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Vorticity random fields of turbulent flows (modelled
over the vorticity equation with random initial data
for example) are singled out as the main dynamic
variables for the description of turbulence, and the
evolution equation of the probability density function
(PDF) of the vorticity field has been obtained. This
PDF evolution equation is a mixed type partial
differential equation (PDE) of second order which
depends only on the conditional mean (which is a
first-order statistics) of the underlying turbulent flow.
This is in contrast with Reynolds mean flow equation
which relies on a quadratic statistics. The PDF PDE
may provide new closure schemes based on the first-
order conditional statistics, and some of them will be
described in the paper. We should mention that the
PDF equation is interesting by its own and is worthy
of study as a PDE of second order.

1. Introduction

In statistical fluid mechanics (cf. [1]), the velocity U(x, t)
of a turbulent flow is promoted to a random field, cf. [2],
indexed by space variable x € R? and time parameter t.
From this point of view, the turbulence problem, if there
is one, seeks for a description of the distribution of
the velocity field. This distribution is rather complicated
and consists of all joint distributions of the velocity
across over finitely many locations and times, and
therefore it is challenging to describe the distributions
of turbulent flows in general. As early as the 1950s,
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Hopf [3] (cf. [1] too) made an ambitious attempt and derived differential equations for the
distribution of a turbulent flow. Hopf’s differential equations are however infinite-dimensional
and involve functional derivatives, which are therefore too difficult to extract useful information
about turbulence. The dominant approach in the statistical theory of turbulence, initiated in
Taylor’s seminal work [4,5], has been based on the analysis of moment structure functions and
relied on the spectral method (cf. [1,6] for example). In the past decades, attention has been paid
to the one-dimensional marginal distribution of the velocity field U(x, t), whose distribution is
finite-dimensional. It is reasonable to assume that the distribution of U(x, ), with (x,t) fixed,
has a probability density function (PDF) with respect to the Lebesgue measure on R3. The PDF
methods based on formal PDF transport equations have been developed through a series of
works by Pope and other researchers (cf. [7,8]), which become powerful tools for modelling
turbulent flows. The PDF, by definition, has to satisfy ‘the adjoint equation” of the fluid dynamic
equations. If the turbulent flow is an incompressible viscous fluid flow, then the PDF of the
velocity must satisfy the adjoint equation of the Navier-Stokes equation. The transport equation
for PDF known in the literature is still a formal adjoint equation of the Navier—Stokes equation,
and therefore only few features from the transport equation may be used in modelling turbulent
flows.

For incompressible fluid flows, the Navier-Stokes equation is equivalent to the vorticity
equation (see (2.1) below), and therefore it is natural to consider the vorticity W=V A U as the
main fluid dynamic variable for the study of turbulence [9]. There are good reasons why we
should concentrate on the vortex motion in turbulence. The velocity of a turbulent flow is unlikely
to be independent or possess conditional independence with respect to the spatial variable, while
vortex motions of many turbulent flows observed in nature (such as vortex lines, vortex rings)
acquire certain conditional independence, in the sense that by focusing on the motion near a
fixed region, the future vortex motions evolve more or less independent of what happens in other
positions. In fact there are good evidences which demonstrate that some sort of superposition
property of vorticity may be maintained, although not exactly due to highly nonlinear and non-
local nature of turbulence. These observations are valuable in modelling turbulent flows via the
vorticity, which are already applied in vortex methods (cf. [10,11]). In this sense, PDF methods
based on the vorticity are valuable.

The main contribution of the present work is the partial differential equation (PDE) for the
PDF of the vorticity (called PDF PDE or PDF equation for short), which will be derived in the
main body of the paper. The PDF PDE is highly nonlinear; however, the most striking aspect is
that the PDF PDE for the vorticity depends only on one single first-order statistical characteristic
of the turbulent flow. More precisely, we identify the main statistical characteristic needed for the
PDF PDE with the conditional mean function of the increment of the vorticity given the current
vorticity:

Wy, w, ) =E[W'(y,£) = W HIW G, £) =], (LD

for i=1,2,3, where x,y,w € R3 and t> 0. The PDF of the vorticity W is a solution to the PDF
PDE, which is a second-order PDE where coefficients appearing in the PDF PDE depend on u
only. Besides its theoretical interest, this PDF PDE paves the way towards practical modelling the
statistics of turbulent flows based on the vorticity PDE.

The paper is organized as follows. In §2, several notions and notations together with several
standard assumptions about fluid dynamic random fields will be introduced, and the main result,
namely the PDF PDE for vorticity, will be derived. In §§3 and 4, the theoretical foundation, based
on our PDF PDE for vorticity, will be laid for the purpose of modelling various turbulent flows. In
§5, we propose the most direct way of modelling PDF of the vorticity by specifying the conditional
mean function pLi . The PDF PDE considered purely as a PDE theory is over-determined, due to its
nonlinearlity in the sense that the coefficients appearing in the PDF PDE are not independent of
its solutions. Therefore, care is needed to ensure that the additional constraint is satisfied. In the
last section, we propose the heat flow method to model statistical quantities needed for closing
the PDF PDE and obtain concrete PDF examples.
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(@) Conventions on notations

The following conventions are used throughout the paper. Firstly Einstein’s convention on
summation on repeated indices through their ranges is assumed, unless otherwise specified. If
A is a vector or a vector field (in the space of dimension three) dependent on some parameters,
then its components are labelled with upper-script indices, i.e. A = (A’) = (A, A%, A%). The same
convention applies to coordinates too. Partial derivatives of functions may be labelled with
variables in sub-scripts. For example, if A(w;x,t) is a vector-valued function depending on w,
x € R% and t, then V,,A means the total derivatives (3/dw'A/), A A means the vector (32/9xKaxk A7)
of the Laplacians of Al However, as a general rule, derivatives without subscripts mean the
derivatives with respect to the variable x = (x'), unless otherwise specified for avoiding possible
confusion.

The velocity vector field will be denoted by U. W=V AU is its vorticity so that
Wi = gliky / 9x/ UK, where % are the Levi-Civita symbols.

2. Probability density function equation for the vorticity

In this paper, we regard the vorticity of an incompressible turbulent flow as the main dynamic
variable. The goal of this section is to derive the evolution equation for the PDF of the vorticity of
an incompressible turbulent flow.

(a) Prelims and assumptions

Let U(x, ) be the velocity of an incompressible turbulent flow in R® with viscosity v. Suppose
there is no external force supplied to the turbulence. Being a random field though, U(x, t) satisfies
the Navier-Stokes equations

U Ul . 9P
=+ U - = UAUI —_—
ot ox/ axt
and .
alr
_— = O,
ox/

where i=1,2,3 and P is the pressure, subject to initial conditions which are random. The motion
equations of the vorticity W =V A U are the vorticity equations
AW AW Ul

U— =AW + W —, 2.1
ot + ax/ v + 9x/ ( )

fori=1,2,3.

We make the following technical assumptions.

First, we assume that both U(x, t) and W(x, t) have derivatives in x and f of any order, and these
derivatives decay to zero at infinity sufficiently fast, so that possible boundary terms arising in
applications of the Stokes’ formula have no contributions in computations below. Therefore, since
U is divergence-free, AU = —V A W, according to Green’s formula
PP 1 ik O ok
U'(x, t) = J]Ra yrr— &Y oy Wy, t) dy,

which yields the Biot-Savart law:

A 0 -y
U'(x, t =—J k2 Wy, t) dy. 2.2
(1) w’ Ixx—yP (v, t)dy (2.2)
fori=1,2,3.

Our second technical assumption is to impose certain regularity on the distribution of the
vorticity. At each point x and instance f > 0, W(x, f) is a random variable defined on a probability
space (£2, F,P), taking values in R3, and therefore its law (or called distribution) is a probability
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measure on (R3, B(R3)). We assume that W(x,t) has a positive and smooth PDF, denoted by
f(w; x,t), in the sense that

P(W(x, t)e A) = J f(w; x, t)dw
A
for every Borel measurable subset A. The joint distribution of W(x, ) and W(y, t) for any pair x # y

has a positive and smooth PDF, denoted by f>(w1, w2; x,y, t).
To state our third assumption, we first notice that

folwy, w;x,y,t)
w; Wy, X, Y, t)=———-—"=
fon(w; wy, x,y,t) Fwux b

is the PDF of the conditional law of W(y,t) given W(x, t) =w;. The conditional mean function
,ui(x, y,w,1) is defined by

1,y w, 1) = E[Wiy, ) — Wix, )| W(x, t) = w]
_ LRS (@) — i) (1w, %, y, £) daon, 2.3)

fori=1,2,3, which will play a dominant role in the sequel.

The third technical assumption is about the regularity of the conditional average function
w=(ul, 1u2, 13). It is assumed that the derivatives of pu of any order exist and decay to zero
sufficiently fast at infinity. Moreover, it is assumed that 4« has an asymptotic expansion

Wy, w, 0 = a (v, w, (" = 3 + b (w0, DY = )Y = ) +olly — x1) (24)
as |y — x| — 0, where a;{’s and b;:k’s are assumed to be continuous with respect to all of their
arguments. We denote b= b;{k fori=1,2,3. It is clear that

Wi
9k

a;;(x, w,t) =L |: (x, 1)

K] .
W(xr t) =w|= 7#1(9@% w, t) ’ (25)
dy y=x

which represents the local rate of change in the vortex motion over the turbulent region, and
b'(x,w,t) = SE[ALW (x, ) W(x, ) = w] = 2 Ayl (x, v, w, D) lyx. (2.6)

In the remainder of the paper, we will work with a turbulent flow for which the three
assumptions listed above are satisfied.

(b) Probability density function equation and its derivation

In this section, we derive the main result of the paper, that is a PDE which the PDF of the vorticity
must satisfy.

Theorem 2.1. Under the assumptions and notations established in §2a, suppose the PDF f(w; x,t) of
the vorticity is smooth in (w, x, t) and has finite moments, that is

J |w|"f(w; x, ) dw < oo,
R3

foreveryn=1,2,.... Then f satisfies the following PDE:
9 B D d (8, ; L
—+—+B— —vA =v—:o | —(fa}) — 20 —(fD"Y), 2.7
(at T TP Y ")f Y ow (axk(fak) f) * 5P @7
where Ay is the Laplacian with respect to the space variable x, ay and b are given as in (2.5) and (2.6),

Lk 0Ky w0 dy, 23)

Bl ’ /t = o
(xw, ) JR34n|y—x| oy
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and

Il
Di(x, w, )= w! J usﬁkiuk(x, y,w, t)dy. (2.9)
R 4|y — x3 ay/

Proof. Let F be a smooth function on R? with a compact support. By the definition of PDF one
has

) 0
F(w)—f(w; =E|—F .
L@ (w) a’f(w, x, t)dw [at (W(x, t))]
We are going to calculate the right-hand side expectation in terms of the PDF f(w; x, ) and other

statistical characteristics of the turbulent flow. This will be done by using the following equation:

i i 9F;(W) awi
a(up(W))+F(W)W, wo i )ﬂ,
axk  gxk

where, for simplicity, F; denote the partial derivatives dF/ 3x of F, ] =1,2,3. This equation follows
directly from the vorticity equations. From the previous equation, we obtain that

a(uiF(W»}

%F(W(x, 1)) = vALE(W) —

d
E [&F(W(x, t))] —VE[AF(W)] - E [ -~

+E [P (W)W’au } E |:v aFf(W)aW]}

axk  axk
=h+ D+ 13+ 14 (2.10)

Let us calculate I;’s on the right-hand side of equation (2.10). First, it is easy to see that by
definition
L =vAE[F(W)] = J Fw)v Axf(w; x, t) dw. (2.11)
R3

For computing I, we shall use equation (2.2) and obtain that

. |:8(LliF(W))

ILh=-— :
2 ox?

9 ,
:| =——E[F(W)U']
oxt
0 i 1 0
=——E [F(W)glfkj — WAy, b dy] .
oxt r3 47|y — x| 9y
To work out the expectation on the right-hand side, we may rewrite the partial derivative as a
limit: .
—wk(y, ) =lim - (WH(y + he?, ) - WEy, 1),
ay

where e() represents the unit vector with jth component equal to 1, and the rest two components
0, so that we can rewrite I, as the following limit

1 ;
_ ijk - k () _ Wk
h=—-" }l%hE[ (W)e J 4n|y (w (v + he, 1) — Wh(y, t))dy] 2.12)

The expectation in this expression may be written in terms of two-point joint distributions of W
as the following

ol . .
J]R3 F(w) |:J m (.[]1@ wi(fo(w, wi;x,y + he, t) — fo(w,wy; x,y, 1) dw1> dy} dw.
The inner integral against the variable wq equals

F@;x, H(ulx,y +he?,w, ) — u(x,y,w,1).
After substituting this in equation (2.12) and sending i — 0, we obtain that

3 Sk
L= JRS F(w) |:_8xi (f(ZU, x,t) JRS m oy ]u (x Y, w, ) dy):| dw. (2.13)
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Next we deal with I3. Again, using (2.2), we may write

9 Y- g d
ful ,t = ! 7W /t d ’
o ) JRs Gy —xp° oy WDy

so that

I = [P W)W/ aut}
x

. j_xj 20
—E|rmmw | L= i % ko, pdy|,
{x W e Wi ndy

which can be evaluated by using the two-point joint PDE. Indeed, we may repeat the same idea
as in the computation of I, to obtain that

KR ilk y-©
I —J F(w) |: —f(w; x, t)e wJJRg 47n|y 5y —u e,y w, t)dyi| dw. (2.14)

Similarly, for the last term I, we write

3 .
AE;(W) AW
li==v ZE |: axk  gxk

k=1

3
=—v) lim %E[(Fi(W(x + he®, 1)) — F;(W(x, ) (Wi (x + he®, 1) — Wi(x, £)]
=1 h—0 I
3 1
. o .
3 [ ) Fio) ol = o e, cnc

3
1 . .
=v J]Ra Fi(w) %13}) 2 kE_l {f(w;x + he® 1) J]RS (W — w')fo1 (we; w,x + he®  x, t) duy

+ f(w; x, t)J (wli - wi)fzu(wl;w, X, X + he(k), t) dwl} dw
]REI

1
= vJ Fi(w) hm h214dw
where for simplicity we have introduced the notation
3 .
IZ = Z{(f(w;x + he®, £) — f(w; x, ) (x + he® x,w, t)
k=1

+ f(w; x, t)(,ui(x,x + he(k), w,t) + ui(x + he(k),x, w, 1))}
IZ can be evaluated by using (2.4) when / is sufficiently small, by which we mean that
wie, x +he® w, t) = af{(x, w, H)h + b}‘(k(x, w, h? + o(h?)

and
i+ he®, x, w, £) = —a};(x + he®, w, Hh + b;ck(x + he®, w, Hh? + o(h?).

Consequently, we have
Mi(x, x+ he(k), w,t) + ;Li(x + he(k), x,w,t)= —(a};(x + he(k), w,t) — a;;(x, w, t))h
+ (bl (x, w, £) + By (x + he®, w, H)R* + o(h?),
which yields that
1
lm%hz - k(fak)+2be
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and we may conclude that

Iy=—v JRS Fi(w) |:8ik(fﬂ;<) - Zfz b;ck:| dw
k

9 9 . .
_ LRg F)5— |:U8xk( fal) — ZVka: b;k} dw. (2.15)
The PDF equation (2.7) now follows by substituting (2.11), (2.13)—(2.15) into (2.10). |

Remark 2.2. The PDE (2.7), although it appears linear, is in fact highly nonlinear, and more
importantly, the coefficients a,b, B and D that define the PDE cannot be in general determined
by the PDF f alone. We have seen that these functions are functionals of the conditional average
function p, hence the PDF f cannot be obtained solely through the PDF equation. However, the
PDF PDE provides an appealing and new method for modelling the PDF f based on the modelling
of i alone, we will provide in this work several results on modelling the PDF f based on the PDF
equation we just derived.

Remark 2.3. If all coefficients a, b, B and D are considered as given, then we can pose the initial
value problem for solving the PDF PDE (2.7). The good news is that then the PDF PDE is a scalar
linear PDE of second order, although in general it is a mixed type of PDEs of second order on
six-dimensional space. To the best knowledge of the authors of the present paper, this kind of
PDEs has not been studied systemically in the existing literature.

(c) The distribution of turbulence

As an application of the PDF PDE obtained in the previous subsection, we address a long-standing
question in turbulence about the distribution of turbulent flows. It has been conjectured and
verified by measurements over many years (cf. [6,12]) that the distribution of a genuine turbulent
flow cannot be Gaussian, while a mathematical proof for this statement, to the best knowledge of
the present authors, is not available yet. By using the PDF PDE, we are able to prove the following

Theorem 2.4. Consider an incompressible viscous (with viscosity v > 0) turbulent flow with vorticity
W(x, t). Suppose
(1) the mean vorticity is constant at any instance,
(2) {W(x,t)} is weakly isotropic in the sense that
E[VW(x, H)|W(x,t) =w] =0,
forall x,w and t > 0, and

(3) the distribution of {W(x, t)} is Gaussian.

Then the distribution of W(x, t) is independent of x.

Proof. Since {W(x,t):x e R3 and > 0} is a Gaussian random field, for x #y, the joint law of
W(x,t) and W(y,t) is a normal distribution on R® whose covariance matrix ¥ (x, y) may be

decomposed into blocks
X X
E(x,y)=< ' x’y>,
Zyx Xy

where the dependence on t is suppressed for simplicity. The PDF of W(x, t) is given by

fw;x,t)= (—%(w —m) z  w - m)) ,

1
Qryiydet s, P

where m denotes the mean vorticity, so that

Inf(w;x, ) = —3 In(27) — § Indet Ty — J(w —m)" ¥ (w — m). (2.16)
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Since under the assumption u;; =0, ¥ =Inf according to PDF PDE (2.7) must satisfy the following
equation:

9 3(D" — 2vb'

ait’—mxw B 1l'+1)|vxx//|2+(D’ 2b) %—VX.B
(which is the PDF PDE for ¥ =Inf in the case where u;( vanish). Using (2.16) and by a lengthy but
completely elementary computation, we deduce that

9 avt
—Z—w_vAxlndetEX v|vx1nc1et):x|2+4vF
w

dIndet Xy aD!
—B— T )
axt ow

dlndet Xy 937!
—vu (Zaxlx P )u—4vb’(2 1)/3u’3

+2Vx B+ vul Ay XS Ly

1
-1
+ 2Dz puf — e 1v|uTVx2x_1u|2,
oxt 2

where u =w — m. The last equation looks complicated, but the important point in our argument
is the observation that, the left-hand side —2(dv,/dt) is a quadratic function of u, while the right-
hand side is a polynomial in u of degree 4, and only the last term on the right-hand side has order
4 in u. Therefore

ouTvez =0,

for every u, which yields that V, X T 0, so that Xy is independent of x. This completes the
proof. [ |

Inviscid fluid flows

There is a significant simplification in PDF PDE for an inviscid ‘turbulent” flow, although such
turbulence may not exist in nature. For inviscid fluid flows, the velocity U(x, t) satisfies the Euler
equations

au’ aur
U’ +u =-VP and - =0.
ot v/ oxt
The PDF f(w; x,t) of W =V A U satisfies the (nonlinear) transport differential equation
af
+ — = 3.1
o (J‘B )= P (fD ), 3.1

where B and D are given as in (2.8) and (2.9), respectively.
The following theorem provides a mathematical tool for modelling PDF of an inviscid
turbulent flow.

Theorem 3.1. Consider PDE (3.1) where the data B and D are assumed as given. Assume that B and
D are Lipschitz continuous in (x,w) uniformly in t > 0. Suppose f(w;x,t) is a solution to (3.1) with
continuous initial data f(w;x,0), and suppose fD decays to zero sufficiently fast as |w| — oco. Then we
have the following:

(1) f(w;x,0) >0 forall x € RS, then f(w; x; t) > 0 for all x € R3 and t > 0.
(2) Suppose [gs f(w;x,0)dw =1 for all x € R3, then [gs f(w;x, )dw =1 for all x e R® and t > 0, if
and only if

i J. Bi(x, w, Hf (w; x, )ydw =0, (3.2)
ox! Jgrs

forall x e R3 and t > 0.
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Proof. Let us define the integral curves X and Y by the following ordinary differential equation
system:

%Xi(t, s)=—Bi(X(t,9), Y(t,9),t —s)), X(t0)=x,

%Yi (t,5) =D!(X(t,s), Y(t,5),t—s)), Y0 =w

Define
h(s) = f(Y(t,s); X(t,s), t —s) eN@¥),

for all s € [0, t], where

N(w; x,s) := E (25 - 8B1) (X, 1); Y, 1), t —1)dr.

Then clearly h(0) = f(w; x, t) and
h(t) = f(Y(t,1); X (¢, 1), 0)eN .

It is clear that

d N of d aB’
—h()— aiE i(t,s) +eN aflXm(ts)—e o Te f
D) _aBf) 8
dw! axt 9

Integrating with respect to the variable s over [0, {], we may conclude that

aD!  9B!
i Bxl) (X(t,s); Y(t,s),t —5) dsj| .

t
fw;x, t) =f(Y(t,1); X(t, t),0) exp |:J0 <

The conservation of positivity property (1) follows immediately from this representation. To show
(2) we consider the function u(x, t) = [ f(w; x, t) dw for x € R3 and ¢ > 0. If u(x,t) = 1 for all x and
t > 0, then by integrating (3.1) over R3 we obtain (3.2). Conversely, if (3.2) holds, by integrating
(3.1) over R3 then 3/dtu(x, t) = 0, which yields that u(x, t) = 1. [ |

4. Weakly homogeneous and weakly isotropic flows

It has been pointed out in §§2 and 3, the coefficients appearing in the PDF PDE are determined
by the conditional mean function wu(x,y, w,t) defined in (1.1). The significance of this statistical
quantity of a turbulent flow has been demonstrated in the derivation of the PDF PDE. By
definition the conditional mean describes the deviation from the local isotropicity of the turbulent
flow, and therefore this statistical characteristic can be used in the classification of turbulent flows.
In this section, we define weak homogeneous and weak isotropic turbulent flows, then study the
PDF equation for these turbulent flows.

The homogeneity and the isotropicity can be defined in general for random fields indexed by
a space variable x € RY, which has been introduced into the study of turbulence by Taylor [5]. The
local homogeneous and local isotropic flows were introduced by Kolmogorov for formulating K41
theory (and its improved version K62 theory). According to Kolmogorov [2,13], a random field
{Z(x, t)} is locally homogeneous if the conditional distribution of Z(y, ) — Z(x, s) given Z(x, s) =z is
independent of (z, x, s) for any t > s, and further it is locally isotropic if the conditional distribution
of Z(y,t) — Z(x,s) are invariant under reflections and rotations. The usage of conditional mean
function makes it possible to generalize these concepts to their weak versions.

We may simplify the PDF PDE for turbulent flows when the vorticity random field W(x, t)
is weakly homogeneous in the sense that for every pair (y,x) and t > 0, the conditional mean of
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Wi(y, t) — Wi(x, t) given W(x, ) = w depends only on y — x, w and t > 0 but independent of x, so
that we may write

Mi(x/ yr wl t) = ,Bl(y - xr w/ t)/
where (0, w, t) = 0. Then
. 3ﬁf
a;((xr w, t) = @ (0/ w, t)/
and
b(x,w,t) = AB'(0,w, 1),

which are still denoted by a;{ (w, t) and b'(w, t), though they are independent of x. Similarly

. 1 ﬂ
i _ ljk
B =] g G w0

and

j apk
Diw,h=w JR? 4ny|y|3 e D dy,

which again are functions of (w,t) only. Therefore, the PDF PDE can be simplified to be the
following mixed type PDE

9 9 af
B _ua)fev-" (A
<8t+ o v>f val( ak)+awl(f)
where A'=D! —2vb andi=1,2,3.
We say that the vorticity W is weakly isotropic, if

E[VW(x, )|W(x,t) =w] =0,

for all x,w and t. By definition, W is locally isotropic in Kolmogorov’s sense, then it is weakly
isotropic.

If W is weakly homogeneous and weakly isotropic, then a =0, B and A depend on (w, t) only,
so for this case, the PDF PDE becomes a parabolic-transport equation

9 ;0
(5+B o )f_—(fA) (4.1)

After we have deduced the PDE (4.1), there is no need to assume that B and A are independent
of x. Therefore, we may consider the following PDE

3 ;9 9B "
<8t+B‘+x_ )f—(f) (4.2)

where both B and A are functions of three variables x, w and t.
The following theorem provides the foundation for modelling weakly isotropic turbulent flows
based on the vorticity PDF.

Theorem 4.1. Consider the parabolic-transport differential equation (4.2), where A and B are considered
as given. Assume that A(x, w, t) and B(x,w, t) are Lipschitz continuous in space variable (x, w) uniformly
in t. Suppose f(w; x, t) is a solution to (4.2) such that fA is continuous and decays to zero sufficiently fast
as |w| — oo.

(1) If f(w; x,0) > 0 for all x and w, then f(w; x,t) >0 for all t > 0, x and w.
(2) If f(w; x,0) is a PDF for every x, i.e. it is non-negative and [ s f(w; x,0) dw =1 for every x, then
so are f(w; x,t) for all x and t > 0 if and only if

i. J Bi(x, w, H)f (w; x, f) dw =0, (4.3)
ax! Jgrs

forall x and t > 0.
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(3) Suppose in addition B is independent of w and dB!/dx' = 0, then if f(w; x, 0) is a PDF for every x,
f(w; x,t) is also a PDF for every x and for every t > 0.

Proof. The proof is rather similar to that of theorem 3.1, so we only provide an outline. Let
(M})i=0 (i=1,2,3) be a three-dimensional standard Brownian motion on a probability space
(82, F,IP). For every fixed t > 0, we run the following stochastic differential equation (SDE) system:

dXi(t,s) = v2vdM! — BI(X(t,s), Y(t,s),t —s)ds, X(t,0)=x

and

dYi(t,s) = Al(X(t,s), Y(t,5), t —s)ds,  Y(t,0)=w,
which has a unique solution running up to t. Apply It6’s formula to

Hs =f(Y(t,5); X(t,5),t — 5)e’®,

where
s aAi
P(s) = J —(X(t,7),Y(t,7),t —r)dr.
o dw!
Then
of i o .o AT Of
_ P e - _
dH; =e (E)wi dy; + o dXx +f8wi 8Sds + vAfds
=2vel a—f.dMé,
axt
so that

a .
Ho=H; — Zvep—fdM’s.
axt

By taking expectation, one may deduce that the solution can be expressed as

fw;x, t)=E |:f(Y(t, 1); X(t, t),0) exp (J; g—;‘)z(X(t, s), Y(t,s),t —s) ds)} .

Statements (1)—(3) can be easily shown using this expression and the argument in the proof of
theorem 3.1. If B is independent of w, then, by integrating (4.1),

9 .0
< = _ VA =
(at +B Py v ) u(x,t)=0,
where u(x, t) = [ps f(w; x, ) dw. Thus (3) follows from the uniqueness of the solution of the
previous parabolic equation. |

5. Modelling probability density function of weakly isotropic flows

In this and the next sections, several simple models based on our PDF equation for modelling
vorticity distributions in turbulence are discussed. Clearly, the most straightforward way for
modelling the distribution of vorticity is to assign the conditional mean function u(x, y, w,t). The
other parameters in the PDF PDE may be determined accordingly.

For practical reasons which will be clarified in our computations below, the simplest yet
not trivial model for u(x,y, w,t) should be a function of |y — x|2 only and u decays sufficiently
fast at infinity. For such a model, the parameters B and D' appearing in the PDF PDE (2.7)
vanish identically. The other parameters a;'( and b;:k are determined by the asymptotic condition as
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|y — x| — 0. For this reason, we assign

—6%|y—XI2, if [x —yl <3,

Mi(x/y/ w,t) = { (6.1)

Wy —x?), iflx—yl=>3,

fori=1,2,3, where § > 0 and / is a C-function such that  and its derivative decay sufficiently
fast at infinity. C > 0 is a model parameter which should be reflecting certain physical properties
of the underlying flows. The other parameters can be read out from this model easily: a; =0,

b]llk = —8j(C/6v) and therefore b’ = —(C/2v). With this model of 11, the PDF PDE is simplified to be

the following parabolic-transport equation:
3 of
- A == —_— .
(3t Y )f Czi: dw'’ (52)

The solution to (5.2) has a nice probabilistic representation which may be read out from the
proof of theorem 4.1. In fact

fw; x, t) =E[f(Y(t,1); X(t,1),0)], (5.3)

where f(w; x, 0) is the PDF of the initial vorticity, and X and Y are solutions to the SDE:

dXi(t,s) =+v2vdML, X(t,0)=x,
dYi(t,s) = Cds, Y(t,0)=w,

where M is a standard three-dimensional Brownian motion. The solutions when s=t are
given by
Yi(t, t) =w' + Ct

and
X(tt) = x 4+ v/2vM;.

Substituting these into (5.3) we obtain
fw;x, ) =E [f(w + Chx + V20M,, 0)]
—E [f(w + Ctx + V2utE, 0)] ) (5.4)
where & is a random vector with the standard three-dimensional normal distribution N(0, I3).

Clearly the representation (5.4) may also be written in terms of Gaussian density

_
(4mrvt)3/2
1

= G L@ f (w + Ct,x + v2vtz, 0) e (2%/2) gz, (5.5)

f(w; x, t) = J F(w + Ct, z,0)e(==x/40) g
]R3

Both representations (5.4) and (5.5) may be used to evaluate f(w; x, t) by using for example Monte-
Carlo scheme by sampling Gaussian random variables.

The initial PDF f(w; x, 0) is determined by the initial vorticity distribution. For a turbulent flow,
the initial vorticity may be written as a sum:

W(x, 0) = wo(x) + &(x),

where wy(x) is the initial mean vorticity at the location x, and &(x) represents a small random
perturbation. It is reasonable, therefore, to assume that £(x) has a normal distribution N(0, o (x)213),
where the variance o (x) may or may not depend on the location x. However, if ¢(x) is allowed to
depend on the location x, then the noise £(x) has to satisfy the divergence-free condition as well, a
technical issue we will not address here in detail. It is reasonable to assume that the initial vorticity
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mean wy is distributed in a small region of the space. In particular wy decays to zero sufficiently
fast near infinity. Under this assumption,

|w — wo(x) 2
;x,0) = - : 5.6
S0 = ooy &P { 2022 G6)
By substituting this into the representation (5.4), we obtain
2 2
1 —[ |w+Ct—wo(x++/2vt&)| /20 (x++/2vtE

flwx ) =E e (Jrcmwss ooy} |

(27TO' (x + «/2vt.’;‘) )

It is easy to see that f(w; x, t) is no longer Gaussian except for special cases which we would like
to discuss below.

If wg vanishes and if o is a positive small constant, the initial distribution is homogeneous and
equation (5.7) leads to a simple expression

f(ZU'X [—)= _WCHZ)

1
(2mo?2)3/2 P ( 202

which is independent of the location x and remains a Gaussian density. The interesting feature
about this model is that the variance stays as the constant o> but new mean vorticity —Ct is
created evenly after duration . This is the case of a turbulence with a small constant random
perturbation. For turbulent flows observed in nature, the initial vorticity mean wg does exist
and does not vanish, and the random noise &(x), for simplicity, may be modelled by a Gaussian
random variable independent of x. Therefore when o > 0 is a small constant, we have

. [e—(|w+c:t—wo (xwﬂs)ﬂ/%z)]

fw;x,t)= (5.8)

Qro2)32

where & ~ N(0, I3).
For this case, the mean vorticity w(x, t) at (x, ) can be evaluated. Indeed
o(x, t)= J

v ef(|w+Ct7wg(x+mé)|2/202) dw
RS (2m02)3/2

J W (w+Ct-wp (x+ms) Pr2ot) 4.
B 2702)32

_E [a)o (x n «/ﬂs)] —ct,
and therefore

i ot V) e
o'(x, t):JRB We (y=>*/4vqy — Ct, (5.9)

This equality shows that the vorticity mean w(x, t) under this simple model is independent of the
noise parameter 02, and w(x, t) evolves according to the heat type equation

%w(x, ) — C=vAw(x,t) and o(x,0)=wg(x),

which is a rather crude approximation to the mean vorticity equation.

6. Heat flow method

In this section, we propose another model for the PDF of the vorticity, based on the heat flow
method, in which the conditional mean function u is generated by a random field R(x, r). The
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random field R(x, r) evolves according to the heat flow

(i - vA) Ri(x,7) =0, (6.1)
ot

where R(x,7)= (R} (x, 7), R%(x, 1), R3(x, 7). The initial value R(x,0)=&(x)=(£!(x)) is a centred
Gaussian noise white in space in the sense that the covariance of &' at two locations u and v
in R? is given by

E[E' (&' (v)] = 8(u — v). (6.2)
Also, we assume that £/’s are i.i.d. random variables. For simplicity, we assume that R' is centred

here, but our argument can definitely be generalized to the case when it is non-centred.
The solution to equation (6.1) is given by

Rx, 0= | eIy dy, ©3)

R3 (4mvT)3/2
so that R(x, ) is a centred Gaussian random field with its covariance
1 S
or(x,y) = J J e Py P DR[£ g (v)] dudw
R Jre (4mv7)?

:J J #e*(\X*WZJFW*U‘2/4"7)8(” _ U) dudy/
R3 Jre (4vT)3

— o~ (x—yP/8v0) J L o (etn/ar/avn) g,
RS (4mvT)3

1

= We*(lx*ylz/&)r).
8(2mvt

It follows that the conditional distribution of R(y, r) given R(x, ) = w has a normal distribution
with mean e~(F=¥/8v9)y and covariance matrix

1 2
8(2mvr)3/2 (1 —e /Aoy,

Therefore, the conditional mean of R(y, 7) — R(x, t) given R(x, ) = w can be easily found to be

—(1 — e~ (xyP/Bvy,

which will be our u(x, y, w, f) with T = ¢(t) a reparametrization as part of the model. For simplicity
let us consider the power law model, that is

T=20(t+ 12)%, (6.4)

where A1 and 1, are two positive numbers which then become our model parameters. Since

x—y 2
’ /t = - ’
w(x,y,w,t) 8or w+o(lx — yI9)w
therefore af{ =0and b]i’k =—3;(1 /8vT)w'. In particular,
i 3w
bwt) =, 6.5
@D ==t (65)

for i=1,2,3. Since the conditional mean function u depends only on |x—y|2 and decays
exponentially fast at infinity, B' =0 and D! =0, which implies that

3w
Arq(t+ rp)e
Thus the PDF PDE with these parameters is reduced to the simple parabolic-transport equation

a d ;
(ﬁ — vAx>f= %(A'f)

Al(w, t) = (6.6)
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The divergence of A is given by

LAi(x w, )= 9
N
If @ # 1 but o > 0, by using the Feynman-Kac formula we have
f(w;x, ) = 0(a, E[F(Y (2, 1), X(t, ), 0)], (6.7)

where we have introduced

3((t + )\.2)1_0( _ )\17&)
O(a, t)=exp |: Tad—a) 2 , (6.8)
for simplicity, and X and Y are solutions to SDE
{dxf (t,5) = v2vdML, X(t,0)=x,
dYi(t,s) = % ds, Y(t,0)=w.
If « =1 then
flw;x, )= A(O’EF(Y(E 0, X, 1), 0)], (6.9)
where
3/40
At = (t + Az) : (6.10)
A2

The previous SDEs have explicit solutions:

X(t, t) =x + vV2vM;

and
Y(t, ) =wo(a,t),
ifx #1, and
Y(t, t) = r(t)w,
ifa=1.

Therefore, if @ > 0 and « # 1, by plugging these explicit solutions X and Y into (6.7) we have
F(w; x,t) = 6(ct, H)°E [f (we(a, B, x + @Mt,O)]

—0(a, °E [f (we(a, B, x + v/20t¢, 0)] (6.11)

where & ~ N(0, I3).
As in the previous section, the initial vorticity is assumed to be of the form

W(x, 0) = w(x) + e(x),
where £(x) has a normal distribution N(0, 02) and w(x) is the mean vorticity at x, so that

1 w — ()
f(w,x,O) = m exp |:—%a;i|

and therefore, according to (6.11),
1 - (‘w@(a,t)—w(x+«/2vté)‘2 /2(7(x+«/2ut§)2>
e
3/2
<2na(x + \/th5)2>

where & ~ N(0,I3). Hence f(w; x, t) is no longer Gaussian density unless o (x) is independent of x
and w =0 identically.

f(w; x,t) =0(a, t)°E

7
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Let us discuss a special case where w = 0 identically and o > 0 is constant. Then

0(a, t)? [ |w9(a,t)|2i|
Xp | ————— |,

(2ro2)3/2 202

flw;x, t) =

is a Gaussian density with mean 0 and variance 0215, where
1
o2
VO(a,t)

If o > 0 is a constant and w does not vanish identically, then f(w; x, t) is not Gaussian, but has a
nice representation:

pz(x/ )=

(6.12)

(o, 1) " e—()wa(a,t)—w(er@g)‘z/zaZ)
(2n02)3/2 ’

fw;x, )= (6.13)

where £ ~ N(0, I3), and 6(«, t) is defined by (6.8).
A similar discussion applies to the model where o =1, which is certainly interesting too. For
this model, the PDF f(w; x, t) is given by

F(w; x, ) = A(EPE [f (wk(t), X+ V2vtE, 0)] ) (6.14)

where £ ~ N(0, I3) and A(t) is defined by (6.10).
Suppose again the initial vorticity

W(x,0) = w(x) + e(x),

where £(x) has a normal distribution N(0, o2(x)) and w(x) is the mean. Then
A3 —(‘wx(t)—w(x+mé) |2/2a<x+mé)z)
e
3/2
<2na(x + \/2vt€)2> /

which is not Gaussian except for the following special case.
If o(x) =0 > 0is a constant and w(x) =0, then

flw;x,t)=E (6.15)

e MO eapsen
f (w; x, t)—me ’

is Gaussian with mean zero and variance p2I3, where
3/2
A
p2(x, ) = o2 | 2 .
t+ X2
The most interesting case for the purpose of modelling turbulent flows is the model where o > 0

is a small parameter and w is not zero, so that

A3 E e—(|zuk(t)—w(x+m5)‘2/202)
2ro2)2

fw;x, )= ,
where £ ~ N(0, I3). Although it is no longer Gaussian, some of its features can be extracted by
doing Monte—Carlo simulations.

We may conclude that this model provides some nice features of the propagation of the
vorticity which may be helpful for the understanding of the energy dissipation in turbulence,
and we will explore this in a separate work.
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