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ABSTRACT: This paper synthesizes a new sliding mode controller (SMC) approach to enhance tracking and regulation tasks by
following dual-mode concepts. The new control law consists of two distinct types of operation, using the combination of higher gain
to large error signals (transient) and lower gain to small error signals (the region around the set point). The design is presented from
a dual-mode (PD−PID) sliding surface operating in concert, fulfilling desired control objectives to ensure stability and performance.
Therefore, a new controller was established, and we called it a dual-mode based SMC. The proposed controller is tested by
computer simulations applied to two nonlinear processes, a continuous stirred-tank reactor (CSTR) and a mixing tank with a
variable dead time. The results are compared with two different alternatives of SMC. In addition, the merits and drawbacks of the
control schemes are analyzed using radial graphs, comparing the control methods with various performance measures for set points
and disturbances changes. The ITSE (integral of time multiplied by the squared error), TVu (total variation of control effort)
indices, Mp (maximum overshoot), and ts (settling time) were the indices used for performance analysis and comparisons.

1. INTRODUCTION
Chemical processes are complex, nonlinear, and higher-order.
Moreover, chemical processes, especially at the industrial scale,
are usually subjected to disturbances; these are mixed with the
model uncertainties, nonmodeled dynamics, and nonwell-
characterized plant parameters, decreasing conventional
control performance.1−3 Conveniently, robust controllers
such as SMC are an alternative to solve the previously
mentioned problems for chemical processes objectives and
become a reason to use them for industrial processes;
therefore, the robust controller allows for a rational resolution
of conflicting control objectives.4,5

Sliding mode controller (SMC) is a nonlinear control
technique based on variable structure controllers.4−6 It gives
the SMC some remarkable features as a robust control tool
that responds suitably to nonlinear systems operating under
uncertain conditions. Therefore, the SMC is useful because it
is insensitive to the modeling deviation and the disturbances
affecting those systems.7−9

The SMC brings the controlled variable from an initial
condition to a desired final state, achieved through a sliding
surface, representing the desired global behavior of the process
output. Thus, a process behavior will depend on the surface
parameters.10,11 The sliding surface is used within the control
law, which has two components, the continuous or sliding part
and the discontinuous or reaching part.5,10

The complexity of the chemical processes, the lack of
information on some process parameters, and process models
relating to the controlled and manipulated variables are higher
order. Hence, developing a complete model and controller is
difficult for chemical processes.1,12,13 As it is known, SMC is a
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model-based control; thus, if phenomenological models are
used, the resulting controller could be complex and could
contain several adjustment parameters, resulting in challenging
tuning work and troublesome implementation tasks, making
the use of SMC unlikely in industrial applications.13

Empirical models are an alternative use for phenomeno-
logical models4,12 for designing purposes. Empirical models use
low-order linear models with dead time. Most of the time, first-
order-plus dead time (FOPDT) models are empirical models
suitable for chemical process control analysis and design4,13

and recently14 showed interesting results presenting a
generalization of the FOPDT model for identification and
control. It has been broadly used to capture the essential
dynamic response of real-life processes for the control design
system.12,13

In ref 4, a SMC was designed from a FOPDT to control
nonlinear systems assuming that the controller robustness will
compensate for the modeling errors resulting from linearizing
the nonlinear process model. The SMC developed based on a
FOPDT model of the actual process has been used for
different approaches, as shown in refs 4, 10, 11, and 15−32.
Commonly used surfaces are PD-type and PID-type sliding

surfaces.5,33,34 PD surface reduces by one the order of the
system, presenting a fast and smooth dynamic behavior.
However, it can present a steady-state error and manage
neither disturbances nor modeling errors. On the other hand,
the PID surface allows the controller to carry out tracking and
regulation. Conversely, overshoot and oscillations in the
output are registered when a high controller gain is used due
to the integral term in the PID surface.4

Considering that the chosen sliding surface type is associated
with the SMC’s overall operation, it is noticed that the
selection or modification of the sliding surface can impact the
performance of the SMC.4 An option to improve SMC
performance is presented in ref 32 in which the synthesis of a
sliding mode controller considered a hybrid surface (SMC-HS)
as an alternative to enhance the performance of the traditional
SMC in its transient response. The control structure32 switches
between PD and PID sliding surfaces. The PD surface
improves the tracking transient response against set point
changes avoiding overshoot and oscillations, and switches to
the PID surface when the system output is close to the desired
set point to guarantee zero steady-state error. Even though ref
32 shows the potential of modifying an SMC switching
between the two control laws, the resulting controller improves
the transient response for tracking but not for the regulation
task. Therefore, this improvement is not enough, which can be
due to the initially designed controller gain (KD) proposed by
ref 4, which is conservative to avoid high overshoot and
oscillations in the output caused by the PID sliding surface.
Feldbaum in 196035−38 introduced the dual control problem

based on the idea that a controller operating on a system has
two possibly conflicting goals; then, Shinskey39 discussed the
dual-mode (DM) control systems concepts. Dual-mode
control is the combination or fusion of two controllers taking
advantage of their features to produce a better performance
than the single controllers; this combination operating
sequentially in the same loop has been called a dual-mode
system.39−41 When two pre-established zones of operation
exist in a particular application and the characteristics required
for them cannot be achieved with a single controller, the dual
control approach may be appropriate. For example, suppose a
controller for each operation zone acts appropriately in its

respective zone. In that case, it may be essential to schedule
these controllers so that each one operates in its zone and
maximizes the benefits of its unique capabilities. The idea of
using two different controllers between which the system
switch depending on whether the system state is inside or
outside some precalculated neighborhood of the operating
point has been applied using different strategies.42−48

In this paper, the SMC proposed in ref 32 is modified to
enhance both tracking and regulation tasks by following the
DM concepts. The new control law consists of two distinct
types of operation, using the combination of higher gain to
large error signals (transient) and lower gain to small error
signals (the region around the set point). The design is
presented from a dual-mode sliding surface (PD−PID)
operating in concert. Therefore, a new controller was
established, and we called it a dual-mode based sliding mode
controller.
The proposed controller is tested by computer simulations,

comparing its results with a traditional SMC4 and the SMC-
HS.32 In addition, The merits and drawbacks of the control
schemes are analyzed using radial graphs, comparing the
control methods with different performance measures for set
points and disturbances changes. The ITSE, TVu, Mp
(maximum overshoot), and ts (settling time)49 were the
performance indices used for analysis and comparisons.
The contributions of this study can be summarized as

follows:
• Following the dual-mode concepts, a new dual-mode

sliding mode controller is established. The new
controller uses higher gain to large error signals
(transient) and lower gain to small error signals (the
region around the set point) to enhance tracking and
regulation tasks.

• The dual-mode sliding mode control structure changes
between PD and PID sliding surfaces. The PD surface
improves the tracking transient response against set
point changes avoiding overshoot and oscillations, and
switches to the PID surface when the system output is
close to the desired set point to guarantee zero steady-
state error.

In summary, a dual-mode system combines two controllers
that operate consecutively in the same loop and combine or
fuse their best characteristics to create a superior performance
to the single controllers. To our knowledge, no dual-mode
sliding mode controller (DM-SMC) has been presented in
other works.
The rest of the paper is organized as follows: section 2

presents the sliding mode control and dual mode systems
fundamental concepts. Section 3 shows how the new dual-
mode sliding mode controller is synthesized. The nonlinear
systems for controller tests, their results, and discussions are
described in section 4. Finally, conclusions are summarized in
section 5.

2. BACKGROUND
This section presents a brief description of SMC and the
concept of dual-mode systems.

2.1. Sliding Mode Control Fundamentals. The SMC is
a variable structure controller developed using nonlinear
control techniques.5,6 It is also a robust control that responds
adequately to nonlinear systems operating under uncertain
conditions.5,6,50 Furthermore, it is insensitive to the variation
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of modeling parameters once it finds the sliding mode of its
scheme.8 The SMC considers a sliding surface that allows the
controlled variable to pass from an initial state to a desired final
state. For this, its control law comprises a continuous part,
which has to do with the sliding part, and a discontinuous part
for the reachability phase. The corresponding sliding surface
scheme is presented in Figure 1.

For the sliding part, it is sought that there is no variation in
the surface, and for the reachability phase, it is required to
reach the sliding surface, which is S(t) equal to zero. So then,
the design stages for an SMC are first, define the surface, and
second, synthesize the control law based on that surface.5,6

Therefore, it is essential to select a sliding surface according
to the response expectations of the process. The sliding surface
is where the system dynamics are restricted to its
equations.10,19 Then, the behavior of a process will depend
on the surface dynamics. Moreover, the chosen surface will
represent the desired global performance and characterize the
stability of the whole system.5,31

The usual choice is the PID surface.5 However, a more
highly sensitive controller could be achieved if a proportional-
derivative action is considered. Indeed, PD responds to the
rate of change of the error, which is corrected with
anticipation. The control action becomes opportune without
allowing the magnitude of the error to become too large.8,12

However, the weaknesses of a derivative action, such as its
susceptibility to noise, are well-known, but PD benefits cannot
be ignored either.

2.2. Dual-Mode Systems Concepts. Feldbaum intro-
duced the idea of dual control,35−38 and then Shinskey39

discussed the DM Control systems concepts. Different
strategies have been applied using two distinct controllers

between which the system switches depending on whether the
system state is within or outside a predetermined operating
point neighborhood.42−48 Ref 39 considers the best controller
under the analysis of the process response characteristics such
as maximum speed, critical damping, no offset, and noise
sensitivity.
Thus, any control system that can satisfy the above

requirements also meets any minimum performance indices,
no matter what function of the error may be used and, in any
case, the nature of the input signals.
The nature of the process defines the controller design,

which produces the best loop performance, and characterizes
the controller’s difficulty in accomplishing the objectives listed
above. As the process complexity increases, single controllers
cannot get the best or optimum performance. However, a
combination of them should increase performance and
stabilize the process. As a result, combining or merging two
controllers to use their individual capabilities results in
performance superior to that of the single controller; this
combination, which operates consecutively in the same loop, is
known as a dual-mode system.39 The corresponding scheme of
operation and the logic for the sequence of action of each
controller will be shown later in Figures 2 and 3.

3. DUAL-MODE SLIDING MODE CONTROLLER
SYNTHESIS

This section 3 describes the methodology to synthesize the
dual-mode sliding mode controller (DUAL-SMC). The
DUAL-SMC proposal enhances tracking and regulation
based on the dual-mode control concepts.39 The combination
sought of both higher gain to large error signals and lower gain
to small error signals, as control actions appropriated to
produce the desired output, has not a unique solution.
Consequently, after the first requirements are fulfilled,
additional objectives concerning the traditional SMC design
are required to obtain a well-defined control problem.
The desired control objectives that must be accomplished

are, therefore, as follows: (1) To obtain a stable PD sliding
mode control law for the “transient region” of the system
response. (2) To obtain a stable PID Sliding Mode Control
law for the “around the steady-state region”. (3) To obtain an
appropriate (high gain)/(low gain) relationship for the PD/
PID control laws to ensure a smooth response. (4) To obtain
smooth switching between control laws to ensure nominal
closed-loop stability.
The original sliding mode control law4 was oriented to high-

order nonlinear chemical processes represented by reduced-

Figure 1. Schematic of the SMC sliding surface.

Figure 2. Block diagram scheme of the dual-mode sliding mode controller (DUAL-SMC).
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order system models such as FOPDT models; therefore,
working with a FOPDT model as the one presented in eq 1 is
convenient as a base for the following development:

G s
K

s
e( )

1p
t s0=

+ (1)

Here, K is the gain, τ is the time constant, and t0 is the dead
time.13 These three parameters are the minimum number of
identifiers that a FOPDT model requires.
In ref 4, it is explained why using the Pade approximation for

the SMC controller design is not recommended. Therefore, a
first-order Taylor series approximation is suggested to convert
better the dead time term that appears in eq 1. The Pade
approximation introduces a right-half plane zero that produces
an inverse response term in the resulting model. When the
equivalent procedure controller design is applied, it creates an
unstable controller; therefore, the Pade approximation can not
be used directly to replace the dead time term. Thus, in ref 4 is
proposed a first-order Taylor series expansion, adding one
more pole that can be included to Gp(s) with the value of the
time delay and then getting the expression that eq 2 holds:

G s
x s
U s

K
s t s

( )
( )
( ) ( 1)(1 )p

0
=

+ + (2)

Eq 2 is represented in the time domain in eq 3. It
characterizes the previous relationship of the transfer function
Gp(s) by stating the system output x(t) to its input U(t) as a
function of time. This frequency−time domain conversion can
be found with the inverse Laplace transformation:

d x t
dt

t
t

dx t
dt t

x t K
U t

t
( ) ( )

( )
( ) 1

( )
( )

( )
( )

2

2
0

0 0 0
+ + + =

(3)

3.1. PD-SMC Design. The first step in designing an SMC
is to propose a sliding surface S(t). Generally, the surface could
be defined as expressed in eq 4:34

S t d
dt

e t( ) ( )
n 1

= +i
k
jjj y

{
zzz (4)

Then, the complexity of the surfaces is related to the order
of the system n. There, λ is a tuning parameter chosen
according to the desired system dynamics, and e(t) is the error
between the set point and the process output. The process
model (eq 3) represents a second-order system. So, for n equal
to two, eq 4 can be expanded as follows:

S t
de t

dt
e t( )

( )
( )1 = +

(5)

this structure has the form of a PD-type controller. Then, it is
possible to develop an SMC control law U(t), as expressed in
eq 6:

U t U t U t( ) ( ) ( )C D= + (6)

where UC(t) is the continuous component of the control law
that ensures the sliding mode, and UD(t) is the discontinuous
part, also known as reachability control law,40,51 responsible for
the reaching mode. It is well-known from the sliding mode
literature that choosing the control law is established by eq 6,51

allowing easy verification of the sliding mode sufficiency
conditions and reachability. That means the S(t) = 0 condition
is satisfied first when the system reaches the sliding mode, that
is, when UD(t) = 0, (equivalently S(t) = 0) and then by the
equivalent control principle Ueq = UC(t) will maintain the
system on the sliding surface (again S(t) = 0).
The continuous control law UC(t) is determined using

Filippov’s equivalent control procedure31,40 following the
sliding mode desired motion. The first step is to apply the
sliding condition (eq 7):31

dS t
dt
( )

0=
(7)

Thus, the chosen surface is derived:

dS t
dt

d e t
dt

t
de t

dt
( ) ( )

( )
( )

01
2

2= + =
(8)

Afterward, the output error e(t) is expressed in terms of the
system output x(t) and the set point r(t). Considering that e(t)
= r(t) − x(t), eq 8 is rewritten as follows:

d r t
dt

d x t
dt

dr t
dt

dx t
dt

( ) ( ) ( ) ( )
0

2

2

2

2 + =
(9)

Since most chemical process control operates in regulation, a
set point or reference can typically be considered constant;13

thus, the derivatives of the reference are zero. However, when a
set point or reference change occurs,4 it has been shown that
the derivatives of the reference value can be omitted without
degrading the controller’s performance, making the process
simpler and preventing the kicking effect on the final control
element. Thus, the previous equation can be written as follows:

d x t
dt

dx t
dt

( ) ( )
0

2

2 =
(10)

Substituting eq 10 in eq 3 and rearranging, UC(t) is obtained
as expressed in eq 11:

U t
t

K
x t

t
t

t
dx t

dt
( )

( ) ( )
C

0

0

0

0
= +

+
Ä

Ç

ÅÅÅÅÅÅÅÅÅÅ
i
k
jjjjj

y
{
zzzzz

É

Ö

ÑÑÑÑÑÑÑÑÑÑ (11)

Figure 3. Condition C operating logic flowchart.
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On the other hand, the reachability control law UD(t) is
nonlinear and is mainly designed based on the sign function
with a hypothetical infinitely fast speed. However, to reduce
chattering, the relay-like function is replaced by a sigma
function of the surface and constant parameters, which can be
written as follows:

U t K
S t

S t
( )

( )
( )D D=

| | + (12)

where KD is the tuning gain, which is responsible for the
reaching mode, and δ for reducing the chattering effect. So, the
SMC control law U1(t) (eq 6) for the proposed PD sliding
surface34 can be written as

U t
t

K
t

t
dx t

dt
x t

t

K
S t

S t

( )
( ) ( )

( )
( )D

1
0 0

0 0

1
1

1 1

= + +

+
| | +
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ÅÅÅÅÅÅÅÅÅÅ
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jjjjj

y
{
zzzzz

É

Ö

ÑÑÑÑÑÑÑÑÑÑ

(13)

In general, the stability of the SMC systems is obtained if two
conditions are fulfilled: (a) the sliding surface is stable, which
depends on the choice of λ, and (b) the sliding surface is
reached in a finite time that can be ensured if the reachability
condition is satisfied. This condition comes from Lyapunov’s
stability criteria as follows: First, consider the following
Lyapunov candidate function:

V t S t( )
1
2

( )2=
(14)

Then, taking the derivative of the candidate function of
Lyapunov, we obtain

dV t
dt

S t
dS t

dt
( )

( )
( )=

(15)

From Lyapunov’s stability theorem, any linear or nonlinear
system is globally asymptotic stable if dV(t)/dt is negative
definite; then, for reaching the sliding surface in a finite time,
the following condition must be satisfied:

S t
dS t

dt
( )

( )
0<

(16)

which is known as the reachability condition in the sliding
mode literature.44 A stronger condition, ensuring an ideal
sliding motion, is the η-reachability condition given by

S t
dS t

dt
S( )

( ) | |
(17)

where η is a small positive constant.50

Assuming that the change in set point and the system
disturbances can be represented by an external disturbance
d(t) that enters the system through the input channel
(matched uncertainty). It holds that the disturbance d(t) is
bounded with a known upper bound, which means there exists
d0 such that supt ≥ 0|d(t)| ≤ d0. Therefore, the system time (eq
3) can be rewritten as

d x t
dt

t
t

dx t
dt t

x t K
U t d t

t
( ) ( ) 1

( )
( ) ( )2

2
0

0 0 0
+ + + = +

(18)

Writing the derivative of the candidate function of Lyapunov
(eq 15) for the proposed PD sliding surface,

dV t
dt

S t
dS t

dt
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solving d2x(t)/dt2 from eq 18, replacing in eq 19, and
discarding the derivatives of the reference:
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dt
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The control law of eq 13 is replaced in the previous eq:
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Simplifying:

dV t
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Now for δ > 0, α is defined as

S t
S t

( )
( )

then 0 11

1 1
= | |

| | +
< <

(23)

So eq 22 can be written as

dV t
dt
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Then

dV t
dt
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Therefore, to fulfill eq 25, it is a necessary condition that
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because t0 and τ are always positive, and d0 bounds d(t), this
condition can be simplified as

KK K t or KK K d(( ( ) ) 0) ( )D D1 1 0| | > > | | (27)

that is
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Considering the previous eq, for the sliding surface to be
reached in a finite time, KD1 must be defined as

K K dsign( ) for any 1D1 1 0 1= > (29)

3.2. PID-SMC Design. Similar to the PD-type situation,
identifying the sliding surface S(t) is the initial step in building
an SMC. For example, to get an integral control, the surface
could be specified as shown in eq 30:34

S t d
dt

e t t( ) ( ) d( )
n

= +i
k
jjj y

{
zzz (30)

Again, process model (eq 3) represents a second-order
system. So that eq 30 can be expanded for n equal to two as
follows:

S t
de t

dt
e t e t t( )

( )
( ) ( ) d( )2 1 0= + +

(31)

This controller design is the traditional SMC developed by
ref 4. Then, following the procedure shown in the previous
section, the PID SMC controller can be summarized as
follows: the SMC control law U(t) (eq 6) for the proposed
PID sliding surface can be written as
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(32)

Again, the stability of the system when the PID SMC control
law is applied is obtained if the following conditions are
fulfilled: (a) the sliding surface is stable, which depends on the
choice of the parameters (λ1 and λ0), and (b) the sliding
surface is reached in a finite time that can be ensured as in the
previous case satisfying the η-reachability condition. So, KD2
must be defined as

K K dsign( ) for any 1D2 2 0 2= > (33)

Camacho and Smith4 give expressions to calculate the
traditional SMC control law setting values. In this case, λ1 is
chosen to obtain a simple controller structure, λ0 to guarantee
the PID sliding surface stability, the parameter KD related to
the speed to reach the surface was optimally determined to
guarantee low overshoot,4 and similarly δ to soften the system
response avoiding chattering problems:

t
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(34)
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K K0.68 0.12 D 1= + | | (37)

Hereafter, the original value proposed for the parameter KD
(eq 36) will be named KDO.

3.3. Determination of (High Gain)/(Low Gain)
Relationship for PD/PID Control Laws. The proposed
control law shown in ref 32 offers improvements in tracking by
avoiding overshoot and oscillations, but does not affect
regulation. This can be due to the conservative value given
by KDO defined for a PID SMC control law acting alone, but
the previous η-reachability condition calculations set no upper
bound for |KD1| and |KD2|. Theoretically, the most demanding
reference change is the step input. This is from the approach
that implies that the reference tracking of a step signal
demands an instantaneous change from a stationary state to a
new one without going through a transitory phase. This could
be understood as the need for a controller with infinite gain.36

However, the speed at which a variable may change is limited;
for this reason, less conservative values based on the traditional
control law can be adopted, namely: |KD1| = H × KDO and |KD2|
= L × KDO for any H and L positive scalars. This gives a H/L
relationship for (High Gain)/(Low Gain) for the designed PD
and PID SMC controllers, respectively. However, switching
from a high constant gain to a lower one can disturb the
system performance despite both gains fulfilling the reach-
ability condition.
The transition between the gains of the two reaching control

laws can be softened if the nonlinear gains can be proposed as
follows:

K K K e t K K K

e t

( ( ) ) or

( ( ) )
D D DO D D DO1 2 1 2

2

= = + = =

+ (38)

note that ρ, γ, θ, and ϕ can be calculated to obtain the
previously proposed H/L relationship as follows:
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Therefore:
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2

= =

= =
(40)

where emax is an estimated positive upper bound for the system
output error, and emin is a positive constant that defines the
error limit where the output enters the “around steady-state
region” of the system response. The proposed three
approaches will be tested in the computer simulation section.

3.4. Smooth Switching. By definition, the proposed dual-
mode sliding mode controller system has just two possibilities
of switching: (a) from the “around steady-state region” to the
“transient region” by a step set point change at any time tc1 and
(b) from the “transient region” to the “around steady-state
region” when the output error reaches the band of small errors
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(emin limited) at any time tc2. So, to obtain smooth switching,
we must establish not growing conditions like those defined by
Beker et al.,52 so
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Looking at eqs 44 and 45, it is evident that there is not a
trivial solution due to the integral term. Now, if S1(t) is
redefined as follows:

S t S t C
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Then, S t S t( ) ( )1 1
* = . Consequently, all section 3.1 holds. Now

replacing S1(t) in eqs 44 and 45 by S1*(t) the following
conditions are obtained:
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This is fulfilled only for equality if and only if:
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The previous equation indicates that smooth switching can
be achieved when λ = λ1 and the integral term remains
constant throughout the “transient region”. As a result, for the
controller approach to work properly, λ needs to be adjusted to
λ1. Furthermore, the integral term needs to be kept at the same
value throughout the “transient region” which is obtained by
making the input to the integral equal to zero, as shown in
Figure 2.

3.5. Dual-Mode Sliding Mode Controller Implemen-
tation. The block representation of the proposed controller
(DUAL-SMC) is shown in Figure 2. There, the parameters λ0,
λ1, and δ are obtained with the eqs 34, 35, and 37, respectively.
The KD block represents the nonlinear gain described in
section 3. Either the change between fixed gains (H/L) or one
of the expressions in eq 38 can be used to obtain KD.
As mentioned in section 3.4, the dual-mode sliding mode

controller has two switching possibilities: (a) from the “around
steady-state region” to the “transient region” that is identified
with condition C equal to 0 when a set point change occurs;
and (b) from the “transient region” to the “around steady-
state” identified with condition C equal to 1, when the error
becomes less than an ε value (emin), which is defined as
considering the process response. It can be defined at a certain
percentage, such as 2% or 5% of the output error e(t)
concerning the actual set point. The operating logic is shown
in Figure 3.
Finally, the DUAL-SMC depends on the error, the system

output, and the given set point. Its scheme is shown in Figure
4.

4. RESULTS AND DISCUSSIONS
This section presents two nonlinear chemical process examples
chosen to test the performance of the dual-mode SMC
approaches. First, a CSTR is presented to perform regulatory
and tracking tests. Second, a mixing tank with variable dead
time is used. It is focused on the regulatory tasks when the
dead time varies to see how the controllers work when a
variation in process parameters occurs. A detailed description
of each process, with mathematical modeling and their
parameter values, is given in ref 10. It is essential to mention
that methodologically, two parts are presented. First, the
reaction curve procedure is applied from the nonlinear process,
and the characteristics parameters (K, τ, and t0) are obtained
and used in the controller equations. Second, the controllers
are applied to the nonlinear processes.
Five control schemes (SMC, SMC-HS, and three different

DUAL-SMC possibilities) are tested and compared. The three
DUAL scheme variations considered are based on the different
KD used. First, KD is switched between (KD = H × KDO) and
(KD = L × KDO) with a constant ratio (DUAL-SMC) for the
“transient region” and the “around the steady-state region”,
respectively. Then, two nonlinear gains, one based on the

Figure 4. DUAL-SMC within the control loop.
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absolute error (KD = KDO(ρ + γ|e(t)|)) and others based on the
square error (KD = KDO(θ + ϕe(t)2)), denoted as DUAL-AE
and DUAL-SE, respectively.
In both examples, process output, control action, and KD

evolution for all the controllers are compared and contrasted.
Furthermore, radial graphs presenting performance indices and
transient criteria such as maximum overshoots and settling
times are used as performance measures for the different
controllers.

4.1. Chemical Reactor. This first example concerns a
chemical reactor. It plays an essential role in industrial
chemical processes and is the container where the chemical
reaction occurs.53,54 The reactor shown in Figure 5 is a

continuous-stirred tank where A → B exothermic reaction
occurs. Many processes are exothermic. One can particularly
refer to the radical polymerization of acrylates, such as in ref
55. The surrounding jacket eliminates the heat of the reaction
through which a cooling liquid flow. The equations of the
nonlinear model and operating conditions of this process are
presented in ref 4.
During this process, the transmitter manages a range from

80 to 100 °C, and the valve handles values from 0 to 1. The
output temperature of the product is 88 °C. For this reactor,
regulation and tracking tests are carried out.
From the reaction curve procedure described by,13 a

FOPDT model approximation is obtained. The FOPDT
model, with its characteristic parameters, is shown as follows:

G s
s

e( )
1.66

12.75 1p
s

2
7.11=

+ (50)

Once the values presented in eq 1 for the reduced-order
system model K, τ, and t0 are known by using the reaction
curve procedure,16 the values of λ0, λ1, δ, and KDO can be
calculated using eqs 34−37. Meanwhile, the values of the
design parameters for the dual schemes H, L, emax, and emin
were chosen considering the a priori knowledge of the process:
First, H and L give the relationship for (High Gain)/(Low
Gain) of the dual-mode concerning the original KDO such that
a 3/2 ratio can be considered to make the controllers more
aggressive. Second, emax is an estimated positive upper bound
for the system output error, because a transmitter with a 0 to 1
span is used to measure the process output, emax = 0.5 is the
right choice for this parameter. Finally, emin is a positive
constant that defines the error limit where the output enters
the “around steady-state region” of the system response and, as
it was pointed out previously, can be defined at a certain
percentage, such as 2% or 5% of the output error e(t) in
respect to the current set point. Therefore, because the

maximum set point change to be considered is about 10 °C,
which is equivalent to 0.5 transmitter fraction of the output,
then emin = 0.05 × (0.5) = 0.025 can be considered for 5% of
the output error choice. Table 1 details the controllers’
remaining parameter values for this process.

4.1.1. Regulation Performance Test. Disturbances at the
feed flow temperature are simulated to test the performance of
controllers in the regulation task. Two changes of −10% in the
inlet temperature are introduced at 200 and 800 min. The
simulated variations in the temperature Ti are shown in Figure
6.

Figure 7 shows how all the SMC approaches compensate for
the disturbances. The process responses for the SMC and
SMC-HS controllers are equal; they are overlapped since they

Figure 5. Continuous stirred tank reactor process diagram.

Table 1. Controllers Parameter Values

parameter controller

SMC SMC-HS DUAL DUAL-AE DUAL-SE

KD0 0.6519
λ0 0.0209
λ1 0.2890
δ 0.7175
γ 2.1053
ρ 1.9474
ϕ 4.0100
θ 1.9975
KD|e(t)=0 KD0 KD0 1.3038 1.2695 1.3022

Figure 6. Simulated variations in the feed flow temperature, Ti.

Figure 7. System outputs for the different controllers when Ti
disturbances are simulated.
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have the same gain, KDO. In the same way, the outputs of the
DUAL-mode SMC schemes are close to each other. An
improvement in regulation occurs due to the proposed change
in the reaching mode gain, KD. The proposed DUAL-mode
SMC controllers are faster than the SMC and SMC-HS
schemes to reject the inlet temperature disturbances. In the
beginning, the system output response for the DUAL-AE
controller against the second disturbance, the coldest inlet
temperature, is sharper than those for the DUAL and DUAL-
SE controllers but presents a longer settling time.
Figure 8 shows all the SMC controllers’ outputs, and their

responses are by the observed temperature response. The

Dual-Mode controllers act faster without abrupt changes that
can deteriorate the final control element.
Figure 9 shows KD evolution for the different controllers.

The SMC and SMC-HS controller gains are smaller than those

for the dual-mode SMC, giving a sluggish performance.
Furthermore, there is no switching between the “around
steady-state region” and the “transient region” because no set
point change occurs during this test since only regulation tasks
are performed. So, when the disturbances occur, the system
remains on the “the steady-state region,” and when the output
error e(t) increases in magnitude, the nonlinear gain functions
(DUAL-AE and DUAL-SE) act, increasing smoothly to correct
the error.
The DUAL-AE gain presents a higher peak value than the

DUAL-SE, requiring a minor variation to compensate for the
error. At steady-state, the DUAL and DUAL-SE gains are close

to each other and slightly higher than the DUAL-AE gain,
giving the desired aggressiveness established by the design
parameter L for the “around the steady-state region”.
Remarkably, the DUAL schemes can compensate for

disturbances at around 40% of the time taken for the SMC
and SMC-HS schemes, which can be seen in the radial graph in
Figure 10.

When comparing performance indices and transient criteria
in each radial graph vertices, all the values for each criterion are
observed simultaneously. Hence, the best result is that one
with the polygon with the smallest area because it indicates
that, in general terms, it corresponds to the scheme that best
balances all its indicators with minimum values.
This radial graph compares ITSE and TVu indices.

Furthermore, as criteria of the transient response, the times,
ts1
and ts2

in which the disturbances are compensated, and the
reference is reached. As SMC and SMC-HS are of fixed
structure, they do not indicate improvement in the speed of
compensation (ts), unlike the dual schemes that reduce their
value up to 40% of the original. As for ITSE, the integral of the
quadratic error can be reduced to 30%. All these improvements
while maintaining a similar value in TVu. In other words, with
the same control effort, it is possible to have a faster transition
time and compensate for disturbances.

4.1.2. Tracking Performance Test. For the tracking test,
four reference changes are simulated at times 50, 400, 650, and
870 min; the temperature set point of the chemical reactor is
varied from the original 88 °C to 95, 91, 87, and 97 °C,
respectively.
Figure 11 shows the process output for the tracking

performance test. The proposed dual-mode SMC controllers
perform better than the traditional SMC and SMC-HS
controllers. This can be noticed at first sight, observing that
the process outputs for the proposed dual-mode SMC give
smaller overshoots than the corresponding output for the
standard SMC controller. Moreover, the dual-mode SMC
reach the steady-state faster than the process output responses
for both the traditional SMC and the SMC-HS controllers.
Regarding the controller outputs, Figure 12 depicts when set

point changes are introduced in the simulation. Again, the

Figure 8. Control outputs for the different controllers when Ti
disturbances are simulated.

Figure 9. Evolution over time of KD for the regulation performance
test.

Figure 10. Radial graph for regulation.
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smoothest control actions come from the SMC-HS, while the
traditional SMC presents an abrupt change under the observed
temperature response. On the other hand, dual-mode
controller schemes initially have fast action but are not as
abrupt as the traditional SMC controller; therefore, their
temperature responses present smaller overshoots.
Figure 13 shows KD evolution for the different controllers.

The SMC and SMC-HS controller gains are smaller than the

dual-mode SMCs. The dual controller gains switch between
fixed values when the change between High and Low gain
occurs, giving more abrupt controller outputs than the other
dual-mode schemes, as shown in Figure 12. Moreover,
nonlinear KD gains (DUAL-AE and DUAL-SE) evolution
shows that in the “transient region”, the gain is increased

accordingly with the amplitude of the set point change when
the error is significant. It decreases as the error goes to the
“around steady-state region”, where the controller gains its
“Low Gain” value. The DUAL-AE gain has a greater amplitude
in the transient than the DUAL-SE gain, requiring more time
to compensate for the error.
In summary, Figure 13 shows the importance of the H and L

parameters to the performance of the proposed controllers in
the “transient region” and the “around the steady-state region”,
respectively.
Moreover, a radial graph to compare the indices and

transient criteria for this process is presented in Figure 14. The
chart compares the maximum overshoot, ITSE, and TVu. The
Mp is considered for the set point changes at minute 50 for
Mp1 and 870 for Mp2.

The radial graph shows that dual-mode schemes have a very
close area, almost the same for the three schemes. The dual-
mode schemes present an 80% reduction compared to the
SMC in maximum overshoot. ITSE decreased by 50%
compared to HS, indicating the improvement in the transient
response of the proposal approach improvement by ref 27.
Finally, in TVu, the control law performance is improved by
40%, close to its predecessor SMC-HS value, which shows an
improvement of 50%. All dual schemes have better character-
istics than previous SMCs.

4.2. Mixing Tank. The second example considers a mixing
tank, as is shown in Figure 15. This example is important for
industrial process engineering. Food and beverage manufactur-
ing requires product mixing. This process mixes raw materials
in precise proportions and controls environmental elements
like temperature.56,57

The tank receives two streams, a hot stream, W1(t), and a
cold stream, W2(t). The outlet temperature is measured at 125
ft downstream from the tank. The following assumptions are
accepted:

• The liquid volume in the tank is considered constant.
• The tank contents are well mixed.
• The tank and the pipe are well insulated.

Figure 11. System output responses for the different controllers when
simulated set point changes are introduced.

Figure 12. Control output for set point changes.

Figure 13. Evolution over time of KD for the tracking performance
test.

Figure 14. Radial graph for tracking.
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The mixing tank nonlinear equations and operating
conditions are presented in.4 However, it is remarkable to
present the mathematical relationships between the temper-
ature T3(t) inside the Tank and T4(t) measured after the time
delay. The delay is modeled as a function of the characteristics
of the length L and area A of the connecting pipe as well as the
density ρ of the fluid. The expression of the delay in this plant
is given by eq 51:

t
LA

W t W t( ) ( )0
1 2

=
+ (51)

Thus, the relationship between T3(t) and T4(t) can be
simply described as eq 52 presents:

T t T t t( ) ( )4 3 0= (52)

The control objective in this process is to keep the
temperature constant inside the tank. The transmitter manages
a range from 100−200 °F, and the valve handles values from 0
to 1 per unit value (pu). At initial conditions, the temperature
of the liquid in the mixing tank is 150 °F. Again, the nonlinear
process model is approximated to a FOPDT model following a
similar procedure as the reactor. Therefore, the reaction curve
method described by ref 13 was used. The FOPDT model
representing its dynamics is shown in eq 53:

G s
s

e( )
0.8754

2.4749 1p
s4.3749

1
=

+ (53)

The controllability ratio (t0/τ) is associated with the
difficulty level in controlling a process.58 It is also known as
the normalized dead time or the normalized time delay.59

Generally speaking, processes with small (t0/τ) are simple to
regulate, and as a system gets bigger (t0/τ), it is harder to
control. Generally, it may say that processes with a small value
of this parameter can be easily controlled, whereas processes
with a greater value can be deemed more difficult to control. In
this example, (t0/τ) is greater than one, which is a difficult
process to control, which represents a process with a dominant
time delay.
Additionally, this delay is variable accordingly with any mass

flow variation. Finally, it is remarked that the actual condition
of the tank is considered in a constant level because the liquid
volume is considered also constant as indicated in the previous
assumptions.
Similar to the CSTR case, once the values of K, τ, and t0 are

known, the values of λ0, λ1, δ, and KDO can be calculated using
eqs 34−37. Meanwhile, the design parameter values for the

dual schemes H, L, emax, and emin were chosen equal to those of
the CSTR case (H = 3, L = 2, emax = 0.5, and emin = 0.025).
Table 2 details all the remaining parameter values that the
controllers take for this process.

4.2.1. Regulation Performance Test. Disturbances in the
flow of hot water are added, and changes are introduced from
250 lb/min to 150 lb/min, reducing 25 lb/min four times.
Those changes can be seen in Figure 16.

As mentioned above, this process has a dominant delay that
additionally is variable. For example, Figure 17 shows the delay
variation when the hot water flow disturbances appear; an
increment in the time delay performs until a transportation lag
close to 6 min.

Figure 15. Mixing tank process diagram.

Table 2. Controllers Parameter Values

parameter controller

SMC SMC-HS DUAL DUAL-AE DUAL-SE

KD0 0.4534
λ0 0.1
λ1 0.6326
δ 0.7101
γ 2.1053
ρ 1.9474
ϕ 4.01
θ 1.9975
KD|e(t)=0 KD0 KD0 0.9069 0.883 0.9057

Figure 16. Variation of hot water mass flow.

Figure 17. Delay variation due to disturbances in the system.
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This increase in the variable delay will be reflected as a
difference between the liquid temperature in the mixing tank
T3(t) and temperature T4(t), which is the one from which the
measurement will be obtained after the delay. Figure 18 shows

the temperature output controlled with a SMC-DUAL scheme.
Both T3(t) and T4(t) are presented, which in long operation
times practically seem to be the same output. However, if an
approximation is made such as those shown on the left side of
Figure 18, it can be seen that there is a phase shift between the
signals due to the variable delay. As can be seen in Figure 17,
the delay for the operation time of around 700 min
corresponds approximately to five additional minutes. As
system disturbances increase, this delay also increases.
Figure 19 shows how all the SMC approaches compensate

for the disturbances. Similar to the CSTR case, the responses

of the process for the SMC and SMC-HS controllers are equal;
they have slower disturbance rejection responses and are
overlapped since they have the same constant gain, KDO.
Meanwhile, the dual-mode SMC schemes reject the
disturbances more quickly. Although their process responses
are similar most of the time, the DUAL-AE controller process
output presents an overshoot and some oscillations when the
more considerable transportation lag is achieved (starting at a
time equal to 1000 min). So, the time delay affects most of the
DUAL-AE controller system response.
Figure 20 shows all the SMC controller outputs, and their

responses follow the observed temperature response. The
traditional SMC and the SMC-HS controller scheme outputs

present smooth variations for the actuator, but they reject the
disturbances slower than the dual-mode controller schemes.
So, the dual-mode controller schemes are more aggressive;
faster responses also require faster control actions; however,
these variations are not abrupt enough to deteriorate the final
control element. Only the DUAL-AE controller output
presents a slight overshoot and oscillations. Still, just in the
worst case, when the most considerable time delay is present,
the most significant modeling error is acting. However, the
controller performance is good enough, rejecting the actual
disturbance.
Figure 21 shows KD evolution for the different controllers.

As in the CSTR case, it is evident that the SMC and SMC-HS

controller gains are smaller than those for the dual-mode
SMCs, giving a sluggish system performance. There is no
switching between the “around steady-state region” and the
“transient region” because no set point change occurs during
the test since only regulation tasks are performed. When the
disturbances arise, the system remains on the “around the
steady-state region” when the output error e(t) grows in
magnitude; only the DUAL-AE increases smoothly to correct
the error. Again, at steady-state, the DUAL and DUAL-SE
gains are close to each other and slightly higher than the
DUAL-AE gain, giving the desired aggressiveness established
by the design parameter L for the “around the steady-state
region”.
Finally, the performance of the controllers is compared

quantitatively on a radial graph in Figure 22. As in the process
mentioned above, the dual schemes have the smallest area. In
this process, using an SMC or SMC-HS offers the same results
since only regulation tests are performed, and they use the KDO
gain. Therefore, enhancements come with dual controllers.

Figure 18. System outputs comparison regarding the variable delay.

Figure 19. System outputs when hot water mass flow disturbances are
introduced.

Figure 20. Control outputs when disturbances occur.

Figure 21. Evolution over time of KD for regulation performance tests.
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The ts1 is improved by 40%, and the ITSE was enhanced by
up to 60%. The controller that obtains the smallest area on the
radial graph is the DUAL and the DUAL-SE. For this system,
using the dual variation that considers the squared error would
be convenient. However, the DUAL controller is not
recommended because it does not consider smooth switching.
The mixing tank dynamics are abrupt, requiring a controller

that quickly compensates it, as DUAL-SE does. According to
the process requirement, changing the H/L ratio can help
obtain less aggressive responses; this could be improved by
decreasing the H value.

5. CONCLUSIONS
This paper has shown dual-mode sliding mode controller
synthesis based on a FOPDT model of the actual process. The
proposed approach enhanced tracking and regulation by
following the dual mode concepts. The new control structure
changes between PD and PID sliding surfaces. The PD surface
improves the tracking transient response against set point
changes, avoiding overshoot and oscillations and switching to
the PID surface when the system output is close to the set
point to guarantee zero steady-state error. Four desired control
objectives were established to obtain a well-defined control
problem design.
Three different reaching gains were proposed for the dual-

mode control schemes to get an appropriate (High Gain)/
(Low Gain) relationship. In addition, a smooth switching
transition between PD/PID SMC controllers ensured closed-
loop stability when the proposed nonlinear gains were used.
The computer simulation examples indicated that the

proposed dual-mode SMC controller performance is stable
and satisfactory despite nonlinearities over various operating
conditions, set point changes, process disturbances, and
modeling errors. Furthermore, it showed the dual-mode
scheme improvement for tracking and regulatory tasks. Thus,
the new H and L design parameter influence to obtain the
above improvements in the “transient region” and the “around
the steady-state region,” respectively, was noticed. Remarkably,
the dual schemes with nonlinear gain balance the speed of
response and the control action smoothness. Thus, quick

control was attained, considering the incidence over the final
control elements.
A comparative evaluation to determine the proposal

performance is done in two nonlinear processes, one with
variable delay. The merits and drawbacks of each modified
scheme were analyzed using radial graphs, comparing the
control methods with different performance measures for set
point and disturbance changes.
Summarizing, the main novelties and contributions are the

design and implementation of a controller combining dual-
mode control concepts and sliding mode control methodology;
the controller synthesis is based on the approximation of
FOPDT to avoid the design from a complex model. A new
controller uses the combination of higher gain to large error
signals (transient) and lower gain to small error signals (the
region around the set point).
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