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Abstract

The circadian rhythm, called Process C, regulates a wide range of biological processes in
humans including sleep, metabolism, body temperature, and hormone secretion. Light is
the dominant synchronizer of the circadian rhythm—it has been used to regulate the circa-
dian phase to cope with jet-lag, shift work, and sleep disorder. The homeostatic oscillation of
the sleep drive is called Process S. Process C and Process S together determine the sleep-
wake cycle in what is known as the two-process model. This paper addresses the regulation
of both Process C and Process S by scheduling light exposure and sleep based on numeri-
cal simulations of circadian rhythm and sleep mathematical models. This is a significant
step beyond the existing literature that only considers the entrainment of Process C. Regula-
tion of the two-process model poses several unique features and challenges: 1. Process S
is non-smooth, i.e., the homeostatic dynamics are different in the sleep and wake regimes;
2. Light only indirectly affects Process S through Process C; 3. Light does not affect Process
C during sleep. We consider two scenarios: optimizing light intensity as the control input
with spontaneous (i.e., unscheduled) sleep/wake times and jointly optimizing the light inten-
sity and the sleep/wake times, which allows limited delayed sleep and early waking as part
of the decision variables. We solve the time-optimal entrainment problem for the two-pro-
cess model for both scenarios using an extension of the gradient descent algorithm to non-
smooth systems. To illustrate the efficacy of our time-optimal entrainment strategies, we
consider two common use cases: transmeridian travelers and shift workers. For transmeri-
dian travelers, joint optimization of the two-process model avoids the unrealistic long wake
duration when only Process C is considered. The entrainment time also decreases when
both the light input and the sleep schedule are optimized compared to when only the light
input is optimized. For shift workers, we show that the entrainment time is significantly short-
ened by optimizing the night shift working light.
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1 Introduction

Sleep plays a significant role in our lives as it allows the body to recuperate and regenerate
cells. It is tied to neurobehavioral performance: sleep deprivation and disorder have been
empirically linked to degeneration of neurocognitive function [1, 2] and disruption of the cir-
cadian rhythm [3, 4]. The sleep-wake cycle is modeled with two separate processes: Process S
models the sleep drive generated by the accumulation of sleep-inducing substances in the
brain and Process C represents the sleep pressure generated by circadian rhythm [5, 6]. Process
S may be modeled by the exponential growth and decay of the sleep drive during the waking
and sleep periods [7], based on the similar pattern of the EEG power. Light (in the blue spec-
trum) is the dominant influence on Process C, though other factors such as exercise and meals
also play a role. Empirical nonlinear forced oscillator models have been proposed for Process
C based on the oscillation of circadian rhythm markers such as the core body temperature [8—
10]. Experimental results in [6, 11] have demonstrated that the spontaneous sleep/wake times
are jointly determined by Process S and Process C.

As light is the dominant synchronizer of the circadian rhythm, it has been used for regulat-
ing the circadian rhythm against issues such as jet-lag, shift work, and sleep disorder. Such a
problem may be posed as a minimum-time optimal control problem: finding the lighting
schedule to drive the circadian rhythm to a reference pattern in the shortest time possible, sub-
ject to the light intensity constraints. In [12], the problem is solved with a switching light input
(bang-off control) for the nonlinear oscillator model in [10]. The time points between the
light-on and light-off intervals are updated with a gradient descent algorithm. In [13], an opti-
mal light control strategy has been proposed for the Drosophila circadian phase alignment
using a reduced order phase dynamics model. Such formulation has been extended to phase
synchronization of complex oscillator networks [14]. In our earlier work [15], we have used
the Pontryagin Minimum Principle to efficiently compute the optimal light input for both the
nonlinear oscillator model and phase reduced model.

In this paper, we solve a larger problem beyond the current literature of light-based circa-
dian rhythm entrainment: how to entrain both Process C and Process S using the light input,
and possibly the sleep scheduling. We first consider the spontaneous sleep/wake case, with the
light intensity as the input. We then include the sleep/wake times as additional input variables.
The combined circadian rhythm and sleep entrainment problem poses several challenges: 1.
Process S is non-smooth, as the homeostatic dynamics depend on the sleep state; 2. Light
input only indirectly affects sleep, through circadian rhythm; 3. Light input is decoupled from
the system during the sleep phase. To address these challenges, we apply optimal control for a
hybrid dynamical system that contains two modes: sleep and wake. In [16], the problem is
solved using optimization of the mode-switching points. We apply variational calculus to eval-
uate the co-state discontinuity around the switching times and use the gradient descent algo-
rithm to determine the optimal light intensity. In [17], we report our initial results for the
spontaneous sleep/wake case. Here we include sleep scheduling as additional input variables.
As in our work on Process C regulation [15], several reduced order models are also considered
to understand the impact of model reduction on the optimal entrainment time. To reduce the
dependence on model parameters, we use the optimal control solution to train a feedback con-
troller that adjusts the light intensity and sleep schedule based on the states of Process C and
Process S. To our knowledge, our work is the first optimal control results involving the com-
bined Process C and Process S dynamics.

To illustrate the application of the optimal entrainment algorithms, we consider two com-
mon but challenging cases: jet-lag adjustment for travelers and recovery of shift workers. For
transmeridian travelers with only Process C considered, the optimal lighting requires excessive
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Table 1. Modeling framework.

waking time (longer than 20 hours in some cases) which leads to suppressed amplitude of the
circadian oscillation [12, 15]. When Process S is included in the optimization, such long wak-
ing times and amplitude suppression are avoided. The optimal Process C entrainment also
exhibits an east-west symmetry, i.e., the entrainment times are almost identical for the same
amount of delay (going west) or advance (going east) [12, 15]. This is no longer true with the
introduction of Process S. The optimal solution for the combined processes shows a preference
towards delay, i.e., longer entrainment times traveling eastward. This observation agrees previ-
ously reported results in [18], where the authors consider entrainment of Process C under
periodic light cycles, and in [19], where the authors consider the entrainment of a network of
the brain’s Suprachiasmatic Nuclei (SCN) also under periodic light cycles. Note that in both
forementioned papers, the authors do not consider optimal entrainment or the sleep-wake
process. Further, the addition of sleep scheduling significantly reduces the impact of jet-lag,
e.g., for the 12-hour shift case, the entrainment time is decreased by 27% by optimizing both
light and sleep schedule. For night shift workers, the optimal control solution shows that opti-
mization of light input and wearing goggles to block part of the blue spectrum during shift
work result in significantly lower entrainment time to return to the regular schedule.

2 Two-process modeling approach

Circadian rhythm regulation is performed under the dynamics of the circadian rhythm with
the sleep homeostatic process. These two processes together form a model of the sleep-wake
cycle, called the two-process model. The mathematical circadian rhythm model used in this
paper is the Jewett-Forger-Kronauer (JFK) model in [12], which is a 3rd-order nonlinear dif-
ferential equation and formulated based on the dynamics of the core body temperature. We
will also discuss a 2nd-order circadian rhythm model and a 1st-order phase-reduced model to
show the impacts of model reduction on the entrainment time and optimal solution. We
model the sleep homeostatic process and sleep-wake cycle using Achermann’s two-process
model [20]. Note that the circadian rhythm of the two-process model in [20] has no dynamics;
it is represented as a pre-determined skewed sine wave that ignores the lighting impact. There-
fore, this model has not been studied for light-based minimum-time entrainment. The JFK
model in [12] has been updated from previous models to fit the latest empirical data and
incorporate the lighting impacts on core body temperature. The minimum-time entrainment
problem of this model has been studied in [12, 15]. However, this model, as well as the corre-
sponding entrainment studies, ignores the sleep-wake cycle and sleep homeostatic process.
As shown in Table 1, we formulate a two-process model in this paper by combining the JFK
model with the homeostatic process and study the minimum-time entrainment based on this
model.

We note that there have been earlier work that provided more comprehensive models of
the sleep-wake dynamic, e.g., those that consider rapid eye movement (REM) and non-rapid
eye movement (NREM) sleep stages. Diniz Behn and Booth [21] proposed a two-time scale
model consisting of fast synaptic-based interactions between neuronal populations and slow

Model Sleep dynamics Updated circadian rhythm model Minimum-time entrainment
Two-process model [20] Yes No No
JFK model [12] No Yes Yes (in [12, 15])
Models by Booth et al [21-23] Yes (with NREM and REM) No No
Our two-process model Yes Yes Yes

https://doi.org/10.1371/journal.pone.0251478.t001
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homeostatic and circadian processes for the dynamics of REM sleep. Later, they used the same
mathematical tool (fast-slow decomposition) to analyze several physiologically-based mathe-
matical models of sleep-wake and sleep stage regulation [22]. In this paper, we primarily focus
on the daily dynamics of the sleep-wake process and the entrainment of these circadian and
sleep-wake rhythms. Therefore, we choose to use the two-process model for our study.

2.1 Mathematical models for Process C

2.1.1 Full (third-order) JFK circadian rhythm model. Based on the whole process
through which light stimuli work on the hypothalamus and affect the core body temperature
(CBT) [9], the JFK circadian rhythm model in [12] is separated into two parts: the first part is a
light processor that models the transduction process on the retina, which transfers light energy
into neuron stimulus. This part is called Process L and its dynamics are expressed as a 1st-
order ODE, given as Eq (1a)-(1¢):

% = 60(a(I)(1 — n) — yn), (1a)
D) =2, (Ii) (1b)
u = Go(I)(1—n), (1¢)

where the parameter values are set as ot = 0.05 h™, ¥ = 0.0075 h™", I, = 9500 lux, G = 33.75,

p = 0.5. The unit of time ¢ in this paper is hour (h). Light intensity is denoted by I in lux. The
variable u represents the circadian drive that works on the hypothalamus. The terms # and 1 -
n represent the fractions of retinal cells in used state and ready state, respectively. Used state
means the retinal cells have been stimulated by light and emitted action potentials, while ready
state means the retinal cells are ready to accept the light signal and generate a neuron stimulus.
The second part of the model simulates the whole process where the neuron stimulus works
on the hypothalamus and affects the running of the core body temperature, which is called
Process P in the JEK model. This part is expressed as the 2nd-order nonlinear differential equa-
tion:

dx 4, 256

T 1 .
o R i 1—0.4x)(1 — 2
o B [xc+ﬂ(3x+3x 105x> + (1 —0.4x)( kcxc)u} (2a)

dx, T 24 :
o —13 [(qxc —kx)(1 —0.4x)(1 — k.x,)u — <W29‘cx> x] . (2b)

Here x(t) is the state of core body temperature, x.(f) is a complementary state with a unit of
h™". The circadian drive u(t) is the input of the core body temperature oscillator, downstream
from Process L. The values of the parameters in this part are given as = 0.13h™", g = 1/3, 7, =
242h,k=055h"" k.=0.4h.

We should note that the JFK model was formulated to simulate the dynamics of core body
temperature under white light [8, 9]. Previous studies suggest that the melatonin secretion sup-
pression [24, 25], circadian gene expression [26], sleepiness, and alertness [27] demonstrate
spectral sensitivity to light, i.e., they are more sensitive to short-wavelength light. We represent
the circadian spectral sensitivity to light wavelength as R(A), where A is the light wavelength.

If experimental data about light spectral sensitivity of humans’ core body temperature are
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available in the future, we can formulate the term R(A) and incorporate it into the JFK model
by rewriting the Eq (1b) in Process L as

1P
o(l) = o, - [fR(/l) -I()v)d/i 7
I
where I(L) represents the spectral density of the light intensity. The experimental studies in
[28, 29] demonstrated that the melatonin, cortisol, circadian gene (per2 and Bmall mRNA),
and subjective alertness of subjects staying under the filtered fluorescent light (filtering short
wavelength spectrum less than 480 nm) are similar to those of subjects staying under darkness.
Therefore, R(A) =~ 0 for A > 480 nm.

In the subsequent subsections, we review two reduced-order versions of the full JFK model.
The purpose of including these models is to evaluate whether optimal entrainment strategies
that are computed for these models can be effectively used on the full-order model.

2.1.2 Second-order circadian rhythm model. We observe from the Process L model in
Eq (1a)-(1c) that when the light is off, I(t) = 0 and < 0, the used state transfers to the ready
state and n gradually converges to 0. When the light is on, the light input drives the ready state
to used state gradually. The dynamics of # reach an equilibrium if a(I)(1 — n) = yn, u(t) and
n(t) also reach steady states with values given as

o(I) _ vl
a(l) +y’ a(l) +7y°

(3)

n=

The dynamics of the state n in Process L have a fast time scale compared to that of the circa-
dian oscillation. We assume that Process L is always at its steady state, and the values of n and
u are given as (3) when the light is on. Fig 1 compares the circadian drives u(t) with and with-
out consideration of Process L. Note that u(t) reaches a peak value as a result of the transient
response of 7 in Process L when the light is turned on, then sharply drops to the steady state
value. After we ignore the transient response, the circadian drive is given as the red dash curve
in Fig 1. This model only contains two states [x, x.] T with dynamics given in Eq (2a) and (2b).
The circadian drive u(?) is treated as the input of the 2nd-order circadian rhythm model.

0.6 T : ;
—with Process-L

= without Process-L |

0.5

0.4 q

50.3

0.2 1

T
|

0.1

O 1 L 1
0 10 20 30 40

time (hours)

Fig 1. Circadian drive u with and without Process L.

https://doi.org/10.1371/journal.pone.0251478.g001
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2.1.3 First-order circadian phase reduced model. Phase response function is widely
used in the studies of circadian rhythms [30]. This function defines the effect of a light pulse
on a circadian rhythm and reduces a high-order model into a one-dimensional phase-based
model. In this paper, we define the circadian phase 6 based on Process P states as

arctan(%‘f), if x>0,
0 € [0,2n), (4)
arctan( 7"5) +x, if x <0,

X

>
[l>

where 0 is expressed in rad. The dynamics of the circadian phase are given as

DO o+ £(O)u(t), (5)

dt
where wy is the so-called free-running frequency, expressed in rad/h. The state and phase with-
out light input (u = 0) are called the free-running state and free-running phase, respectively.
The free-running period of the core body temperature oscillator is about 24.2 hours [9]. There-
fore, we set wg = 271/24.2 rad/h. The function f(0) is the phase response function or phase
response curve (PRC) of the circadian rhythm model. Four different methods for the measure-
ment of a phase response function were summarized in [31]. In this paper, the phase response
curve f(0) is estimated by applying a 30-min light pulse with intensity u = 0.1731 (correspond-
ing to I = 1000 lux) on the 2nd-order model in Section 2.1.2 and calculating the difference
between the circadian phase having been stimulated by the light pulse and the free-running
phase [15].

2.2 Mathematical model for Process S

The sleep homeostasis H(t) represents the accumulation of a substance that generates the sleep
drive. It works like an internal timer that describes the tendency to fall asleep if the subject is
awake and the tendency to wake up if the subject is asleep. The dynamics of H(t) during sleep
and wake cycles are modeled respectively as

aH { “H/n, ) =1,
dt (1 —H)/r, ) =0.

The variable 5(t) € {0, 1} indicates whether the subject is asleep (5(f) = 1) or awake (5(t) = 0) at
time t. Eq (6) implies H(t) — 0 as t — oo when =1 and H(t)—1 as t — oo when f = 0. The
parameters 7, = 18.2 h and 7, = 4.2 h define the time scales of these dynamics, which are esti-
mated based on experimental data from a study with 8 healthy human subjects [32]. These
parameters are within the standard deviation of the parameters reported in a more recent
study in [33].

(6)

2.3 Two-process model

Sleepiness, denoted as B(t), quantitatively represents a subject’s tendency to fall asleep. It is
affected by both the sleep homeostasis and the circadian state. The work in [34] defined the
value of sleepiness by the JFK circadian rhythm model in Section 2.1.1 and sleep homeostasis
as

B=H-—Ax, (7)

and showed that the values of sleepiness predicted by the model were similar to the empirical
data, where A, = 0.1333. If Process C is represented by the 2nd-order model in Section 2.1.2,
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the sleepiness value is still defined by Eq (7). When we use the phase reduced model in Section
2.1.3 to represent Process C, based on the approximation that the periodic orbit of the JFK
model is very close to a unit circle [15], we have

x = cos ().

The sleepiness value of the circadian phase-sleep two-process model is given as
B=H—A_cos(0). (8)

This model can be further generalized by replacing A cos(6) with other 27-periodic functions
of 8 [34]. Based on the model presented in [20], if a subject follows the spontaneous sleep
schedule, the sleep state 5(t) is completely determined by the value of B and the sleep state in
the previous time. When B is equal to an upper threshold of H,, = 0.67, the subject feels tired
enough to sleep. The subject wakes up spontaneously when B reaches a lower threshold of L,,,
=0.17. The spontaneous wake time Tk, and sleep time Ty, are defined as

{ Toue =1{t | Bt) =L, =0.17},

Tsleep = {t | B(t) = Hm = 067}

The discrete dynamics of the sleep state based on sleepiness are demonstrated in Fig 2 and
explicitly expressed as

1, t € Tyeep:
pt) =F0p(t7)) =4 0, te T ©)
p(t), else,

where A(t7) = lim, ., (1), t represents the time just before t and y represents all continuous

awake asleep awake asleep

t (hours)

Fig 2. Illustrations of sleep state (gray region) and sleepiness (blue curve) under the spontaneous sleep schedule in
Eq (9). The subject wakes up spontaneously when B = L,, (red nodes) and falls asleep spontaneously when B = H,,
(green nodes).

https://doi.org/10.1371/journal.pone.0251478.g002
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Table 2. Two-process models.

Model name Model formulation Description
S+C3 Egs (1-2b), (6, 7), (10) Full-order JFK model with Process S
S+C2 Eqgs (2a, 2b), (3), (6, 7), (10) 2nd-order circadian rhythm model with Process S
S+C1 Eqgs (3), (5, 6), (8), (10) 1st-order phase-reduced model with Process S

https://doi.org/10.1371/journal.pone.0251478.t1002

states in the two-process model. To incorporate the coupling impact of sleep state on the light
and circadian rhythm, we replace the light-dependent term in Eq (1b) with

NN LY.

(10)
This equation implies that when 3(t) = 1, we have a(I) = 0 and u(t) = 0. Thus, light has no
impact on the Process L and the whole Process C when the subject is asleep.

In the following sections of this paper, the three two-process models are called S+C3 model,
S§+C2 model, and S+C1 model, respectively, with details listed in Table 2.

3 Entrainment strategies and problem formulation

When a periodic light input is used on the two-process model with the spontaneous sleep
schedule, the two-process state converges to a stable trajectory with the same period. This phe-
nomenon is called entrainment. Phase misalignment happens when the circadian and sleep
rhythms of a subject deviate from the entrained rhythms corresponding to the ambient light-
dark cycle, for example, in the case of jet-lag. In this paper, we look at three different re-
entrainment strategies: open-loop entrainment with spontaneous sleep, minimum-time
entrainment with spontaneous sleep, and minimum-time entrainment with controllable sleep.

3.1 Open-loop entrainment with spontaneous sleep schedule

As mentioned in Section 2.3, we denote the continuous state in the two-process model as y.
For the $+C3 model, the state is expressed as y = [n, x, x, H]". Specifically, we consider a
24-hour periodic light input as:

1000 lux, mod(t,24) € [0, 16),
Iref(t) =

(11)
0, mod(t,24) € [16,24),

which approximates the natural light-dark cycle on earth. The sunrise time ¢ = 0 corresponds
to 6 am and daily light is present between 6 am and 10 pm. Note that the natural light-dark
duty cycle constantly changes depending on the latitude. We use the light pattern in Eq (11) as
a simple approximation of the daily light pattern. The optimization methodology that we pres-
ent in this paper does not depend on the particular reference light pattern. In terms of Eqs (1¢)
and (3), when I = 1000 lux, the corresponding steady value of u is 0.1731. For S+C2 and S+Cl1
models, the corresponding 24-hour periodic light input is represented as

0.1731, mod(t,24) € [0,16),
uref(t) =

(12)
0, mod(t,24) € [16,24).

The stable periodic solution of Eqs (1-2b), (6) with the spontaneous sleep schedule in Eq (9)
and the periodic light input in Eq (11) is the entrained state for the S+C3 model, represented
as Yrer(t) = [nrep(t), Xrep(D), Xrer(), Hrep(t)]”. The entrained state Yggr represents the
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circadian rhythm synchronized with the periodic light input in Eq (11). The corresponding
periodic sleep state is represented as Srgr(t). In this paper, the reference circadian rhythm that
the entraining subject wants to reach is defined as

[nref(t)’ xref(t)7xcref(t)7 Href(t)}T = YREF(t + Ainit)? (13)

>

Vet (1)

where A;,;; represents the difference between the reference time at the beginning of entrain-
ment (f, = 0) and 6 am.

The existence of a periodic solution for the two-process model has been previously studied,
e.g., in [35], where the authors presented a one dimensional function that maps the timing of
sleep onset on one day to the timing of sleep onset on the following day. The fixed points of
such function represent periodic solutions. In [23], the authors constructed a similar map for a
more detailed sleep-wake regulation model that includes REM and NREM sleep stages.

One straightforward approach for entrainment is applying the spontaneous sleep schedule
and reference light-dark cycle on the entraining subject directly, where the reference light-
dark cycle is expressed as

I(t) = Iref<t + Ainit)'

As the light input is just a function of time, we call this entrainment the open-loop entrainment.
The entrainment process is finished once some terminal conditions

o (), 1) <0 (14)

are satisfied. The mathematical forms of ¢Ay(%)), t) <0 for each model are given in Table 3,
where the final tolerance tol is a small positive scalar, t;is the final entrainment time, and |||,
represents the Euclidean norm. The state # is ignored in the terminal condition of the S+C3
model as it has a very fast time scale. The value of tol used in this paper will be discussed in S1
Appendix in details. The entrainment time of the open-loop entrainment is treated as a base-
line for comparison.

3.2 Minimum-time entrainment with spontaneous sleep schedule

In this case, the subject still falls asleep and wakes up spontaneously during the entrainment
process. We want to find the optimal light input I* (¢) € [0, I,,ax] £ €y to drive y(f) to reach the
terminal condition of entrainment in minimum time, where I,,,,« is the maximum light inten-
sity we can use during the entrainment process and Q; represents the feasible set of the light
input. Given the initial condition y(0) = y,, the state equation

y=Fy,LB), (15)
the sleep dynamics in Eq (9), and the reference state in (13), the minimum-time entrainment

Table 3. Entrainment formulation for two-process models.

Model Continuous state y State equation Terminal condition @y(ty), t) <0
5+C3 [, %, %0 HI” Bgs (120, (6) | [[lxx, H) — [yt o [ — tol 0
S+C2 [x.x.. H]' Egs (22, 2b), (6) 1%, % H]" = oy Xty Heg] [l3 — to] <0

s+Cl (6. 1" Egs (5, 6) 1[0, H]" = [0,r, H) 113 = tol < 0
https://doi.org/10.1371/journal.pone.0251478.t1003
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problem with spontaneous sleep is expressed in the following form:

minimize t,

subject to the light constraint I(¢) € [0, ],

7 “max.

and the terminal condition (pf(y(tf), tf) =0,

where I(¢) is the optimization variable, the state y, state Eq (15), and terminal conditions of
the three two-process models are listed explicitly in Table 3. We denote the minimizing I(#) as
I*(t). (A detailed solution algorithm of the minimum-time entrainment problem with sponta-
neous sleep schedule is provided in the supplemental S1 Appendix).

3.3 Minimum-time entrainment with controllable sleep schedule

Here we consider an alternative case. The subject could be woken up by an alarm clock or
other means before waking up spontaneously, and when the subject begins to feel sleepy, he
may remain awake. Thus, the value of B(t) at sleep and wake times could be higher than the
thresholds H,, and L,,. The dynamics of the sleep state are then given as

L 1€ {Thy - Ty},
By =F,0,B(t)) =9 0, te{l,,. .. Tol} (16)

pt), else,

and T

wake

where T"

sleep
Mgare total times of falling asleep and waking up during entrainment. Although the sleep
schedule is controllable, we assume that it still should follow some constraints during
entrainment: the entraining subject can only fall asleep when the value of sleepiness is high
enough, i.e., B(T'

sleep

The values of B(T!

sleep )

represent the i-th sleep time and j-th wake time. The parameters Nyand

) > 0.67, and cannot remain sleeping if the sleepiness is less than 0.17.
and B(T’

wake

) should also not be too high. Higher B(T},,,,) means the

subject falls asleep later and higher B(T’,,.) means the subject wakes up earlier, both of
and B(T/

wake

which could lead to sleep deprivation. Thus, the constraints for B(T'

sleep ) ) are

given as

0.67 < B(T},) < Bypyr 0.17 < B(T},

' vake) < Baaes (17)
shown as Fig 3. In this case, we assume that the subject should remain awake for no longer
than 18 hours every day. Hereafter, the upper bound for sleepiness at the sleep time is cho-
sen as By, = 0.77, which is close to the value of sleepiness when the subject has stayed
awake for about 2 hours after B = 0.67. The upper bound for sleepiness at the wake time is
set as By, = 0.27, which corresponds to the sleepiness about 2 hours before B =0.17.

For this entrainment strategy, we want to find not only the light input but also the sleep
schedule to entrain the circadian rhythm in minimum time. Given the initial condition

(0) = v, the state equation in Eq (15), sleep dynamics in Eq (16), and reference state in Eq
(13), the minimum-time entrainment problem with controllable sleep schedule is written as

PLOS ONE | https://doi.org/10.1371/journal.pone.0251478  June 8, 2021 10/28


https://doi.org/10.1371/journal.pone.0251478

PLOS ONE Optimization of light exposure and sleep schedule for circadian rhythm entrainment

awake asleep awake asleep
A A

2max

B(t)

1max

t (hours)

Fig 3. Illustrations of sleep state (gray region) and sleepiness (blue curve) under the controllable sleep schedule in
(16) and (17). The two horizon pale red bars demonstrate the range of sleepiness that the subject could fall asleep and
wake up.

https://doi.org/10.1371/journal.pone.0251478.9003

follows:
minimize t,

subject to the light constraint I(¢) € [0,1 ],

7 “max

the sleep time constraint 0.67 < B(T},,,) < 0.77,Vi€ {1,....,N,},

sleep

the wake time constraint 0.17 < B(T’

wake

) <027,V e{l,..., M},
and the terminal condition ¢,(y(t;),;) =0,

where I(t), T} T T . T

sleep? * * * 7 “sleep? © wake? » * wake

are the optimization variables. We denote the

ST T T (A detailed

sleep? * wake? * * wake*

corresponding optimizing solutions as I (), Ty, - -

solution algorithm of the minimum-time entrainment problem with controllable sleep
schedule is provided in the supplemental S1 Appendix).

4 Application scenarios of circadian rhythm entrainment
optimization

To demonstrate the application of our solution strategies (in S1 Appendix) in circadian
rhythm entrainment optimization, we solve several entrainment cases of transmeridian travel-
ers and shift workers in this section.

4.1 Entrainment of transmeridian travelers

In the case of transmeridian travelers, the reference state that travelers want to reach is given
as Yrer(t) = Yrep(f + Ajnie) with Ay = 1, which means the entrainment process begins at 7 am at
the destination. The initial state of travelers is set as ¥(0) = yref(Asnirt), where Agyiq € [0, 24] rep-
resents the time shift between home and the destination (home in advance/westward travel).
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Fig 4. Entrainment time comparison of different entrainment strategies with I,,,x = 10000 lux (left), I, = 1000
lux (right) and different time shifts Ag,;¢. The black curve shows the open-loop entrainment time with spontaneous
sleep; the blue curve shows the minimum entrainment time with spontaneous sleep; the red curve shows the minimum
entrainment time with controllable sleep; the green dash line shows the minimum entrainment time of circadian
rhythm without Process S and sleep, solved by the method in [15].

https://doi.org/10.1371/journal.pone.0251478.9004

4.1.1 Minimum-time entrainment with spontaneous and controllable sleep schedule.

In this section, we evaluate the cases with Ay € {1, 2, . . ., 23} for the S+C3 model. The three
entrainment strategies mentioned in Sections 3.1, 3.2 and 3.3 are simulated and the solution
algorithms in S1 Appendix are performed to calculate the optimal light for minimum-time
entrainment with spontaneous sleep and optimal light and sleep for minimum-time entrain-
ment with controllable sleep. Fig 4 shows the entrainment time by these three entrainment
strategies for different time shifts and maximum light intensities. Compared with the open-
loop entrainment strategy (black curves), the entrainment time is decreased significantly by
optimizing the light input without changing the spontaneous sleep schedule (blue curves), e.g.,
in Iy, = 10000 lux entrainment cases, the entrainment time is shortened by 30-450 hours.
The entrainment time is further decreased by optimizing both light and sleep schedule (red
curves), especially in cases with 8-18 hours time shift where the entrainment time is further
decreased by about 50 hours. For cases with I,,,,, = 1000 lux, the entrainment process is also
significantly shortened by optimizing both light and sleep schedule, e.g., the entrainment time
is reduced from 279 hours (in the minimum-time entrainment with spontaneous sleep) to 140
hours in the case of 16 hours shift.

Fig 5 compares the sleepiness of some minimum-time entrainment cases with spontaneous
sleep and optimal (controllable) sleep schedules. The maximum time costs in the minimum-
time entrainment with controllable sleep with I;,,, = 10000 lux and I,,,., = 1000 lux both occur
at about 14-15 hours shift. In 8 and 12 hours shift cases with the optimal sleep schedule, the
entraining subject wakes up spontaneously (B = 0.17) but remains awake until B = 0.77; while
in 16 hours shift cases with either I,,,,, = 10000 lux and I,;,,, = 1000 lux, the subject falls asleep
spontaneously but wakes up earlier (when B = 0.27) than normal. These results imply that dur-
ing the minimum-time entrainment process, the circadian rhythm and sleep schedule are
delayed by delaying the sleep times but keeping the spontaneous wake times, while advanced
by advancing the wake times but keeping the spontaneous sleep times. These phenomena are
explained by the phase response curve and reference sleep state shown in Fig 6: In the periodic
spontaneous sleep-wake cycle, the daily wake period starts from 7:30 am to 11:10 pm. The
phase response value is positive in the time region between 7:30 am and 5 pm, and negative
between 5 pm and 11:10 pm. The subject tends to fall asleep in the phase-delay region and
wake up in the phase-advance part. Fig 6 also shows the scheduled sleep periods by delaying
the sleep time (left) and advancing the wake time (right), respectively. Delaying the sleep time
increases the phase-delay region and decreases the phase-advance region in the wake period
while advancing the wake time results in a larger phase-advance region in the wake period
compared with the spontaneous wake period. Therefore, using optimized sleep/wake times
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Fig 5. Sleepiness comparison of the minimum-time entrainment with spontaneous sleep (blue curves) and with
optimal (controllable) sleep (black curves). In this figure, we only plot the sleepiness value during the entrainment
process (i.e., before reaching the terminal condition in Eq (14)). The black curves terminate earlier than the blue
curves, emphasizing that the entrainment times with optimal sleep are shorter than those with spontaneous sleep.

https://doi.org/10.1371/journal.pone.0251478.g005

with optimal light input accelerates the entrainment processes and takes shorter entrainment
time than only using optimal light input with the spontaneous sleep schedule.

4.1.2 Comparison with minimum-time entrainment results without Process S and
sleep-wake cycle. The periodic circadian state [x,ef(f), Xref(t)] Of the S+C3 model is plotted in
the upper panel in Fig 7. During the interval between 6 am and 7:30 am, the subject is sleeping

e 8 pontancous WP scneduoa=PRC

H 015 spontaneous WSscnoauea —PRC
0 \___\ ,

6.am 12 pm 6 pm 12am 6am 6am 12 pm 6 pm 12am 6am

Fig6. (Left) Scheduled sleep with By, = 0.77, Byaie = 0.17. (Right) Scheduled sleep with By, = 0.67, Byyake = 0.27.
The red region represents that the reference light is present between 6 am and 10 pm, the gray region in each figure
shows the spontaneous sleep period, the blue line shows the value of phase response curve. The black region in the left
panel shows the scheduled sleep period that the subject wakes up when B = 0.17 and falls asleep when B = 0.77; the
black region in the right panel shows the sleep period that the subject wakes up when B = 0.27 and falls asleep when
B=0.67.

https://doi.org/10.1371/journal.pone.0251478.g006
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Fig 7. The periodic circadian state of the JFK model with (upper) and without (lower) Process S and sleep-wake
cycle. The red region in the upper panel shows the reference daily light is present between 6 am and 10 pm, the black
region in the upper panel indicates the reference sleep period is from about 11:10 pm to 7:30 am. The red region in the
lower panel shows the actual daily light that the reference subject receives is from 7:30 am to 10 pm.

https://doi.org/10.1371/journal.pone.0251478.9007

but the light is present. Therefore, the actual light-dark cycle that the reference subject receives
is 14.5-9.5-hour. The periodic solution of the full-order JEK model under the 14.5-9.5-hour
light-dark cycle without Process S and sleep-wake cycle is plotted in the lower panel in Fig 7,
which is equal to the reference value [X;ef(t), Xcef(t)]. The minimum-time entrainment prob-
lem on the JFK model (Process C) without Process S and sleep has been discussed in [12, 15].
We treat the periodic solution in the lower panel in Fig 7 as the reference trajectory and calcu-
late the optimal light input for the minimum-time entrainment of JFK circadian rhythm
model by the method in [15]. The minimum entrainment time is plotted as the green dashed
lines in Fig 4, where the maximum entrainment time in minimum-time entrainment cases
occurs at around 12-hour shift. However, the maximum entrainment time of the S+C3 model
in minimum-time entrainment cases occurs around 14-16 hours shift, shown on the blue and
red curves in Fig 4. These results imply that after taking Process S and the sleep-wake cycle
into account, the minimum-time circadian rhythm entrainment becomes asymmetrical, in
which recovery from traveling eastward tends to be more time-consuming than from traveling
westward.

Denote the optimal light in the case of only entraining Process C as I\;(¢). We apply I:;(¢) on
the S+C3 model by I(¢) = I.(t). To guarantee that the subject receives all light input during
the entrainment process, the sleep schedule is tuned to fit the optimal light schedule as follows:

0, I (#) > 0 or B(t) <0.17,
B(t) = 1,  I:(t) =0 and B(t) > 0.67, (18)
Bt ), else.

The left subfigures (a), (c), (¢) and (g) in Fig 8 show four entrainment cases with I(¢) =
I7(t) and the tuned sleep schedule in (18) for 8, 12, 16 hours shift with I,,,, = 10000 lux and 12
hours shift with I;,,, = 1000 lux. The amplitudes of the core body temperature oscillators are
all quenched in these cases. This phenomenon is called the minimum path shifting in [12],
which is more likely to happen in entrainment using bright light. The maximum value of sleep-
iness during the wake periods reaches up to 0.81 in these cases, and the wake periods are
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Fig 8. Minimum-time entrainment cases with the tuned sleep schedule in Eq (18) (left column) and controllable
sleep schedule (right column). The upper panel of every sub-figure shows the reference states (blue curves),
entraining states (black curves) as well as the light input. Note that the optimal lights from the gradient descent process
in this paper are all bang-off controls, i.e., I (f) = 0 or L, In the following figures, we represent the light-on region in
the form of a vertical pale red bar. The lower panel of every sub-figure demonstrates the sleep period (black region)
and sleepiness (blue curves) during entrainment. The green dashed lines in left subfigures indicate the entrainment
time.

https://doi.org/10.1371/journal.pone.0251478.9g008

longer than 20 hours in some days during entrainment. For several days, the subject only
sleeps for 4-5 hours. Short sleep durations, especially those less than 6 hours, have been associ-
ated with several health problems [36]. Even though the total entrainment time could be
shorter, the optimal light of the JFK circadian rhythm model without consideration of Process
S and the sleep-wake cycle is impractical for the entraining subject. The sleep constraints in
(17) should be taken into account in entrainment solution strategies. We perform the solution
algorithm in S1 Appendix for the S+C3 model and solve the optimal light and sleep schedule
for the minimum-time entrainment of these cases, shown in right subfigures (b), (d), (f) and
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Fig 9. Periodic circadian and sleep homeostasis states in three models. The blue lines of x3,4, X34 Hard> O3ra
represent the periodic circadian and sleep homeostasis states of the S+C3 model, the red lines of X4, Xcand> Hznd> 02na
represent those of the S+C2 model, the black lines of 6 and H; represent the periodic circadian phase and sleep
homeostasis of the S+C1 model.

https://doi.org/10.1371/journal.pone.0251478.g009

(h) in Fig 8. The entrainment time of the four cases in Fig 8 increases from 80.44, 94.22, 80.06,
and 138.40 hours to 91.03, 137.20, 102.50, and 176.00 hours, respectively, i.e., the entrainment
time of these four cases increases by about half to two days with Process S and sleep/wake time
constraints. However, daily sleep intervals are guaranteed to be about 6-8 hours, the optimal
sleep schedule also avoids excessive sleepiness (no larger than 0.77) during entrainment. Mini-
mum-time entrainment results with controllable sleep also show that the amplitude of the cir-
cadian oscillator is no longer quenched in the minimum-time entrainment even under a
bright light of 10000 lux. Under this schedule, the core body temperature runs in the periodic
reference limit cycle without amplitude quenching.

4.1.3 Model simplification. The light inputs of S+C2 model and S+C1 model are given by
u € [0, Upay], where 1y, = 0.2208 and 0.1731 correspond to I, = 10000 and 1000 lux based
on Eq (3). The periodic solutions of all three two-process models under the 16-8-hour light-
dark cycle in (11) or (12) are plotted in Fig 9, which shows that these periodic solutions are
close to each other.

The minimum-time entrainment problem of the two simplified two-process models are
studied, and the optimal light input and sleep schedule of these two models are represented as
Und(1), Bond(t), U1st(t), Brsi(t), respectively. We adapt and apply these optimal solutions to the
S+C3 model as follows

0, pB,(t)=0and B(t) <0.27,
1, B.(t)=1and B(t) > 0.67,
1(t) :I“mzi”l(t) BBy =14 o, B(t) < 0.17, (19a)
- 1, B(1) > 0.77,
B(t), else.
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0,  Poa(t) =0 and B(t) <0.27,

1,  P,q(t) =1 and B(t) > 0.67,

0 :Imz#(t) B =1 o B(t) < 0.17, (19b)
1, B(t) > 0.77,
p(t), else.

As u;(t) and u,,4(t) are all bang-off controls, i.e., u1(f) € {0, Umax} and Uzna(t) € {0, Umax)
the lights in Eqs (19a) or (19b) are also bang-oft with I(f) € {0, I,,.x}. If y(f) does not converge
to Yref(t) by strategies in (19a) and (19b), we use Lt + Ainir) and the spontaneous sleep as the
supplement strategy after the final time of u;4(f) and u,,4(¢). Fig 10 shows the entrainment
time when applying the optimal light and sleep schedule of the S+C2 model or S+C1 model on
the S+C3 model, in which the red lines represent the minimum entrainment time of the S+C3
model with the optimal light and sleep schedule, the blue and black lines show the entrainment
time by the light and sleep schedule in (19a) and (19b). The entrainment time of (19b) is closer
to the optimal entrainment time of the S+C3 model than the entrainment time of (19a) is, in
most cases. It is obvious that compared with the 2nd-order circadian rhythm model, which
only ignores Process L, the 1st-order circadian phase model in Section 2.1.3 is reduced further
and results in a larger difference at the final optimal solution and entrainment time. The large
difference between the entrainment time using w4/ O Uzna/Pana and the optimal entrain-
ment time in some cases is also attributed to the long entrainment time using the reference
light and spontaneous sleep schedule after the final time of u;/f1s and u,4/fong. Further, the
optimal light and sleep schedule are used on the S+C3 model in an open-loop form. To fix the
error brought by model simplification, we introduce the feedback entrainment controller in
the next section.

4.1.4 Feedback implementation for minimum-time entrainment. Even though the opti-
mal solution from the S+C1 model does not work well on the full S+C3 model in an open-loop
form, we still observe that during the minimum-time entrainment process with the optimal
sleep schedule, the amplitude of the circadian state is not quenched too much even under a
bright light of 10,000 lux, as shown in Fig 8. This suggests the possibility of representing the
oscillatory variables (x, x.) as only a phase variable 6, and designing the optimal light and sleep
schedule only by using the circadian phase and H(¢) [37]. The circadian phase is defined based

on x and x, as in Eq (4). The periodic reference state [xef(t), Xcref(f), Hre(t), H,.()]" is also

)
a
S

T 350
eentrainment by u,_and 5, eentrainment by u,_ and 5, |

[
=3
=3

eentrainment by Yyg and :?Zm <300 eentrainment by Upg and Byng

®optimal entrainment “®optimal entrainment
1250

NN
S a
S S

<200

a
S

1150

=)
=]

1100

entrainment time (hours)

o
=]

1 50

o
o

5 10 15 20 5 10 15 20
time shift (hours) time shift (hours)

Fig 10. Entrainment time by applying the optimal light and sleep schedule of the simplified models on the full
model with I,,, = 10000 lux (left) and I,,,,, = 1000 lux (right).

https://doi.org/10.1371/journal.pone.0251478.g010
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simplified as a reference phase, defined as

Xref
A
Href = 0
arctan(ﬂ) +n, if x, <O,

Xref

arctan(M), if x,; >0,
€ [0, 2x). (20)

ref

The feedback entrainment controller is defined in the form of (21), where the functions @,
and Oy, represent the feedback entrainment strategy during wake and sleep periods. The
inputs of the feedback controller are entraining and reference phase, H(t) and current sleep
state. The state n(f) is ignored in the feedback implementation as Process L is a transient pro-
cess and has very small effects on the entrainment strategy. The function @, outputs light
I(t) and sleep schedule I'yjccp,, which represents how much time the subject has before he
should fall asleep; the function ®ge., only outputs a wake-up schedule I'y e, i.e., how many
hours the subject has before he should wake up.

(1), Tgeep ()] = @i (0(2), H(2), 0 (t)) when f(t)
[T sare ()] = o (0(2), H(2), 0,(t)) when f(t) =

0,
L (21)

The procedure of formulating this feedback entrainment controller is listed as follows:

Step 1: For each value of I,,,, define Aji = 1, Aguig = {1, 2, . . ., 23}. Calculate the optimal
light and sleep for minimum-time entrainment, and generate 23 sets of optimal trajectory
[07(8), H (£), 0 (£), T (£), T ey () /T (D)5

Step 2: Sample these optimal trajectories with a sampling time At = 0.01h and generate
training data points. The training dataset is separated into two parts: the wake dataset [6, H,
Brep I Tgteeplwake contains all data points with = 0 and the sleep dataset [0, H, Orcp I'vakelsieep
corresponds to all data points with = 1;

Step 3: Perform a nearest neighbor algorithm to formulate the functions @y and ®geep,
by [0, H, O;ep I, Tgieeplwake and [0, H, Orer, Tiyvakelsieeps T€Spectively.

To evaluate the performance of the feedback entrainment controller calculated by the pro-
cess above, we simulate some new entrainment cases as the cross-validation set:

Case a: A traveler flies from one place to another with a time shift Ay, valued in {1h, 2h,
...» 23h}. The initial entrainment time #, = 0 corresponds to 10 am local time at home, i.e., y(0)
= Yrgr(4). The initial state of the traveler is given as x(0) = 0.0815, x.(0) = 1.0459, H(0) =
0.1984, n(0) = 0.6631 and y,(t) = Yrep(t + Ainie) With Ajpie = 4 — Ashiss

Case b: A traveler flies from one place to another with a time shift Ag,; valued in {1h, 2h,
..., 23h}. The initial entrainment time f, = 0 corresponds to 10 pm local time at home, i.e., y
(0) = Yrgr(16). The initial state of the traveler is given as x(0) = —0.0479, x.(0) = —1.3003, H(0)
= 0.5854, 7(0) = 0.6838 and yyef(f) = Yrpr(t + Ainid) With Ajnie = 16 — Agnige.

The training cases in Step 1 fix the initial reference states y(0) = Yrgr(1) but change the ini-
tial entraining state y(0) = Yrgr(1 + Agnire) by choosing different Agyg, i.e., the training cases
simulate the entrainment processes that the travelers fly from different time zones to the same
destination. The cross-validation set Case a and Case b, with fixed initial states of the traveler
(y(0) = Yrgr(4) in Case a and y(0) = Yrgr(16) in Case b) for different time shifts, simulate the
entrainment processes that the traveler flies from home to different destinations. The feedback
entrainment time plotted as the blue curves in Fig 11 is very close to the optimal (minimum)
entrainment time (red curves) in most cases. This indicates the feedback light input and sleep
schedule in (21) are similar to the optimal light and sleep in the minimum-time entrainment
of these cases. The feedback entrainment controller generated from the procedure we propose
above functions robustly on entrainment cases with various initial conditions.
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Fig 11. Comparison of the minimum-time (red) and feedback entrainment (blue) time on the cross-validation
entrainment cases. We can observe that, in most cases, the feedback entrainment time is close or equal to the
minimum entrainment time.

https://doi.org/10.1371/journal.pone.0251478.9011

4.2 Entrainment of shift workers

Here we consider the entrainment problem of shift workers based on the S+C3 model. The
experiments in [28, 29] asked the shift workers to stay awake between 8 pm and 8 am in one
night under a constant artificial light with intensity Iq. In Section 4.2.1, the entrainment pro-
cesses of shift workers in [28] are simulated under three values of I;5: 0 lux, 100 lux (working
under a dim light) and 1000 lux (working under a bright light with the same intensity as the
reference daylight). Note that 0 lux light exposure can be achieved, practically, by wearing a
pair of circadian-light blocking goggles to filter all light with wavelengths less than 480 nm
that could suppress the melatonin secretion. The open-loop entrainment and minimum-time
entrainment with the controllable sleep schedule (after night shifts) of shift workers are studied
and discussed. In Section 4.2.2, we assume the light input during the night shift is also control-
lable. The optimal light input during and after the night shift and the sleep schedule after the
night shift are calculated for minimum-time entrainment of the shift workers.

4.2.1 Entrainment of shift workers with constant light during night shift. In this
entrainment case, we set t = —12 to correspond to the beginning of the night shift (8 pm), the
initial time of entrainment ¢ = ¢, = 0 corresponds to the end of the night shift (8 am), as dem-
onstrated in Fig 12. The reference state we want the shift worker to reach is given as y,(t) =
Yrer(f + 2). Note that the expression ¢ + 2 here corresponds to the fact that the entrainment
begins at 8 am. The circadian state at the beginning of night shift is given as y(-12) = y,.(-12)
and the light input and sleep state during the night shift are expressed as

I(t) = L, B(t) =0, Vi€ [-12,0).

The open-loop entrainment strategy in Section 3.1 is applied to the shift worker by taking
the reference light I(f) = I.(t + 2) and spontaneous sleep schedule directly. The open-loop
entrainment processes with I;¢ = 0, 100, 1000 lux are plotted in Fig 13. Working with goggles
during the night shift results in the shortest entrainment time among these three night shift
lighting conditions. Experimental results in [28, 29] demonstrated that compared with the

PLOS ONE | https://doi.org/10.1371/journal.pone.0251478  June 8, 2021 19/28


https://doi.org/10.1371/journal.pone.0251478.g011
https://doi.org/10.1371/journal.pone.0251478

PLOS ONE

Optimization of light exposure and sleep schedule for circadian rhythm entrainment

I(O=I i, f(1)=0, 1<0 Entrainment light and sleep (1), (1), 0

|
Dl ref
l:'ﬂref
s

I 1 i 1 1 L L

8 pm 12 am 4 am 8am 12 pm 4 pm 8 pm 12 am

1,=0

Fig 12. Illustrations of the entrainment process of shift workers under constant light during the night shift from 8
pm to 8 am. The entrainment process starts at the end of the night shift, i.e., fy = 0 corresponds to 8 am. The red region
represents the time when the light is on for the shift worker, the light red region represents the time when the reference
daylight is present, the black region shows the sleep period of shift workers and the gray region shows the sleep period
of the reference subject.

https://doi.org/10.1371/journal.pone.0251478.9012

night shift in complete darkness or wearing the circadian-light blocking goggles, the night
shift in bright light with 1000 lux suppressed the melatonin production and disturbed circa-
dian rhythm more. The simulation results in this part indicate that using the goggles during
the night shift shortens the entrainment time following the night shift. Note that even if the
shift worker’s Process C maintains synchrony with that of the reference at the end of the shift,
his Process S will lose synchronization due to sleep deprivation. A recent work by Piltz et al
[38, 39] showed that recovery from sleep deprivation under a spontaneous schedule can take a
long time.

The light input and sleep schedule after the night shift are optimized and the results of
minimum-time entrainment with controllable sleep and various Iy, and I, are plotted in
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Fig 13. Open-loop entrainment with different night shift light intensity I ;. The solid curves show the time
courses of the entraining state of night shift workers, and the dashed curves show the time courses of the reference
state. The open-loop entrainment time is 3.46 hours for Iy, = 0 lux, 6.29 hours for I = 100 lux and 18.32 hours for
Iinige = 1000 lux. The blue dot line shows the phase response curve (PRC) of the entraining state.

https://doi.org/10.1371/journal.pone.0251478.9013
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Fig 14. Minimum-time optimal entrainment with controllable sleep schedule and different night shift light
intensity Lie, with maximum entrainment light intensity I,,,,, = 1000 lux (left) or I,,,,, = 10000 lux (right). The
minimum entrainment time of these cases is given as 3.46 hours for I, = 0 lux and I, = 1000 lux, 5.80 hours for
Linige = 100 lux and I, = 1000 lux, 17.62 hours for Iz = 1000 lux and I,,,,, = 1000 lux, 3.46 hours for I,z = 0 lux and
Tnax = 10000 lux, 4.80 hours for I = 100 lux and I,,,,, = 10000 lux and 6.96 hours for Ig,;q = 1000 lux and I, =
10000 lux, respectively.

https://doi.org/10.1371/journal.pone.0251478.9014

Fig 14. These results demonstrate that wearing the goggles during the night shift still results in
shorter entrainment time compared with the other two lighting conditions. Compared with
open-loop entrainment results in Fig 13, the entrainment time is decreased by optimizing the
light input and sleep schedule after night shifts in several cases, e.g., in the case with I,z =
1000 lux and I,,,,, = 10000 lux, the entrainment time is decreased from 18.32 hours to 6.96
hours. In the entrainment case with I = 0 lux, as the entrainment is finished during the first
sleep period following the night shift, the light and sleep schedule cannot be further optimized.
We also study the impact of the shift schedule on the results. We vary the schedule by
assuming that the night shift is between 10 pm and 8 am. The initial condition of this night
shift is y(—10) = y,.f(—10). The open-loop entrainment and minimum-time entrainment results
are plotted in Figs 15 and 16. Different from results in Figs 13 and 14, the dim lighting condi-
tion with I = 100 lux results in the fastest entrainment among the three light conditions
when the night shift starts at 10 pm, in both open-loop entrainment cases and minimum-time
entrainment cases. The difference in the entrainment results between the 8 pm-8 am night
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Fig 15. Open-loop entrainment with different lighting condition Iy, during night shift between 10 pm to 8 am,
where the open-loop entrainment time is 44.06 hours for I ;¢ = 0 lux, 13.25 hours for I,;¢ = 100 lux and 18.32
hours for I,;¢ = 1000 lux.

https://doi.org/10.1371/journal.pone.0251478.g015

PLOS ONE | https://doi.org/10.1371/journal.pone.0251478  June 8, 2021 21/28


https://doi.org/10.1371/journal.pone.0251478.g014
https://doi.org/10.1371/journal.pone.0251478.g015
https://doi.org/10.1371/journal.pone.0251478

PLOS ONE

Optimization of light exposure and sleep schedule for circadian rhythm entrainment

BB Doemx—% He XX

Ish\ﬂ=1000 lux |shm:100 lux Ish\ft:O Tux

AWEam 4 am Sé;m 12‘pm M;m S‘Dm 12 am 7 124avm' 4 am Se‘im 12‘pm
Fig 16. Minimum-time optimal entrainment of shift workers with night shift from 10 pm to 8 am with
controllable sleep schedule and different working light intensity I;¢, maximum light intensity I,;,,, = 1000 lux
(left) and I,,,,x = 10000 lux (right). The minimum entrainment time of these cases is given as 17.68 hours for I = 0
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1000 lux, 11.38 hours for I,;¢ = 0 lux and I,,,,x = 10000 lux, 5.60 hours for I, = 100 lux and I,,,,x = 10000 lux and 6.96
hours for Iy,;g = 1000 lux and I,,,,, = 10000 lux, respectively.

https://doi.org/10.1371/journal.pone.0251478.g016

shift cases and the 10 pm-8 am ones can be explained by the phase response curve, plotted as
blue dot lines in Figs 13 and 15. The phase response curve in Fig 13 shows the reference subject
gets the reference light from 8 pm-10 pm (phase-delay region with negative PRC value) and 8
am-12:30 pm (phase-advance region with positive PRC value) while the entraining shift
worker keeps away from light input during these two intervals. The phase-advancing impact of
the reference light from 8 am-12:30 pm (approximately the first wake time of shift workers) is
slightly larger than the phase-delay impact of the reference light from 8 pm-10 pm. If the con-
stant light intensity during the night shift from 8 pm to 8 am is I = 100 or 1000 lux, the light
between 8 pm-8 am delays the phase of circadian state, drives the entraining state away from
the reference state and, as a result, prolongs the entrainment process following the night shift.
Thus the case with Iy, = 0 lux is less time-consuming compared with the other two cases.
While in the case with a night shift between 10 pm and 8 am in Fig 15, the reference light
between 8 am and 12:30 pm on the first day after the night shift advances the reference circa-
dian phase while the shift worker is sleeping during this time. To compensate for the loss of
the phase-advancing light in this interval, the dim light I ;5 = 100 lux during 10 pm and 8 am
is used to shorten the entrainment process. Increasing or decreasing I s leads to growth in
the entrainment time.

4.2.2 Minimum-time entrainment of shift workers with optimal light during night
shift. As discussed in Section 4.2.1, the light during the night shift has significant impacts on
the entrainment time. If the light during the night shift is also controllable, as illustrated in
Fig 17, we optimize the light input both during and after the night shift as well as the sleep
schedule after the night shift to minimize the entrainment time.

The optimal light input during the night shift from 8 pm to 8 am for minimum-time
entrainment is given in Fig 18. In the cases with maximum light intensity I,,.x = 1000 lux and
Ihax = 10000 lux, the entrainment time is shortened to 3.28 hours (entrainment ends at around
11:17 am). In the minimum-time entrainment case with I, = 1000 lux, the shift worker
remains under 1000 lux light without goggles for about 30 minutes towards the end of the
night shift, while in the case with I,,,,, = 10000 lux, the shift worker remains under 10000 lux
light without goggles for about 17 minutes. As mentioned in Section 4.2.1, the reference light
from 8 pm to 10 pm and 8 am to 11:17 am slightly advances the reference circadian phase.
Therefore, to compensate for the small phase-advance impact of the reference light on refer-
ence subject, the shift worker should get light input in a very short interval with positive PRC
value during the minimum-time entrainment, as shown in Fig 18. The minimum-time
entrainment results with optimal light during the night shift from 10 pm to 8 am are shown in
Fig 19, in which the shift worker receives 1000 lux light for about 98 minutes or 10000 lux light
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Fig 17. Illustrations of the entrainment process of the shift worker with controllable light during the night shift.
The entrainment process starts at the beginning of the night shift.

https://doi.org/10.1371/journal.pone.0251478.9017

for about 51 minutes towards the end of the night shift. This scheme results in an entrainment
time of 3.46 hours (entrainment ends at around 11:28 am). This night shift worker only keeps
away from the reference light during the interval between 8 am and 11:28 am, which is a
phase-advancing interval according to the PRC. Thus, he should stay under light for a longer
time with positive PRC value during minimum-time entrainment compared with the shift
worker in Fig 18.

5 Discussion and conclusions

This paper solves the minimum-time entrainment problem on the two-process model that
combines the circadian rhythm model (the JFK model) with the sleep process model. Using
the calculus of variations and a gradient descent method, we determine the optimal light input
and sleep schedule for minimum-time entrainment of transmeridian travelers and shift

—_

1000 lux

10000 lux

max

|
]
—_
T

8 pm 12 am 4 am 8 am

Fig 18. Minimum-time entrainment with optimal light input during the night shift from 8 pm to 8 am with I,,,,, =
1000 lux (upper) and I,,,, = 10000 lux (lower). The entrainment time of these two cases is both 3.28 hours (12 hours
night shift is excluded from the entrainment time).

https://doi.org/10.1371/journal.pone.0251478.g018
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Fig 19. Minimum-time entrainment with optimal light input during the night shift from 10 pm to 8 am with I,;,,x
=1000 lux (upper) and I,,,,, = 10000 lux (lower). The entrainment time of these two cases is both 3.46 hours (10
hours night shift is excluded from the entrainment time).
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workers under different maximum entrainment light intensities, time shifts, and night shifts.
Different from previous works, we take Process S and sleep-wake cycle into circadian rhythm
entrainment and treat the controllable sleep schedule as an optimization variable.

The simulations of the entrainment cases of transmeridian travelers in this paper demon-
strate that: (a) Compared with the open-loop entrainment by natural (reference) light, the
optimal lighting strategy significantly decreases the entrainment time. The entrainment time is
further shortened by optimizing both the light input and the sleep schedule; (b) The daily
(optimized) sleep period is about 6-8 hours in the minimum-time entrainment results with
the controllable sleep schedule. In contrast, the optimal entrainment results in [12, 15] ignore
Process S and the sleep-wake cycle, resulting in sleep periods of only 4-5 hours in several
cases, which could result in excessive sleepiness and make the entrainment process impractical;
(c) Applying the optimal light and sleep schedule from the simplified two-process models on
the full two-process model directly is ineffective, resulting in longer entrainment times. How-
ever, we also propose a feedback controller that is learned from the optimal entrainment
results of these simplified models, and demonstrate that it performs well and it is robust
against the error resulting from model simplification in various entrainment cases.

The simulations of the entrainment cases of night shift workers in this paper demonstrate
that: (a) The open-loop entrainment time of night shift workers wearing circadian-light block-
ing goggles during 8 pm and 8 am is shorter than that of workers in bright light. This result is
related to the conclusion in [28] that wearing these goggles during night shifts helps maintain
the circadian rhythm; (b) The entrainment time of shift workers may be shortened by optimiz-
ing the light input and sleep schedule after the night shift; (c)The lighting condition during the
night shift also has significant impacts on the entrainment time. Appropriately setting the light
intensity (or wearing goggles) during the night shift also shortens the entrainment time of shift
workers.

The amplitude suppression in the core body temperature oscillator is closely connected
with the minimum-time entrainment with bright light (with intensity higher than 1000 lux) in
previous literature [12, 15, 40]. However, the phenomenon of CBT amplitude suppression
may also be attributed to some health-related issues: the experimental results in [41] demon-
strated the CBT oscillator tends to flatten with increasing age. The work in [42] showed that

PLOS ONE | https://doi.org/10.1371/journal.pone.0251478  June 8, 2021 24/28


https://doi.org/10.1371/journal.pone.0251478.g019
https://doi.org/10.1371/journal.pone.0251478

PLOS ONE

Optimization of light exposure and sleep schedule for circadian rhythm entrainment

the quenched CBT amplitude is related to sleep disruption. Simulation results in Section 4.1.2
and Fig 8 in this paper demonstrate that the optimal light solution without consideration of
sleep could lead to quenched CBT amplitude, excessive sleepiness (B(¢) > 0.8), and short sleep
duration (shorter than 5 hours), while the optimal light and sleep schedule from the two-pro-
cess model avoid quenched amplitude and ensure the daily sleep duration is not shorter than 6
hours and maximum sleepiness (B()) is not larger than 0.77. These simulation results also
indicate the quenched amplitude has a close connection with the sleep disruption during
entrainment.

Real-time application of the results reported in this paper requires the ability to compute
the optimal light and sleep schedules in real-time. To this end, we have developed a feedback-
based implementation of the optimal schedules, which does not require executing the func-
tional gradient descent optimization in real-time. The feasibility of the feedback-based imple-
mentation is supported by two assumptions. First, we have the two-process model that
accurately represents the subject. Second, the states of the two-process models can be mea-
sured or observed. Regarding the first assumption, we note that both the JFK circadian rhythm
model and Achermann’s two-process model used in this paper were formulated based on pre-
vious experimental data from human subjects. However, the sleeping habit and biological fea-
tures vary between subjects and therefore mathematical models with fixed parameters may not
match individual circadian rhythms. As for the second assumption, the states of the two-pre-
cess model are typically not directly observable. However, we envision designing state observ-
ers [43] that can provide state estimations based on some observables. These observables can
be provided by wearable sensors, such as Actiwatch and portable core body temperature moni-
tor [44], which have been developed to measure the circadian and sleep features. Further, they
can also facilitate the efforts to personalize the models. The measurement data from these sen-
sors may be used in model calibration and design of personal light and sleep schedule for
entrainment.
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(PDF)

Acknowledgments

The authors would like to thank Dr. Daniel Forger for valuable discussions related to the opti-
mal entrainment of circadian rhythms.

Author Contributions

Conceptualization: Jiawei Yin, A. Agung Julius, John T. Wen.
Data curation: Jiawei Yin.

Formal analysis: Jiawei Yin, A. Agung Julius, John T. Wen.
Funding acquisition: A. Agung Julius, John T. Wen.
Investigation: Jiawei Yin, John T. Wen.

Methodology: Jiawei Yin, A. Agung Julius, John T. Wen.
Project administration: John T. Wen.

Software: Jiawei Yin.

PLOS ONE | https://doi.org/10.1371/journal.pone.0251478  June 8, 2021 25/28


http://www.plosone.org/article/fetchSingleRepresentation.action?uri=info:doi/10.1371/journal.pone.0251478.s001
https://doi.org/10.1371/journal.pone.0251478

PLOS ONE

Optimization of light exposure and sleep schedule for circadian rhythm entrainment

Supervision: A. Agung Julius, John T. Wen.

Visualization: Jiawei Yin.

Writing - original draft: Jiawei Yin.

Writing - review & editing: Jiawei Yin, A. Agung Julius, John T. Wen.

References

1.

10.

1.

12.

13.

14.

15.

16.

17.

18.

19.

20.

Goel N, Rao H, Durmer JS, Dinges DF. Neurocognitive consequences of sleep deprivation. Semin Neu-
rol. 2009 Sep; 29(4):320—-339. https://doi.org/10.1055/s-0029-1237117 PMID: 19742409

Alhola P, Polo-Kantola P. Sleep deprivation: Impact on cognitive performance. Neuropsychiatr Dis
Treat. 2007; 3(5):553-567. PMID: 19300585

Archer SN, Laing EE, Moller-Levet CS, van der Veen DR, Bucca G, Lazar AS, et al. Mistimed sleep dis-
rupts circadian regulation of the human transcriptome. Proc Natl Acad Sci USA. 2014 Feb; 111(6):
E682-681. https://doi.org/10.1073/pnas.1316335111 PMID: 24449876

Archer SN, Oster H. How sleep and wakefulness influence circadian rhythmicity: effects of insufficient
and mistimed sleep on the animal and human transcriptome. J Sleep Res. 2015 Oct; 24(5):476—493.
https://doi.org/10.1111/jsr.12307 PMID: 26059855

Borbély AA. A two process model of sleep regulation. Hum Neurobiol. 1982; 1(3):195-204. PMID:
7185792

Daan S, Beersma DG, Borbély AA. A two process model of sleep regulation. Am J Physiol. 1984 Feb;
246(2):161-183.
Borbély AA, Baumann F, Brandeis D, Strauch |, Lehmann D. Sleep deprivation: Effect on sleep stages

and EEG power density in man. Electroencephalogr Clin Neurophysiol. 1981 May; 51(5):483—495.
https://doi.org/10.1016/0013-4694(81)90225-X PMID: 6165548

Forger DB, Jewett ME, Kronauer RE. A simpler model of the human circadian pacemaker. J Biol
Rhythms. 1999 Dec; 14(6):532-537. https://doi.org/10.1177/074873099129000867 PMID: 10643750

Kronauer RE, Forger DB, Jewett ME. Quantifying human circadian pacemaker response to brief,
extended, and repeated light stimuli over the phototopic range. J Biol Rhythms. 1999 Dec; 14(6):500—
515. https://doi.org/10.1177/074873049901400609 PMID: 10643747

Forger DB, Kronauer RE. Reconciling mathematical models of biological clocks by averaging on
approximate manifolds. SIAM J Appl Math. 2002; 62(4):1281-1296. https://doi.org/10.1137/
S0036139900373587

Daan S, Beersma DG, Borbély AA. Circadian gating of human sleep-wake cycle. In: Mathematical mod-
els of the circadian sleep-wake cycle. 1984:129—-158.

Serkh K, Forger DB. Optimal schedules of light exposure for rapidly correcting circadian misalignment.
PLoS Comput Biol. 2014 Apr; 10(4):e1003523. https://doi.org/10.1371/journal.pcbi.1003523 PMID:
24722195

Doyle FJ, Gunawan R, Bagheri N, Mirsky H, To TL. Circadian rhythm: A natural, robust, multi-scale con-
trol system. Comput Chem Eng. 2006 Sep; 30(10):1700-1711. https://doi.org/10.1016/j.
compchemeng.2006.05.029

Wang Y, Doyle FJ. On influences of global and local cues on the rate of synchronization of oscillator net-
works. Automatica. 2011 Jun; 47(6):1236—1242. https://doi.org/10.1016/j.automatica.2011.01.074
PMID: 21607201

Julius AA, Yin J, Wen JT. Time optimal entrainment control for circadian rhythm. PLoS One. 2019 Dec
18; 14(12):e0225988. https://doi.org/10.1371/journal.pone.0225988 PMID: 31851723

Xu X, Antsaklis PJ. Optimal control of switched systems based on parameterization of the switching
instants. IEEE Trans Autom Control. 2004 Jan; 49(1):2—16. https://doi.org/10.1109/TAC.2003.821417

Julius AA, Yin J, Wen JT. Time-optimal control for circadian entrainment for a model with circadian and
sleep dynamics. In: Proc. IEEE Conf. Decision and Control. Melbourne, Australia; 2017. p. 4709-4714.

Diekman CO, Bose A. Reentrainment of the circadian pacemaker during jet lag: East-west asymmetry
and the effects of north-south travel. Journal of Theoretical Biology. 2018; p. 50—-74. PMID: 28987464

Lu Z, Klein-Cardena K, Lee S, Antonsen TM, Girvan M, Ott E. Resynchronization of circadian oscillators
and the east-west asymmetry of jet-lag. Chaos. 2016 Sep; 26(9):094811. https://doi.org/10.1063/1.
4954275 PMID: 27781473

Borbély AA, Achermann P. Sleep homeostasis and models of sleep regulation. J Biol Rhythms. 1999
Dec; 14(6):557—68. PMID: 10643753

PLOS ONE | https://doi.org/10.1371/journal.pone.0251478  June 8, 2021 26/28


https://doi.org/10.1055/s-0029-1237117
http://www.ncbi.nlm.nih.gov/pubmed/19742409
http://www.ncbi.nlm.nih.gov/pubmed/19300585
https://doi.org/10.1073/pnas.1316335111
http://www.ncbi.nlm.nih.gov/pubmed/24449876
https://doi.org/10.1111/jsr.12307
http://www.ncbi.nlm.nih.gov/pubmed/26059855
http://www.ncbi.nlm.nih.gov/pubmed/7185792
https://doi.org/10.1016/0013-4694(81)90225-X
http://www.ncbi.nlm.nih.gov/pubmed/6165548
https://doi.org/10.1177/074873099129000867
http://www.ncbi.nlm.nih.gov/pubmed/10643750
https://doi.org/10.1177/074873049901400609
http://www.ncbi.nlm.nih.gov/pubmed/10643747
https://doi.org/10.1137/S0036139900373587
https://doi.org/10.1137/S0036139900373587
https://doi.org/10.1371/journal.pcbi.1003523
http://www.ncbi.nlm.nih.gov/pubmed/24722195
https://doi.org/10.1016/j.compchemeng.2006.05.029
https://doi.org/10.1016/j.compchemeng.2006.05.029
https://doi.org/10.1016/j.automatica.2011.01.074
http://www.ncbi.nlm.nih.gov/pubmed/21607201
https://doi.org/10.1371/journal.pone.0225988
http://www.ncbi.nlm.nih.gov/pubmed/31851723
https://doi.org/10.1109/TAC.2003.821417
http://www.ncbi.nlm.nih.gov/pubmed/28987464
https://doi.org/10.1063/1.4954275
https://doi.org/10.1063/1.4954275
http://www.ncbi.nlm.nih.gov/pubmed/27781473
http://www.ncbi.nlm.nih.gov/pubmed/10643753
https://doi.org/10.1371/journal.pone.0251478

PLOS ONE

Optimization of light exposure and sleep schedule for circadian rhythm entrainment

21.

22,

23.

24,

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

Diniz Behn CG, Booth V. A fast-slow analysis of the dynamics of REM sleep. SIAM J Appl Dyn Syst.
2012 Jan; 11(1):212-242. https://doi.org/10.1137/110832823

Booth V, Diniz Behn CG. Physiologically-based modeling of sleep—wake regulatory networks. Math
Biosci. 2014 Apr; 250:54—-68. https://doi.org/10.1016/j.mbs.2014.01.012 PMID: 24530893

Booth V, Xique I, Diniz Behn CG. One-dimensional map for the circadian modulation of sleep in a sleep-
wake regulatory network model for human sleep. SIAM J Appl Dyn Syst. 2017 Jun; 16(2):1089-1112.
https://doi.org/10.1137/16M1071328

Brainard GC, Hanifin JP, Greeson JM, Byrne B, Glickman G, Gerner E, et al. Action spectrum for mela-
tonin regulation in humans: Evidence for a novel circadian photoreceptor. J Neurosci. 2001 Aug; 21
(16):6405—6412. https://doi.org/10.1523/JNEUROSCI.21-16-06405.2001 PMID: 11487664

Thapan K, Arendt J, Skene DJ. An action spectrum for melatonin suppression: Evidence for a novel
non-rod, non-cone photoreceptor system in humans. J. Physiol. 2001 Aug; 535(1):261-267. hitps://doi.
org/10.1111/j.1469-7793.2001.t01-1-00261.x PMID: 11507175

Rahman SA, Kollara A, Brown TJ, Casper RF. Selectively filtering short wavelengths attenuates the dis-
ruptive effects of nocturnal light on endocrine and molecular circadian phase markers in rats. Endocri-
nology. 2008 Dec; 149(12):6125-6135. https://doi.org/10.1210/en.2007-1742 PMID: 18687787

Lockley SW, Evans EE, Scheer FA, Brainard GC, Czeisler CA, Aeschbach D. Short-wavelength sensi-
tivity for the direct effects of light on alertness, vigilance, and the waking electroencephalogram in
humans. Sleep. 2006 Dec; 29(2):161-168. PMID: 16494083

Kayumov L, Casper RF, Hawa RJ, Perelman B, Chung SA, Sokalsky S, et al. Blocking low-wavelength
light prevents nocturnal melatonin suppression with no adverse effect on performance during simulated
shift work. J Clin Endocrinol Metab. 2005 May; 90(5):2755—-61. https://doi.org/10.1210/jc.2004-2062
PMID: 15713707

Rahman SA, Marcu S, Shapiro CM, Brown TJ, Casper RF. Spectral modulation attenuates molecular,
endocrine, and neurobehavioral disruption induced by nocturnal light exposure. Am J Physiol Endocri-
nol Metab. 2011; 300:E518-E527. https://doi.org/10.1152/ajpendo.00597.2010 PMID: 21177289

Sacre P, Sepulchre R. Sensitivity analysis of oscillatory models in the space of phase-response curves:
Oscillators as open systems. IEEE Control Syst Mag. 2014 Mar; 34(2):50—74. https://doi.org/10.1109/
MCS.2013.2295710

Johnson CH. Forty years of PRCs—what have we learned? Chronobiol Int. 1999 Nov; 16(6):711-743.
https://doi.org/10.3109/07420529909016940 PMID: 10584173

Daan S, Beersma DG, Borbély AA. Timing of human sleep: Recovery process gated by a circadian
pacemaker. Am J Physiol. 1984 Feb; 246:R161-183. PMID: 6696142

Rusterholz T, Durr R, Achermann P. Inter-individual differences in the dynamics of sleep homeostasis.
Sleep. 2010; 33(4):491-498. https://doi.org/10.1093/sleep/33.4.491 PMID: 20394318

Achermann P, Borbély AA. Simulation of daytime vigilance by the additive interaction of a homeostatic
and a circadian process. Biol Cybern. 1994; 71(2):115—121. https://doi.org/10.1007/BF00197314
PMID: 8068773

Skeldon AC, Dijk D-J, Derks G. Mathematical models for sleep-wake dynamics: comparison of the two-
process model and a mutual inhibition neuronal model. PLoS ONE. 2014; 9(8): e103877 https://doi.org/
10.1371/journal.pone.0103877 PMID: 25084361

Consensus Conference Panel, Watson NF, Badr MS, Belenky G, Bliwise DL, Buxton OM, et al. Joint
consensus statement of the American Academy of Sleep Medicine and Sleep Research Society on the
recommended amount of sleep for a healthy adult: methodology and discussion. Sleep. 2015 Aug; 38
(8):1161-1183. https://doi.org/10.5665/sleep.4886 PMID: 26194576

Qiao W, Wen TJ, Julius AA. Entrainment control of phase dynamics. IEEE Trans Autom Control. 2017
Jan; 62(1):445-450. https://doi.org/10.1109/TAC.2016.2555885

Piltz SH, Diniz Behn CG, Booth V. Habitual sleep duration affects recovery from acute sleep depriva-
tion: A modeling study J. Theor. Biol. 2020 November; 504:110401. https://doi.org/10.1016/j.jtbi.2020.
110401 PMID: 32663506

Piltz SH, Athanasouli C, Diniz Behn CG, Booth V. Mapping recovery from sleep deprivation Communi-
cations in Nonlinear Science and Numerical Simulation. 2021 May; 96:105686. https://doi.org/10.1016/
j.cnsns.2020.105686

Jewett ME, Kronauer RE, Czeisler CA. Light-induced suppression of endogenous circadian amplitude
in humans. Nature. 1991 Mar; 350:59—-62. https://doi.org/10.1038/350059a0 PMID: 2002845

Baehr EK, Revelle W, Eastman ClI. Individual differences in the phase and amplitude of the human cir-
cadian temperature rhythm: with an emphasis on morningness-eveningness. J. Sleep Res. 2000 Jun; 9
(2):117—127. https://doi.org/10.1046/j.1365-2869.2000.00196.x PMID: 10849238

PLOS ONE | https://doi.org/10.1371/journal.pone.0251478  June 8, 2021 27/28


https://doi.org/10.1137/110832823
https://doi.org/10.1016/j.mbs.2014.01.012
http://www.ncbi.nlm.nih.gov/pubmed/24530893
https://doi.org/10.1137/16M1071328
https://doi.org/10.1523/JNEUROSCI.21-16-06405.2001
http://www.ncbi.nlm.nih.gov/pubmed/11487664
https://doi.org/10.1111/j.1469-7793.2001.t01-1-00261.x
https://doi.org/10.1111/j.1469-7793.2001.t01-1-00261.x
http://www.ncbi.nlm.nih.gov/pubmed/11507175
https://doi.org/10.1210/en.2007-1742
http://www.ncbi.nlm.nih.gov/pubmed/18687787
http://www.ncbi.nlm.nih.gov/pubmed/16494083
https://doi.org/10.1210/jc.2004-2062
http://www.ncbi.nlm.nih.gov/pubmed/15713707
https://doi.org/10.1152/ajpendo.00597.2010
http://www.ncbi.nlm.nih.gov/pubmed/21177289
https://doi.org/10.1109/MCS.2013.2295710
https://doi.org/10.1109/MCS.2013.2295710
https://doi.org/10.3109/07420529909016940
http://www.ncbi.nlm.nih.gov/pubmed/10584173
http://www.ncbi.nlm.nih.gov/pubmed/6696142
https://doi.org/10.1093/sleep/33.4.491
http://www.ncbi.nlm.nih.gov/pubmed/20394318
https://doi.org/10.1007/BF00197314
http://www.ncbi.nlm.nih.gov/pubmed/8068773
https://doi.org/10.1371/journal.pone.0103877
https://doi.org/10.1371/journal.pone.0103877
http://www.ncbi.nlm.nih.gov/pubmed/25084361
https://doi.org/10.5665/sleep.4886
http://www.ncbi.nlm.nih.gov/pubmed/26194576
https://doi.org/10.1109/TAC.2016.2555885
https://doi.org/10.1016/j.jtbi.2020.110401
https://doi.org/10.1016/j.jtbi.2020.110401
http://www.ncbi.nlm.nih.gov/pubmed/32663506
https://doi.org/10.1016/j.cnsns.2020.105686
https://doi.org/10.1016/j.cnsns.2020.105686
https://doi.org/10.1038/350059a0
http://www.ncbi.nlm.nih.gov/pubmed/2002845
https://doi.org/10.1046/j.1365-2869.2000.00196.x
http://www.ncbi.nlm.nih.gov/pubmed/10849238
https://doi.org/10.1371/journal.pone.0251478

PLOS ONE Optimization of light exposure and sleep schedule for circadian rhythm entrainment

42, Krauchi K, Wirz-Justice A. Circadian clues to sleep onset mechanisms. Neuropsychopharmacology.
2001 Nov; 25(5):592-S96. https://doi.org/10.1016/S0893-133X(01)00315-3 PMID: 11682282

43. Ekramian M, Sheikholeslam F, Hosseinnia S, Yazdanpanah MJ Adaptive state observer for Lipschitz
nonlinear systems. Systems and Control Letts. 2013; 62(4):319-323.

44. PellR. ‘Earable’ sensor monitors core body temp; 2017. Available from: https://www.eenewseurope.
com/news/earable-sensor-monitors-core-body-temp.

PLOS ONE | https://doi.org/10.1371/journal.pone.0251478  June 8, 2021 28/28


https://doi.org/10.1016/S0893-133X(01)00315-3
http://www.ncbi.nlm.nih.gov/pubmed/11682282
https://www.eenewseurope.com/news/earable-sensor-monitors-core-body-temp
https://www.eenewseurope.com/news/earable-sensor-monitors-core-body-temp
https://doi.org/10.1371/journal.pone.0251478

