. doi:10.1016/j.
jtbi.2005.08.030

Armstrong RA, Lantos PL, Cairns NJ. The spatial patterns of prion protein
deposits in Creutzfeldt-Jakob disease: comparison with 3-amyloid depos-
its in Alzheimer’s disease. Neurosci Lett (2001) 298:53-6. doi:10.1016/
S0304-3940(00)01725-0

Stumpf MP, Krakauer DC. Mapping the parameters of prion-induced
neuropathology. Proc Natl Acad Sci U S A (2000) 97:10573-7. doi:10.1073/
pnas.180317097

Frost B, Diamond MI. Prion-like mechanisms in neurodegenerative diseases.
Nat Rev Neurosci (2010) 11:155-9. doi:10.1038/nrn2786

Goedert M, Clavaguera F, Tolnay M. The propagation of prion-like protein
inclusions in neurodegenerative diseases. Trends Neurosci (2010) 33:317-25.
doi:10.1016/j.tins.2010.04.003

Petkova AT, Leapman RD, Guo Z, Yau W-M, Mattson MP, Tycko R. Self-
propagating, molecular-level polymorphism in Alzheimer’s f-amyloid
fibrils. Science (2005) 307:262-5. doi:10.1126/science.1105850

Frost B, Jacks RL, Diamond MI. Propagation of Tau misfolding from the
outside to the inside of a cell. ] Biol Chem (2009) 284:12845-52. d0i:10.1074/
jbc.M808759200

Desplats P, Lee HJ, Bae EJ, Patrick C, Rockenstein E, Crews L, et al. Inclusion
formation and neuronal cell death through neuron-to-neuron transmission
ofalpha-synuclein. Proc Natl Acad Sci US A (2009) 106:13010-5. doi:10.1073/
Ppnas.0903691106

Clavaguera E, Bolmont T, Crowther RA, Abramowski D, Frank S, Probst A,
et al. Transmission and spreading of tauopathy in transgenic mouse brain.
Nat Cell Biol (2009) 11:909-13. doi:10.1038/ncb1901

Lomakin A, Chung DS, Benedek GB, Kirschner DA, Teplow DB. On the
nucleation and growth of amyloid beta-protein fibrils: detection of nuclei and
quantitation of rate constants. Proc Natl Acad Sci U S A (1996) 93:1125-9.
doi:10.1073/pnas.93.3.1125

Harper JD, Wong SS, Lieber CM, Lansbury PT. Assembly of Ap amyloid pro-
tofibrils: an in vitro model for a possible early event in Alzheimer’s disease.
Biochemistry (1999) 38:8972-80. doi:10.1021/bi9904149

Lomakin A, Teplow DB, Kirschner DA, Benedek GB. Kinetic theory of fibril-
logenesis of amyloid beta-protein. Proc Natl Acad Sci U S A (1997) 94:7942-7.
doi:10.1073/pnas.94.15.7942

Sabaté R, Estelrich J. Evidence of the existence of micelles in the fibrillogenesis
of beta-amyloid peptide. J Phys Chem B (2005) 109:11027-32. doi:10.1021/
jp050716m

Arosio P, Knowles TPJ, Linse S. On the lag phase in amyloid fibril formation.
Phys Chem Chem Phys (2015) 17:7606-18. doi:10.1039/C4CP05563B
Murphy RM. Peptide aggregation in neurodegenerative disease. Annu Rev
Biomed Eng (2002) 4:155-74. doi:10.1146/annurev.bioeng.4.092801.094202
Murphy RM, Pallitto MM. Probing the kinetics of beta-amyloid self-associa-
tion. J Struct Biol (2000) 130:109-22. doi:10.1006/jsbi.2000.4253

Pallitto MM, Murphy RM. A mathematical model of the kinetics of b-am-
yloid fibril growth from the denatured state. Biophys J (2001) 81:1805-22.
doi:10.1016/S0006-3495(01)75831-6

Knowles TPJ, Waudby CA, Devlin GL, Cohen SIA, Aguzzi A,
Vendruscolo M, et al. An analytical solution to the kinetics of breakable
filament assembly. Science (2009) 326:1533-7. doi:10.1126/science.1178250
Cohen SIA, Vendruscolo M, Dobson CM, Knowles TPJ. The kinetics and
mechanisms of amyloid formation. In: Otzen DE, editor. Amyloid Fibrils and
Prefibrillar Aggregates. Weinheim: Wiley-VCH Verlag GmbH & Co. KGaA.
(2013). p. 183-209. doi:10.1002/9783527654185.ch10

62.

63.

64.

65.

66.

67.

68.

69.

70.

71.

72.

73.

74.

75.

76.

77.

78.

79.

80.

81.

82.

83.

Oosawa F, Kasai M. A theory of linear and helical aggregations of macro-
molecules. ] Mol Biol (1962) 4:10-21. doi:10.1016/S0022-2836(62)80112-0
Michaels TCT, Dear AJ, Knowles TPJ. Scaling and dimensionality in the
chemical kinetics of protein filament formation. Int Rev Phys Chem (2016)
35:679-703. doi:10.1080/0144235X.2016.1239335

Cohen SIA, Vendruscolo M, Welland ME, Dobson CM, Terentjev EM,
Knowles TPJ. Nucleated polymerization with secondary pathways. I. Time
evolution of the principal moments. J Chem Phys (2011) 135:08B615.
doi:10.1063/1.3608916

Bishop MF, Ferrone FA. Kinetics of nucleation-controlled polymerization. A
perturbation treatment for use with a secondary pathway. Biophys ] (1984)
46:631-44. doi:10.1016/S0006-3495(84)84062-X

Ferrone FA, Hofrichter J, Eaton WA. Kinetics of sickle hemoglobin polym-
erization. II. A double nucleation mechanism. ] Mol Biol (1985) 183:611-31.
doi:10.1016/0022-2836(85)90175-5

Ferrone F. Analysis of protein aggregation kinetics. Methods Enzymol (1999)
309:256-74. doi:10.1016/S0076-6879(99)09019-9

Meisl G, Kirkegaard J B, Arosio P, Michaels TCT, Vendruscolo M, Dobson CM,
et al. Molecular mechanisms of protein aggregation from global fitting of
kinetic models. Nat Protoc (2016) 11:252-72. doi:10.1038/nprot.2016.010
Cohen SIA, Linse S, Luheshi LM, Hellstrand E, White DA, Rajah L, et al.
Proliferation of amyloid-p42 aggregates occurs through a secondary nucle-
ation mechanism. Proc Natl Acad Sci US A (2013) 110:9758-63. d0i:10.1073/
pnas.1218402110

Meisl G, Yang X, Hellstrand E, Frohm B, Kirkegaard JB, Cohen SIA, et al.
Differences in nucleation behavior underlie the contrasting aggregation
kinetics of the AB40 and AP42 peptides. Proc Natl Acad Sci U S A (2014)
111:9384-9. doi:10.1073/pnas.1401564111

Meisl G, Yang X, Frohm B, Knowles TPJ, Linse S. Quantitative analysis of
intrinsic and extrinsic factors in the aggregation mechanism of Alzheimer-
associated AB-peptide. Sci Rep (2016) 6:18728. doi:10.1038/srep18728
Michaels TCT, Lazell HW, Arosio P, Knowles TP]. Dynamics of protein
aggregation and oligomer formation governed by secondary nucleation.
J Chem Phys (2015) 143:54901. doi:10.1063/1.4927655

Cohen SIA, Vendruscolo M, Dobson CM, Knowles TPJ. From macroscopic
measurements to microscopic mechanisms of protein aggregation. ] Mol Biol
(2012) 421:160-71. d0i:10.1016/j.jmb.2012.02.031

Michaels TCT, Knowles TP]. Mean-field master equation formalism for
biofilament growth. Am J Phys (2014) 82:476-83. doi:10.1119/1.4870004
Michaels TCT, Cohen SIA, Vendruscolo M, Dobson CM, Knowles
TPJ. Hamiltonian dynamics of protein filament formation. Phys Rev Lett
(2016) 116:38101. doi:10.1103/PhysRevLett.116.038101

Cohen SIA, Rajah L, Yoon CH, Buell AK, White DA, Sperling RA, et al. Spatial
propagation of protein polymerization. Phys Rev Lett (2014) 112:98101.
doi:10.1103/PhysRevLett.112.098101

Cohen SIA, Vendruscolo M, Dobson CM, Knowles TP]. Nucleated polym-
erization with secondary pathways. II. Determination of self-consistent
solutions to growth processes described by non-linear master equations.
J Chem Phys (2011) 135:65106. doi:10.1063/1.3608917

Cohen SIA, Vendruscolo M, Dobson CM, Knowles TPJ. Nucleated polym-
erization with secondary pathways. III. Equilibrium behavior and oligomer
populations. ] Chem Phys (2011) 135:65107. doi:10.1063/1.3608918

Chiti E Dobson CM. Protein misfolding, amyloid formation, and human
disease: a summary of progress over the last decade. Annu Rev Biochem
(2017) 86:27-68. doi:10.1146/annurev-biochem-061516-045115
Smoluchowski M. Versuche einer mathematischen theorie der koagulations
kinetic kolloider losungen. Z Phys Chem (1917) 92:129-58.

Craft DL, Wein LM, Selkoe D]. The impact of novel treatments on Af burden
in Alzheimer’s disease: insights from a mathematical model. In: Brandeau
ML, Sainfort F, Pierskalla WP, editor. Operations Research and Health Care.
Boston: Springer (2005). p. 839-65.

Carrotta R, Manno M, Bulone D, Martorana V, San Biagio PL. Protofibril
formation of amyloid p-protein at low pH via a non-cooperative elon-
gation mechanism. ] Biol Chem (2005) 280:30001-8. doi:10.1074/jbc.
M500052200

Achdou Y, Franchi B, Marcello N, Tesi MC. A qualitative model for aggrega-
tion and diffusion of beta-amyloid in Alzheimer’s disease. ] Math Biol (2013)
67:1369-92. doi:10.1007/s00285-012-0591-0

Frontiers in Neurology | www.frontiersin.org

15

February 2018 | Volume 9 | Article 37


http://www.frontiersin.org/Neurology/
http://www.frontiersin.org
http://www.frontiersin.org/Neurology/archive
https://doi.org/10.4310/CMS.2009.
v7.n4.a3
https://doi.org/10.4310/CMS.2009.
v7.n4.a3
https://doi.org/10.1016/j.aml.2014.
09.007
https://doi.org/10.1016/j.aml.2014.
09.007
https://doi.org/10.1099/0022-1317-73-7-1637
https://doi.org/10.1098/rspb.1998.0581
https://doi.org/10.1016/j.jtbi.2005.08.030
https://doi.org/10.1016/j.jtbi.2005.08.030
https://doi.org/10.1016/S0304-3940(00)01725-0
https://doi.org/10.1016/S0304-3940(00)01725-0
https://doi.org/10.1073/pnas.180317097
https://doi.org/10.1073/pnas.180317097
https://doi.org/10.1038/nrn2786
https://doi.org/10.1016/j.tins.2010.04.003
https://doi.org/10.1126/science.1105850
https://doi.org/10.1074/jbc.M808759200
https://doi.org/10.1074/jbc.M808759200
https://doi.org/10.1073/pnas.0903691106
https://doi.org/10.1073/pnas.0903691106
https://doi.org/10.1038/ncb1901
https://doi.org/10.1073/pnas.93.3.1125
https://doi.org/10.1021/bi9904149
https://doi.org/10.1073/pnas.94.15.7942
https://doi.org/10.1021/jp050716m
https://doi.org/10.1021/jp050716m
https://doi.org/10.1039/C4CP05563B
https://doi.org/10.1146/annurev.bioeng.4.092801.094202
https://doi.org/10.1006/jsbi.2000.4253
https://doi.org/10.1016/S0006-3495(01)75831-6
https://doi.org/10.1126/science.1178250
https://doi.org/10.1002/9783527654185.ch10
https://doi.org/10.1016/S0022-2836(62)80112-0
https://doi.org/10.1080/0144235X.2016.1239335
https://doi.org/10.1063/1.3608916
https://doi.org/10.1016/S0006-3495(84)84062-X
https://doi.org/10.1016/0022-2836(85)90175-5
https://doi.org/10.1016/S0076-6879(99)09019-9
https://doi.org/10.1038/nprot.2016.010
https://doi.org/10.1073/pnas.1218402110
https://doi.org/10.1073/pnas.1218402110
https://doi.org/10.1073/pnas.1401564111
https://doi.org/10.1038/srep18728
https://doi.org/10.1063/1.4927655
https://doi.org/10.1016/j.jmb.2012.02.031
https://doi.org/10.1119/1.4870004
https://doi.org/10.1103/PhysRevLett.116.038101
https://doi.org/10.1103/PhysRevLett.112.098101
https://doi.org/10.1063/1.3608917
https://doi.org/10.1063/1.3608918
https://doi.org/10.1146/annurev-biochem-061516-045115
https://doi.org/10.1074/jbc.M500052200
https://doi.org/10.1074/jbc.M500052200
https://doi.org/10.1007/s00285-012-0591-0

Carbonell et al.

Mathematical Modeling of Protein Misfolding Mechanisms

84.

85.

86.

87.

88.

89.

90.

91.

92.

93.

94.

95.

96.

97.

98.

99.

100.

101.

102.

103.

104.

Franchi B, Tesi M. A qualitative model for aggregation-fragmentation and
diffusion of p-amyloid in Alzheimer’s disease. Rend Semin Mat Univ Politec
Torino (2012) 70:75-84.

Bertsch M, Franchi B, Marcello N, Tesi MC, Tosin A. Alzheimer’s disease:
a mathematical model for onset and progression. Math Med Biol (2017)
34:193-214. doi:10.1093/imammb/dqw003

Franchi B, Lorenzani S. From a microscopic to a macroscopic model for
Alzheimer disease: two-scale homogenization of the Smoluchowski equa-
tion in perforated domains. ] Nonlinear Sci (2016) 26:717-53. doi:10.1007/
500332-016-9288-7

Bertsch M, Franchi B, Tesi MC, Tosin A. Microscopic and macroscopic
models for the onset and progression of Alzheimer’s disease. ] Phys Math
Theor (2017) 50:414003. doi:10.1088/1751-8121/aa83bd

Matthéus F. The spread of prion diseases in the brain — models of reaction
and transport on networks. ] Biol Syst (2009) 17:623-41. doi:10.1142/
$0218339009003010

Raj A, Kuceyeski A, Weiner M, Ashish R, Kuceyeski A, Weiner M. A net-
work diffusion model of disease progression in dementia. Neuron (2012)
73:1204-15. doi:10.1016/j.neuron.2011.12.040

Raj A, LoCastro E, Kuceyeski A, Tosun D, Relkin N, Weiner M. Network
diffusion model of progression predicts longitudinal patterns of atrophy and
metabolism in Alzheimer’s disease. Cell Rep (2015) 10:359-69. doi:10.1016/j.
celrep.2014.12.034

Hu C, Hua X, Ying J, Thompson PM, Fakhri GE, Li Q. Localizing sources of
brain disease progression with network diffusion model. IEEE ] Sel Top Signal
Process (2016) 10:1214-25. doi:10.1109/JSTSP.2016.2601695

Iturria-Medina Y, Sotero R, Toussaint P. Epidemic spreading model to
characterize misfolded proteins propagation in aging and associated neuro-
degenerative disorders. PLoS Comput Biol (2014) 10:¢1003956. d0i:10.1371/
journal.pcbi.1003956

Mawuenyega KG, Sigurdson W, Ovod V, Munsell L, Kasten T, Morris JC, et al.
Decreased clearance of CNS beta-amyloid in Alzheimer’s disease. Science
(2010) 330:1774. doi:10.1126/science.1197623

Patterson B, Elbert D, Mawuenyega K, Kasten T. Age and amyloid effects
on human CNS amyloid-beta kinetics. Ann Neurol (2015) 78:439-53.
doi:10.1161/CIRCRESAHA.116.303790.The

Buckner R. Molecular, structural, and functional characterization of
Alzheimer’s disease: evidence for a relationship between default activity,
amyloid, and memory. ] Neurosci (2005) 25:7709-17. doi:10.1523/
JNEUROSCI.2177-05.2005

Tadecola C. Review the pathobiology of vascular dementia. Neuron (2013)
80:844-66. doi:10.1016/j.neuron.2013.10.008

ITturria-Medina Y, Sotero RC, Toussaint PJ, Mateos-Pérez JM, Evans AC.
Early role of vascular dysregulation on late-onset Alzheimer’s disease
based on multifactorial data-driven analysis. Nat Commun (2016) 7:11934.
doi:10.1038/ncomms11934

Edelstein-Keshet L, Spiros A. Exploring the formation of Alzheimer’s
disease senile plaques in silico. J Theor Biol (2002) 216:301-26. doi:10.1006/
jtbi.2002.2540

Puri IK, Li L. Mathematical modeling for the pathogenesis of Alzheimer’s
disease. PLoS One (2010) 5:e15176. doi:10.1371/journal.pone.0015176
Iturria-Medina Y, Carbonell FM, Sotero RC, Chouinard-Decorte E
Evans AC. Multifactorial causal model of brain (dis)organization and ther-
apeutic intervention: application to Alzheimer’s disease. Neuroimage (2017)
152:60-77. doi:10.1016/j.neuroimage.2017.02.058

Hao W, Friedman A. Mathematical model on Alzheimer’s disease. BMC Syst
Biol (2016) 10:108. doi:10.1186/s12918-016-0348-2

Luca M, Chavez-Ross A, Edelstein-Keshet L, Mogilner A. Chemotactic sig-
naling, microglia, and Alzheimer’s disease senile plaques: is there a connec-
tion? Bull Math Biol (2003) 65:693-730. doi:10.1016/S0092-8240(03)00030-2
Masel ], Jansen VAA. Designing drugs to stop the formation of prion
aggregates and other amyloids. Biophys Chem (2000) 88:47-59. doi:10.1016/
S0301-4622(00)00197-6

Schenk D, Barbour R, Dunn W, Gordon G, Grajeda H, Guido T, et al.
Immunization with amyloid-beta attenuates Alzheimer-disease-like pathol-
ogy in the PDAPP mouse. Nature (1999) 400:173-7. doi:10.1038/22124

105.

106.

107.

108.

109.

110.

111.

112.

113.

114.

115.

116.

117.

118.

119.

Bard E Cannon C, Barbour R, Burke RL, Games D, Grajeda H, et al.
Peripherally administered antibodies against amyloid beta-peptide enter the
central nervous system and reduce pathology in a mouse model of Alzheimer
disease. Nat Med (2000) 6:916-9. doi:10.1038/78682

Weiner HL, Lemere CA, Maron R, Spooner ET, Grenfell T], Mori C, etal. Nasal
administration of amyloid-beta peptide decreases cerebral amyloid burden
in a mouse model of Alzheimer’s disease. Ann Neurol (2000) 48:567-79.
doi:10.1002/1531-8249(200010)48:4<567:AID-ANA3>3.3.CO;2-N

Craft DL. A mathematical model of the impact of novel treatments on the
AP burden in the Alzheimer’s brain, CSF and plasma. Bull Math Biol (2002)
64:1011-31. doi:10.1006/bulm.2002.0304

Das R, Nachbar RB, Edelstein-Keshet L, Saltzman ]S, Wiener MC,
Bagchi A, et al. Modeling effect of a y-secretase inhibitor on amyloid-p
dynamics reveals significant role of an amyloid clearance mechanism. Bull
Math Biol (2011) 73:230-47. doi:10.1007/s11538-010-9540-5

Proctor CJ, Pienaar I, Elson JL, Kirkwood TB. Aggregation, impaired degra-
dation and immunization targeting of amyloid-beta dimers in Alzheimer’s
disease: a stochastic modelling approach. Mol Neurodegener (2012) 7:32.
doi:10.1186/1750-1326-7-32

Proctor C, Boche D, Gray D, Nicoll J. Investigating interventions in
Alzheimer’s disease with computer simulation models. PLoS One (2013)
8:¢73631. doi:10.1371/journal.pone.0073631

Arosio P, Vendruscolo M, Dobson CM, Knowles TPJ. Chemical kinetics for
drug discovery to combat protein aggregation diseases. Trends Pharmacol Sci
(2014) 35:127-35. doi:10.1016/j.tips.2013.12.005

Habchi ], Chia S, Limbocker R, Mannini B, Ahn M, Perni M, et al. Systematic
development of small molecules to inhibit specific microscopic steps of
AP42 aggregation in Alzheimer’s disease. Proc Natl Acad Sci U S A (2017)
114:E200-8. doi:10.1073/pnas.1615613114

Habchi J, Arosio P, Perni M, Costa AR, Yagi-Utsumi M, Joshi P, et al. An
anticancer drug suppresses the primary nucleation reaction that initiates the
production of the toxic A 42 aggregates linked with Alzheimers disease. Sci
Adv (2016) 2:¢1501244-1501244. doi:10.1126/sciadv.1501244

Perni M, Galvagnion C, Maltsev A, Meisl G, Miiller MBD, Challa PK,
et al. A natural product inhibits the initiation of a-synuclein aggregation
and suppresses its toxicity. Proc Natl Acad Sci U S A (2017) 114:E1009-17.
doi:10.1073/pnas.1610586114

Aprile FA, Sormanni P, Perni M, Arosio P, Linse S, Knowles TP], et al.
Selective targeting of primary and secondary nucleation pathways in Ap42
aggregation using a rational antibody scanning method. Sci Adv (2017)
3:1700488. doi:10.1126/sciadv.1700488

Arosio P, Michaels TCT, Linse S, Mansson C, Emanuelsson C, Presto J, et al.
Kinetic analysis reveals the diversity of microscopic mechanisms through
which molecular chaperones suppress amyloid formation. Nat Commun
(2016) 7:10948. doi:10.1038/ncomms10948

Cohen SIA, Arosio P, Presto ], Kurudenkandy FR, Biverstal H, Dolfe L,
et al. A molecular chaperone breaks the catalytic cycle that generates
toxic AP oligomers. Nat Struct Mol Biol (2015) 22:207-13. doi:10.1038/
nsmb.2971

Doody RS, Thomas RG, Farlow M, Iwatsubo T, Vellas B, Joffe S, et al. Phase
3 trials of Solanezumab for mild-to-moderate Alzheimer’s disease. N Engl
J Med (2014) 370:311-21. doi:10.1056/NEJMoal312889

Salloway S, Sperling R, Fox NC, Blennow K, Klunk W, Raskind M, et al. Two
Phase 3 Trials of Bapineuzumab in Mild-to-Moderate Alzheimer’s Disease. N
Engl ] Med (2014) 370:322-33. doi:10.1056/NEJMoal304839

Conflict of Interest Statement: The authors declare that the research was con-
ducted in the absence of any commercial or financial relationships that could be
construed as a potential conflict of interest.

Copyright © 2018 Carbonell, Iturria-Medina and Evans. This is an open-access
article distributed under the terms of the Creative Commons Attribution License (CC
BY). The use, distribution or reproduction in other forums is permitted, provided
the original author(s) and the copyright owner are credited and that the original
publication in this journal is cited, in accordance with accepted academic practice. No
use, distribution or reproduction is permitted which does not comply with these terms.

Frontiers in Neurology | www.frontiersin.org

16

February 2018 | Volume 9 | Article 37


http://www.frontiersin.org/Neurology/
http://www.frontiersin.org
http://www.frontiersin.org/Neurology/archive
https://doi.org/10.1093/imammb/dqw003
https://doi.org/10.1007/s00332-016-9288-7
https://doi.org/10.1007/s00332-016-9288-7
https://doi.org/10.1088/1751-8121/aa83bd
https://doi.org/10.1142/S0218339009003010
https://doi.org/10.1142/S0218339009003010
https://doi.org/10.1016/j.neuron.2011.12.040
https://doi.org/10.1016/j.celrep.2014.12.034
https://doi.org/10.1016/j.celrep.2014.12.034
https://doi.org/10.1109/JSTSP.2016.2601695
https://doi.org/10.1371/journal.pcbi.1003956
https://doi.org/10.1371/journal.pcbi.1003956
https://doi.org/10.1126/science.1197623
https://doi.org/10.1161/CIRCRESAHA.116.303790.The
https://doi.org/10.1523/JNEUROSCI.2177-05.2005
https://doi.org/10.1523/JNEUROSCI.2177-05.2005
https://doi.org/10.1016/j.neuron.2013.10.008
https://doi.org/10.1038/ncomms11934
https://doi.org/10.1006/jtbi.2002.2540
https://doi.org/10.1006/jtbi.2002.2540
https://doi.org/10.1371/journal.pone.0015176
https://doi.org/10.1016/j.neuroimage.2017.02.058
https://doi.org/10.1186/s12918-016-0348-2
https://doi.org/10.1016/S0092-8240(03)00030-2
https://doi.org/10.1016/S0301-4622(00)00197-6
https://doi.org/10.1016/S0301-4622(00)00197-6
https://doi.org/10.1038/22124
https://doi.org/10.1038/78682
https://doi.org/10.1002/1531-8249(200010)48:4 < 567:AID-ANA3 > 3.3.CO;2-N
https://doi.org/10.1006/bulm.2002.0304
https://doi.org/10.1007/s11538-010-9540-5
https://doi.org/10.1186/1750-1326-7-32
https://doi.org/10.1371/journal.pone.0073631
https://doi.org/10.1016/j.tips.2013.12.005
https://doi.org/10.1073/pnas.1615613114
https://doi.org/10.1126/sciadv.1501244
https://doi.org/10.1073/pnas.1610586114
https://doi.org/10.1126/sciadv.1700488
https://doi.org/10.1038/ncomms10948
https://doi.org/10.1038/
nsmb.2971
https://doi.org/10.1038/
nsmb.2971
https://doi.org/10.1056/NEJMoa1312889
https://doi.org/10.1056/NEJMoa1304839
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

	Mathematical Modeling of 
Protein Misfolding Mechanisms 
in Neurological Diseases: 
A Historical Overview
	Introduction
	Prion Dynamics
	Prion Aggregation: One-Dimensional Models
	Prion Propagation: Spatial Spreading

	Prion-Like Dynamics in Neurological Diseases
	Nucleated Polymerization of Aβ
	Master Equations for Aggregation: 
A Modern Approach
	Coagulation Theory for Aggregation: 
A Road to Brain Imaging Modeling
	The Network Approach: Modeling 
Inter-regional Propagation
	Beyond MPs: An Integrative Modeling Approach

	Therapeutic Intervention Modeling
	Conclusion
	Author Contributions
	Acknowledgments
	Supplementary Material
	References


