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Abstract Sedimentation velocity analytical ultracentri-
fugation has become a very popular technique to study
size distributions and interactions of macromolecules.
Recently, a method termed two-dimensional spectrum
analysis (2DSA) for the determination of size-and-shape
distributions was described by Demeler and colleagues
(Eur Biophys J 2009). It is based on novel ideas con-
ceived for fitting the integral equations of the size-and-
shape distribution to experimental data, illustrated with
an example but provided without proof of the principle
of the algorithm. In the present work, we examine the
2DSA algorithm by comparison with the mathematical
reference frame and simple well-known numerical con-
cepts for solving Fredholm integral equations, and test
the key assumptions underlying the 2DSA method in an
example application. While the 2DSA appears computa-
tionally excessively wasteful, key elements also appear to
be in conflict with mathematical results. This raises
doubts about the correctness of the results from 2DSA
analysis.
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Introduction

The use of sedimentation velocity analytical ultracentrifu-
gation (SV) has significantly expanded in the last decade
(Howlett et al. 2006; Scott and Schuck 2006; Cole et al.
2008), and new computational methods for SV analysis are
being actively developed by several groups (Balbo et al.
2005; Philo 2006; Brown et al. 2007, 2009; Behlke and
Ristau 2009; Brookes et al. 2009; Correia and Stafford
2009). In particular, diffusion-deconvoluted sedimentation
coefficient distributions calculated from direct boundary
modeling of experimental data (Schuck 2000; Schuck et al.
2002) have proven to be very useful tools in many bio-
physical applications (for a list of references see Schuck
2007). They can achieve relatively high hydrodynamic
resolution of pauci- and polydisperse macromolecular
mixtures, exhibit exquisite sensitivity for trace components
(Berkowitz 2006; Liu et al. 2006; Brown et al. 2008a, b;
Gabrielson et al. 2009), and can be related to sedimentation
coefficient isotherms and Gilbert—Jenkins theory for the
analysis of slowly or rapidly interacting systems (Dam and
Schuck 2005; Dam et al. 2005). The extension of sedi-
mentation coefficient distributions to two-dimensional size-
and-shape distributions was introduced (Schuck 2002;
Brown and Schuck 2006) and applied in numerous studies
(Markossian et al. 2006; Chang et al. 2007; Deng et al.
2007; Race et al. 2007; Broomell et al. 2008; Brown et al.
2008; Chebotareva et al. 2008; Iseli et al. 2008; Mon-
crieffe et al. 2008; Paz et al. 2008; Sivakolundu et al.
2008; Wang et al. 2008; Eronina et al. 2009; Mortuza et al.
2009). More recently, the Demeler laboratory has descri-
bed the concept of a novel algorithm (“2DSA”) for
determining size-and-shape distributions, as implemented
in the software ULTRASCAN (Brookes et al. 2006, 2009;
Demeler et al. 2009). In the present work, we critically
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compare the background of the different algorithms and
assess their performance.

Methods

The SV experiment was carried out with a Beckman-
Coulter XL-I analytical ultracentrifuge, following standard
protocols as described by Brown etal. (2008a, b).
A monoclonal immunoglobulin G (IgG) preparation in
phosphate-buffered saline (PBS) buffer was inserted in 12-
mm Epon centerpieces, temperature equilibrated at 18°C,
and then accelerated to 45,000 rpm and scanned with
absorbance optics at 280 nm. Data analysis was performed
with SEDFIT 11.8 using c(s) models as described by
Schuck et al. (2002), the two-dimensional size-and-shape
model c(s, f,) as described by Brown and Schuck (2006),
and applying Bayesian prior knowledge as described in
detail by Brown et al. (2007). The computer used for these
analyses was a Dell Precision T5400 workstation, with dual
32-bit quadcore 3.16-MHz processors and Windows oper-
ating system.'

Outline of the algorithms

For clarity of the analysis of the algorithms, we first pro-
vide a mathematical outline of the problem. This is fol-
lowed by a more detailed discussion of appropriate
discretization parameters, and from this we derive the
demands on the computational platforms. Then we discuss
algorithmic aspects for calculating Lamm equation solu-
tions and for computing a size-and-shape distribution from
the experimental data, and finally comment on methods for
estimating their true information content.

Mathematical description of the problem

The size-and-shape distribution problem is a Fredholm
integral equation of the form

Smax fr, max

c(s, fr) x(s, fr, 1, t)dsdf,, (1)

a(r, t) =

Smin  Jfr, min

' We also analyzed the data with ULTRASCAN II version 9.9 to
confirm our results as far as possible. Unfortunately, the current lack
of a manual section for the use of the 2DSA analysis and the
excessive computational times involved prevented us from a direct
comparative analysis of the same data with the full 2DSA model as
described by Brookes et al. (2009). Further, a detailed comparison
does not seem possible due to seemingly unavoidable data truncation
steps when loading data in ULTRASCAN 11, and due to our inability
to write the entire calculated distribution into a text file.
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where the data a(r, t) are the measured evolution of the
radial signal profiles, and c(s, f,) is a differential size-and-
shape distribution, expressed most conveniently for the
modeling of SV data in coordinates of sedimentation
coefficient s and frictional ratio f, (Brown and Schuck
2006). x(s, f,, r, t) are normalized solutions of the Lamm
equation (Lamm 1929)

O _ E {D O — swzrzx] , (2)

ot ror r&

which predicts the evolution of the concentration profiles
of an ideally sedimenting species with sedimentation
coefficient s and diffusion coefficient D(s, f,) that is ini-
tially uniformly distributed between the meniscus and
bottom of the solution column at loading concentration
of 1.

Equation (1) can be discretized on a rectangular grid
with (§ x F) size-and-shape values (s;, f,.;) comprising all
combinations of S equidistant sedimentation coefficient
values from s; = Sy t0 Sg = Smax (With constant mesh
size As = (ss —s1)/(S—1) =s;41 — s;), and F frictional
ratio values from f, | = f, min t0 fr.F = fr.max (With constant
mesh size Afr = (fr.F _fr,l)/(F - ]) :f;’;i+l _fr,/')' With
the data being (N x M) discrete signal values at radius 7,
and time t,,, abbreviated as a,,,,, (1) leads to the linear least-
squares problem
2

S F
Apm — ZZCiJX(Sivfr,i» T, tm) _b(rn) _ﬁ(tm)

n,m i=1 j=1

Min
cij=>0

(3)

The ¢;; provide an estimate of the size-and-shape distri-
bution with c(s,f;) ~ ci;/(AsAf,). Signal offsets from
systematic time-invariant [b(r,)] and radial-invariant
[B(t,,)] noise contributions are indicated in Eq. (3), but their
simultaneous optimization with the method of separation of
linear and nonlinear parameters (Ruhe and Wedin 1980)
poses no significant further complications (Schuck and
Demeler 1999) and therefore they will be dropped from
further consideration in order to make the notation more
transparent in the following.”

We can introduce a new index [/ that lexicographically
orders all data points (a total of L = N x M), and a single
index k that enumerates all size-and-shape grid points (s;,
frj)from 1 to K =S x F, which allows us to write (3) as a
simple sum

2 They cannot, however, be calculated in a first analysis and then be
subtracted from the experimental data, as described by Demeler and
colleagues (Brookes et al. 2009). Since systematic noise components
are part of the model, and since their estimates can correlate with the
description of the macromolecular sedimentation distribution, they
need to be simultaneously optimized (Schuck and Demeler 1999;
Dam and Schuck 2004).
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This highlights the nature of the problem being a
standard nonnegative linear least-squares problem. The
unconstrained problem can be solved with the method of
normal equations (Lawson and Hanson 1974; Golub and
VanLoan 1989)

P =d, (5)

with the K x K matrix P (sometimes referred to as the

Gram matrix) with elements P, = >y x> the K x 1
1

vector d with elements dj = > aryy, and the K x 1 vector
1

¢ representing the unknown distribution.

The unique best-fit solution with the nonnegativity con-
straint ¢; > 0 can be found unambiguously with the alge-
braic algorithm NNLS, which was introduced and proven by
Lawson and Hanson (1974). We first used the NNLS algo-
rithm in the context of SV distribution analysis, in a form
where we expressed all requisite quantities with elements of
the normal equations (Schuck 2000). NNLS is an active
set algorithm that divides the unknowns into sets with active
(cx = 0) and inactive (c¢; > 0) inequalities, and iteratively
establishes the active set producing the best-fit solution. For
the inactive set, the problem takes the same form as (5), but
with all matrix and vector elements from components with
active constraints deleted (Gill et al. 1986).

Frequently the problem of fitting distributions of the
form (1) is ill posed, meaning that many different solutions
will fit the data statistically indistinguishably well (Louis
1989; Hansen 1998; Engl et al. 2000). For example,
Provencher (1982) has illustrated this point via the Lemma
of Riemann-Lebesgue, showing that one should expect a
large set of very different solutions to fit the data equally
well within the experimental error. In practice, noise of the
data can amplify to determine even the overall features of
the best-fit solution €, and often the strictly best-fit solution
consists of a series of spikes whose number, location, and
height may not reflect the presence of such species in the
physical experiment, but are governed by the details of the
noise and other imperfections in the data.

It is therefore desirable to suppress, among all possible
solutions, those that contain a potentially misleading amount
of detail arising from noise amplification. Towards this goal,
regularization is a standard approach that determines the
most parsimonious solution of all that fit the data statistically
indistinguishably well. It minimizes a measure of the infor-
mation content of the solution while optimizing the quality of
fit. A well-known and widely applied strategy to suppress
artificial spikes is Tikhonov—Phillips regularization (Phillips
1962; Provencher 1982; Louis 1989; Hansen 1992; Press

et al. 1992), which uses, for example, the square of the
second-derivative matrix (Hy,) to stabilize the solution of

4):

2
K
Mi% Z ((11 — Z Cka[) + o ZCkaKCK (6)
k= k=1

! k,x

or, formulated with normal equations,

(P+«H)E = d, (7)
where o is a parameter that scales the regularization con-
straint (Louis 1989; Press et al. 1992). Again, (7) has an
unambiguous best-fit solution that can be determined
algebraically with NNLS for any value of o, and the latter
can be adjusted in a simple one-dimensional search such
that the least-squares fit remains at a statistically indistin-
guishable quality compared with the initial best fit in the
absence of regularization (Bevington and Robinson 1992).
A Bayesian variation of this approach is possible that
modulates the regularization matrix to enhance the infor-
mation content of the solution in view of existing (or
hypothesized) prior knowledge (Sivia 1996; Brown et al.
2007; Patel et al. 2008).

We will refer to this approach as the “standard algo-
rithm,” because it is firmly rooted in textbook linear algebra
and basic linear least-squares optimization, and utilized in
many applications throughout the biophysical literature and
physical sciences. We have introduced this approach pre-
viously into the SV analysis, and it underlies all size-dis-
tribution analyses in SEDFIT and SEDPHAT. If used
without regularization, it provides exact solutions (within
numerical precision) to the least-squares problem (3), and
when used with regularization, the algorithms ensure that
fits with statistically indistinguishable quality are obtained.

The 2DSA method by Demeler and colleagues aims to
solve the same Egs. (1), (3), and (4), respectively. This is
described by Brookes et al. (2009), and with less mathe-
matical detail by Demeler et al. (2009). The Demeler
approach deviates in key aspects from the strategies
described above. Apparently in order to circumvent per-
ceived computational limitations, a novel multigrid scheme
is conceived that would allow a sequence of fits with low-
resolution 10 x 10 (S x F) grids to approximate the
solution of (1) and (3) with high-resolution S > 10 and
F > 10. For achieving parsimonious results Monte Carlo
iterations are applied (Brookes et al. 2009). Some of the
key ideas will be discussed in the following.

Appropriate mesh sizes for the two-dimensional
problem

First, in order to assess the size of the problem and com-
putational requirements, we need to clarify how fine the
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Fig. 1 Illustration of the standard algorithm for size-and-shape p

distributions applied to the experimental data of an immunoglobu-
lin G sample, sedimenting at 45,000 rpm. a Experimental data
acquired with the absorbance optical system (solid lines). The color
temperature indicates the temporal order of the scans, with blue for
the early and red for the late scans. The dotted lines, virtually
overlapping the experimental data, are the best-fit distribution from
modeling with Eq. (3) for a grid of K = 10 x 100 (f,, s)-values
ranging from f,-values of 1.0 to 2.5 in 10 equidistant steps, and from
s-values of 0.1 to 15.0 S in 100 equidistant steps. b Residuals of the
fit, presented as a bitmap (Dam and Schuck 2004) and as an overlay
plot for all traces. The root-mean-square deviation is 0.00672 OD.
¢ Raw size-and-shape distribution without regularization. As in
(Brown and Schuck 2006), the 2D grid of (f,, s)-values is indicated by
solid lines, combined with a color temperature contour map in the
plane below. The solution is a series of spikes in f,-dimension, with a
comparatively well-defined s-value of ~5.8 S for the main species.
An observation familiar in the study of IgG (and many other protein)
samples is the low-level population of dimeric species at ~9 §, as
well as trimeric traces at ~11-12 S. d Tikhonov-Phillips regular-
ization applied to produce the most parsimonious size-and-shape
distribution of all that fit the data statistically indistinguishably well at
a P =0.95 confidence level (i.e., that produce a rmsd value of
0.00677 OD or better)

grid of s-values and f,-values needs to be in order to fully
extract all information from a typical set of sedimentation
velocity data. Let us consider as an example the experi-
mental data from a preparation of IgG molecules sedi-
menting at 45,000 rpm, as shown in Fig. la. It is useful to
start the analysis with a one-dimensional sedimentation
coefficient distribution analysis c(s), since the sedimenta-
tion coefficients are the experimentally best determined
quantities. c(s) eliminates the shape dimension by using
hydrodynamic scaling laws such as the traditional s ~ M*>
law for globular particles (Schuck 2000), theoretical
models for wormlike chains (Yamakawa and Fujii 1973) or
any user-defined exponential scaling laws for polymers
(Pavlov et al. 2009). For the given data we can determine
from the c(s) analysis (not shown) that s-values from 0.1 to
15 § will be sufficient to describe all sedimenting species.
Equidistant discretizations with § = 100 or § = 200 lead
to statistically indistinguishable quality of fit, as measured
by F-statistics (Bevington and Robinson 1992; Straume
and Johnson 1992), and therefore we preliminarily con-
clude that S = 100 will be a reasonable choice.
Typically, the resolution in the frictional ratio dimension
cannot be expected to be very high, even in combination
with data from SV experiments at a range of rotor speeds
(Schuck 2002). Therefore, a discretization providing
F = 10 values between 1.0 and 2.5 (ranging from extre-
mely compact to very extended protein structures) should
be a sufficiently flexible basis to describe the actual fric-
tional ratio for each species (knowing that we have inserted
folded proteins into the sample solution, and keeping in
mind the average frictional ratio of 1.68 estimated from the
c(s) analysis). The resulting 10 x 100 grid with a total of
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K = 1,000 species was fitted with the standard algorithm to
the data in Fig. la, leading to virtually random distribution
of residuals (1b), with a root-mean-square deviation (rmsd)
of 0.00672, consistent with the noise in the data acquisi-
tion. The resulting distribution is shown with and without
regularization in Fig. 1d and c, respectively. As expected,
while the s-values of the species are well defined, the shape
dimension is highly underdetermined, resulting in the
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typical series of peaks in Ic, and in a smooth relatively
uniform distribution after regularization in 1d. (This justi-
fies, in retrospect, the choice of F = 10 values as a suffi-
ciently detailed discretization of the frictional ratio
dimension.)

We can compare the rmsd achieved with this 10 x 100
grid (0.00672) with a fit under otherwise identical condi-
tions but different grids: a coarser 10 x 50 grid leads to an
rmsd of 0.00678, which is barely statistically worse (on a
one standard deviation confidence level), and a finer grid
with 20 x 200 grid leads to an rmsd of 0.00670, which is
statistically indistinguishable. Thus, a 10 x 100 grid is of
sufficiently high resolution to extract the entire information
content of the experimental data.

Memory requirements and computational platforms

After outlining the structure of the problem and the dis-
cretization parameters typically required for a size-and-
shape analysis of SV data, it is possible to discuss the
computational requirements. Demeler’s 2DSA method was
implemented with the goal of accessing a high-perfor-
mance computing environment (TeraGrid) in order to
avoid prohibitive memory limitations that Demeler and
colleagues perceive to occur when using ubiquitous
ordinary laboratory workstations. Specifically, the authors
(Brookes et al. 2009) estimate the memory needs for
modeling a set of M = 50-100 sedimentation velocity
scans with typically N = 500-800 data points each by only
a low-resolution 10 x 10 (S x F) grid. They conclude that
“Performing just a 10 x 10 grid search on such an array
would require close to half a gigabyte of memory just for
data storage of a single experiment.” (Brookes et al. 2009).
We will examine this estimate in more detail.

In practice, when using the absorbance optics with the
recommended and widely applied setting of 0.003 cm
(Brown et al. 2008a, b) for the radial intervals, in order to
diminish errors from sample migration during the scan
(Brown et al. 2009), we obtain only on the order of ~200-
250 points per scan in a long-column SV experiment. In
typical high-speed SV experiments with eight-hole rotors,
we can acquire usually only 50 scans or fewer before
depletion occurs and/or migration and backdiffusion
approach steady state, even with small solutes. This is
sufficient for a highly detailed analysis of multicomponent
systems, as discussed by Balbo et al. (2005). Predicted
values y(s;, f, j» Tn» 1) need to be calculated for each
species (s;, f,, ;) with arrays of the same size as the data
a(ry, t,,). Since the experimental data have a precision not
better than four decimal places, their representation as a
standard 32-bit floating-point data type with eight signifi-
cant figures is already wasteful. Nevertheless, calculating
conservatively with 32-bit floats we arrive at a memory

requirement of only ~4.8 MB for storage of model data,
rather than 0.5 GB [250 x 50 x 10 x 10 x 4 bytes x
(1,048,576 bytes/MBY1 = 4.76 MB]. With interference
optical (IF) data, the native radial density of points is higher
(~ 1,500 per scan). Since the radial density of points of
interference scans is not exploited experimentally, it could
be safely reduced to the level of absorbance data by pre-
averaging, which reduces the statistical noise approximately
by a factor of 2. However, again calculating conservatively
and using the native resolution of IF data, this would lead to
~28 MB storage space, or ~57 MB if 100 scans were used
to represent the evolution in a SV experiment.

We find that the ~5-50 MB actually required for cal-
culating size-and-shape distributions with 10 x 10 grids is
compatible with the available memory on many different
platforms, ranging from >200,000 MB available on Tera-
Grid systems, to ~2,000-3,000 MB typically available on
32-bit Windows, and even the ~50-90 MB available on
current smartphones.

Consistent with this result, we and others (Markossian
et al. 2006; Chang et al. 2007; Deng et al. 2007; Race
et al. 2007; Broomell et al. 2008; Brown et al. 2008;
Chebotareva et al. 2008; Iseli et al. 2008; Moncrieffe et al.
2008; Paz et al. 2008; Sivakolundu et al. 2008; Wang et al.
2008; Eronina et al. 2009; Mortuza et al. 2009) have reg-
ularly used full high-resolution grids (such as 10 x 50,
10 x 100, or higher) in SEDFIT on ordinary personal
computers or laptops, an exercise that is a regular part of
the Workshop on Hydrodynamic and Thermodynamic
Analysis of Macromolecules with SEDFIT and SEDPHAT
at the National Institutes of Health (Schuck 2009). This is
possible due to the fact that the memory requirement for
the high-resolution grid would be 48-286 MB to store the
model data (assuming 50 scans for data absorbance or
native interference data modeled with a 10 x 100 grid). It
is readily verified that, even for the complete high-resolu-
tion grid and when globally analyzing many experimental
data sets, this is well below the memory limit of currently
common 32-bit Windows operating systems.

Further, all computations can be condensed to the normal
Eq. (5), requiring essentially only a matrix P of
1,000 x 1,000 numbers to be operated on, which even as
double-precision data type requires less than 8 MB, trivial by
current standards on any platform. Once condensed to the
form of Eq. (5), our SV problem is far smaller (often several
orders of magnitude) than common problems of analogous
mathematical structure, for example, in astronomical image
analysis (Narayan and Nityananda 1986). For the data shown
in Fig. 1, in the implementation in SEDFIT (which does not
optimize memory allocation), ~20 MB of RAM are used.

The necessary computational power will strongly
depend on the implementation of the algorithms, of course.
Parallelization can be readily achieved in the standard
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algorithm, which can in many places decrease the compu-
tation time by a factor virtually proportional to the number
of threads. This is true, for example, for solving the Lamm
equations, and for the most time-consuming step of building
the normal equations matrix. The time for a complete cal-
culation with a full high-resolution grid (10 x 100) for the
data shown in Fig. 1, on a current dual-processor quadcore
3.16-MHz PC (Dell Precision T5400), is only 42 s.> The
time required for a 10 x 50 grid, which we have already
seen leads to an adequate fit within the noise of data
acquisition, is 10 s. Finally, it is ~ 15 min for a 20 x 200
grid. In the standard algorithm a Monte Carlo statistical
analysis may be desired, for example, in order to examine
the statistical accuracy of a particular species population as
determined from the integration of the distribution in a
certain range. In the standard algorithm, each iteration
requires only updating the vector d of the normal Eq. (5)
and solving these equations. For the data shown in Fig. 1,
one iteration takes ~ 3 s on a single thread on our PC.

We conclude that ordinary current workstations do not
pose a limitation for rigorously determining the size-and-
shape distributions, neither with regard to available mem-
ory, nor with regard to processor capabilities.

Lamm equation solutions

Modeling a distribution of species with different size and
shape to the data depends critically on the accuracy of the
Lamm equation solutions (2) that predict the sedimentation
profiles for all species. For calculating Lamm equation
solutions, Demeler and colleagues apply the ASTFEM
algorithm that was recently introduced by Cao and Dem-
eler (2005). In that work, the authors report two criteria for
the performance of their ASTFEM algorithm in compari-
son with the reference (true) solution: (1) the overall rmsd
(referred to by Cao and Demeler as “L* error,” in a non-
standard definition), and (2) the maximum error in the
evolution of concentration profiles.

That the rmsd is small (compared with the noise of data
acquisition) is a necessary but not sufficient condition for
the algorithm to be useful in modeling experimental data.
In fact, the majority of points of the predicted concentra-
tion profiles typically fall into the plateau regions, which
are trivial to predict (those in the solvent plateau are con-
stant zero) but have limited or no information about the
sedimentation process. These plateau points can keep the
overall rmsd error of the solution below the statistical
errors of the data acquisition, even though the maximum
errors in the sedimentation boundaries may be much larger.

3 Scaling this to the processor clock rate of a G1 smartphone, we
expect this calculation should take less than 1 h, which would still
compare well with the experimental time of several hours.
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The accuracy of the description of the shape of the
sedimentation boundary (rather than the plateaus) is critical
for modeling the size-and-shape distributions. Therefore, a
sufficient condition is that the maximum error is smaller
than the noise of the data acquisition. For example, in order
to model experimental data with signal-to-noise ratio of up
to ~1000:1, the maximum errors of the Lamm equation
solutions at unit concentration should be less than 0.001.

For numerically solving the Lamm equation, an over-
riding question is the discretization of the radial coordinate.
Solutions with fine radial mesh are generally more accurate
but computationally more expensive, and conversely,
coarsely discretized Lamm equation solutions are quicker to
calculate. Even though it has not been explicitly mentioned
in the SV literature until recently (Brown and Schuck 2008),
it is easy to see that a fundamental limitation for any finite-
element algorithm with linear elements is the obligate error
that occurs when approximating a smooth, curved function
with piecewise linear segments. This is illustrated in Fig. 2
for a system chosen by Cao and Demeler (2005) as a
benchmark in the introduction of their ASTFEM algorithm.
Figure 2 shows the deviations of the curved, accurate solu-
tion from a series of linear segments with a total of only 100
(red) or 200 (blue) radius values from meniscus to bottom.

For the determination of suitable radial mesh sizes for
calculating the Lamm equation solution, Cao and Demeler
applied the L? error criterion. This led to the recommen-
dation of very coarse grids with ~ 100 points, and indeed
the main benefit of the ASTFEM algorithm perceived by
Cao and Demeler (2005) is numerical stability even for
such very coarse radial grids.

Unfortunately, large maximum errors in the approxi-
mation of the sedimentation boundaries are an unavoidable
consequence of coarse radial discretization. In fact, the
errors in the sedimentation boundaries shown in Fig. 2 are
similar in magnitude to those of Figs. 8b and 9b in Cao and
Demeler (2005). Remarkably, none of the examples pro-
vided by Cao and Demeler (2005) led to maximum errors
below 0.001, and in most cases it was a factor of 10 or
more above this mark. Such errors can be expected to
significantly impact the result of the size-and-shape dis-
tribution analysis.

We have recently derived a new finite-element algo-
rithm (Brown and Schuck 2008) based on the recognition
that the approximation of the concentration profiles as
linear segments does not only generate an obligate error
(independent of the algorithm), but that this also represents
the dominant source of error in the finite-element approach
as described by Claverie et al. (1975). Accordingly, we
generate a set of nonequidistant radial grid points with
optimal spacing to achieve Lamm equation solutions with
constant, predetermined accuracy (as measured by the
maximum error for the radial data range to be analyzed).
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Fig. 2 Accuracy of the solution of the Lamm equation. Whenever
using linear elements for the finite-element solution, an obligatory
error is the approximation of the true boundary shape by piecewise
linear segments. This is illustrated here for a system chosen as model
system by Cao and Demeler (2005, compare Fig. 8b), with s = 10 S
and D = 2 x 1077 cm?/s, for which very accurate Lamm equation
solutions were calculated with a very fine discretization (black thin
line). If the radial range from meniscus to bottom is divided evenly in
a set of only 100 radial points and the boundary shape is
approximated by piecewise linear segments (red line, residuals
shown in enhanced scale in the graph below), very large deviations
occur, even if at these points the correct Lamm equation solutions
were calculated. For an even division with 200 radial points (blue) the
obligatory errors are smaller but still approximately ten times the
experimental noise. Grids with 100 radial points were proposed by
Cao and Demeler (2005), leading for samples at unit concentration to
maximum errors far exceeding the experimental noise. As shown by
Brown and Schuck (2008), the minimum number of radial points that
for this system allow for this obligate error to be <0.001 is ~300,
based on an optimized nonequidistant spacing of radial points (using
high density where boundaries are steep)

To optimize the efficiency, all points in the solvent and
solution plateaus are calculated with the trivial analytical
expressions (Brown and Schuck 2008). We note that, for
the 10 x 100 grid shown in Fig. 1, the calculation of the
Lamm equation solutions for all 1,000 species with an
accuracy of better than 0.001 (maximum error) requires a
total of less than 2 s on our PC. Thus, computational
expense for achieving high-accuracy Lamm equations
should not be limiting the size-and-shape distribution
analysis of SV data.

The 2DSA “divide-and-conquer” algorithm
by Brookes et al.

The 2DSA algorithm applied by the Demeler laboratory
consists of a large number of repeated applications of
Eq. (4) with K &~ 10 x 10 and similarly low-resolution
grids. Figure 3 shows the results of fitting the same data
as shown in Fig. 1 with a 10 x 10 grid under otherwise
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Fig. 3 Analysis of the same data shown in Fig. 1, using a coarse grid
of only K = 10 x 10 (f,, s)-values as introduced by Brookes et al.
a Experimental data, with the color temperature blue to red indicating
the temporal evolution of the sedimentation, as in Fig. 1. Shown as
black lines are the best-fit distributions with the 10 x 10 grid
distribution model, ranging from f,-values of 1.0 to 2.5 in ten
equidistant steps, and from s-values of 0.1 to 15.0 S in ten equidistant
steps. b Residuals bitmap and overlay. The rmsd of the fit is 0.03088
OD. ¢ Best-fit size-and-shape distribution with the 10 x 10 model, in
the same presentation as the 10 x 100 model in Fig. 1c

identical conditions. The deviations are +10% of the
maximum signal, and clearly this model does not even
qualitatively describe the data well. As a consequence,
we cannot assume that the distribution obtained from this
model reflects in any way the species present in the
experiment. (It is grossly different, for example, from the
distribution shown in Fig. lc, d.)

Brookes et al. (2009) recognize that such a fit is insuf-
ficient and consistently attribute the idea of using 10 x 10
grids to Brown and Schuck. For example, the authors state
“...a 10 x 10 grid as proposed by Brown and Schuck
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(2006) is insufficient to reliably describe the experimental
parameter space. If the actual solute is not aligned with a
grid point, false positives are produced,” and even declare
the second major point in their results as “A 10 x 10 grid
suggested by Brown and Schuck (2006) is clearly insuffi-
cient...,” and state in the summary “We have shown that
low resolution grids as proposed by Brown and Schuck
(2006) are insufficient to obtain reliable information.” This
attribution is not based on reality. Unmistakably, we have
used in the referenced work (Brown and Schuck 2006)
exclusively high-resolution grids (11 x 100 in Fig. 1 and
2, 12 x 60 in Fig. 3, 15 x 50 in Fig. 4, 13 x 100 in
Fig. 5, 11 x 100 in Fig. 6, and finally 13 x 50 in Fig. 7),
all of which are shown to describe the data well to within
the noise of data acquisition (Brown and Schuck 2006), and
similar is true for other published applications of the
method by other laboratories and by us. Thus, the idea of
using 10 x 10 grids is entirely a product of the Demeler
laboratory, and, to our knowledge, first described in the
Brookes et al. (2009) paper.

Despite the failure of overly coarse grids, remarkably,
Demeler’s 2DSA algorithm consists exclusively of repeat
applications of such coarse grids: They are considered
“subgrids” of a hypothetical grid with much higher reso-
lution, which is never actually completely fitted to the data,
but nevertheless suggested to reflect the final resolution of
the distribution. The details are not entirely clear, but there
are two key ideas: (I) The coarse grids are translated rel-
ative to each other multiple times by increments A,s and
Af,, and their results are joined. (II) The joined set of grid
points with inactive nonnegativity constraints from (I) is
used to form a new, second-stage irregular grid of similarly
low number of grid points as the initial grid.* The Demeler
scheme of repeat application of different coarse subgrids,
storage, and combination of their results, is termed a
“divide-and-conquer” strategy. Divide-and-conquer algo-
rithms are well-known tools in numerical mathematics that
facilitate the use of parallel computation to solve problems,
such as singular value decomposition (Arbenz and Golub
1988; Gu and Eisenstat 1995; Xu and Qiao 2008). Gener-
ally, such algorithms are established by proof of their
correctness. This criterion has not been attempted for the
2DSA algorithm. Concerns arise from the following
arguments:

4 As described, for example, by Demeler et al. (2009): “Typically,
we apply 100-300 grid movings of a 10 x 10 grid to obtain a
resolution that is commensurate with the resolution of the analytical
ultracentrifuge.” and “Solutes with positive amplitudes from different
grids are then unioned with each other to form new grids with a
maximum number of solutes equivalent to that of a single initial grid
(generally less than 100 solutes).”

@ Springer

(I) Combination of subgrids

The premise underlying (I) is that the results from inde-
pendent application of different grids can be meaningfully
combined. Following the idea of the Demeler laboratory that
low-resolution subgrids can be “refined into a grid of any
desired resolution” through their combination scheme, let us
consider that putative final regular high-resolution grid,
which would have mesh size As = Ays and Af, = A,f,. As
shown above, one can actually solve the size-and-shape
distribution problem directly using the standard algorithm
with this full-sized high-resolution grid with even mesh size,
via the normal equation (5) with the K x K matrix P and

K x 1 vector &, where K is the total number of species of the
two-dimensional grid. In our example of Fig. 1, K = 1,000
for the 10 x 100 grid that is of sufficient resolution to
describe all aspects of the experiment. Now going back-
wards, one may consider our high-resolution grid to be
represented by a total of I' different equal-sized subgrids,
each referenced with index y (e.g., ten grids of 10 x 10
resolution), such that merging all grid points of the subgrids
produces the high-resolution grid. For each subgrid, one can
solve the distribution with the normal matrix method, and it
is easy to show that the relevant matrix equations are

sz(y) _ a‘(‘/)

size (K/I') x (K/I') and (_1'(?> are subvectors of d of size
1 x (K/T'). One can use a nomenclature for the elements of
the high-resolution grid such that the points are ordered in
sequence of the low-resolution subgrids.

In general, it is not true that the individual results ¢’

, where PU) are square submatrices of P of

from the individual problems P7)¢?) = d” can be com-
E(r)> that would

represent the result € of the full solution (with or without
nonnegativity). This would require the cross-correlation
between points from the different grids to vanish, and the
high-resolution K x K matrix P to have a structure

bined to a concatenated vector (6(1), R

P= N . (8)

This is not the case, as illustrated in Fig. 4 for our example
data. As can be discerned clearly, the structure of P when
sorted along subgrids (Fig. 4b) is different from merging
the submatrices P (Fig. 4c), which neglects very sub-
stantial features of the model. If we ignore this problem
and calculate the distribution with the matrix of Fig. 4c (or,
equivalently, if we simply merge all solutions from con-
secutively fitting the distribution data with all ten 10 x 10
grids and plot them at their appropriate points in the high-
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resolution grid), we arrive at a size-and-shape distribution
as shown in Fig. 5b. This is very different from the known
exact solution shown in Fig. 1, which is reproduced for
convenience in Fig. Sa.

(Il) Formation of new, irregular coarse subgrids

Apparently to address this problem, the 2DSA method
takes from the concatenated solution of the subgrids only
the pattern of active/inactive nonnegativity constraints.
Demeler and colleagues construct from the points with
nonzero concentration values in the concatenated partial

<« Fig. 4 Magnitude of the elements of the normal matrix P calculated

for the 10 x 100 model shown in Fig. 1. P is symmetrical and has
1,000 x 1,000 values, plotted here by row and column numbers as
indicated in the abscissa and ordinate of the picture, and the values
|Py;| are plotted using the color scale. In principle, the nomenclature
indexing the 10 x 100 grid points for the f, x s grid to form the
vector of 1,000 parameters is arbitrary. a Here, all grid points are
sorted by increasing s-value, i.e., (s1, fr1), (51, fr2)s---(S1, fri0)»
(82, fr1)s---(82, fr10)5---(S100, fr10)- As can be discerned from the
smooth appearance, the matrix elements are not strongly dependent
on the f,-value. b The same matrix can be reordered to reflect
subdivision along ten regular subgrids 7, each of the form (sy0¢,—1)+1,
fr,l), (510(771)+17fr,2)v~-(s10(',’—l)+l’.fr,10)7 (Sl()(y—l)+2’ fr,l)a (510(*,'71)+2,
Jr2)se o S10p=42 fr10)s---(S10—1)+10s Sr1)s  (S10—1)+10s  Jr2)se--
(S10—1)+105 fr.10) With y = 1...10. Each of the subgrids represents
an evenly spaced 10 x 10 grid with origin shifted by A,s = 0.1505 S.
¢ The idea that one could determine a high-resolution size-and-shape
distribution from merging the results obtained separately in fits with
subgrids corresponds to the assumption that there be no correlation
between points from the different grids, i.e., that P can be subdivided
into the ten submatrices P, For the present data, this corresponds
to the solution of the problem with a normal matrix as shown in
c. Clearly, this is very different from the true matrix shown in b

solutions (or a subset thereof) a new grid, conceived to be
equal in size to the original low-resolution grids, but now
with uneven spacing of the grid points.

Again, we can analyze this approach best by comparison
with the full, high-resolution grid with the full matrix P,
where the unambiguous best-fit nonnegative solution is
found exactly with the proven NNLS algorithm (Lawson
and Hanson 1974). The ad hoc exclusion of grid points that
did not produce positive concentration values in any of the
subgrids is in direct conflict with NNLS. Nothing guaran-
tees that the (s, f;)-values populated in the exact solution
will be correctly recognized as populated species (be
assigned nonzero values) in the fit with the low-resolution
grid of which they are a part. The points populated in the
exact solution may therefore simply not be part of the
second-stage grid.

Ilustrating this problem, the crosses in Fig. 5d represent
all the grid points that made positive contributions in any of
the preliminary sequence of low-resolution fits (which
covers all grid points of the high-resolution grid, as
described above). All the dots (red and blue) are the
positive solution components of the exact high-resolution
solution. They are colored blue if they coincide with a
cross, i.e., have been correctly identified in the first stage as
being part of the solution, and they are colored red if they
were never part of any low-resolution fit and were therefore
excluded from the second-stage grid. If the analysis pro-
ceeds with the second-stage grid (i.e., preconstraining the
analysis to the values indicated by crosses in Fig. 5d), we
arrive at the solution shown in Fig. 5c. This is very dif-
ferent from the true high-resolution solution shown in
Fig. 5a. Thus, the second stage cannot correct for the errors
that occur from a naive subdivision of grids in (I).
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Fig. 5 Contour plots of the size-and-shape distributions calculated
with different models for the IgG data shown in Fig. 1. The color
temperature (blue to red) indicates increasing height of the peaks. (a)
For comparison, this panel shows the same distribution as shown in
Fig. lc, calculated with the high-resolution grid of 10 x 100 (f,, s)-
values. b Distribution obtained in stage (I) by merging the distribu-
tions calculated sequentially and independently with different low-
resolution grid of 10 x 10 (f;, s)-values, each translated by A,s =
0.1505 S. One example for the low-resolution grid analysis is shown
in Fig. 3. All low-resolution grids are chosen such that they are
evenly spaced subgrids of the high-resolution grid, and such that, by
joining the grid points of (f,, s)-values of all the low-resolution grids,
the high-resolution grid of a is obtained. ¢ A new grid is defined in
stage (II) by joining all grid points from the entire sequence of low-
resolution grids that yielded positive contributions to the fit. This is

Brookes mentions multiple stages of the sequence (I)
and (II) with different mesh sizes A,s and A,f,, and an
“iterative refinement” of the procedure that utilizes in
stage (I) the coarse starting grids that have been extended
with populated points from the results of stage (II) of the
previous iteration (Brookes et al. 2009). The same funda-
mental concerns apply to this iteration. To the extent that
the results from (II) may not contain the grid points of the
exact solution, it is unclear how the inclusion of these
additional grid points would aid in the recognition of the
correct solution. Even if the added grid points in (I) do
represent part of the correct solution, it is not certain that
they would be correctly maintained as part of the solution
after (II). Empirically, the Demeler laboratory reports
convergence of this iteration series in the absence, but not
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the set of grid points for which b displays nonzero populations of the
distribution. In a secondary analysis, a fit to this irregular grid is
performed, and the results are shown as a contour plot. Although the
smallest differences As and Af, in this secondary grid are the same as
those of the high-resolution grid, it considers only a small subset of
the points from the high-resolution grid. This causes the deviations
from the exact results in a and those in c. d Illustration of the grid
points used in ¢, showing as black crosses all points that yielded
positive contributions in any of the first-stage low-resolution fits. For
comparison, solid circles are the grid points that make positive
contributions in the exact direct high-resolution analysis of a. Blue
circles indicate those that coincide with grid points in the Demeler
scheme, and red circles indicate those that are populated in the exact
solution but not found in the grid of the Demeler scheme

in the presence, of systematic noise corrections to the data
(Brookes et al. 2006). Even if the iteration does converge,
it is unclear whether it is convergent to the correct solution.

Parsimony: suppressing artificial detail

Since the 2DSA algorithm never actually applies a model
with a full regularly spaced high-resolution grid, the tra-
ditional regularization methods, such as Tikhonov or
maximum-entropy regularization described above, do not
seem to be easily applicable. In fact, Brookes et al. (2009)
express the view that the fit of c(s, f,) with a high-resolution
grid in conjunction with regularization suffers from “lack
of resolution,” and “produces unnecessarily broad molec-
ular weight distributions.” We believe that, if prior
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knowledge about the sharpness of the expected c(s, f,)
peaks is available, this can be inserted with a Bayesian
refinement of the Tikhonov regularization as we have
reported for SV analysis (Brown et al. 2007) and imple-
mented in SEDFIT.

In the absence of such prior knowledge, however, the
resolution of the regularized solution is limited not by the
analysis (assuming reasonable discretization), but rather by
the information content of the experiment. It is important to
recognize the nature of this limit, in order not to overin-
terpret the data. Of course, it also would be trivial, although
usually misguided, to perform a distribution analysis sim-
ply not applying this regularization step at all, and to rely
on the exact solution of the fit with the high-resolution
model, which usually produces artifactual detail that is the
result of noise amplification due to the ill-conditioned
nature of the basic Eq. (3).

In our example, these aspects can be discerned when
comparing the most parsimonious solution in Fig. 1d from
Tikhonov regularization with the spiky exact solution in
Fig. lc, or with the incorrect solution in Fig. 5¢ from one
iteration adapted from the Demeler scheme. Even though
the spiky solutions suggest very few and discrete species to
be in solution, the smooth Tikhonov solution fits the data
indistinguishably well from the exact best-fit solution. Its
nearly featureless appearance in the f,-dimension highlights
simply the lack of sufficient information in the raw data in
order to determine the f,-values well.

In order to address the impact of noise and error
amplification on the results of the 2DSA algorithm, it was
combined by Brookes et al. (2009) with a Monte Carlo
analysis. Fifty iterations were performed by the Demeler
laboratory in order to determine 95% confidence intervals.
This seems to be an unusually low number of iterations, in
particular since the high confidence limits require esti-
mating the quantiles of rare events, in this case the 2.5 and
97.5 percentiles. With 50 iterations, they are determined by
the extreme 1.25 occurrences of parameter values, which
makes these estimates of the confidence intervals quite
variable statistical quantities themselves. As is well known,
usually the number of Monte Carlo iterations required to
produce meaningful results is typically on the order of
1,000-10,000. However, it seems this would lead to
excessive computational effort, several orders of magni-
tude more costly than the Tikhonov regularization in the
standard approach with the full high-resolution grid, which
requires for our standard example only a few seconds on
our PC.

The authors report confidence intervals for molecular
parameters of the identified solutes, but it is not clear
whether these were determined (1) by statistical analysis of
the results obtained in each Monte Carlo iteration after the
integration of putative solute peaks, or (2) if these

confidence intervals reflect the uncertainties of the putative
solute peaks in a distribution that, as a whole, has gained
error bars at each grid point from the statistics of the Monte
Carlo iterations. For method (1), the problem arises of how
to identify the group peaks representing a putative solute
species. For method (2), the question arises of whether the
Monte Carlo approach is effective in providing parsimo-
nious “average” distributions.

Generally, Monte Carlo simulations are not part of the
diverse set of regularization methods explored in the
standard literature (Louis 1989; Hansen 1992, 1998; Kress
1999; Engl et al. 2000), although Monte Carlo methods
have been used for estimating the regularization parameters
of standard regularization functionals (Ramani et al. 2008).
The concept of a statistical distribution of parameter values
should be confused neither with the real population dis-
tribution of coexisting species in the sample mixture nor
the estimate of the latter in the form of a calculated size-
and-shape distribution. Nevertheless, one could ask to what
extent one can rely on the statistical nature of the noise in
the data, in combination with noise amplification, to pro-
duce a parsimonious two-dimensional histogram of (s, f;)-
species populations. As an example, we compare in Fig. 6
the standard analysis of our model data with the 10 x 100
grid and Tikhonov regularization (6a) with the histogram
of all distributions from 50 Monte Carlo iterations (each
based on an exact standard fit with the 10 x 100 grid; 6b).
After 50 iterations the histogram clearly shows multimodal
and spiky behavior suggesting the presence of multiple
species, in contrast to the single broad peak representing
the smoothest solution of all that fit the originally measured
data. Thus, the 50 Monte Carlo iterations do not provide an
effective means to correctly identify the information con-
tent of the data. If, on the other hand, we are independently
knowledgeable about the monodisperse nature of the
sample, we can use the Bayesian approach (Brown et al.
2007) to calculate the size-and-shape distribution that is
closest to a single peak, and these results are shown, for
comparison, in Fig. 6c.

Summary and conclusions

In the present letter, we have examined the different
algorithmic elements that were conceived and applied in
the recently suggested “2DSA” size-and-shape distribution
by Brookes et al. (2009). We have compared this with the
standard approach that is well established for solving ill-
posed integral equations problems in many fields, which
rests on well-established linear algebra and related
numerical tools of linear least-squares analysis. Contrary to
the assertion of Brookes, Cao, and Demeler, the application
of the standard approach to the size-and-shape distribution
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problem is quite feasible on ordinary laboratory computers
within only a few minutes of computation time, even when
using high-resolution grids suitable to fully extract the
experimental information content. As implemented in
SEDFIT, this approach is being applied in many labora-
tories (Markossian et al. 2006; Chang et al. 2007; Deng
et al. 2007; Race et al. 2007; Broomell et al. 2008; Brown
et al. 2008; Chebotareva et al. 2008; Iseli et al. 2008;
Moncrieffe et al. 2008; Paz et al. 2008; Sivakolundu et al.
2008; Wang et al. 2008; Eronina et al. 2009; Mortuza et al.
2009). Since this can supply exact (up to numerical pre-
cision) best-fit solutions, we have applied it to a data
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<« Fig. 6 Comparison of strategies to compute parsimonious distribu-

tions that display the information content of the IgG data shown in
Fig. 1. a Contour plot of the size-and-shape distribution obtained with
the high-resolution grid of 10 x 100 (f,, s)-values, after application of
Tikhonov regularization, as shown in Fig. 1d. b The sum of 50 size-
and-shape distributions calculated with the exact standard method
using the same high-resolution grid, but each based on synthetic data
sets generated from the best-fit distribution of Fig. 1 with added
normally distributed noise at the same magnitude as exhibited by the
experimental data. ¢ Integration of the main 6 S peak of the size-and-
shape distribution as calculated in Fig. 1 allows to determine the
weighted-average s-value and f,-value, which can be used in the
Bayesian framework to calculate the size-and-shape distribution ¢°(s,
) (Brown et al. 2007) that is closest to that of a single species, within
the limits imposed by the requirement to produce a fit of statistically
indistinguishable quality to that shown in a. As can be discerned from
the secondary peak at ~6 S with low frictional ratio, a strictly
monodisperse interpretation of the main peak is contradicted by the
experimental data. (Note the different scales on the color bar)

analysis example to serve as a reference solution in a study
of the performance of different computational strategies on
which 2DSA relies. This illustrates the consequences of the
deviations from the established mathematical reference
frame that should be expected to arise in Demeler’s 2DSA
approach.

First, there are concerns about the accuracy of the
evaluated Lamm equation solutions serving as kernel to the
size-and-shape distribution integral. This could likely be
addressed by deviating from the discretization parameters
advocated by Cao and Demeler (2005).

Second, a more fundamental problem is the use of grids
with extremely small number of points, far below the
resolution required to describe the data. If, as illustrated in
Fig. 3, the predicted concentration profiles from these
coarse models do not even qualitatively follow the exper-
imental data, we question whether there are any mean-
ingful conclusions that can be drawn from these results.
Brookes et al. (2009) distract from this problem by incor-
rectly stating that such grids were the basis of the imple-
mentation of c(s, f,) models in SEDFIT, which is well
described in the literature to achieve excellent fits of the
data to within their statistical noise. To the best of our
knowledge the attempt to utilize coarse grids is without
precedent prior to the Brookes et al. paper.

Despite the inability of these grids to describe the data,
Demeler and colleagues suggest that the combination of
results from the application of a large number of different,
but similarly coarse, grids (all with 10 x 10 or lower res-
olution; Demeler et al. 2009) can be used in some way to
achieve an analysis equivalent to that of a high-resolution
grid. In the simplest form, this argument would be
incompatible with basic matrix algebra, because it neglects
cross-correlation between points from different grids.
Discarding the magnitude of species’ populations in this
concatenated distribution, and using only the pattern of
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nonnegativity constraints from such an analysis, is in
conflict with the established Lawson and Hanson algorithm
NNLS. The effect of the empirical extension to multiple
stages is uncertain, and may not converge. Although one
could construe cases where it will certainly work (such as
distributions consisting of a single species), the Demeler
scheme for generating nonequidistant small grids in mul-
tiple stages appears fundamentally flawed for the general
case.

The strategy of sequentially applying different, equally
coarse, grids is in contrast to established multigrid methods
for integral equations, which provide successfully finer
parameter discretization (Kress 1999). The division of the
full problem into separate subproblems to be solved in
parallel, followed by merging their partial solutions, has
been used successfully in some image restoration problems
(Bevilacqua and Piccolomini 2000) where the image
regions are known to be uncorrelated with each other due
to a localized point-spread function. However, this condi-
tion is not fulfilled in the present case. In SV analysis, the
cross-correlation of signals from different species can be
very large. This is reflected by the fact that (1) is ill posed,
and illustrated by the fact that the matrices in Fig. 4b and ¢
are different. For a correct solution of the SV problem, the
regular high-resolution grid should be considered fully and
unbiased by any scheme of preselection of excluded
parameter regions. The latter is quite feasible with standard
algorithms and commonly available computational
resources, and we note that the problem is fairly small
compared with many image analysis problems of similar
structure.

Finally, the application of the Monte Carlo approach to
achieve greater parsimony of the results (i.e., simplicity of
the distribution in the sense of suppressing artificial detail)
is equally novel, but not very successful when we applied
this idea to our example data analysis. An example of the
lack of regularization in the 2DSA method resulting in
artificial detail can be found in the data shown by Planken
et al. (2008), where a standard c(s) analysis of SV data
with maximum-entropy regularization exhibits only a sin-
gle broad skewed distribution [Fig. 3¢ in Planken et al.
(2008)], consistent with the expected continuous size dis-
tribution of the material studied, yet the 2DSA analysis of
the same data suggests the presence of more than 14 dis-
crete peaks (at different s-values and all at similar frictional
ratio) [Fig. 4 in Planken et al. (2008)]. The Monte Carlo
approach is certainly an extremely computationally costly
step, in particular if one would carry it out with statistically
meaningful iteration numbers. In contrast, application of
the standard Tikhonov regularization to the full high-
resolution problem, with or without Bayesian modulation,
takes a small fraction of the computational effort of the
original problem, i.e., on the order of seconds on a PC.

In conclusion, we would regard the computational effort
to be a secondary problem, and the choice of computational
platform rather inconsequential, relative to the main con-
cern arising from simple mathematical arguments that
Demeler’s algorithm may not give correct results. The
authors do qualify their algorithm to be empirical, and that
“the results are not generally in exact correspondence with
the original problem” (Brookes et al. 2006). They argue
that “[the results] can be made sufficiently close through
careful use of the given heuristics” (Brookes et al. 2006).
We are uncertain of the process referred to here, and how
closeness to the exact solution would possibly be assessed
without explicitly calculating the exact best-fit solution. So
far Demeler and colleagues have not brought forward any
proof that the distributions returned by the 2DSA method
are at least close in the major attributes to the correct
solution. We believe that the question of correctness of the
algorithm is critical, especially since the authors invite
the general application of this method, as implemented
in the ULTRASCAN software, to address data analysis
problems in novel biophysical and biochemical studies,
rather than simple model problems with known solutions.

Acknowledgments This work was supported by the Intramural
Research Program of the National Institute of Bioimaging and Bio-
engineering, NIH.

Open Access This article is distributed under the terms of the
Creative Commons Attribution Noncommercial License which per-
mits any noncommercial use, distribution, and reproduction in any
medium, provided the original author(s) and source are credited.

References

Arbenz P, Golub GH (1988) On the spectral decomposition of
Hermitian matrices modified by low rank pertubationswith
aplications. SIAM J Matrix Anal Appl 9:40-58

Balbo A, Minor KH et al (2005) Studying multi-protein complexes by
multi-signal sedimentation velocity analytical ultracentrifuga-
tion. Proc Natl Acad Sci USA 102:81-86

Behlke J, Ristau O (2009) Enhanced resolution of sedimetnation
coefficient distribution profiles by extrapolation to infinite time.
Eur Biophys J. doi 10.1007/s00249-009-0425-1

Berkowitz SA (2006) Role of analytical ultracentrifugation in
assessing the aggregation of protein biopharmaceuticals. AAPS
J 8(3):E590-E605

Bevilacqua A, Piccolomini EL (2000) Parallel image restoration on
parallel and distributed computers. Parallel Comput 26:495-506

Bevington PR, Robinson DK (1992) Data reduction and error analysis
for the physical sciences. New York, Mc-Graw-Hill

Brookes E, Boppana RV et al (2006) Computing large sparse
multivariate optimization problems with an application in
biophysics. In: Proceedings of the 206 ACM/IEEE conference
on supercomputing, Tampa, Florida

Brookes E, Cao W et al (2009) A two-dimensional spectrum analysis
for sedimentation velocity experiments of mixtures with heter-
ogeneity in molecular weight and shape. Eur Biophys J. doi:
10.1007/s00249-009-0413-5

@ Springer


http://dx.doi.org/10.1007/s00249-009-0425-1
http://dx.doi.org/10.1007/s00249-009-0413-5

1274

Eur Biophys J (2010) 39:1261-1275

Broomell CC, Chase SF et al (2008) Cutting edge structural protein
from the jaws of Nereis virens. Biomacromolecules 9(6):1669—
1677

Brown PH, Balbo A et al (2008b) Characterizing protein—protein
interactions by sedimentation velocity analytical ultracentrifu-
gation. Curr Protoc Immunol, Chap 18: Unit 18 15

Brown PH, Schuck P (2006) Macromolecular Size-And-Shape
Distributions by Sedimentation Velocity Analytical Ultracentri-
fugation. Biophys J 90:4651-4661

Brown PH, Schuck P (2008) A new adaptive grid-size algorithm for
the simulation of sedimentation velocity profiles in analytical
ultracentrifugation. Comput Phys Commun 178(2):105-120

Brown P, Balbo A et al (2007) Using prior knowledge in the
determination of macromolecular size-distributions by analytical
ultracentrifugation. Biomacromolecules 8:2011-2024

Brown J, Delaine C et al (2008a) Structure and functional analysis of
the IGF-II/IGF2R interaction. EMBO J 27(1):265-276

Brown PH, Balbo A et al (2008b) A bayesian approach for quantifying
trace amounts of antibody aggregates by sedimentation velocity
analytical ultracentrifugation. Aaps J 10(3):481-493

Brown PH, Balbo A et al (2009) On the analysis of sedimentation
velocity in the study of protein complexes. Eur Biophys J
38:1079-1099

Cao W, Demeler B (2005) Modeling analytical ultracentrifugation
experiments with an adaptive space—time finite element solution
of the lamm equation. Biophys J 89(3):1589-1602

Chang HP, Chou CY et al (2007) Reversible unfolding of the severe
acute respiratory syndrome coronavirus main protease in guan-
idinium chloride. Biophys J 92(4):1374-1383

Chebotareva NA, Meremyanin AV et al (2008) Cooperative self-
association of phosphorylase kinase from rabbit skeletal muscle.
Biophys Chem 133(1-3):45-53

Claverie J-M, Dreux H et al (1975) Sedimentation of generalized
systems of interacting particles. I. Solution of systems of
complete Lamm equations. Biopolymers 14:1685-1700

Cole JL, Lary JW et al (2008) Analytical ultracentrifugation:
sedimentation velocity and sedimentation equilibrium. Methods
Cell Biol 84:143-179

Correia JJ, Stafford WF (2009) Extracting equilibrium constants from
kinetically limited reacting systems. Methods Enzymol 455:419—
446

Dam J, Schuck P (2004) Calculating sedimentation coefficient
distributions by direct modeling of sedimentation velocity
profiles. Methods Enzymol 384:185-212

Dam J, Schuck P (2005) Sedimentation velocity analysis of protein—
protein interactions: Sedimentation coefficient distributions c(s)
and asymptotic boundary profiles from Gilbert-Jenkins theory.
Biophys J 89:651-666

Dam J, Velikovsky CA et al (2005) Sedimentation velocity analysis of
protein—protein interactions: Lamm equation modeling and sed-
imentation coefficient distributions c(s). Biophys J 89:619-634

Demeler B, Brookes E et al (2009) Analysis of heterogeneity in
molecular weight and shape by analytical ultracentrifugation using
parallel distributed computing. Methods Enzymol 454:87-113

Deng L, Langley RJ et al (2007) Structural basis for the recognition of
mutant self by a tumor-specific, MHC class II-restricted T cell
receptor. Nat Immunol 8(4):398—408

Engl HW, Hanke M et al (2000) Regularization of inverse problems.
Kluwer, Dordrecht

Eronina TB, Chebotareva NA et al (2009) Effect of proline on
thermal inactivation, denaturation and aggregation of glycogen
phosphorylase b from rabbit skeletal muscle. Biophys Chem
141(1):66-74

Gabrielson JP, Arthur KK et al (2009) Common excipients impair
detection of protein aggregates during sedimentation velocity
analytical ultracentrifugation. J Pharm Sci 98(1):50-62

@ Springer

Gill PE, Murray W et al (1986) Practical optimization. Academic
Press, Amsterdam

Golub GH, VanLoan CF (1989) Matrix computations. The Johns
Hopkins University Press, Baltimore, MD

Gu M, Eisenstat SC (1995) A divide-and-conquer algorithm for the
bidiagonal SVD. SIAM J Matrix Anal Appl 16(1):79-92

Hansen PC (1992) Numerical tools for analysis and solution of
Fredholm integral equations of the first kind. Inverse Probl
8:849-872

Hansen PC (1998) Rank-deficient and discrete ill-posed problems:
numerical aspects of linear inversion. SIAM, Philadelphia

Howlett GJ, Minton AP et al (2006) Analytical ultracentrifugation for
the study of protein association and assembly. Curr Opin Chem
Biol 10(5):430-436

Iseli TJ, Oakhill JS et al (2008) AMP-activated protein kinase subunit
interactions: betal:gammal association requires betal Thr-263
and Tyr-267. J Biol Chem 283(8):4799-4807

Kress R (1999) Linear integral equations. Springer, New York

Lamm O (1929) Die Differentialgleichung der Ultrazentrifugierung.
Ark Mat Astr Fys 21B(2):1-4

Lawson CL, Hanson RJ (1974) Solving least squares problems.
Prentice-Hall, Englewood Cliffs

Liu J, Andya JD et al (2006) A critical review of analytical
ultracentrifugation and field flow fractionation methods for
measuring protein aggregation. Aaps J 8(3):ES80-E589

Louis AK (1989) Inverse und schlecht gestellte Probleme. Teubner,
Stuttgart

Markossian KA, Khanova HA et al (2006) Mechanism of thermal
aggregation of rabbit muscle glyceraldehyde-3-phosphate dehy-
drogenase. Biochemistry 45(44):13375-13384

Moncrieffe MC, Grossmann JG et al (2008) Assembly of oligomeric
death domain complexes during Toll receptor signaling. J Biol
Chem 283(48):33447-33454

Mortuza GB, Goldstone DC et al (2009) Structure of the capsid
amino-terminal domain from the betaretrovirus, Jaagsiekte sheep
retrovirus. J Mol Biol 386(4):1179-1192

Narayan R, Nityananda R (1986) Maximum entropy image restora-
tion in astronomy. Ann Rev Astron Astrophys 24:127-170

Patel A, Vought VE et al (2008) A conserved arginine-containing
motif crucial for the assembly and enzymatic activity of the
mixed lineage leukemia protein-1 core complex. J Biol Chem
283(47):32162-32175

Pavlov GM, Korneeva EV et al (2009) Hydrodynamic properties of
cyclodextrin molecules in dilute solutions. Eur Biophys J. doi:
10.1007/s00249-008-0394-9

Paz A, Zeev-Ben-Mordehai T et al (2008) Biophysical characteriza-
tion of the unstructured cytoplasmic domain of the human
neuronal adhesion protein neuroligin 3. Biophys J 95(4):1928—
1944

Phillips DL (1962) A technique for the numerical solution of certain
integral equations of the first kind. Assoc Comput Mach 9:84—
97

Philo JS (2006) Improved methods for fitting sedimentation coeffi-
cient distributions derived by time-derivative techniques. Anal
Biochem 354(2):238-246

Planken KL, Kuipers BW et al (2008) Model independent determi-
nation of colloidal silica size distributions via analytical
ultracentrifugation. Anal Chem 80(23):8871-8879

Press WH, Teukolsky SA et al (1992) Numerical recipes in C.
University Press, Cambridge

Provencher SW (1982) A constrained regularization method for
inverting data represented by linear algebraic or integral
equations. Comp Phys Comm 27:213-227

Race PR, Solovyova AS et al (2007) Conformation of the EPEC Tir
protein in solution: investigating the impact of serine phosphor-
ylation at positions 434/463. Biophys J 93(2):586-596


http://dx.doi.org/10.1007/s00249-008-0394-9

Eur Biophys J (2010) 39:1261-1275

1275

Ramani S, Blu T et al (2008) Monte-Carlo Sure: A black-box
optimization of regularization parameters for general denoising
algorithms. IEEE Trans Image Process 17:1540-1554

Ruhe A, Wedin PA (1980) Algorithms for separable nonlinear least
squares problems. SIAM Review 22:318-337

Schuck P (2000) Size distribution analysis of macromolecules by
sedimentation velocity ultracentrifugation and Lamm equation
modeling. Biophys J 78:1606-1619

Schuck P (2002) Measuring size-and-shape distributions of protein
complexes in solution by sedimentation and dynamic light
scattering. Autrans, France, Euroconference “Advances in
Analytical Ultracentrifugation and Hydrodynamics”

Schuck P (2007) http://www.analyticalultracentrifugation.com/
references.htm

Schuck P (2009) https://sedfitsedphat.nibib.nih.gov/workshop/default.
aspx

Schuck P, Demeler B (1999) Direct sedimentation analysis of
interference optical data in analytical ultracentrifugation. Bio-
phys J 76:2288-2296

Schuck P, Perugini MA et al (2002) Size-distribution analysis of
proteins by analytical ultracentrifugation: strategies and appli-
cation to model systems. Biophys J 82(2):1096-1111

Scott DJ, Schuck P (2006) A brief introduction to the analytical
ultracentrifugation of proteins for beginners. In: Scott DJ,
Harding SE, Rowe AJ (eds) Modern analytical ultracentrifuga-
tion: techniques and methods. The Royal Society of Chemistry,
Cambridge, pp 1-25

Sivakolundu SG, Nourse A et al (2008) Intrinsically unstructured
domains of Arf and Hdm2 form bimolecular oligomeric
structures in vitro and in vivo. J Mol Biol 384(1):240-254

Sivia DS (1996) Data analysis. A bayesian tutorial. Oxford University
Press, Oxford

Straume M, Johnson ML (1992) Analysis of residuals: criteria for
determining goodness-of-fit. Methods Enzymol 210:87-105

Wang L, Gilbert RJ et al (2008) Peptidoglycan recognition protein-
SD provides versatility of receptor formation in Drosophila
immunity. Proc Natl Acad Sci U S A 105(33):11881-11886

Xu W, Qiao S (2008) A divide-and-conquer method for the Takagi
factorization. SIAM J Matrix Anal Appl 30(1):142-153

Yamakawa H, Fujii M (1973) Translational friction coefficient of
wormlike chains. Macromolecules 6:407-415

@ Springer


http://www.analyticalultracentrifugation.com/references.htm
http://www.analyticalultracentrifugation.com/references.htm
https://sedfitsedphat.nibib.nih.gov/workshop/default.aspx
https://sedfitsedphat.nibib.nih.gov/workshop/default.aspx

	On computational approaches for size-and-shape distributions from sedimentation velocity analytical ultracentrifugation
	Abstract
	Introduction
	Methods
	Outline of the algorithms
	Mathematical description of the problem
	Appropriate mesh sizes for the two-dimensional problem
	Memory requirements and computational platforms
	Lamm equation solutions
	The 2DSA ‘‘divide-and-conquer’’ algorithm by Brookes et al.
	(I) Combination of subgrids
	(II) Formation of new, irregular coarse subgrids

	Parsimony: suppressing artificial detail

	Summary and conclusions
	Acknowledgments
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


