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FIG. S1. Intensity of the interference term as a function of
the distance d to the glass a) Reference measurement per-
formed with a spherical lens (r = 7.7mm) b) Intensity as a
function of d for different effective numerical apertures cal-
culated using the equations in the text.

ESTIMATION OF DISJOINING PRESSURE IN
CRYSTAL-SPACER CONTACTS

When two surfaces approach each other the liquid
film between the surfaces can support a normal stress
without being squeezed out [1]. This is termed the dis-
joining pressure of the fluid film on the solid surfaces.
In the nanometer range where the disjoining pressure
is probed in our experiments, van der Waals forces are
negligible. The electric double layer contribution dom-
inates and scales with the Debye length and at small
fluid film thickness (1-5 molecular layers) there are so-
called steric repulsive forces that increase rapidly with
decreasing distance z. In order to squeeze out the last 2-
3 molecular layers of water, pressures of the order 1 GPa
are required [1]. Thus at high ion concentration one ex-
pects the fluid film thickness z to be in the range 0.8-
1.6 nm for all pressures in the range 0.1 MPa to 1 GPa.
Even though the liquid can support a normal pressure
it still behaves like a fluid in the sense that diffusion is
almost as fast as in bulk until the liquid film thickness
z is reduced to 2 molecular layers [2].
In our experiments the growing crystals are resting on

small spacers that keep the distance ζ between the grow-
ing crystal and the supporting glass surface between 10
and 130 nm. If there were no spacers the equilibrium
distance would be of the order 1 nm. This would make
the optical contrast of the RICM technique too low to
accurately measure height differences and the rate of ion
transport by diffusion would be a factor 30-1000 lower,
thus halting the process we wish to study. Figure S2
shows the distribution and height of spacers measured
by AFM, the change of ζ when a molecular layer is grown
and the relaxation back to the equilibrium distance and
an illustration of the step flow through the contact be-
tween a spacer and the crystal. The relaxation back to
the equilibrium distance demonstrates clearly that the
crystal is supported by the disjoining pressure in the
fluid film in the contacts with the spacers.
The contact (disjoining) pressure can be estimated

by noting that a cap of about 1 nm height of the
spacer will contribute as support for the fluid film.
Thus for an average spacer size of assumed spheri-
cal shape of diameter 20 nm the supporting area is
Acont = π(20 sin arccos 19/20)2 ≈ 10−16 m2. The
NaClO3 crystals of linear size L are typically half as
high as wide, thus their volume are V = L3/2. The den-
sity difference of the crystal and the saturated solution
is ∆ρ =1100 kg/m3. The equilibrium pressure in the
contact can then be estimated as

p0 =
∆ρgV

2NcontAcont
=

1

2
∆ρLgα = 5500Lα, (1)

where α = Acryst/NcontAcont is the ratio of crystal area
to contact area. This ratio can be estimated from Fig-
ure S2 B where Acryst = (10µm)2 = 10−10 m2 and there
are 1848 spacer particles. The real, unknown number of
contacts 3 < Ncont < 1800 depends on the size distri-
bution and stiffness of the spacer particles. The area
ratio is then α = Acryst/NcontAcont ≈ 106/Ncont ≈
550 − 3.3 · 105. It follows that for a typical crystal
size used in our experiments, L = 100µm the disjoining
pressure in the spacer-crystal contacts are in the range
300− 2 · 105 Pa. This indicates that even if the crystal
is supported by only 3 spacer particles the contact pres-
sure p0 is only about one atmosphere, well below the
pressure necessary to squeeze the fluid film thickness to
only 1-2 molecular layers.
We may use the relaxation of the fluid film thickness z

between the top of particles and the crystal towards the
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FIG. S2. Step flow through contacts. A The average gap distance, ζ̄ between the crystal and the glass support as function of
time. The rapid drops by 0.66 nm in ζ̄ correspond to two molecular layers (one unit cell thickness) growing on the crystal in
the confined region by step flow. After the gap has been reduced it slowly relaxes towards the equilibrium distance again. B
Atomic force microscope (AFM) image of glass surface before mounting of cell. The glass support is evenly covered by spacers
of radius r ≈ 20 nm with a spacer density of ≈ 18µm−2. C Vertical cut of crystal, spacers and glass illustrating the crystal
step edge propagating through the thin (≈1 nm) liquid film that supports the weight of the crystal. The image illustrates the
correct relation between 10 nm spacer size, 0.33 nm step height and ≈1 nm fluid film thickness in the contact. The densities
of water and ions in crystal and solution are also to scale. When two steps have passed, the liquid layer has become 0.66 nm
thinner and the disjoining force in the liquid layer increased. This increased force pushes the crystal back towards equilibrium
as observed in A.

equilibrium distance z0 to probe the disjoining pressure
further. Growth of a new layer reduces the fluid film
thickness by 0.66 nm. Excess disjoining pressure ∆p =
p− p0, pushes the crystal back towards the equilibrium
distance, while viscous drag of fluid flowing between
the crystal and the support opposes the vertical motion.
We may assume that the disjoining pressure, p, at these
distances is an exponential function of distance:

∆p = p− p0 = p0(e
−(z−z0)/λD − 1), (2)

where λD is the Debye length. Since the crystal moves
as a whole, the change of the average distance ζ between

the crystal and the glass substrate is equal to the change
in the film thickness at the top of particles: ζ − ζ0 =
z − z0. A circular plate of radius R at distance ζ from
another surface that is subjected to a disjoining pressure
∆p at the contacts will have the vertical velocity

vz =
NcontAcontζ

3
0

3πηR4
∆p (3)

=
2ζ30∆ρg

3πηR
(e−(ζ−ζ0)/λD − 1) (4)

= vz,0(e
−(ζ−ζ0)/λD − 1), (5)
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FIG. S3. Relaxation of fluid film distance due to disjoining pressure. Left: Mean fluid film thickness minus equilibrium value
ζ − ζ0 for many different nucleation rates. Growth of a new layer reduces the fluid film thickness by 0.66 nm. Excess disjoining
pressure ∆p = p− p0, where p0 is the equilibrium pressure pushes the crystal back towards the equilibrium pressure. Viscous
drag of fluid flowing in the fluid film to allow the relaxation opposes the vertical motion. Right: Vertical velocity of crystal as
function of ζ − ζ0 from derivative of positions in left subfigure.

where η is the viscosity, and we have used the ap-
proximation ζ ≈ ζ0 in the prefactor. The crystal in
the experiment shown in Fig. S3 had R ≈ 50µm and
ζ0 ≈ 100 nm. Using η ≈ 10−3 Pa s the predicted ve-
locity is vz,0 ≈ 0.2 nm/s. For a monovalent salt at 7
molar the theoretical Debye length is 0.13 nm and the
high concentration decay length has recently found to
be 3 nm [3].

In Fig. S3 we show the displacement curves at different
nucleation rates and the agglomerated velocity - distance
curve with the fit yielding the model parameters vz,0 =
1.6 nm/s and λD = 0.7 nm. This is reasonably close
to the vz,0 predicted from viscous drag and the decay
length is between the two estimates given above. Based
on the fitted Debye length we expect the crystal and
weight supporting grains to be separated by only 3-4
layers of adsorbed solution [1]. If the fluid film thickness
approached 1 molecular crystal layer one would expect
that the step flow could be pinned in the spacer-crystal
contacts. In only very few experiments have we observed
such pinning of the crystal growth step front by spacer
particles.

Nucleation

Standard nucleation theory

The standard theory of nucleation is reported in many
books and lecturenotes on crystal growth [4]. In this the-
ory, the free energy of a monolayer island is composed of
two contributions. The first one is the chemical potential
gain ∆µ caused by the crystallization of the ions when
the ionic concentration in the liquid exceeds the solubil-
ity. The second contribution is the free energy cost of
the formation of the atomic step surrounding the mono-
layer island. Since the first contribution is proportional
to the area of the island while the second is proportional

to the perimeter, the second term always wins for small
islands. As a consequence, there is a free energy bar-
rier that must be surmounted in order to form the two
dimensional layer. The passage over this barrier is trig-
gered by random thermal fluctuations. Once the size of
the island is larger than the critical size corresponding
to the energy barrier, the islands grow irreversibly to
decrease their total free energy.
We assume small supersaturations σ ≪ 1, so that the

chemical potential reads

∆µ = nkBT ln(1 + σ) ≈ nkBTσ (6)

where the factor n = 2 comes from the presence of two
ions in the liquid for one molecule in the solid. If the
solution is not ideal, the chemical potential is still pro-
portional to σ for σ ≪ 1, but the factor n can be af-
fected when taking into account the activities of relevant
species in the fluid.
Under the assumption of isotropic step properties, the

rate of formation of new monolayer islands per unit facet
area in the presence of a supersaturation σ reads

J = Jc(σ) e
−σc/σ (7)

where

Jc(σ) =
ρsᾱ

Ω
1/2
2

(nσ)1/2 (8)

σc =
πΓ2

Ω2n
(9)

We have defined the concentration ρs (number per unit
area) of initial seeds for nucleation, the orientational av-
erage of the kinetic coefficient ᾱ = α⟨k(θ)⟩ discussed in
the main text, the molecular area Ω2 in a monolayer
(in the case of NaClO3, we have Ω2 = 2z20 where z0 is
the step height) and Γ = Ω2

γ
kBT , where γ is the step

free energy per unit length, and kB is the Boltzmann
constant.
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FIG. S4. Fluctuations in nucleation and cavity formation.
The high speed and high vertical resolution of our measure-
ment technique allows us to measure the distribution of the
nucleation rates as shown in subfigure A. Subfigure B is
the intensity along the blue arrow in subfigure A during the
entire Movie S3. The crystal size (indicated by red lines) in-
creases continuously with time and finally exceeds a thresh-
old value where the cavity is stable and grows with fluctua-
tions in size similar to the initial fluctuations. The width of
the rim (black) outside the cavity (bright) is smaller than half
the crystal size during the fluctuating cavity period. This
corresponds to an unstable regime between two “phases” (no
cavity and cavity) of the nanoconfined system. The fluctu-
ation between cavity and no cavity and fluctuation of the
cavity size is due to the fluctuation in time between nucle-
ation of new layers, dt, displayed in subfigure C.

The two main conditions of validity of (7) are: (i)
σ ≪ σc, which ensures that the nucleation energy barrier
is larger than kBT , and (ii) nothing special occurs at
the molecular scale when the nucleus is composed of
a small number of molecules, i.e., no extremely stable
intermediate molecular configuration and no extremely
slow process at the molecular scale.

Localization of nucleation

If the supersaturation is the same everywhere on the
facet, then the total nucleation rate is simply JL2 where
L2 is the area of a square facet of lateral extent L. As-
suming that the change of the facet size L is negligible
between two nucleation events, as seen in experiments,
the nucleation time τN = 1/(JL2) given by the expres-
sion (7) can be fitted to the data (see Figure 2) using
two free parameters: σc and ρs. We then find a surface
coverage of initial seeds for nucleation Ω2ρs ≈ 2.5×10−8

where Ω2 = 2z20 is the area occupied by one molecule in
the monolayer. In addition, we obtain σc = 1.1 ± 0.1,
leading to Γ = 0.40± 0.02nm.
However, in general the supersaturation is not homo-

geneous on the confined facet. Along the periphery of
the facet, the supersaturation is expected to be constant
due to continuous exchange of mass with the neigh-
boring bulk phase. However, somewhere on the facet,
the supersaturation can be lower due to the growth
of some step that have consumed part of the ions in
the liquid film. Such a depletion survives even after
the passage of a step during a time of the order of
τD = L2/(4D) where L is the lateral size of the facet.
Using D = 0.6 × 10−9m2.s−1, and L = 175µm (as in
Figure 2D), we obtain τD ≈ 10s. This timescale is
of the same order as the time between two nucleation
events (from 1 to 100s) in the regime where there is
never more than one step on the confined facet. The ab-
sence of clear separation between these two timescales
prevents a quantitative prediction of the supersaturation
profile, which controls the localization of nucleation close
to the edge. However, a generic analysis presented below
catches the essence of the localization of nucleation.
In order to investigate the influence of supersatura-

tion gradients on the localisation of nucleation events,
we consider a simplified one-dimensional geometry, with
a straight facet edge, where the supersaturation is fixed
to a value σ+. We also assume that σ decreases
monotonously up to a value σ− at some distance d from
the edge. We therefore assume that the supersaturation
that depends on the partial coordinate y as

σ = σ+ς(y/d), (10)

with ς(0) = 1 and ς ′(y) < 0. We also impose that
ς(ϑ) = σ−/σ+ < 1, where ϑ is a fixed number so that
the supersaturation is equal to σ− for y = ϑd. We would
then like to evaluate the nucleation rate per unit length
of facet edge in the direction x

Jx =

∫ ϑd

0

dy Jc(σ) e
−σc/σ. (11)

Since we assume a monotonically decreasing supersat-
uration profile, we can change variables and integrate
over s = σ/σ+. In the presence of an essential singular-
ity of the form e−b/s when s → 0, and for any function
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g(s) that is finite and regular at s = 1 (with possible
algebraic divergence at s → 0), we have:∫ 1

σ−/σ+

ds g(s) e−b/s ≈ g(1)
e−b

b
. (12)

when b ≫ 1 and b ≫ 1/(1− σ−/σ+). Hence, under the
conditions

σ+ ≪ σc (13)

σ+ − σ− ≫ σ2
+/σc (14)

the nucleation rate will be dominated by the behavior
close to y = 0. Since the boundary condition ς(0) = 1
implies ς−1(1) = 0, we obtain

Jx =
d

−ς ′(0)

σ+

σc
J+ =

1

−dσ
dy |y=0

σ2
+

σc
J+ (15)

where J+ = J |σ=σ+
.

A similar analysis also allows one to determine the
typical distance y from the edge at which nucleation
events should be observed for a given supersaturation
profile:

⟨y⟩nuc =
1

Jx

∫ ϑd

0

dy y Jc(σ) e
−σc/σ. (16)

Using again the same strategy as for Eq.(12), but now
with a function g(s) that vanishes for s = 1, i.e. g(1) =
0, we have for b ≫ 1:∫ 1

σ−/σ+

ds g(s) e−b/s ≈ −g′(1)
e−b

b2
. (17)

leading to

⟨y⟩nuc =
d

−ς ′(0)

σ+

σc
=

σ2
+

−dσ
dy |y=0σc

(18)

This leads to the simple formula

Jx = ⟨y⟩nucJ+. (19)

When nucleation is confined along the edge of the
facet, the total nucleation rate is equal to PJx where
P is the perimeter of the facet edge. Since the rate of
nucleation is constant as long as nucleation does not oc-
cur, the probability of having no nucleation event up to
the time t is Poissonian:

P(t) = e−
∫ t
0
dτPJx (20)

Note that here, the time t starts at a conventional time
t = 0 when the system is reset to a reference state. As a
consequence, the probability density Q(t) that the first
nucleation occurs at time t is

Q(t) = −∂tP(t). (21)

The average time for nucleation to occur is then evalu-
ated as

⟨t⟩nuc =

∫ ∞

0

dt t Q(t)

=

∫ ∞

0

dt t PJxe
−

∫ t
0
dτPJx . (22)

The expected value of the position of the nucleation
event when it occurs is

⟨y⟩loc =
∫ ∞

0

dt

∫ ∞

0

dy y
J(y, t)

Jx(t)
Q(t)

=

∫ ∞

0

dt
Jx(t)

2P

J+
e−

∫ t
0
dτPJx(τ). (23)

We now apply Eqs.(23,22) to specific forms of the su-
persaturation profile.
a. Localization with pre-existing steps on the

facet. As a first example, we aim to mimic a situation
where a cavity is forming in the center of the facet. The
steps at the edge of the cavity maintain the supersatura-
tion to a lower value σ−. Hence, d is constant, or varies
slowly. Assuming a steady-state saturation profile, we
obtain a linear decrease of σ from σ+ at y = 0 to σ− at
y = d:

σ = σ+ − (σ+ − σ−)
y

d
(24)

We then have

ς(u) = 1− (1− σ−

σ+
)u (25)

and ϑ = 1. As a consequence, ς ′(u) = −(1 − σ−/σ+),
leading to

Jx =
d

σ+ − σ−

σ2
+

σc
J+ (26)

⟨y⟩nuc =
d

σ+ − σ−

σ2
+

σc
(27)

If d varies slowly in time (i.e. varies at a time-scale
larger than the time between two nucleation events),
then from Eq.(22), we have

⟨t⟩nuc =
1

PJx
(28)

We also find average distance of the nucleation event

⟨y⟩loc = ⟨y⟩nuc (29)

As expected, the since the configuration is time-
independent, the location of the first nucleation event
⟨y⟩loc is the same as the location ⟨y⟩nuc of a nucleation
event that would occur if nucleation occurs at any arbi-
trary time t.
These results suggest that nucleation is still be local-

ized after the formation of the cavity in the center of
the facet. Assuming a bunch of steps at a distance of
about d = 50µm from the edge creating a zone where
σ− ≈ 0, and using σ+ ≈ 0.05 and σc = 1, we obtain
⟨y⟩loc ≈ 2.5µm. This is consistent with experimental
observations.
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b. Diffusion-limited relaxation of the super-
staturation in the absence of other steps. As a
second example, we consider a supersaturation profile
that results from the relaxation of the supersaturation
profile by diffusion after the passage of a constant ve-
locity step. We assume that the initial state is a homo-
geneous supersaturation σ− for all y > 0 at t = 0. At
y = 0, the supersaturation is assumed to be constant
and equal to σ+ > σ− at all times. The solution of the
diffusion problem provides:

σ = (σ+ − σ−)erfc(y/(4Dt)1/2) + σ−. (30)

This leads to

ς(u) = (1− σ−

σ+
)erfc(u) +

σ−

σ+
(31)

d = (4Dt)1/2 (32)

and ϑ = ∞, i.e. the supersaturation decreases to zero at
y → ∞. In order to use our model based on the nucle-
ation rate (7), we need to assume that a steady-state for
the distribution of monolayer island sizes explored by
thermal fluctuations is reached with a time-scale that
is faster than that of the evolution of the supersatura-
tion. This assumption is not valid here, and our model
therefore only provides a lower bound for the nucleation
time. However, we expect our approach to catch the
main features of the localization of nucleation.

Using equations (22,23), we now obtain:

Jx = (πDt)1/2
σ2
+

(σ+ − σ−)σc
J+. (33)

⟨y⟩nuc = (πDt)1/2
σ2
+

(σ+ − σ−)σc
(34)

Assuming that the variation of the perimenter P and the
supersaturation σ+ and σ− are slower than the variation
of d, we find

⟨t⟩nuc =
Γ[5/3]

(πD)1/3

(
3

2

(σ+ − σ−)σc

σ2
+J+P

)2/3

(35)

We have fitted to the experimental data in Figure 2 us-
ing the expressions (7) and (34) with σc and ρs as free
parameters. We obtain Ω2ρs = 2.8× 10−6. In addition,
we find σc ≈ 1.4, which leads to Γ ≈ 0.44 nm. These
values are close to those obtained using the expression
for a homogeneous nucleation rate on the facet.

We also obtain the position ⟨y⟩loc of the nucleation
event as:

⟨y⟩loc =
(

πD

J+P

)1/3( σ2
+

(σ+ − σ−)σc

)2/3
31/3

21/3
Γ[

4

3
] (36)

Hence

⟨y⟩loc
⟨y⟩nuc|t=tnuc

=
Γ[ 43 ]

Γ[ 53 ]
1/2

= 0.9398.. (37)

Since this ratio is close to 1, we conclude that the de-
tailed description of the time-dependence of the posi-
tion of the nucleation event via the time-dependence of
d does not bring a significiant quantitative correction to
the average position of nucleation.
We can also rewrite the result as

⟨y⟩loc = (πD⟨t⟩nuc)1/2
σ2
+

(σ+ − σ−)σc

Γ[ 43 ]

Γ[ 53 ]
1/2

(38)

Quantitatively, we find that d varies from 50µm in
1s to about 150µm in 10s. Assume that the supersatu-
ration has been depleted by the passage of a step in a
film of thickness 30nm. Then from Eq.(42), we obtain
σ+ − σ− = 1/Θeq ≈ 0.036. Note that this difference
is smaller, but of the same order as the supersaturation
imposed at the boundary in the single-nucleation regime
σ+ ≈ 0.05. We finally obtain from Eq.(38) ⟨y⟩loc = 3µm
for a nucleation time ⟨t⟩nuc ≈ 1s, and ⟨y⟩loc = 9µm for
a nucleation time ⟨t⟩nuc ≈ 10s.

Step front instability

Experiments

Several experiments showed unstable step fronts. In
most cases the crystals were too small to show well devel-
oped fingers that lend themselves to quantitative anal-
ysis. We therefore concentrate the discussion on the
experiment shown in movie S4 and Figs. 4 and S5 where
the bulk supersaturation is 0.053 and the ζ̄ = 20 nm.
The first four consecutive step fronts pass at time inter-
vals of 54±7 s and develop finger-like instabilities. All
4 unstable fronts travel in a direction between the two
maximum kinetic anisotropy directions (see arrows of
kinetic anisotropy in Fig. 4 A-D). The fifth step front
(Fig. S5 D) arrives only 9 seconds after the preceeding
front and travels in the low velocity direction. The time
between fronts and the direction of travel are therefore
important to whether the fronts destabilize or not.
The time t between two fronts determines how far

diffusion has transported ions along the confined crystal
surface. The diffusion length l =

√
(Dt) is 180 µm for

the unstable fronts and 70 µm for the last front. No part
of the images are more than 160 µm from a crystal edge.
The fact that the last front starts out with a velocity of
18 µm/s and slows down with the square root of time is
consistent with the front moving in a diffusion controlled
concentration field.
Fig. 4A-C follow the progression of one of the unstable

fronts. In Fig. S5 B the finger tips are indicated with red
circles and the slow part of the front is indicated with a
dashed green line. The finger tips propagate at constant
speed and the slow part propagates at a velocity slowing
down with the square root of time. This indicates that
the fingers propagate by using the ions already present in
the confined fluid film whereas the slow part depends on
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FIG. S5. Instability of step flow. a)-c) consecutive average subtracted RICM images at 0.45 s interval of step flow at an
edge of a confined NaClO3 interface showing instability of the front. The dark areas correspond to a smaller distance to the
confining glass and thus to the newly formed layer. Tracking of tips and step front base is indicated in b). The crystal is
tilted along the red line in b), the glass-crystal distances ζ are given in blue for the distances (in red) along the red arrow.
In c) we indicate the measurements of finger tip radii, where the distance to the crystal edge is measured (red arrows) and
the measurement of distance between finger midpoints (blue lines) and width of zone that is not covered by the fast, instable
front (green). d) Slow double layer front at the same interface and under the same conditions directly after a)-c) not showing
instabilities. e) Histogram of distance of adjacent fingers with a mean value of 18.6 nm and a standard deviation of 6.4 nm.
Frame rate: 1/dt = 1/450 ms, integration time: tac = 450 ms, supersaturation in the bulk: σ = 0.053. Inset in a) is a
comparison between the theoretical relation between Peclet number and coverage from equation(46) and the corresponding
parameters from measurements in these images.

diffusion transport of ions from the bulk to propagate.
The fraction of the area covered by the fingers before
the slow front arrives is 0.7-0.9. One interpretation of
this finite coverage by the fast growing layer is that it is
limited by the number of ions already present in the fluid
film. The ion coverage in the confined fluid is Θeqσ =
ζc0σ/(z0cs) = ζσ/1.2 nm, where c0/cs = 0.72/2.54 and
z0 = 0.33 nm.

Theoretical considerations

Let us consider a straight and isolated atomic step
along the x axis moving at velocity V in the y direction
during growth. If small perturbations ξ(x, t) of the step
position along y are amplified, then the step is unstable.
When the perturbation is small enough, the dynami-
cal equations governing the motion of the step can be
analyzed in perturbations, and to leading order one ob-
tains a set of linear equations governing the evolution of

ξ(x, t). Assuming for simplicity that the step velocity is
constant in time, a single Fourier mode of the pertur-
bation ξq(t) of wavevector q therefore grows or decays
exponentially in time as eiωt. The linear equations for
ξq(t) then provide a relation between iω and q, which
is called the dispersion relation. If ℜe[iω] > 0 for some
values of q, then the perturbations ξq(t) will grow expo-
nentially in time, and the step will be unstable.
In the long wavelength limit, the dispersion relation

contains two terms. The first term is destabilizing and
is proportional to the velocity V , and the second term
is a stabilization term due to line tension effects

iω = V q − 2Γ̃ΘeqDq3 (39)

where D is a diffusion constant, and Γ̃ = Ωγ̃/nkBT is
the so-called capillary length, where Ω is the molecular
area in a solid layer, n = 2 is the number of ions in the
liquid for one solid molecule, kBT is the thermal energy
and γ̃ is the step stiffness. The stiffness is in general a
function of the orientation angle ϕ, and is related to the
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step free energy γ(θ) via the relation γ̃(θ) = γ(θ)+γ′′(θ).
From the condition iω > 0, we find that the pertur-

bations with wavelength larger than

λ0 = 2π(2Γ̃Θeqℓ)
1/2, (40)

where ℓ = D/V is usually called the diffusion length, are
unstable. The wavelength of the most unstable mode,
i.e., the mode with the largest ℜe[iω], reads

λm = 31/2λ0 = 2π(6Γ̃Θeqℓ)
1/2. (41)

In the isotropic case, we have γ̃ = γ and Γ̃ = Γ/n,
leading to the expression of the main text.

When the step is unstable, small perturbations grow
until nonlinearities come into play. These nonlinearities
control the emerging morphology. A number of studies
have focused on similar problems in two or three dimen-
sions.

The driving force is measured by the coverage Θeqσ =
ζc0σ/(z0cs) = ζσ/1.2 nm, where c0/cs = 0.72/2.54, cs is
the molar density of the solid, ζ is the liquid film thick-
ness and z0 is the height of a monolayer. This number
measures the number of monolayers of solid that can
be formed from the excess of ions in the supersaturated
liquid. Considering a supersaturation σ ≈ 0.05, we ob-
tain Θeqσ ≈ ζ/22 1/nm where the film thickness ζ is in
nanometers.

If Θeqσ > 1, i.e. in our experiments if ζ > 22nm,
there is enough material in the liquid for a straight step
to grow at constant velocity into a supersaturation σ.
The supersaturation decreases from the value σ far in
front of the step to the value σ< at the step and behind
it, which is depleted by an amount that corresponds to
the formation of the new monolayer:

σ< = σ − 1

Θeq
(42)

The step velocity then reads

V = αk(θ)σ< (43)

where the kinetic coefficient αk(θ) is defined in the main
text.

Linear stability analysis suggest that these steps un-
dergo a Mullins-Sekerka instability when

Θeqσ < 1 +
D

αk(θ)Γ̃
(44)

The nonlinear dynamics has only been investigated the-
oretically close to the threshold [5], suggesting that
isotropic steps undergo spatio-temporal chaos governed
by the Kuramoto-Sivashinsky equation. However, in our
experiments Θeqσ is at most ∼ 5 while nD/(ᾱΓ) ∼ 103.
This correspond to a regime which is far from the thresh-
old, where q0ℓ ≫ 1, with q0 = 2π/λ0. In this limit, the
usual expression (40) of λ0 is valid, but to our knowl-
edge, nothing is known about nonlinear dynamics.

In the other regime when the coverage is low Θeqσ <
1, corresponding to small film thicknesses ζ < 1.2/σ nm,
there is not enough ions in the liquid film to form a
monolayer via the motion of a step. As a consequence,
ions have to diffuse from an increasing distance to be
incorporated in the step as time goes forward. This
results in a decreasing step velocity vstep ∼ (D/t)1/2.
This regime gives rise to the celebrated ”dendrite”

morphologies. Dendrites correspond to a constant-
velocity parabolic step profile, which possibly undergoes
side-branching away from the tip. The growth direction
and the tip radius are controlled by anisotropy. In con-
trast, when anisotropy is negligible, one finds seaweed
shapes characterized by permanent branching due to the
splitting of their tips.
Irrespective of anisotropy, the tip of the parabolic

Ivanstov dendrite solution [6] is constrained by a relation
between the tip radius R and the tip velocity vtip:

p =
Rvtip
2D

. (45)

where p is a dimensionless number called the Peclet num-
ber, which exhibits a non-trivial dependence on the cov-
erage

Θeqσ = (πp)1/2epErfc[p1/2] (46)

Inset in Fig. S5 a) is a comparison between this rela-
tion between Peclet number and coverage and the corre-
sponding parameters from measurements. In Fig. S5 we
indicate the measurements or R for each of the fingers.
Using vtip = 55µm and D = 0.6 · 10−9m2/s we obtain
the experimental Peclet numbers p from equation (45).
The time scale of motion of the fingers is short com-

pared to the long time scale of the diffusion controlled
evolution of supersaturation in the thin film. We may
estimate the coverage Θeqσ at the time of passage of
the fingers in two different ways: by solving the diffu-
sion equation or by measuring the fraction of the area
covered by the fingers.
Because the crystal is tilted and because of the finite

time since the last layer grew the coverage at each finger
tip is a function of its position. The supersaturation can
be estimated as a function of distance to the nearest
edge (as indicated in Fig S5) and the time t since the
last growth front passed:

σ(x, t)/σ(x = 0) = erfc

(
x

2
√

(Dt)

)
. (47)

This assumes that σ(t = 0) = 0 and is not corrected for
the tilt of the crystal. In order to calculate the coverage
Θeqσ = ζσ/(1.2 nm) the glass-crystal distance ζ is eval-
uated for each tip. The resulting coverages in the range
0.7-0.8 are plotted in Fig.S5 a. For one of the fingers we
may confidently estimate the coverage by the fraction of
the crystal area the fingers cover before the slow front
arrives. Fig. S5 c shows this measurement of coverage
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FIG. S6. Surface of calcite crystal 30 nm above confining
glass surface in water with 0.8 mM CaCO3 concentration
(σ = 0.6) imaged once every minute. Bottom and right plot
show intensities along yellow line as function of time. The red
lines trace the motion of waves of step flow during growth of
the confined calcite surface. The slope of the red lines yield
the step flow velocity in the x- and y-direction.

Θeqσ ≈ 0.7 for the second rightmost finger. This is 10%
smaller than estimated from the diffusion calculation.
In the inset of Fig. S5 a) we plot the coverage (from the
diffusion calculation) for each finger tip as function of
Peclet number from (45). This agrees very well with the
prediction from equation (46).

Two-dimensional numerical simulations of the dynam-
ics with coverage lower than one has been reported in
many papers (see for example [7]). The results show
dendrites and seaweed features at small values of the
coverage. However, when the coverage approaches 1, a
continuous front emerges with a porous monolayer. As a
consequence, fingering should actually only be observed
approximatively for Θeqσ < 0.9. The porosity of the
newly formed monolayer decreases as one approaches
unit coverage.

CALCITE EXPERIMENTS

The calcite experimental setup has been described in
detail elsewhere [8]. A calcite crystal (see Figure S6)
of approximately 15x25 µm is kept at a CaCO3 con-
centration of 0.801±0.002 mM, which corresponds to a
supersaturation of σ = 0.6 and a saturation index of
Ω=0.44 [9].

Supplementary movie SM6 shows ”waves” of high
and low intensity move along the rim from bottom left,
around the top left corner and on to the top right. These
intensity variations are due to changes in the glass-
crystal distance ζ as molecular steps move across the
surface. The step flow emanates from a step edge on
the rim in much the same way as from the dislocation

source in Figure 2.
From [8] we know that when the distance between the

glass surface and the calcite surface was 30 nm the ver-
tical growth rate was 2.6 nm/min. The step height on
calcite is 0.34 nm and the vertical growth rate of 8 layers
per minute corresponds to a horizontal single molecular
step spacing of 170-340 nm. This is well below the hori-
zontal resolution limit of the objective in this experiment
and the waves of step flow observed in movie SM6 cor-
respond to several molecular steps, either equidistant or
joined in step bunches. The growth regime on this cal-
cite surface is not a ”single step” regime as for several of
the NaClO3 experiments. Thus, even though we cannot
resolve single steps, the interference contrast allows us
to measure the ”collective” speed of the molecular steps
along the surface.
Figure S6 shows the same crystal at time t = 0 with a

vertical and a horizontal yellow line that indicate where
intensity has been measured and displayed as function
of time in the two side images. The motion of the inten-
sity change caused by the flow of molecular steps man-
ifests as dark and bright lines in the x − t and y − t
images in Figure S6 and the slope of the lines measure
the velocity of the molecular steps. We have highlighted
some of these lines with red in Figure S6. The step flow
velocities are determined to be 43±10 nm/s in the x-
direction and 22±5 nm/s in the y-direction. This is one
order of magnitude faster than determined from AFM
measurements[10, 11] at similar reported saturation in-
dex. We have, however shown that calcite growth rates
as function of saturation index measured by AFM are
2 orders of magnitude too small, probably due to in-
sufficient control of the saturation index at the calcite
surface [12]. Since the supersaturation at the confined
surface decreases with distance from the crystal edge we
find our present measurement vs/σ = 40 − 70 nm/s in
agreement with previous findings.

USING TEMPERATURE TO CONTROL
SUPERSATURATION

There is a long tradition for using temperature to con-
trol supersaturation in crystal growth studies for Na-
ClO3 and many other crystals. For example, temper-
ature differences of up to 5 K were used to control
supersaturation in a study of the growth kinetics of
NaClO3 without showing any visible effect on the growth
rate [13]. The largest supersaturation in our study (the
experiments showing step flow instability) corresponds
to a temperature change no larger than 10 K. Such a
temperature change changes the self diffusion coefficient
of water by about 25% and we expect the step flow ve-
locity to change by a similar magnitude. The cavity
formation has been shown for calcite where we do not
use temperature for supersaturation control. The step
flow instability depends on the ratio vs/D which more
or less cancels the temperature effects on vs and D. We
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therefore have no reason to assume that there are dra- matic changes in the kinetic parameters that affect the
nature of our results.
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