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Another operator-theoretical
proof for the second-order phase
transition in the BCS-Bogoliubov
model of superconductivity

Shuji Watanabe

In the preceding papers, imposing certain complicated and strong conditions, the present author
showed that the solution to the BCS-Bogoliubov gap equation in superconductivity is twice
differentiable only on the neighborhoods of absolute zero temperature and the transition temperature
so as to show that the phase transition is of the second order from the viewpoint of operator theory.
Instead, we impose a certain simple and weak condition in this paper, and show that there is a unique
nonnegative solution and that the solution is indeed twice differentiable on a closed interval from a
certain positive temperature to the transition temperature as well as pointing out several properties of
the solution. We then give another operator-theoretical proof for the second-order phase transition in
the BCS-Bogoliubov model. Since the thermodynamic potential has the squared solution in its form,
we deal with the squared BCS-Bogoliubov gap equation. Here, the potential in the BCS-Bogoliubov
gap equation is a function and need not be a constant.

In the BCS-Bogoliubov model of superconductivity, one does not show that the solution to the BCS-Bogoliubov
gap equation is partially differentiable with respect to the absolute temperature T. Nevertheless, without such a
proof, one partially differentiates the solution and the thermodynamic potential with respect to the temperature
twice so as to obtain the entropy and the specific heat at constant volume. One then shows that the phase transi-
tion from a normal conducting state to a superconducting state is of the second order. Therefore, if the solution
were not partially differentiable with respect to the temperature, then one could not partially differentiate the
solution and the thermodynamic potential with respect to the temperature, and hence one could not obtain
the entropy and the specific heat at constant volume. As a result, one could not show that the phase transition
is of the second order. For this reason, it is highly desirable to show that there is a unique solution to the BCS-
Bogoliubov gap equation and that the solution is partially differentiable with respect to the temperature twice.

In the preceding papers (see![Theorems 2.2 and 2.10] and*[Theorems 2.3 and 2.4]), the present author gave a
proof of the existence and uniqueness of the solution and showed that the solution is indeed partially differenti-
able with respect to the temperature twice on the basis of fixed-point theorems. In this way, the present author
gave an operator-theoretical proof of the statement that the phase transition is of the second order, and thus
solved the long-standing problem of the second-order phase transition from the viewpoint of operator theory.
Here, the potential in the BCS-Bogoliubov gap equation is a function and need not be a constant.

But the present author imposed certain complicated and strong conditions in the preceding papers'—. As a
result, the present author showed that the solution to the BCS-Bogoliubov gap equation is partially differenti-
able with respect to the temperature only on the neighborhoods of absolute zero temperature T = 0 and the
transition temperature T = T. Instead, we impose a certain simple and weak condition in this paper. Thanks
to this simple and weak condition, we show that there is a unique nonnegative solution and that the solution is
indeed partially twice differentiable with respect to the temperature on the interval [Ty, T.]as well as pointing
out several properties of the solution. Here, the temperature Ty is defined in (1.4) below, and the temperature
interval [Ty, T¢]can be nearly equal to the whole temperature interval [0, T.] (see Remark 2.1 below).

Differentiating the thermodynamic potential with respect to the temperature, we thus give another operator-
theoretical proof for the second-order phase transition. As is well known, the thermodynamic potential has the
squared solution in its form, not the solution itself. Therefore, we deal with the squared BCS-Bogoliubov gap
equation, not the BCS-Bogoliubov gap equation. From the viewpoint of operator theory, the present author
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thinks that dealing with the squared BCS-Bogoliubov gap equation provides a straightforward way to show the
second-order phase transition.
The BCS-Bogoliubov gap equation** is a nonlinear integral equation given by

Ux, &) up(T, &) vV EX+ ug(T, )2
tanh
1\ E2+uy(T, £)? 2T

Here, the solution g is a function of the absolute temperature T (of a superconductor) and the energy x (of
an electron). The closed interval I is given by I = [¢, hwp], where the Debye angular frequency wp is a positive
constant and depends on a superconductor, and ¢ > 0is a cutoff (see the following remark). The potential U(:, -)
satisfies U(x, &) > Oatall (x, £) € I% Throughout this paper we use the unit where the Boltzmann constant kg
is equal to 1.

ug(T, x) = de, T >0, (x, &) € I*. (1.1)

Remark 1.1 For simplicity, we introduce the cutoffe > 0in (1.1). Here, the cutoff¢ > 0 is small enough. We see
that the cutoff is unphysical, but we introduce it for simplicity.

In'-*%-22, the existence, the uniqueness and several properties of the solution to the BCS-Bogoliubov gap
equation were established and studied. See also Kuzemsky*[Chapters 26 and29] and***. Anghel and Nemnes*®
and Anghel?”?® showed that if the physical quantity 1 in the BCS-Bogoliubov model is not equal to the chemi-
cal potential, then the phase transition from a normal conducting state to a superconducting state is of the first
order under a certain condition without any external magnetic field. Introducing imaginary magnetic field,
Kashima?~** pointed out that the phase transition is of the second-order if and only if a certain value is greater
than v/17 — 124/2 and that the phase transition is of order 4n + 2 if and only if the value above is less than or
equaltoy/17 — 12+/2. Here. nis an arbitrary positive integer.

In this connection, the BCS-Bogoliubov gap equation in superconductivity plays a role similar to that of
the Maskawa-Nakajima equation®** in elementary particle physics. In Professor Maskawa’s Nobel lecture, he
stated the reason why he considered the Maskawa-Nakajima equation. See the present author’s paper® for an
operator-theoretical treatment of the Maskawa—Nakajima equation.

Squaring both sides of the BCS-Bogoliubov gap equation and putting fo (T, x) = uo(T, x)? give the squared
BCS-Bogoliubov gap equation:

_ | (T, §) VE + (T, §)
fO(T) X) = </[' U(x, %‘) 52 +_f0(T: 5) tanh 2T df)

Let T, be the transition temperature (see?’[Definition 2.5] for our operator-theoretical definition of T;) and
let D = [Ty, T.] x I € R2 Here, I = [¢, hwp]. Define our operator A by

2
~ £(T, 8) E1/(T, 5
Af(T, x) = (/I Ux, &) & AT, ©) tanh T dS) , (T,x)eD, (1.2)

where f € W (see (2.2) below for the subset W). We define our operator A on the subset W and look for a fixed
point of our operator A. Note that a fixed point of A becomes a solution to the squared BCS-Bogoliubov gap
equation, and that its square root becomes a solution to the BCS-Bogoliubov gap equation (1.1).

Let Uy and U, be positive constants, where (0 <) U; < Uy. If the potential U(-, -) is a positive constant and
U(x, &) = Ujatall (x, &) € I?, then the solution to the BCS-Bogoliubov gap equation (1.1) becomes a function
of the temperature T only. Denoting the solution by T + A (T), we have (see*)

/ 1 Vv E2 4+ A(T)?
1=U; tanh d
1 &2+ A(T)? 2T

Here, the temperature 11 > 0 is defined by (see*)

§ 0<T=<n. (1.3)

I_Ul/—tanh—dé

The solution T+ A;(T) is continuous and strictly decreasing with respect to T, and moreover, the solution
is of class C% with respect to T. For more details, see?” [Proposition 1.2].
Weset Aj(T) = 0atallT > 7;. Then (1.3) becomes

1>U; /— tanhids T > 1.
We choose an arbitrary temperature Ty (> 7). Then, for T € [Ty, T},

Ul/fé tanh%dé <1 (1.4)

On the other hand, IfU(x, &) = U, atall (x, &) € I?, then we have the solution T — A,(T)to
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1= Uz/ ! tanh £2 4 Ay(T)?
1 VE + A, (T)? 2T

Here, the temperature 7 > 0 is defined by

1 &
1=U. — tanh —— d&.
2/15 21y d

The solution T +> A(T) has properties similar to those of the solution T + A (T). We again set A»(T) = 0
atallT > 1,
The inequality U; < U, implies

dé, 0<T<nm. (1.5)

A(T) = Ax(T) (0=<T < 1).
For the graphs of A1 (-) and A, (-), see?[Figure 1].

Main results
Suppose that the potential U(:, -) in the BCS-Bogoliubov gap equation (1.1) satisfies the following conditions:

UG, ) eCI?, O0<)U<U(x &) <U, atall (x, &) el (2.1)

and (2.3) below.
The inequalities Uy < U(x, &) < Usatall(x, £) € I?implyt; < T, < 75 (see’[Remark 2.6]). Set

max Ux, &) )2

a={ BT b (=)
min U(x, &)
(x,6)el?

Remark 2.1 The temperatures 11, To, T¢, 77 satisfy (0 <) 71 < Ty < T, < 15. If U; is small enough, then so is 7;.
Therefore, Ty can be small enough, and hence T does not need to be close to the transition temperature T,. As a
result, the temperature interval [Ty, T] can be nearly equal to the whole temperature interval [0, T.]. For tem-
peratures at or near zero temperature, the smoothness of the solution to the BCS-Bogoliubov gap equation with
respect to such temperatures has been shown in![Theorem 2.2]. In this paper we thus deal with the temperature
interval [Ty, T.].

Let W be a subset of the Banach space C(D) satisfying

W ={f € CXD)(C CD)) : (0 ) AY(T)? < (T, x) < A(TY?,  f(Ter x) =0,
ST
f(T7 xl) -

Here, the norm of the Banach space C(D) is given by
lglt="sup [g(T,&)], geCD),
(T,£)eD

2.2
a, —fr(T,x) >0, ag’rig)e(D{—fT(T, x)} < MT}. (22)

and
. 2
4a U (mfé‘ h )
My z> 1 coshz y (> 0).
e Uy | tanh L 7 / : 32
2T, 2T, cosh 31 ) 1 (%’2 + AZ(O)Z)
Note that

ftlvl\)/ L]%%’él){_fT(T, x)}} My

Remark 2.2 The inequality f(T, x)/f(T, x1) < a in the definition of W is not defined at T = T, since
f(T;, x) =0. For T < T, there is a T1 (T < T; < T¢) such that f(T, x) = (T — T¢) fr(T1, x). Therefore,
f(Te, x)/f (T, x1)is defined to be fr (T, x)/fr(T¢, x1).

Remark 2.3 The conditions imposed in the previous papers of the present author![Condition (C)] and?[Condition
(C)] were very complicated, and so it was very tough to show the existence, uniqueness and smoothness of the
solution to the BCS-Bogoliubov gap equation (1.1). Instead, we impose the simple condition that f € C?(D)and
f(T;, x) = 01in the definition of the subset W (see (2.2)). Thanks to this simple condition, it is straightforward
to show the existence, uniqueness and smoothness of the solution.
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Let us remind here that for T € [Ty, T.] (see (1.4)),

Ui £
/I? tanhﬁdf < 1.

Note thata > land that U(x, £) > Ujatall (x, ) € I?. We then let the potential U(-, -) satisfy

al/* (%Tig)e(D [/I@ tanh % dé | <1 (2.3)

Remark 2.4 The following two theorems hold true not only when the potential U(, -) in the BCS-Bogoliubov
gap equation (1.1) is a positive constant, but also when U(., -) is a function. See Remark 3.8 below.

We denote by W the closure of W with respect to the norm || - || mentioned above. The following are our
main results.

Theorem 2.5 Let the potential U(., -) in the BCS-Bogoliubov gap equation (1.1) satisfy (2.1) and (2.3). Let W be
as in (2.2). Then there is a unique fixed point fo € W of our operator A : W — W. Therefore, there is a unique
nonnegative solution ug = \/fo to the BCS-Bogoliubov gap equation (1.1).

Let fy be the fixed point given by Theorem 2.5 in the following two remarks, where several properties of
the solution ug = /fy to the BCS-Bogoliubov gap equation (1.1) are pointed out. Suppose fo € W. If fyis an
accumulating point of W, then f; can be approximated by an element f € W, and the very element | /f satisfies
the following properties instead of uy.

Remark 2.6 ug € C*([Ty, T1] x I), where T} > 0 is arbitrary as long as T; < T,. Since fy(T,, x) =0 and
(0fo/dT)(T, x) < 0at T in a neighborhood of T, it follows that uo(T,, x) = 0 and (dug/dT)(T, x) < Oat Tin
a neighborhood of T,. Moreover, (duy/dT)(T, x) - —ocoasT 1 T.. But (Bu%/BT)(T, x) = (3fo/9T)(Tc, x)
asT 1 T..

Wl D) old,

Remark 2.7 The inequalities A1 (T) < up(T, x) < Az(T)and ———— <
uo(T, x1)

In order to show that the transition from a normal conducting state to a superconducting state at T = T, is
of the second-order, we need to deal with the thermodynamic potential 2 and differentiate it with respect to the
temperature T twice. Note that the thermodynamic potential 2 has the fixed point fy € W given by Theorem 2.5
in its form, not the solution \/f70 to the BCS-Bogoliubov gap equation (1.1) in its form. As mentioned before, this
is why we treat the squared BCS-Bogoliubov gap equation, not the equation itself . See’[(1.5), (1.6)] and?*[(1.6)]
for the form of the thermodynamic potential Q2. See also?[Definition 1.10] for the operator-theoretical definition
of the second-order phase transition.

Theorem 2.8 Let the potential U(-, -) in the BCS-Bogoliubov gap equation (1.1) satisfy (2.1) and (2.3). Let W
be as in (2.2). Then the transition from a normal conducting state to a superconducting state at T = T, is of the
second-order.

Proofs of Theorems 2.5 and 2.8

Lemma 3.1

(1) The subset W is a bounded and convex subset of the Banach space C(D).
(2) The closure W is a bounded, closed and convex subset of the Banach space C(D).

Proof (1) Note that the function T +> A,(T)? is strictly decreasing (see’’[Proposition 1.2]). Therefore, W is
bounded since f(T, x) < A (T)% < Ay (0)% for every f € W.In order to show that W is convex, it suffices to
show that
tf (T, x) + (1 — t)g(T, x) .
tf (T, x1) + (1 —)g(T, x1) —

Here,t € [0, 1]and f, g € W.LetT # T.. Since f(T, x) < af (T, x1) and g(T, x) < ag(T, x1), it follows
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(T, x) + (1 —t)g(T, x) _ taf (T, x1) + (1 —t) ag(T, x1) _
(T, x1) + A =0g(T, x1) = (T, x1)+ A —=1g(T, x1)

Nextlet T = T.. We remind Remark 2.2 here. Then
tf (Te, x) + (1 — )g(Te, x) tfr(Te, x) + (1 — )gr(Te, x)

tf(Te, x1) + (1 = g(Te, 1) tfr(Te, x1) + (1 — )gr (Te, x1)
_tafr(Te, x) + (A =) agr(Te, x1) _
- lfT(TD xl) + (1 - t)gT(TC) xl)
Therefore, W is convex. L .
(2) We have only to show that W is convex. Let f, g € W. Then there are {f,,}, {g,} C W satisfying f, — f
and g, — g in the Banach space C(D). Since W is convex, tf, + (1 — t)g, € W for ¢t € [0, 1].

[ + 0= Dg) = {th + A =D} | <t f —fu | + A =D)][g —gu || > 0
asn — o0o. Thus#f + (1 — t)g € W, and hence W is convex. O

We next show that A : W — W.
Lemma3.2 Let f € W. Then Af is continuous on D.

Proof Let (T, x), (T1, x1) € D, and suppose T < T} < T,. We can deal with the case where T} = T, similarly
. Then

|Af (T, x) — Af (T1, x)| < |Af(T, x) — Af (T1, )| + [Af (T1, x) — Af (T1, x).

Step 1. A straightforward calculation gives
Af(T, x) — Af(Ty, x) = /U(X, mILidn /U(X, L+ Is + 14} dé,
1 I

where

£, m Y n? +f(T, n) N f(Tn, Y n? +f(T1, n) ,

"= © 2T (T 2Ty
AT (T, 8 1 VE [T 6)
) = tanh ,
VI8 + /[, ©) JE +/(T. 6) 2T
1 VE [T, E)
I =+/f(T}, h
3 f( 1 f){ ﬁz +f(T, E) tan 3T

B 1 gy VE (T8
VET+f(T1, §) 2T ’

L fT o { VE +F(T, §) \/§2+f(T1,€)}
4 tanh —tanh ———— 3,

S\ 24, 8) 2T 2T,

The function fis continuous since f € W. Therefore, for an arbitrary &; > 0, there is a § > 0 such that if
[T, — T3] + |x2 — x3] < 8, then |[f (T2, x2) — f(T3, x3)| < €1. Here, (T, x2), (T3, x3) € D are arbitrary and the
8 > 0 does not depend on (T3, x2), (T3, x3) since f is uniformly continuous on D. Since f(T, n)/f(T, &) <a
by (2.2),

‘/IU(’“ WLdy [U(x@)bdé’

U? U v/ n?+ A(T)?
52—2«/& / ! tanh n”+ A1T)
Ui I V/n?+ A(T)? 2T
2

U3
<2—=.4/aei,
< Ulzfl

2
dn} [f (T, &) — f(T1, &)

where|T — T1| < 8 with some &; € I. Note that (see (1.3))

U 2 4 A(T)?
/ 1 tanh Y1 + A (T) J
I P+ AT 2T

n=1, Tel0, 1]

and that
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/ Ui tanh n + 0
N 2T

with A (T) = 0atT € [t1, Tc]. Since f(T, &) > f(T1, EXT < T1),

dn <1, Te(n, T]

‘/}U(x, n I dn x /IU(x, PRE dé‘

U 2+ Ay(T)?
2 tanhvn+ 2(T) d
I /% + Ax(T)? 2T
U 2 4+ Ay (Th)?
+/ p) tanh Y1 + Ax(Th) dn
I /0?4 Ax(T1)? 2T

1
< /Ié—zds IF(T. &) — £(T1, &)

U Ay (0
52272()81,
&

<0 Az(o){

where|T — T;| < 8 with some &; € I. Similarly,

'/IU(x, mIvdn x /IU(x,é)Lxdé‘

Vi + Ay (T)?
=2U;A2(0) (max ) / tanh V1" T Ax(T) d
=0 coshz n +A2(T)2 2T

U \/ Ay (T)?
+/ 2 tanh n? + Aa(T) dn
1 \/772+A2(T1)2 2T,

1
—deE|IT-T
X/If &| 1

z
< 4U; A,(0) (max
z>0 cosh

2
) (Ine)|T — Tyley,
z

where
&1

|T — T1| < 81 ’
40U, AZ(O) (maxZ>0 coshz ) Ine

Thus

|AF (T, x) — Af(Ty, )] 5< Ui fayr L2220 AZ(O) >sl,

where|T — T1| < min($, ;).

Step 2. By hypothesis, the potential U(-, -) is continuous on the compact set I2, and hence U(, -) is uni-
formly continuous. Therefore, for an arbitrary ¢, > 0, there is a §; > 0 such that if |[x — x;| < §,, then
|U(x, n) — U(x1, n)| < &1. Note that the §, does not depend on f € W. A straightforward calculation gives

|Af (T1, x) — Af (T1, x1) |

f(T,m o \/n +f(T1,n)

< /I{U(x’ ) + UGt )

772 +f(T1’ m) 2T,
f(T1,§) £2+f(T1,9)
X/I|U(x,$) — U(x1, )| E47(TLE) tanh T dg

Ay (Th)? 24+ Ay(Th)?
SZ/Uz . 2(Ty) _ tanh vV 2+ A (Th) dn
i n* + Ax(T) 2Ty

Ay (Th)? tanh Y. n? + Az (T1)? dt
2T,

n? 4+ Ay (T1)?

x/I|U(x,s> UG, )|

A,(0)?
<2 2(0)
U,

€1,

where |x — x1| < 6,
Step 3. Steps 1 and 2 thus imply
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U? Uy A2(0 A2(0)2
Af(T, x) — Af(Ty, x| < (22 Va+2 2222 20 4,807
Uj e Uz
where|T — T1| + |x — x| < min($, &1, 82). Therefore, Afis continuous on D. O

Lemma3.3 Let f € W.

(1)  Afis partially differentiable with respect to both T and x. Its first-order partial derivatives (Af )T and (Af )x
are both continuous on D. Therefore, Af € C1(D).

(2)  Afis twice partially differentiable with respect to both T and x. Its second-order partial derivatives (Af) T,
(Af) 1% = (Af)x and (Af)xx are all continuous on D. Therefore, Af € C*(D).

Proof (1) Let us show that Afis partially differentiable with respect to T at (T, xo) € D. Note that Af (T, x9) = 0.
LetT < T¢. It follows from f(T,, &) = 0 (see (2.2)) that

f(T, &) =f(Te, §) + (T — To)fr(Th, &) = (Tc — T) (—fr(T1, §))
for some T1 (T < Ty < T.). Then

2
Af(Te, x0) = Af(T, %0) _ /U(x £) /T =1) WV E+f(T.8) d
T.—T Y E24f(T,6) 2T
2
=- /U(xo, 6| IO gy VEIDO )
1 E2+f(T, &) 2T

Since T'is in a neighborhood of T, we let T > T /2. Therefore,

~ 2
fr(T1, &) tanh 4T, 86 < VMr tanh E,
E2+ (T, &) 2T § T

where the right side is independent of T and is Lebesgue integrable on I. Thus, as T 1 T,

Af(Te, x) = AF(T, x0) _( [V VRTLE | ds)?
I

T.—T & 2T,

Therefore, Afis partially differentiable with respect to T at (T¢, x¢), and

S 2
AN 1(Te, x0) = — (/1 U (xo, E)w tanh % dé) - (3.1)
We next show that (Af) is continuous at (T, xo). Here,
/2
ANT(T, ) = / UGt | ) gy YT,
I n* +f(T, ) 2T (3.2)
X /IU(X, Y1+ 2+ J3) dé,
where
j = 1T 8) £ ranh VEH(T6)
VI8 {245, 8} 2T ’
L VIO fr(T, ©)
2T{ €2+ (T, §) } cosh? LEHLE.
P (N
T2 cosh? M5005) SZ-ZH;(T’E)
Note that
AN 1 (T, x) — (Af)1(Te, x0) =(AN) 1 (T, x) — (Af)1(Te, x) (3.3)

+ (AN (Te, x) — (Af) 1 (Te, x0)-
In order to show that (Af) (T, x) = (Af)r(T;, x)asT 1 T,, we show thatas T 1 T,
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U(x, §)11dé — (Af)1(Te, x),

\/n +f(Tn
/U( 2+f(T p d”/

T,
/U( YT +f( " /U(x £)(J + J3)dE — .

2+f(T n)

A straightforward calculation gives

2
U, 1) f(T, n) ranh V.1 J;JT‘(T, )

n* +f(T, n)

1 2
Ux, )1 < U2 ﬁ(— tanh Tl) Mr.
n c

Here, we assumed T' > T./2. The right side of this inequality is independent of T and is Lebesgue integrable
onl?andso (asT 1 T,)

. T, T,
/IU(xﬂ?) SO oy VT HED g /U(x £) ] de — (AP)7(T. ).

n? +f(T, n)

Similarly we can show that

Ux, §) U2 +J3)ds — 0

thV"+f(T” dn/

Ul(x,
/I (x, m) 2+f(T

asT 1 T.. Moreover, we have similarly that
AN 1(Te, x) > (Af)1(Te, Xo)

as x — xp. It thus follows from (3.3) that (Af)r is continuous at (T, xo). Similarly we can show the rest of (1),
and (2). Note that (Af) 7 is given as follows.

1 2
AN (T, x) 2*{/U(x, m Ui+ +]3)d77}

f(T, \/?7 +f(T n)
+ U dn
1 n* +f(T, n)

x IU(x 5){K1+ o sums ( 2+K3+K4+Ks)}d5,
where
P IO fr(T,6? 3fr(T, £)?
VI8 2 fT 5 2/f(T (82 +f(T.6)
2 /
x s 32 tanh £+, 8 ,
{82+f(T, 8} 2T
0 - 15 g2 { fr(T, &) _L}
2T JTE) E+f(T, &) \ 2T € +f(T, &) 12
_ fr(1,8) { fr(T, &) _L}
ST \ 2T @+ f(T, &) T2 )
e Sfrr(T, &) fr(T, &) (fr(T, &))* 2 }
= T, — — —_— 5
U S){ZT(EZ AT E) | 2PE 4T ) 2T E (T En2 | T3

2
R R B e

2T (E2 +f(T, &) 2T

A proof similar to that of*[Lemma 3.4] gives the following.
Lemma3.4 Let f € W. Then A1(T)? < Af(T, x) < Ay(T)*at each (T, x) € D.

Lemma3.5 Let f € W. Then Af(T., x) = 0(x € I), and
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Af (T, x) .
Af(T, xl) -

Proof By (2.2),

2
B [ fT. 6 VET[(T 6) B
Af(T,, x) = </1 Ux, &) 21/ 8 tanh o, dé) =0.

Next, it follows from (1.2) thatat T € [0, T,),

Ulx, 2
Af(T, %) ( UGx, &) )2 [ % TS _.
Af (T, x1) U, &) ) min U(x, &) ’
(x,&)el?
where &1, & € I. It then follows from Remark 2.2 and (3.1) thatatT = T,,

Ul(x, 2
AT _ APrTexn _ [ woer O\
min U(x, &) -
(x,€)el?

Af(Te, x1) — (ADT(Te x1) ~

The result follows. d
Lemma3.6 For f € W,—(Af)r(T, x) > 0.

Proof 1t follows immediately from (3.2) that —(Af) (T, x) > 0. O

Lemma3.7 For f € W,
—(Af) (T, < —fr(T, = Mr).
0 s Cann @ 1] = s | s, (o 00 (o)

Proof From (3.2) it follows that

(T,x

—(AN (T, x) < ﬁA{Bsup { max_{—fr(T, x)}} +c},
few yeD

where
_ U(x, 1) canh Y n? +f(T, n) d
1 2+ (T, n) 2T ’
Ux, &) { £2 anp VETTT )

A

B=
Jl VE+f(T, &) | E2+f(T.8) 2T

f(T, &) VEX+S(T, §) d
E4f(T.8) p o2 NEHTH ’
2T

Cz/U(x, £) f(T, &)
I T2 cosh? 7W

+

tanh z
Note that the function z —

is strictly decreasing at z > 0. It then follows from (2.3) that

Ul(x,
a%A < a'* max {/ @ n) tanhidn} <L (3.4)
@wep | J1 1 2T

First let T < T.. Then B < A since tanhz > Zh
co

at z> 0, f(T,&) >0 and & > ¢. Therefore,
JaAB < (a'/*A)? < 1by (3.4). Thus e

—ANT(T, x) < ﬁA{Bsup LTrgggD{—fT(ﬁ x)}} + C} = sup [(TrgggD{—fr(T, 0}

few

as long as
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AC

sup | max {—fT(T, x)} > L,
few L(T.x)eD 1— . /aAB

This inequality holds true since (see the definition of Mt in (2.2))

AC AC AC C
«/E — «/E _ < ﬁ —=— < Mt = sup | max {—fT(T, x)}]
1—./aAB 1—aA(A—-B) JaAB B few L(T.x)eD
Here,
B =

1 VEHf(T, 8 §+1(T. 8

Note also that1 — \/a A% > 0. Thus, at T < T,

Ulx, &) f(T, 8 tanh -V E+f(T.86  JELHST dt
2T 2T cosh? 7‘/52%% .

—(Af) 1 (T, x) S;;lvl\)/ [(Trge;éD{—fT(T, x)}}
Nextlet T = T.. Then

2
—(AN1(Te, x) =(/ Ul(x, S)w tanh ;d&)
I c

2
< ﬁ(/l Ulx, &)Y 2e5) _fT;TC’S) tanh gdg)

2T,

2
< «/&(/IU(x,S)é tanh 2$T dé) sup LTrr;e;gD{—fr(T,x)}}

few ’

< sup [ max {—fr(T, x)}}.

few L(T.x)eD
This is because at T = T,,
U(x, 2
JaA? = (a1/4 /M tanhldn> <1
I n 2T,
by (3.4). Thus
—(A T, < —fr(T, = Mr.
20 | s, (- ann (303 < s | o o) =
O

Remark 3.8 LetU(x, £) = U; = Usatall(x, £) € I2. Then,a = land f(T, x) = A;(T)?> = Ay(T)?. Moreover,
TC =71 =17 and

all*A = / v tanh §2 + A1) dg =1
T \/E24 Ay(T)? 2T

at all (T, x) € [0, T;] x I (see (1.5)). Therefore, the preceding lemma holds true not only when the potential
U(:, -) in the BCS-Bogoliubov gap equation (1.1) is a positive constant, but also when U(-, -) is a function.

Lemma 3.9 The set AW is equicontinuous.

Proof Let f € W.Let(T, x), (T}, x1) € Dand suppose T < T} < T.. We can deal with the case where T} = T,
similarly. Then

[Af (T, x) — Af (Th, x0)| < |Af(T, x) — Af(T1, )| + [Af (T1, %) — Af (T1, x).
The preceding lemma gives
(T, &) — f(T1, ©)| = |fr(Ty, )| - |T — T1| < Mr|T — Thl.

Here, T < T, < T1and & € I. Therefore, a proof similar to that of Lemm 3.2 gives
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|Af (T, x) — Af (T1, x1)| 5{( 153 2 Ja+2 % A2(0))

2
+ 40U, AZ(O)(maX i ) Ine
>0 coshz

A2(0)?
+2 =2 max_{Ux(x, &)} ¢ (IT = T1| + |x — xi]),
U, (x,&)el?
from which the result follows. |

Since Af (T, x) < A2(T)? < A,(0)*for f € W (see Lemma 3.4), the set AW is uniformly bounded. Moreover,
AW is equicontinuous by the preceding lemma. We thus have the following.

Lemma3.10 A: W — W, and the set AW is relatively compact.
Lemma3.11 The operator A : W — W is continuous.
Proof LetT < T..Then, for f,ge W,
Af(T, x) — Ag(T, x) = /IU(x, n Ly dn /IU(x, §){Ly + L3} d§,

where

2 2
L= / nZJ:EJTf,(;) n) tanh Y +f(T, n) N g(T, n) tanh v n*+g(T, n) ,

2T n? +¢(T, n) 2T
_ f(T,E) —g(T, &) 1 VEX+f(T, &)
) = tanh s
VT &) +/g(T, &) \JEZ+£(T, &) 2T

1 E2+f(T, 6)
T, h
8( 5){ EFYIAS) tan T

B 1 gy VEH ST, 6
VEX +g(T, &) 2T '

Since f(T, n)/f(T, §) < aand g(T, n)/g(T, &) < aby (2.2), it follows

'/IU("’ W Ludy x /I'U(x,smds‘

< Uy n% + A(T)?
e

<205 il - )
Moreover,

l /U(x, WLy x /U(x,s)Lads’

U2A2<0)2 / VR + A(T)? / 1
2 anh dny | —del||f —
= /77 +A1(T)2 2T n I %—3 SHf g”
U A5 (0)2
ZU;Z I 4l

Therefore, atT < T,

U; Ax(0
|Af(T,x>—Ag(T,x)|f( Y vax ZUZS(Z) )Hf—gH-

Since Af (T¢, x) = Ag(T., x) = 0, this inequality holds true also at T = T,. Thus

1A — Ag] s( Y et U2 AZ(O) )ILf
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The result follows. O

We next extend the domain W of our operator A to its closure W with respect to the norm || - || of the Banach
space C(D).

Lemma3.12 A: W — W.

Proof For f € W, there is a sequence {f,}32, C W satisfying||f — fu|| — 0asn — oc. By the preceding lemma,
U? AZ(O)
”Afn _Afm“ = ( 2 «/EJF 2 I[fn fm”

Therefore, the sequence {Af,}52, C Wisa Cauchy sequence. Hence there is an element F € W satlsfymg
|F — Af,ll — O0asn — oo. Note that the element F does not depend on how to choose the sequence {f,}52, C W,
as shown below. Suppose that there is another sequence {g,}5°; C W satisfying||f — g,|| = 0asn — oco. Simi-
larly, the sequence {Ag,}32., C W becomes a Cauchy sequence, and hence there is an element G € W satisfying
|G — Agull = 0asn — oco. Then

IF =Gl < IF = Afall + [IAfn — Agnll + 1Agn — Gl — 0

asn — o0o. Therefore, F = G, and hence F does not depend on how to choose the sequence in W. Thus we define
F = Af. The result thus follows. |

Lemma3.13 For f € W,

2
~ £(T, &) NGES )
Af(T, x) = (/I U(x, &) £ 1 /(T, ©) tanh T df) .

Proof For f € W, there is a sequence {f,}52; C W satisfying ||f — fu — 0 as n — oc. Since f is Lebesgue
integrable on I, we set

2
H(T, x) = /U(x, £) [ L VEATE) i
I £ +f(T, ) 2T

atall (T, x) € D. Then

|Af(T, x) — H(T, x)| <|Af(T, x) — Afu(T, )| + |Afa(T, x) — H(T, x)|
<|[Af — Afal| + [Afu(T, %) — H(T, %)|.
By the proof of Lemma 3.12,
|Af = Afal| — 0

asn — oc. On the other hand, a proof similar to that of Lemma 3.11 gives
AR (T, %) — H(T, )| < ( Ui et UZ AZ(O) ) e —fll =0
asn — oo. The result thus follows. 0
A straightforward calculation gives the following.

Lemma3.14 A: W — W is continuous. Moreover, the set AW is uniformly bounded and equicontinuous, and
hence the set AW is relatively compact.

Lemma 3.14 immediately implies the following.

Lemma 3.15 The operator A : W — W is compact. Therefore, the operator A : W — W has a unique fixed point
f() S W, i.e., fo = Afo.

Proof Applying the Schauder fixed-point theorem gives that the operator A : W — W has at least one fixed
point fy € W. A proof similar to that of*’[Lemma 3.10] gives the uniqueness of fo € W. g

Our proof of Theorem 2.5 is now complete.
In order to give a proof of Theorem 2.8, we need to deal with the thermodynamic potential 2 and differentiate
it with respect to the temperature T twice, as mentioned before. Note that the thermodynamic potential 2 has the
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fixed point fy € W given by Theorem 2.5 in its form, not the solution /f; to the BCS-Bogoliubov gap equation.
Suppose that the fixed point f; is an element of the subset W. It then follows immediately from Theorem 2.5
that fy € C2(D). Hence the thermodynamic potential  with the fixed point f; satisfies all the conditions in the
operator-theoretical definition of the second-order phase transition (see’[Definition 1.10]). We thus apply a
proof similar to that of?[ Theorem 2.4] to have Theorem 2.8.

Suppose that the fixed point f; is an accumulating point of the subset W. We then replace the fixed point
fo € W\ W in the form of the thermodynamic potential Q by a suitably chosen element of f € W since the
fixed point f; is an accumulating point of the subset W. Thanks to Theorem 2.5, we find that the suitably chosen
element fis in C?(D). Then we can differentiate the suitably chosen element fwith respect to the temperature T
twice. Therefore, once we replace the fixed point fy € W \ W in the form of the thermodynamic potential 2 by
a suitably chosen element of f € W, we can again show that the thermodynamic potential € with this f € W
satisfies all the conditions in the operator-theoretical definition of the second-order phase transition. We can
again apply a proof similar to that of?[ Theorem 2.4] to have Theorem 2.8. This proves Theorem 2.8.
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