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superconducting quantum metamaterials (SQMs), i.e. artificial arrays of interacting qubits (two-
levels system). An unavoidable disorder in qubits parameters results in a substantial spread of qubits
frequencies, and in the absence of electromagnetic interaction between qubits these individual
quantum-mechanical oscillations of single qubits manifest themselves by a large number of small
resonant dips in the frequency dependent transmission of electromagnetic waves, |S,,(w)[>. We show
that even a weak electromagnetic interaction between adjacent qubits can overcome the disorder and
establish completely or partially synchronized quantum-mechanical dynamic state in the disordered
SQM. In such a state a large amount of qubits displays the collective quantum mechanical oscillations,
and this collective behavior manifests itself by a few giant resonant dips in the |S,,(w)|?> dependence.
The size of a system r, showing the collective (synchronized) quantum-mechanical behavior is
determined in the one-dimensional SQMs as ry~ a [K/|6A]?, where K, § A, a are the effective energy of
nearest-neighbor interaction, the spread of qubits energy splitting, and the distance between qubits,
accordingly. We show that this phenomenon is mapped to the Anderson localization of spinon-type
excitations arising in the SQM.

Superconducting quantum metamaterials (SQMs) are novel artificially prepared solid state structures whose
electrodynamic properties are governed by peculiar interplay of classical Maxwell electrodynamics and
quantum-mechanical laws!-1%. Most of SQMs consists of an array of interacting superconducting qubits (two-level
systems), e.g. charge qubits'!, flux qubits'?, transmons"? etc.

Numerous experiments on the propagation of electromagnetic waves through the SQM"*>-7'* have allowed
one to observe an excitation of coherent quantum-mechanical oscillations between two states of single qubits.
This intrinsically quantum-mechanical macroscopic phenomenon manifests themselves by sharp resonant dips in
the frequency dependent transmission coefficient |S,,(w)|? of electromagnetic waves propagating in the transmis-
sion line electromagnetically (inductively or capacitively) coupled to the SQM>-13-17. Such measurement setup
is presented schematically in Fig. 1. In a simplest case of an “ideal” SQM consisting of an array of non-interacting
identical qubits the transmission coefficient, |S,,(w)|% displays a single dip on the frequency w= A/h, where each
qubit is characterized by the energy level difference A. A small width of such dip is determined by various dissi-
pative and decoherent processes.

However, in imperfect SQMs an unavoidable disorder in superconducting qubits parameters is always pres-
ent, and it results in a substantial spread of energy level differences A,. In this case it is plausible to suppose that
the individual coherent quantum-mechanical oscillations of single qubits occur in the SQM, and the |S,,(w)|?
has to display a large amount of small resonant dips up to the value N, where N is a number of qubits in the
SQM!16, Indeed, in ref. 7 the frequency dependent transmission coeflicient |S,,(w)|? of the SQM containing 7
non-interacting qubits has been measured, and 7 different small resonant dips in the |S,,(w)|* have been observed.
Surprisingly in other experiments carried out on diverse SQMs a small number (one or two) of giant resonant
dips has been observed in spite of the presence of large number of various qubits with different parameters”.
However, the physical conditions necessitating to observe such collective (synchronized) quantum-mechanical
behavior are not clear at this moment.
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Figure 1. The schematic of an experimental setup allowing one to observe the coherent quantum-
mechanical oscillations in the SQM. The SQM based on an array of flux qubits (3-Josephson junction SQUID)
is shown. The array of qubits is coupled to the transmission line. The inductive coupling between adjacent
qubits, K, is taken into account. The amplitude of transmitted electromagnetic wave is |S,,.

A key point allowing one to resolve such a puzzle is electromagnetic interactions between qubits. Two types of
interactions can be realized in the SQMs: the nearest-neighbor interaction that is due to direct inductive or capac-
itive electromagnetic interaction between adjacent qubits'8, and/or the long-range electromagnetic interaction
arising due to consequent emission, propagation and absorbtion of virtual photons in the low-dissipative resona-
tor coupled to the array of qubits'®!>'°. Both interactions depend on the coupling coefficient g, where g is deter-
mined by mutual inductance between qubits or a single qubit and the resonator. The direct nearest-neighbor
interaction is proportional to g, and the strength of long-range interaction is proportional to g*. Although the
latter interaction is rather weak, the long-range character of such interaction allows to establish the collective
effects. E.g. in ref. 15 the collective ac-Stark shift of qubit frequencies has been theoretically predicted. Moreover,
this ac-Stark frequency shift is resonantly enhanced as the frequency of resonator w, coincides with the average
value of qubit frequencies A = A,.

In this Article we consider the case of inductive interaction between adjacent qubits, and we show that such
interaction between qubits can overcome the disorder and establish collective synchronized quantum-mechanical
oscillations characterized by just few frequencies. A weak inductive interaction results in a slight increase of
energy of coupled qubits being in nonequivalent quantum states in respect to the energy of qubits being in the
equivalent quantum states. Such energy difference, 4 K, is determined by the coupling coefficient g. By making use
of the instanton method of analysis'>* we obtain that even in the case of a weak interaction, i.e. K< A, a large
amount of qubits N* ~ (K/§A)* are synchronized, and these qubits display collective quantum-mechanical oscil-
lations of a single frequency. Correspondingly, N/N* is a total number of diverse quantum oscillations observed
in disordered SQMs. Here, A is the typical spread of energy level differences of individual qubits.

We show also that such quantum-mechanical synchronization phenomenon can be mapped to the Anderson
localization?! of spinon-type excitations occurring in the SQM. Indeed, the various disordered SQMs with
nearest-neighbor interactions can be described by the quantum Izing model with a large transverse magnetic
field???. In the limit of K < A the ground state of this model is the spin ordering in the transverse direction, and
the low-lying excited states form the spinon band separated from the ground state by the energy gap of order A.
In the presence of disorder all spinon states are localized, and a spread of localized wave function of spinons is of
order r,. Therefore, the coherent quantum mechanical oscillations correspond to the resonant transitions between
the ground state and the various excited states of localized spinons.

We anticipate that the fabrication of disordered SQMs with a tunable inductive coupling allows one to observe
the crossover from a non-synchronized regime to the synchronized regime, and provides the direct evidence of
synchronized quantum-mechanical oscillations. The realization of synchronized regime in intrinsically disor-
dered SQM:s will result in a substantial simplification of the process of qubits addressing. Since arrays of inter-
acting qubits are exactly mapped on various quantum spin models, our method of instanton analysis can be used
for a quantitative theoretical study of low-lying quantum-mechanical states in diverse interacting disordered
quantum systems under equilibrium and non-equilibrium conditions**-%.

Results
Superconducting Quantum Metamaterial Model and Hamiltonian of disordered SOM.  Let us
to consider a one-dimensional array of N flux qubits modeled as two-level systems, with nearest-neighbor induc-
tive electromagnetic interactions between adjacent qubits. In a particular case of flux qubits (3-Josephson junc-
tion SQUID) the two states correspond to the clockwise and anticlockwise flowing currents, and the energy level
difference, A,, is determined by quantum tunneling between these states'?. The frequencies of individual coherent
quantum-mechanical oscillations that can be excited in a single qubit, are w;= A;/A. The SQM is coupled to the
linear transmission line, and this setup allows one to study the propagation and reflection of electromagnetic
waves through the SQM. The schematic of such setup is shown in Fig. 1. Notice here, that similar setup has been
used in ref. 1 in order to measure macroscopic quantum-mechanical oscillations excited in the disordered SQM.
The quantum dynamics of each qubit is characterized by the imaginary-time dependent degree of freedom,
©,(7), and the qubits Hamiltonian has a form:

N _ *
m .. 2
H s = —Ie]" + Uileids
qubit ;2 (@] [¢] W
where both the parameter m* and the potentials U,[ 0] determine completely quantum-mechanical dynamics and
the energy levels of isolated qubits. Moreover, the double-well potential U;[¢] modelled asU,(p) = U,o[¢* — o4 ]2
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Figure 2. The schematic of a typical path configuration. It consists of alternating instanton (green circles)
and anti-instanton (blue circles) solutions. The 7 is the imaginary time. Each qubit is characterized by a total
quantity of instantons and anti-instantons, N;.

results in small quantum-mechanical energy level differences A, of single qubits. Here, &, are the values of ¢ in
the classical stable states. In this model the energy level differences A, are expressed as

4‘;003«/ 2m U

3h

A; = hpy(8U,o/m*)" exp

2

For flux qubits the parameters m’", ¢, and Uj, are determined by the capacitance and Josephson critical currents of
Josephson junctions of qubits'?. The unavoidable disorder in qubit parameters (Uj,) leads to a spread of A; in the
SQM. The Hamiltonian of inductive electromagnetic interaction between adjacent qubits is written as

(3)

where the parameter g characterizing the strength of nearest-neighbor interaction is determined by mutual
inductance between qubits. Thus, one can see that in the quantum regime the inductive interaction results in an
increase of energy of qubits being in nonequivalent quantum states, 4 K, where K = g¢2/2 is the effective strength
of interaction between adjacent qubits.

N
H;, = Z%W:‘ - ‘pi—l]z’
i=1

Partition Function and Instanton Analysis. The thermodynamic properties of disordered SQMs are
determined by the partition function Z expressed through the Feynman path integral in the imaginary-time 7
representation as

h
1 _h_
7 = fD[gpi]exp —E L/(;kBT dTH{(P,} , H= Hqubit + Hint‘

(4)

We consider disordered SQMs with a weak electromagnetic interaction, i.e. K< A, and in this case the opti-
mal path configurations are series of alternating instanton (anti-instanton) solutions uncorrelated in imaginary
time interval [0, i/(kzT)]'>* (schematic of a typical path configuration is shown in Fig. 2). For a single i-th qubit
the optimal path configuration ¢(7) has a form:

I
V=

o (7) DR (= T,
k=1
fo™) = potanh|7e, 220 |
m 5)

where N; is the total number of instantons and (anti)instantons occurring on the time scale #/(k;T). In this
approach the energy level differences A, are obtained as

h

A; x exp —%fkTTdTH{in(T)} .
0

(6)

Since the probability density to obtain a single instanton in the interval dr is determined by A, the partition func-
tion Z; of a single qubit is written as
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oo N2 _h
Z, = (A 2)F L
Nz: 0k2:1 f \I;Z,H * (7)

and Z; = cosh [A,;/(2kgT)]. As the electromagnetic interaction between qubits is absent, i.e. K=0, one can
obtaln 7= HN L cosh [A;/(2kyT)], and on the time interval [0, i/(kT)] the average quantity of instantons and
anti-instantons for an i- qub1t (N)) = A (kgT)%.

To analyze the collective behavior of disordered SQM in the presence of interaction we will characterize each
qubit by random value of N, and the probability Px_,{N;} shows sharp peaks on the values N;=(N;) as

N kyT >
Py _oIN;} H exp _E[Ni — N/ (kgT)I .

i=1

®)

Moreover, in such description the frequencies w; of quantum-mechanical oscillations occurring in the SQM,
are determined by random values of N; as w; = kzTN,/h. Notice here, that in the presence of a weak (K< A))
interaction between qubits the qubit frequencies w; can differ from bare frequencies, A;/h. Indeed, substituting
instanton-(anti)instanton solutions (5) in the Eqs (3) and (4) we obtain the probability Py{w;} in the following
form:

Piw} =

1Y K
- H lw; — w;_4|
Qi kBTA

? >
X exp{— [w; — A;/R]
2kgTA

&)
and the normalizing constant Q is expressed through the path integral as

2

hK _ __h AR
Q= fD{w}H exp{ PR w; — w;_4| W, TA [w; — A;/R)] } (10)

Here, A = A, is the average value of energy splitting of qubits A, and K = g /2 is the effective strength of
electromagnetic interaction between instantons (anti-instantons) of adjacent qubits. We have taken into account
that the spread of qubit splitting is small, i.e. A < A. The physical meaning of different terms in Eq. (10) is rather
transparent: the disorder in bare frequencies A/f results in a spread of instanton quantities, N; along the array,
but the electromagnetic interaction allows to equalize the quantity of instantons on different qubits. Since the
frequencies of quantum-mechanical oscillations are directly related to the quantities of instantons, one expect
that the electromagnetic interaction results in the synchronization phenomena.

Correlations of Qubits Frequencies. To analyze this effect quantitatively we consider the continuous limit
as N> 1, and using the periodic boundary conditions we expand w(x) and A(x) (x is the coordinate along the
array of qubits) in Fourier series as:

_ A 1 27X
w(x) = = + ﬁn;ma expl|i }
27rnx
A = A+ b,e
@ L E:w (11

Here, L = Na is the length of the SQM, and a is the distance between qubits.

Taking into account that the values of A\, are not correlated for different qubits, and the characteristic spread
of bare energy level differences is A we obtain |b,|*=2(6A)%a. The coordinate dependent correlations in qubit
frequencies are characterized by the correlation function (w(x;)w(x,)):

(wxPw(xy)) = (A1) + R(x; — x,)
2
S _ZW . %XZ) (12)

Thus, the distribution of qubit frequencies w(x) is determined by the Fourier coefficients a,,, which, in turn, can
be obtained from the analysis of the partition function of interacting instanton liquid, Q. Substituting (11) in (10)
the expression for Q is written in the following form:

= fD{aJexp‘% LG]“”‘z [zﬁTn]z]

2 )
X _ — b, /h["}.
exp{ 2kBTAazn:‘an 'l } (13)
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The optimal path g, in the Eq. (13) is obtained by following procedure. By making use of the substitution
2

X=>, \an|2 (2%") and the equality §(X — A) = de exp[i(X — A)Y], the Eq. (13) is transformed to the fol-

lowing form

Y o0 __hK v 2 (2mnY
Q = j(; de;OO deD{an}exp{ kBTA«/LX + iXY zan]an\ [T] }»

n’ >
X exp{—Zan — b,/h },

2kB TAa n (1 4)
and calculating the Gaussian integrals over a, explicitly we obtain
00 00 hK
= dx dy — JLX + iXY
Q= J [ eXp{ ko TA : }
b 2
expls b
" 2kpTAG| ZH20Y (2) 4 1
" (15)

The maximum of the exponent in (15) is reached for optimal values of X, and Y, which are solutions of the sys-
tem of equations

RKAL -
2k, TA X, ‘
2 2
1 |bn‘2 (Tn>
0= 3 2
h n | 2kgTAa . 27n 2
i ZYO(T> +1 (16)

Taking into account that for the uncorrelated disorder in values of A, the Fourier coefficients |b,|> = 2(6A)?a, one
can obtain iY,=2h2Ka/[kyTA(6A)"].

The dominant contribution to the the Q in (14) occurs from particular values of a, which are determined by
random values of qubit splitting b,.. Explicitly the amplitudes a,, are obtained by maximizing the exponent in (14)
over the variables a,, as

—1

22
g, = Lp (ST Es TR,y
h Lk (17)
Substituting in this expression Y =Y, the amplitudes a,, are written as
a, = (1/h)b,[rnry/Ly + 117" (18)

Here, we introduce the correlation radius , characterizing the area where the quantum-mechanical oscillations
are correlated, i.e. iy = 2kz T AaiY o/ h*.

In spite of the presence of uncorrelated disorder in qubits splitting, A, the electromagnetic interaction
between qubits can lead in long-range correlations (r,>> a) of frequencies of quantum-mechanical oscillations
excited in the disordered SQMs. These correlations are described quantitatively by coordinate-dependent corre-
lation function of qubit frequencies R(x) (Equation (12)). Substituting the amplitudes a,, in (12) and calculating
the sum over n, the correlation function R(x) is written explicitly as

N7Vl U2 N
R(x) = RN [1 + - exp [ — |x|/r,],
ry = 2a[K/(6A) T, (19)

where the correlation radius r, can greatly exceed the distance between qubits a. A peculiar dependence of cor-
relation radius on the strength of disorder has an origin in a sub-diffusive interacting term oc|w; — w;_,| in the
exponent of (10). It differs such a problem from e.g. fluctuation induced bending of strings and superconducting
vortex lines?.

Next, we notice that this analysis can be extended to the two-dimensional lattice of interacting qubits. Indeed,
the Eqs (16) are valid for 2d square lattice with the substitution: (1/L2)Y, — [qdq. Calculating all integrals we
obtain that in a 2d case the correlation radius is exponentially large, i.e. réz) ~ aq exp (2[K/(6A) ).

The intrinsic correlations of frequencies, and, in particular, the dependencies of the correlation radius r, on
the strength of interaction K and the disorder 6A strongly resemble the phenomenon of Anderson localization
in disordered low-dimensional solid state systems?'. The origin of such similarity is the following: the disordered
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Figure 3. The schematic of the Anderson localization in the quantum Izing model with transverse
magnetic field. Here, E = E* + (N + 1)A/2, where E is the total energy of the spin chain, and N is the total
number of spins. The x is the coordinate along the spin chain, and a is the distance between spins. The ground
state energy, Egtf ' = —NA/2, the effective potential for the low-lying excited states (the spinon band of width K)
are shown. The wave functions of excited states (blue lines) are localized, and a spread of spinon wave functions
characterizes the number of quantum-mechanical oscillations in the SQM. These oscillations correspond to the
resonant transitions (green lines) between the ground state and the excited states of localized spinons.

SQM:s with nearest-neighbor interactions are mapped exactly on the quantum Izing model with a large transverse
magnetic field*>?. The Hamiltonian of such a model is written as

Ay = S AR + K8,
ij (20)

In the limit of K < A the ground state of this model is the spin ordering in the x direction, and the low-lying
excited states form the spinon band of the width K separated from the ground state by the energy gap of order A.
In the presence of disorder all spinon states are localized, and a spread of localized wave function of spinons is of
order 7. Such Anderson localization in the spinon band is shown schematically in Fig. 3. Therefore, the coherent
quantum mechanical oscillations correspond to the resonant transitions between the ground state and the various
excited states of localized spinons.

Electromagnetic Waves Transmission through the SQM.  The coherent quantum-mechanical oscil-
lations excited in the SQM can be observed through the frequency dependent transmission coefficient |S,,(w)|?
of electromagnetic waves propagating in the transmission line inductively coupled to the SQM™'. The |S,;(w)|?
shows a set of resonant dips whose positions are determined by resonant conditions w= w;. Quantitatively, it can
be described as refs 15 and 16

N

Sp@f=1-y—%
[S51(w)| ;(W —wl (21)

«Q

where the parameter o <+ characterizes the coupling between the transmission line and SQM. Thus, as the
electromagnetic interaction between adjacent qubits are small, i.e. K<< A, and a substantial spread of qubit split-
ting 6A >, the disordered SQM supports N non-synchronized coherent quantum oscillations of different fre-
quencies. These non-synchronized coherent quantum-mechanical oscillations manifest themselves by N small
resonant dips of magnitude ~a/~? in the |S,,(w)|? (see, Eq. (21)).

However, the crossover to partially synchronized regime occurs as the inductive interaction between
nearest-neighbors qubits overcomes the disorder in qubits energy level differences, i.e. K > 6A. In this regime the
correlation radius r, exceeds the distance a between qubits, and a large amount of qubits, N* ~ r,/a > 1displays
collective synchronized behavior characterized by a single frequency. In this limit the |S,,|? displays N* dips of
large magnitude ~N*a/~?. As the interaction K goes over the value (§A)N"2 all qubits become synchronized, the
collective quantum mechanical oscillations are established in a whole SQM, and a single large dip occurs in the
|S;1[* Notice here, that main assumption of our analysis is the absence of correlations of instanton (anti-instanton)
positions on the 7-axis, and this assumption is valid as K< A.

Discussion

In conclusion we have theoretically analyzed the excitation of coherent quantum-mechanical oscillations in dis-
ordered SQMs. Our analysis is based on the mapping of coherent quantum-mechanical oscillations to series of
alternating instanton (anti-instanton) solutions in the path-integral approach. In this model the frequencies of
quantum-mechanical oscillations excited in the SQMs, w;, are directly related to the quantity of instantons on
different qubits, N;. The disorder in qubits parameters results in a spread of N; along the array of qubits, and a
weak electromagnetic interaction between adjacent qubits, K, leads to the partial alignment of these quantities, N;.
Thus, we have obtained that a large amount of qubits can display synchronized collective behavior characterized
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by a single frequency. The size of the region showing synchronized behavior is determined by the ratio of the
strength of interaction K to the typical spread of energy splitting of qubits, dA.

The fingerprints of synchronized regimes of coherent quantum oscillations are a few number of giant resonant
dips in the frequency dependent electromagnetic waves transmission, |S,,(w)|? (see Fig. 1, and Eq. (21)). In the
synchronized quantum-mechanical dynamic state a number of such resonant dips is
NIN* = Liry = (N/2)[§A/K . Inref. 1 the propagation of electromagnetic waves through the SQM containing
of 20 qubits has been experimentally studied. In these experiments one or two giant resonant dips in the fre-
quency dependent transmission coefficient, |S,;(w)|? have been observed. These results indicate the excitation of
synchronized coherent quantum mechanical oscillations in the SQM, and a plausible qualitative explanation of
these results is the presence of substantial effective inductive coupling between adjacent qubits, i.e.
K/(6A) =~ 2.5 — 3. However, one can not exclude an alternative explanation that a long-range interaction in an
array of qubits also can induce the synchronized quantum-mechanical dynamic state. Such an interaction origi-
nates from the emission (absorption) of virtual photons of a low-dissipative resonator>'>'°. This type of interac-
tion leads to the interaction between instantons (anti-instantons) of well separated qubits, and it also allows to
equalize quantities of instantons (anti-instantons) on different qubits, and therefore, to establish a synchronized
regime. We will address the quantitative analysis of synchronized quantum-mechanical oscillations induced by
long-range interaction, elsewhere.
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