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A B S T R A C T   

The mechanism of generation of shock waves by the collapse of a cavitation bubble near a single particle or dual 
particles is numerically investigated using OpenFOAM. For the single-particle case, shock waves during bubble 
inception and jet impacting on the particle surface are revealed in detail. The pressure induced on the particle by 
the inception shock wave of the bubble decreases with increasing bubble-particle distance, and the pressure is 
proportional to 1/r1.26 (r being the distance from the center of the shock wave). For the dual particles, the 
evolution of the neck structure is closely related to the generation mechanism of the shock wave. At extremely 
close particle–bubble distances, two shock waves propagating in opposite directions are emitted outside and 
inside the bubble after two necks collide. At long particle–bubble distances, a shock wave is emitted after the 
neck contracts, and simultaneously the bubble splits into two daughter bubbles. The energy of the shock wave 
generated by the neck constriction (i.e., the pressure at its generation location) first increases and then decreases 
with increasing bubble-particle distance. For unequal-sized double particles, the size of the daughter bubble 
depends on the bubble-particle distance and the particle size. These findings provide new perspectives for un-
derstanding the damage sustained by hydro-mechanical components operating in sand-laden water flows.   

1. Introduction 

For hydraulic machinery operating in sand-laden flows, sand parti-
cles and nearby cavitation bubbles show substantial effects on the ser-
vice life and safety of the units [1–4]. Extensive research proofed that 
the jets and shock waves generated by cavitation bubbles adjacent to a 
rigid wall (as a simplified representation of the hydro-mechanical 
component) are the main cause of damage to the components [5–8]. 
However, the presence of particles may also alter the shock waves and 
jets released from cavitation bubbles [9,10]. Therefore, in the present 
paper, the behavior of shock waves generated by bubble collapse adja-
cent to a single particle and to dual particles are investigated by a nu-
merical approach (with the aid of OpenFOAM) to elucidate the shock 
wave dynamics. 

Shock waves associated with cavitation bubbles can be classified into 
two types: those generated by a single cavitation bubble and those 
generated by cavitation bubbles adjacent to boundaries (e.g., flat walls). 

In the case of shock waves emitted by a single cavitation bubble formed 
by laser acting on water, Vogel et al. [11] investigated the relationship 
between shock wave propagation behavior and laser properties. Their 
results revealed that a large laser energy and long laser duration in-
creases the pressure, duration, energy, and width of the shock waves. 
Using a numerical approach combining the Kirkwood–Bethe hypothesis 
and the Gilmore model, Lai et al. [12] revealed that the velocity of a 
laser-induced shock wave is highly attenuated and the normalized shock 
wave width is not correlated with the duration or energy of the laser. 
Geng et al. [13] proposed a predictive model for wave front localization 
combining bubble growth and shock wave propagation, which was 
validated by the experimental data from Vogel and Busch [11]. The 
laser-induced bubble produces shock waves with extremely high ve-
locities upon its formation and collapse. When a single cavitation bubble 
inception, Noack and Vogel [14] observed maximum shock wave ve-
locities of 4700 m/s and 5400 m/s at laser energies of 1 mJ and 10 mJ, 
respectively. Liang et al. [15] further developed a hybrid experimental/ 
simulation approach to evaluate the shock wave properties of a laser- 
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induced bubble. In the experimental part, the plasma size is taken as 
input and the bubble oscillation period is taken as fitting parameter, and 
in the simulation part, the extended Gilmore model and van der Waals 
hard core law are combined. At a laser duration of 6 ns and a laser en-
ergy of 10 mJ, the velocity of the bubble shock wave estimated by this 
hybrid method is about 5000 m/s. When a cavitation bubble collapse, 
Holzfuss et al. [16] utilizing the Gilmore model and the Kirkwood-Bethe 
hypothesis found that the shock wave reached a velocity of 4000 m/s. 
Pecha and Gompf [17] further verified this result utilizing the streak 
camera and found that the shock wave intensity decays faster than 1/r 
(where r is the distance to the center of the shock wave). Compared with 
individual bubble dynamics models (e.g., Rayleigh-Plesset equation, 
Gilmore equation, and Keller-Miksis equation) [18,19], the unified 
theory of bubble dynamics proposed by Zhang et al. [20] takes into 
account the effects of different boundaries and enables the prediction of 
the shock wave characteristics of bubbles near the boundaries. 

For investigating shock waves from cavitation bubbles adjacent to 
boundaries, a flat rigid wall provides a representative case [21,22]. 
Depending on the stand-off distance (the dimensionless bubble–wall 
distance), the generation mechanisms of the shock wave can be cate-
gorized into three scenarios. In the first scenario, the stand-off distance 
is extremely close, and the bubble generates a “kink” structure during its 
collapse [23]. When the fluid around the “kink” collides, shock waves 
are emitted from the point of collision. In the second scenario, the 
bubble comes into contact with the wall at its maximum volume and 
produces a jet directed toward the wall during its collapse [24]. Zhang 
et al. [25] found that the shock waves from the jet impinging on a wall 
are reflected by the wall, which in turn generates a tension wave. In 
addition, the low-pressure region generated by the tension wave tends to 
produce cavitation bubbles, which in turn leads to the formation of a 
counter-jet. Further, Tian et al. [26] found that two sub-annular bubbles 
(sub-bubbles with an annular shape formed after the jet penetrating the 
bubble) emit shock waves upon rebound and collapse. In the third sce-
nario, the stand-off distance is large, and the jet does not impact the 
wall. On the basis of results from Yang et al. [27] the generation of shock 

waves in this case can be summarized as follows. First, the jet tip forms a 
shock wave in the bubble, which passes through the bubble and pro-
duces a precursor shock wave. Then, the jet produces a water-hammer 
shock wave when it penetrates the bubble. Finally, the water-hammer 
shock wave merges with the precursor shock wave and propagates to-
ward the wall. Požar and Agrež [28] found that the concave wall causes 
refocusing of bubble-induced shock waves and triggers the secondary 
cavitation adjacent to the focus. 

Regarding the shock waves resulting from the collapse of bubble 
pair, Fan et al. [29] concentrated on bubble pair of identical energy with 
antiphase in a narrow dimensionless distance range. The growth of the 
second bubble causes the first bubble to collapse in a toroidal shape, and 
generates the toroidal shock waves. This shock waves enhance the radial 
flow of the liquid around the neck of the second bubble. Subsequently, 
the liquid jet generated by the neck contraction to the axis of symmetry 
produces a conical shock wave with a half cone angle of 16◦ inside the 
bubble. Yang et al. [30] investigated the shock waves caused by the 
collapse of bubble pair with different phases and energies at large 
dimensionless distance values. The shock waves from the collapse of the 
first bubble exhibit different attenuation in the directions approaching 
and moving away from the other bubble. Further, they explored the 
effect of the collapse shock waves of bubble pair on the wall. When the 
bubble pair horizontally arranged, their shock waves exerted substantial 
pressure on the wall. Conversely, when the bubble pair vertically ar-
ranged, the shock waves produced by their collapse results in pressure 
peaks on the wall that were generally lower than those generated by the 
collapse of a single bubble [31]. Investigations have also been performed 
for the shock waves generated by bubbles adjacent to different kinds of 
boundaries, such as an air bubble [32], ice [33], a free surface [34], and 
an air bubble on a tube nozzle [35]. 

Compared to the rigid wall, particles provide a limited length 
boundary for bubbles, which exhibit different collapse and jet behaviors. 
For a bubble in the vicinity of a single rigid particle, at short bubble- 
particle distances, it collapses with a mushroom shape and produces a 
jet directed toward the particle [36]. At long bubble-particle distances, it 

Nomenclature 

Abbreviations 
BCSW Bubble-collapse shock wave 
BRSW Bubble-reflected shock wave 
ISW Inception shock wave 
JIPSW Jet impact particle shock wave 
JPSW Jet-pierce shock wave 
JTSW Jet-tip shock wave 
NCSW Neck-contraction shock wave 
PRSW Particle-reflected shock wave 
RJTSW Reflected jet-tip shock wave 
TNCSW Two-neck collision shock wave 
VOF Volume of fluid 

Subscripts 
w Water phase 
b Bubble phase 
p1 Particle 1 
p2 Particle 2 

Symbols 
Cv Heat capacity (J/(kg⋅K)) 
Cw Liquid constant for the water state (J/kg⋅K) 
Fs Surface tension of water (N/m) 
K Kinematic energy (J) 
L Shortest distance from surface of two particles (mm) 

l Shortest distance between point of bubble inception and 
particle surface (mm) 

ṁ Rate of mass transfer between water and bubble (kg/s) 
p Pressure (Pa) 
pw Pressure constant for the water state (Pa) 
Rb Vapor constant for bubble state J/(kg⋅K) 
Rmax Maximum radius of bubble (mm) 
Rp1 Radius of single particle or of larger particle for unequal- 

sized dual particles (mm) 
Rp2 Radius of small particle for unequal-sized dual particles 

(mm) 
t Time (s) 
T Temperature (K) 
Tw Temperature constant for the water state (K) 
U Velocity (m/s) 
Ur Relative velocity between the two phases (m/s) 
W Width of panel in figure (mm) 

Greek 
α Volume fraction 
γ Dimensionless bubble–particle distance 
δ Ratio of the radii of larger and smaller particles 
η Ratio of Rp1 to maximum radius of bubble 
ρ Density of fluid (kg/m3) 
τ Viscous stress tensor (Pa) 
ψ Compressibility of fluid  
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Fig. 1. (a) Schematics of particle and cavitation bubble arrangements. (b) Schematic of experimental platform.  

Fig. 2. Numerical simulation flow for bubble oscillation and shock waves.  
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produces dual jets approaching each other, where the jet close to the 
particle moves away from the particle [37]. When a bubble oscillates 
near an elastic particle, its expansion and collapse cause the elastic 
particle to be compressed and stretched, respectively. The magnitude of 
deformation in particle is dependent on its elastic modulus, with a lower 
elastic modulus leading to greater elastic deformation [38]. For a 
movable particle, Poulain et al. [39] explored the particle velocity law 
caused by bubble collapse. Their results revealed that the particle ve-
locity is inversely related to its density and radius, and directly pro-
portional to the negative fourth power of the distance between the 
bubble and the particle. Teran et al. [40] numerically investigated the 
particle impact velocity inside a bubble driven by a jet. Based on the 
numerical results, they proposed a predictive model for particle impact 
velocity related to particle mass and particle position. Chen et al. [41] 
investigated the collapse behavior of a spark-induced bubble between 
two particles. Their observations indicated that when the particles are 
equal in size, the bubble tends to collapse at its original location. 
However, in the case of particles with unequal sizes, the bubble collapses 
toward one of the particles. 

The investigation of shock waves adjacent to particles will also be 
briefly reviewed here. Zevnik and Dular [42] numerically studied the 
propagation of bubble-collapse shock waves adjacent to a single spher-
ical particle at long particle–bubble distances. After the bubble col-
lapses, the bubble-collapse shock wave impacts the particle surface and 
is reflected to form a tension wave, which then passes through the 
rebounding bubble. Zou et al. [43] experimentally explored the effect of 
single-particle shape (expressed as the ratio ζ between the long and short 
axes of an elliptical particle) on shock waves. For close particle–bubble 
distances, they found that the spatial and the temporal delays between 

the implosion shock wave (caused by bubble rebound) and the water- 
hammer shock wave leads to the stratification of shock waves. For 
long particle–bubble distances, only an implosion shock wave is 
generated without shock wave stratification. With increasing ratio ζ (i. 
e., the particle with a slender ellipsoid shape), the influence of the 
particle on the attenuation of shock wave intensity exhibits a decreasing 
trend. On the basis of this literature review, we find that the generation 
mechanism of bubble shock waves near particles has not been fully 
revealed. 

In the present paper, bubble shock waves adjacent to a single particle 
and to dual particles are investigated by numerical simulations. The 
remainder of the paper is organized as follows. Section 2 introduces the 
particle–bubble system and the experimental platform. Section 3 com-
pares the numerical and the experimental results. Section 4 presents the 
basic setups of the numerical simulation, including the computational 
domain, mesh, solver, and visualization approach for shock waves. 
Section 5 describes the shock waves during bubble inception and bubble 
collapses adjacent to a single particle. Section 6 discusses the bubble 
shock waves between two particles of equal size. Section 7 discussed the 
bubble shock waves between two particles of unequal size and the 
resulting interference phenomenon. Section 8 presents the main con-
clusions of the present research. 

2. Particle–bubble system and experimental platform 

Fig. 1(a) shows the schematic of the particle and bubble arrange-
ments. For the single-particle–bubble system, the shortest distance be-
tween the point of bubble inception and the particle surface is denoted 
by l. The particle radius is denoted by Rp1. For the dual-particles–bubble 

Fig. 3. Experimental validation of numerical method. (a) γ = 1.23, η = 0.94 mm. [52] (b) γ = 0.42. η = 0.94. The first row of each subplot shows the simulation 
results, and the second row shows the experimental results. In the simulated results, gray, red and blue areas represent particles, water and bubble, respectively. Rmax 
= 1.60 mm. 
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system, the bubble is generated at the midpoint between the two par-
ticles. The radius of the larger particle is denoted by Rp1 and that of the 
smaller particle by Rp2, and the shortest distance from the surface of the 
two particles is denoted by L. 

To assess the dynamics of the shock waves produced by bubbles near 
particles and to facilitate further analysis, four dimensionless parame-
ters are defined as follows: 

γ =
l

Rmax
(1)  

δ =
Rp1

Rp2
(2)  

η =
Rp1

Rmax
(3)  

p* =
p

p∞
(4)  

Here, γ represents the dimensionless bubble-particle distance. Rmax in-
dicates the maximum radius of the bubble. δ represents the ratio of the 
radii of the large particle to that of the small particle in the dual-parti-
cles–bubble system. η denotes the ratio of Rp1 to Rmax. p* represents the 
dimensionless pressure normalized by the fluid pressure p∞ = 101325 Pa 
at infinity. 

Fig. 1(b) shows a schematic of the experimental platform for 
generating and recording cavitation bubbles adjacent to particles. The 
experimental procedure is briefly described below. The particles, made 
of SiO2 with a density of 2500 kg/m3and a radius of 1.5 mm, are con-
nected to the XYZ-axis displacement slide table through connecting rods. 
After the particles are immersed in deionized water, the XYZ-axis 
displacement slide table adjusts the relative positions of the particles 
and the bubble. The digital delay generator (ZKG027; minimum 
adjustment step: 0.15 ns) controls the Nd:YAG laser (Penny-100-S; 
wavelength: 532 nm; pulse duration: 5.4 ns) to emit a laser beam 
(Maximum laser energy: 30 mJ; laser diameter: 3 mm). When the laser 
beam passes through the laser focusing lens (LMH-10X-532; focal 
length: 20 mm) consisting of a concave lens and a convex lens, it is first 
expanded by the concave lens to enlarge the beam’s diameter and 
enhance its collimation, followed by focusing it in deionized water to 
generate a cavitation bubble. In parallel, the digital delay generator also 
controls the high-speed camera (Phantom v1212; sample rate: 100,000 
fps; image resolution: 256 × 256 pix) to record images of bubble 

Fig. 4. Bubble interface evolution and jet development with liquid pressure distribution (left side of each frame) and liquid velocity distribution (right side of each 
frame) adjacent to a single particle. The black arrow in the velocity distribution indicates the velocity vector. The gray and the white areas represent the particle and 
the bubble, respectively. γ = 0.90. η = 1.00. Rmax = 1.15 mm. W = 2.60 mm. 

Fig. 5. Propagation of bubble inception shock wave during bubble inception 
adjacent to a single particle. The dark gray area is the particle. γ = 0.90. η =
1.00. Rmax = 1.15 mm. W = 2.00 mm. 
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oscillation. These images are transferred to a computer for storage. The 
light enables the bubble image to be clearer and brighter. The laser beam 
is focused through a lens to a point 2 cm from the wall of the water tank, 
where it generates a bubble. Under ambient room temperature and 
particle-free conditions, the experimental system produced a bubble 
with a maximum radius (Rmax) ranging from 1.0 mm to 1.8 mm. 

3. Numerical methods for bubble and shock wave 

Fig. 2 presents the numerical simulation setups of the bubble oscil-
lation and shock waves. In the pre-processing stage, an axisymmetric 
computational domain is employed. The computational domain is a 

hemispherical region with a wedge angle of 5◦, a maximum boundary of 
60Rmax, and the Y-axis as the axis of symmetry. For the purpose of the 
accurate prediction, the mesh around the bubble and the particles is 
locally refined to accurately calculate the bubble interface. The refine-
ment region is enclosed by the four red curves shown in the top subplot 
of Fig. 2. Adjusting the number of nodes on each of the four curves re-
sults in meshes with different levels of refinement. The first mesh height 
on the particle surface is 0.5 µm, and its mesh expansion in the normal 
direction is 1.2. On the basis of our previous work [44], a maximum 
mesh size of 2.4 μm is an appropriate choice in terms of computational 
accuracy and efficiency. When η = 2.00 and δ = 2.00, the number of 
mesh cells is approximately 1.6 million for γ = 0.25 and approximately 

Fig. 6. Pressure variations at the upper apex of the particle induced by the inception shock wave (ISW) of the bubble. (a) Pressure variations with time for different 
bubble-particle distances. η = 1.00. (b) Effect of relative size (η) and relative distance (γ) between the bubble and the particle on the maximum pressure at the apex of 
the particle. Rmax = 1.15 mm. 

Fig. 7. Shock waves generated during the impact of the jet on the particle. The dark gray area is the particle. γ = 0.90. η = 1.00. Rmax = 1.15 mm. W = 1.00 mm.  
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2.4 million for γ = 0.35. The initial bubble is resolved with about 83 
mesh cells in the radial direction. 

The boundary conditions for the particle surfaces and the outlet are 
no-slip and a wave transmissive boundary, respectively. A semicircular 
region with a radius of 0.2 mm is created as an initial bubble between 
the two particles. For the single particle, the computational domain and 
the boundary conditions are analogous to those of the dual parti-
cles–bubble system [45]. To simulate bubble growth, the pressure inside 
the initial bubble is set much higher than the surrounding pressure. In 
addition, by adjusting the pressure of the initial bubble, it is possible to 
obtain different values of Rmax. 

In the solution stage for bubble behavior, the compressibleInterFoam 
solver in OpenFOAM-v10 [46,47] is employed. This solver is a two- 
phase flow model that incorporates thermodynamic effects, fluid 
compressibility, and mass transfer. The solver employs a homogeneous 
mode to solve the system of control equations, and tracks the variation 
of the bubble interface via the fluid-volume method. Therefore, the 
continuity equation for the fluid is [26] 

∂ρ
∂t

+∇ • (ρU) = 0 (5)  

The continuity equation with mass transfer for water phase and bubble 
phase are [26] 

∂αwρw

∂t
+∇ • (αwρwU) = ṁ (6)  

∂αbρb

∂t
+∇ • (αbρbU) = − ṁ (7)  

with 

αw + αb = 1 (8)  

ρ = αwρw + αbρb (9)  

where αw and αb are the volume fractions of water phase and bubble 
phase in VOF method, respectively. ρw and ρb are the densities of water 
and bubble, respectively. ρ and U are the mixture density and the ve-
locity of the mixture, respectively. t is the time. The rate of mass transfer 
ṁ between the water and the bubble is obtained by the Schnerr–Sauer 
model [48,49]. 

The phase continuity equation is [26] 

∂αw

∂t
+∇ • (αwU) + ∇ • (αwαbUr)

= αwαb

(
ψw

ρw
−

ψb

ρb

)
Dp
Dt

+ ṁ
(

1
ρw

− αw

(
1
ρw

−
1
ρb

))

+ αw∇ • U
(10)  

with 

ψw =
dρw

dp
(11)  

ψb =
dρb

dp
(12)  

where p is the pressure. ψw and ψb are the compressibility of water and 
bubble, respectively. Ur is the relative velocity between the water phase 
and the bubble phase. 

The momentum and the energy equations are [26] 

∂ρU
∂t

+∇ • (ρUU) = − ∇p +∇ • τ + Fs (13)  

∂ρT
∂t

+∇ • (ρUT) = ∇ • (K∇T) +
[

∇(pU) +
∂ρK
∂t

+∇(ρUK)
](

αw

Cv,w
+

αb

Cv,b

)

(14)  

where τ is the viscous stress tensor. Fs is the surface tension of water. T 
and K are the temperature and the kinematic energy of water and 
bubble. Cv,w and Cv,b are the heat capacities of water and bubble. 

The equations of state for water proposed by Tammann [50] and 
ideal gas for bubble are shown below. 

ρw =
p + pw

Cw(T + Tw)
(15)  

ρb =
p

RbT
(16)  

where the constants pw, Tw, and Cw are the pressure, temperature, and 
liquid constants for the water state. Rb is the vapor constant for bubble 
state. 

The numerical settings, such as water and bubble property parame-
ters, numerical schemes, tolerances, and Courant numbers, are the same 
as in our previous work [45]. In the post-processing stage, the numerical 
schlieren [51] is adopted to demonstrate the shock waves. The expres-
sion for the schlieren value is exp(− k|∇ρ|/max(|∇ρ|)). The adjustable 
parameter k makes the shock wave clearer, and in this paper, it varies 
within the range 0 < k ≤ 50. 

4. Experimental validation 

Fig. 3 compares the simulated and the experimental evolutions of the 
bubble morphology adjacent to equal-sized dual particles. Two distinct 
distances between the bubble and the particle are chosen for examina-
tion. In Fig. 3(a), the bubble-particle distance is large, and the bubble 
expands in a spherical shape during its growth stage (frames 1–3). 
During the collapse stage (frames 4–10), the particles limit the 
contraction of the upper and the lower ends of the bubble, transforming 
the bubble from a spherical shape to an “olive shape”. In Fig. 3(b), the 
bubble-particle distance is small, the upper and the lower ends of the 
bubble expand along the particle surface during the its growth stage 
(frames 1–3). During the collapse stage (frames 4–10), the bubble 
fractures from its center into two bubbles. Comparing the shape and the 
size of the bubble, the simulation results show close agreement with 
those of the experiment. 

5. Shock waves adjacent to a single particle 

Fig. 4 shows the bubble interface evolution and the jet development 

Fig. 8. Maximum pressure at the upper apex of the particle induced by the jet- 
pierce bubble shock wave (JPSW) as function of the relative sizes (η) and the 
relative distances (γ) between the particle and the bubble. Rmax = 1.15 mm. 
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for a bubble adjacent to a single particle. When the bubble expands to its 
maximum size [Fig. 4(b)], the particle creates a crater at the bottom of 
the bubble. As shown in Fig. 4(c) and 4(e), with the collapse of the 
bubble, the liquid pressure above the bubble gradually increases. 
Consequently, the top of the bubble contracts with an accelerated ve-
locity, evolving into a jet. Eventually, in Fig. 4(f), the jet impacts the 
particle surface. 

Fig. 5 illustrates the propagation of the inception shock wave (ISW) 
during bubble inception adjacent to a single particle. The width of 
subgraph (W) is 2.00 mm. It can be seen from Fig. 5(a)–(c) that after 
bubble inception, the ISW propagates outward from the bubble incep-
tion position. In Fig. 5(d), when the ISW propagates to the particle 
surface, it is reflected to form a particle-reflected shock wave (PRSW). 
From Fig. 5(e)–(f), after the PRSW reaching the bubble interface, a 

bubble-reflected shock wave (BRSW) is formed. As shown in Fig. 5(g)– 
(h), the BRSW is reflected several times at both the bubble interface and 
the particle surface. The PRSW continues to propagate after passing 
through the bubble. The velocity of the shock wave is much greater than 
the speed of bubble growth. 

Fig. 6 illustrates the pressure variations at the upper apex of the 
particle induced by the inception shock wave (ISW) of the bubble. Fig. 6 
(a) demonstrates the pressure variations with time for different bubble- 
particle distances. When ISW impacts the particle, the pressure at the 
apex increases sharply and then decreases. The duration for the pressure 
increase is briefer than that for its decrease. As the shock wave propa-
gates through the liquid, its energy progressively attenuate. Conse-
quently, the maximum pressure induced by the ISW on the particle 
reduces with an increment in the bubble-particle distance. As PRSW 

Fig. 9. Bubble interface evolution and jet development with liquid pressure distribution (left side of each frame) and liquid velocity distribution (right side of each 
frame) adjacent to dual particles of equal size. (a) γ = 0.68; (b) γ = 1.19. The black arrow indicates the velocity. The gray and the white areas represent the particle 
and the bubble, respectively. η = 1.27. Rmax = 1.18 mm. W = 2.60 mm. 
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propagates and is reflected between the particle and the bubble, its 
energy gradually decreases. Therefore, when PRSW impacts the particle, 
e.g., γ = 0.3 in Fig. 6(a), it induces a much lower pressure than ISW. As 
the bubble-particle distance increases, the pressure induced by BRSW 
decreases. 

Fig. 6(b) demonstrates the influence of the relative sizes (η) and the 
relative distances (γ) between the bubble and the particle on the 
maximum pressure at the upper apex of the particle induced by ISW. In 
the figure, Rmax = 1.15 mm, and an increase in η corresponds to an in-
crease in the radius of the particle. As γ increases, the energy of ISW is 
gradually attenuated as the bubble-particle distance increases. Conse-
quently, the pressure exerted by the ISW on the particle diminishes, 
which is proportional to 1/r1.26 (r being the distance from the center of 
the shock wave). Given that the intensity of the ISW is directly correlated 
with the bubble size, the influence of the particle size on the peak 
pressure induced by the ISW is relatively minor for the same bubble size. 

Fig. 7 depicts the shock waves generated during the impact of the jet 
on the particle. According to the production mechanism of shock waves, 
two distinct categories of shock waves are formed. The first category is 
the jet-pierce bubble shock wave (JPSW), and the second is the jet 
impact particle shock wave (JIPSW). As demonstrated in Fig. 7(a)–(b), 
the JPSW is produced as the jet pierces the bubble. JPSW propagates 
both inside and outside the bubble, and its propagation direction is 
opposite to that of the jet. In Fig. 7(c)–(h), as the jet continuously im-
pacts the top of the particle, the JIPSW is incessantly generated at the 

point of impact, and its propagation direction is also opposite to the jet. 
Temporally, the JPSW is generated prior to the JIPSW. Spatially, the 
JPSW is positioned ahead of the JIPSW. Combining Fig. 7(d)–(e) and 
Fig. 4(f), the shock wave inside the bubble first acts on the lower portion 
of the bubble causing it to expand, with its upper portion remaining 
contracted. 

Fig. 8 illustrates the maximum pressure at the upper apex of the 
particle induced by the jet-pierce bubble shock wave (JPSW) as function 
of the relative distances (γ) and the relative sizes (η) between the bubble 
and the particle. The three maximum pressure curves exhibit a similar 
trend with γ. For γ > 1.00, the long bubble-particle distance causes the 
JPSW to travel a long path before impacting the particle. As a result, the 
JPSW generates a pressure that decreases as γ increases. For γ ≤ 1.00, the 
maximum pressure shows an optimum around γ = 0.75. The jet velocity 
as it pierces the bubble initially increases with γ, reaches a maximum at 
γ = 0.80, and then decreases [45]. Consequently, the conversion of the 
kinetic energy of the jet into the JPSW’s energy rises when 0.40 < γ ≤
0.75 and falls when 0.75 < γ ≤ 1.00. The pressure generated by JPSW 
decreases with increasing η for the same γ, except for the cases η = 1.00, 
0.4 < γ < 0.65. Comparing the pressure distributions for η = 1.00 and η 
= 1.74 at γ = 0.5, it is observed that the internal pressure of the bubble is 
higher than the surrounding liquid at η = 1.00, the JPSW consequently 
induces less pressure compared to η = 1.74. 

Fig. 10. Shock waves after the neck contraction for different values of γ: (a) γ = 0.59, t = 264.10 μs; (b) γ = 0.68, t = 265.10 μs; (c) γ = 0.85, t = 249.90 μs; (d) γ =
0.93, t = 250.20 μs; (e) γ = 1.02, t = 248.30 μs; (f) γ = 1.10, t = 256.8 μs; (g) γ = 1.19, t = 250.20 μs; (h) γ = 1.27, t = 248.30 μs. Dark gray areas are particles. η =
1.27. Rmax = 1.18 mm. W = 3.20 mm. 
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6. Shock waves adjacent to equal-sized dual particles 

Fig. 9 shows the bubble interface evolution and the jet development 
for a bubble adjacent to equal-sized dual particles during the collapse of 
the bubble. Based on the particle–bubble distance, two representative 
cases, namely, γ = 0.68 (particle–bubble distance less than Rmax) and γ 
= 1.18 (particle–bubble distance greater than Rmax) have been chosen to 
show the details of the bubble interface variations. 

In Fig. 9(a), owing to the close particle–bubble distance, the bubble 
shows a highly non-spherical shape at its maximum. With the bubble 
contraction (frame 1–3), the liquid pressure around the middle of the 
bubble increases, and decreases from the middle of the bubble to the top 
or the bottom of the bubble. The non-uniform distribution of liquid 
pressure around the bubble results in the middle of the bubble interface 
contracting rapidly and evolving a neck structure. After that, the neck 

further contracts along the symmetry axis, and the bubble splits into two 
daughter bubbles (frame 4). As the two daughter bubbles experience the 
immense pressure generated by bubble splitting, a jet is consequently 
generated from each. After the jets inside the two daughter bubbles 
impinge on the particles (frame 5), they collapse in the vicinity of each 
of the two particles. 

In Fig. 9(b), due to the long particle–bubble distance, the bubble 
shows an approximately spherical shape at its maximum (frame 1). From 
frame 2 to frame 3, the variations in liquid pressure around the middle of 
the bubble lead to the formation of the neck. At the same time, the 
increased pressure of the liquid above or below the bubble causes a 
depression shown at the top and the bottom of the bubble. From frame 4 
to frame 6, the jets produced by the neck contraction move toward the 
depressions, piercing the bubble interface. Eventually, the daughter 
bubbles form two annular bubbles. 

Fig. 11. Shock waves after the jet penetrating the bubble for different values of γ: (a) γ = 1.10, t = 258.10 μs; (b) γ = 1.19, t = 251.20 μs; (c) γ = 1.29, t = 249.60 μs. 
Dark gray areas are particles. η = 1.27. Rmax = 1.18 mm. W = 3.20 mm. 

Fig. 12. Pressure variations on the X-axis induced by the neck contraction shock wave (NCSW). (a) Temporal evolution of the pressure induced by NCSW at different 
locations along the X-axis. γ = 0.68, η = 1.27, Rmax = 1.18 mm. (b) Effect of the relative sizes and the relative distances between the bubble and the particles on 
pressure at d* = 0.00 during NCSW generation. 
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Fig. 10 illustrates the shock waves after the neck contraction. Eight 
cases have been chosen to demonstrate the effect of γ on the shock waves 
[with γ increasing from Fig. 10(a) to (h)]. From Fig. 10(a) to (g), two 
categories of shock waves were captured. The first category is the neck- 
contraction shock wave (NCSW), which is emitted from the position at 
which the neck contraction ends. The second category is the jet-tip shock 
wave (JTSW), which is emitted from the jet tip. It can be observed that 
the NCSW propagates in the liquid, and the JTSW propagates within the 
daughter bubble. In Fig. 10(g), the JTSW rapidly reaches the depression 
and is reflected to form a reflected JTSW (RJTSW). In Fig. 10(h), the jet 
reaches the depression quickly and does not capture the JTSW. As the 

NCSW scans across the interface of the two daughter bubbles, the high 
pressure at the wavefront surface will accelerate the contraction of the 
bubbles. 

Fig. 11 illustrates the shock waves after the jet piercing the bubble 
interface for different values of γ. Three cases (γ > 1.00) have been 
chosen to show the shock waves. In Fig. 11(a), owing to the tiny spacing 
between the particle and the daughter bubble, the two jet-pierce bubble 
shock waves (JPSWs) quickly reach the particle surface, being reflected 
to form the PRSW afterwards. In Fig. 11(b), it is observed that the JPSWs 
are propagating in the water and inside the daughter bubbles. As shown 
in Fig. 11(c), two JPSWs pass through the daughter bubble and will 
interfere later. Moreover, Fig. 11(a)–(c) reveal the interference of the 
NCSW and two JPSWs. 

Fig. 12 illustrates the pressure variations on the X-axis induced by the 
neck contraction shock wave (NCSW). The dimensionless distance d* 
defined as the ratio of the distance d between a point on the X-axis and 
the location of shock wave generation to Rmax. d* = 0.00 indicates the 
location of NCSW. Fig. 12(a) illustrates the temporal evolution of the 
pressure induced by NCSW at different locations along the X-axis. When 
NCSW is generated, it causes a sharp rise in the liquid pressure. The 
pressure generated by the shock wave diminishes progressively over 
time and distance. When the shock wave reaches d* = 0.01 from the 
generation position, its pressure attenuates from 619.59p∞ to 341.70p∞. 
As d* increases, the attenuation of the shock wave pressure decreases. 

Fig. 12(b) illustrates the effect of the relative sizes and the relative 
distances between the bubble and the particles on pressure at d* = 0.00 
when generating NCSW. In the figure, the radii Rp = 1.50 mm for both 
particles, and a decrease in η indicates an increase in Rmax. As γ in-
creases, the pressure at NCSW generation initially rises and 

Fig. 13. Bubble interface evolution and jet development with liquid pressure distribution (left side of each frame) and liquid velocity distribution (right side of each 
frame) adjacent to equal-sized dual particles. (a) γ = 0.25, δ = 1.50; (b) γ = 0.35, δ = 12.00. The black arrow indicates the velocity. The gray and the white areas 
represent the particle and the bubble, respectively. η = 2.00. Rmax = 1.00 mm. W = 2.60 mm. 

Fig. 14. TNCSW of bubble adjacent to unequal-sized dual particles for different 
values of γ and δ. (a) from left to right, t = 210.80 μs, 197.00 μs, 200.80 μs, 
206.80 μs. (b) from left to right, t = 206.00 μs, 197.60 μs, 207.00 μs, 208.80 μs. 
Dark gray areas are particles. η = 2.00. Rmax = 1.00 mm. W = 3.00 mm. 
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subsequently declines, with a peak occurring near γ = 0.9. When γ > 0.9, 
the effect of the particles on the bubble contraction decreases as γ in-
creases, causing the bubble contraction spherically. This phenomenon 
implies that the pressure inside the bubble tends to increase uniformly, 
which slows down the neck contraction, consequently reducing the 
energy (i.e., pressure) of NCSW as γ increases. For γ < 0.9, the particles 
significantly impact bubble contraction, causing the upper and the lower 
portions of the bubble to contract slower than its middle portion. As γ 
increases, the distance from the upper and the lower portions of the 
bubble to its center increases, which provides more space for the high 
pressure at the center of the bubble (caused by the neck contraction) to 
develop towards the upper and the lower portions of the bubble. 
Consequently, for this parameter zone, the pressure of NCSW increases 
with γ. As η decreases, the impact of particles on the bubble diminishes, 
consequently reducing the pressure of NCSW. 

7. Shock waves adjacent to unequal-sized dual particles 

Fig. 13 shows the bubble interface evolution and the jet development 
for a bubble adjacent to unequal-sized dual particles during the collapse 
of the bubble. Two representative cases have been chosen to show the 
effect of γ and δ on the variations of the bubble interfaces. In Fig. 13(a), 
owing to the extremely close particle–bubble distance, the bubble 
evolves two necks (frame 2). The high-pressure liquid surrounding the 
necks causes them to collide. Following the collision, an annular 
depression forms at the middle of the bubble (frame 4). Inside the 
annular depression, the liquid velocity is significantly higher than other 

positions. When the depression collides along the symmetry axis, the 
bubble evolves into two daughter bubbles of different sizes. Eventually, 
the jet generated inside the daughter bubble impacts the particle. 

In Fig. 13(b), there is a considerable difference in size between the 
dual particles. When the bubble is at its maximum (frame 1), it almost 
wraps around the small particle. From frame 2 to frame 4, the high- 
pressure liquid above the small particle causes the bubble interface to 
rapidly contract and form a neck structure. Subsequently, in frame 5, the 
neck contracts along the symmetry axis, dividing the bubble into two 
daughter bubbles of notably different sizes. The tiny bubbles quickly 
collapse and rebound. For the enormous daughter bubble, the jet inside 
it impinges on the large particle. 

Fig. 14 illustrates the two-neck collision shock wave (TNCSW) of a 
bubble adjacent to unequal-sized dual particles. Two groups of γ each 
with four values of δ have been chosen to demonstrate the TNCSW in 
detail. In all cases shown, two shock waves are observed. The first one is 
the TNCSW (propagating in the water), which is emitted from the 
location where the two necks collide. The second one is generated by an 
annular depression, which propagates inside the bubble. By observing 
the two shock waves outside and inside the bubble, it can be noticed that 
the wave front of the TNCSW is convex outward, while the shock wave 
front inside the bubble is concave inward. The propagation direction of 
TNCSW is opposite to the direction of bubble contraction, and it has a 
weak effect on the contraction of the bubble. 

Fig. 15 illustrates the neck-contraction shock wave (NCSW) of a 
bubble adjacent to unequal-sized dual particles. Three different values 
of γ have been selected to present the details of the NCSW. Compared 

Fig. 15. The neck-contraction shock wave (NCSW) of bubble adjacent to unequal-sized dual particles for different values of γ: (a) t = 224.30 μs, W = 0.70 mm; (b) t 
= 221.60 μs, W = 0.80 mm; (c) t = 214.15 μs, W = 1.20 mm. Dark gray areas are particles. δ = 12.00. η = 2.00. Rmax = 1.00 mm. 

Fig. 16. Interference of bubble-collapse shock wave (BCSW) with jet-impact particle shock wave (JIPSW) adjacent to unequal-sized dual particles for different values 
of γ and δ. (a) δ = 11.00, t = 224.00 μs, W = 0.70 mm; (b) δ = 12.00, t = 224.60 μs, W = 0.80 mm; (c) δ = 12.00, t = 221.20 μs, W = 1.2 mm. Dark gray areas are 
particles. η = 2.00. Rmax = 1.00 mm. 
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with Fig. 10, the difference lies in the behavior of the bubble and the 
location of the emitted NCSW. Owing to the considerable discrepancy 
between the radii of the dual particles, the neck contracts to a position 
close to the small particle. As a result, the location of the emitted NCSW 
is also close to the small particle. From Fig. 15(a) to (c), with increasing 
γ, the position gradually approaches the small particle, and the 
discrepancy in volume between the two daughter bubbles also increases. 
In Fig. 15(c), the particle-reflected shock wave (PRSW) is formed after 
the NCSW impacts the small particle. 

Fig. 16 illustrates the interference of the bubble-collapse shock wave 
(BCSW) with the jet impact particle shock wave (JIPSW) adjacent to 
unequal-sized dual particles for different values of γ and δ. The different 
sizes of the dual particles lead to the bubble splitting into two daughter 
bubbles of different sizes. As a result, the tiny daughter bubble quickly 
collapses and produces the bubble-collapse shock wave (BCSW), while 
the jet of the large daughter bubble impinges on the particle surface and 
produces the JIPSW. In Fig. 16(a) and (b), it can be observed that the 
BCSW and the JIPSW are going to interfere, and in Fig. 16(c), the BCSW 
and JIPSW have already interfered. When BCSW encounters the large 
daughter bubble, it will intensify the collapse of the large daughter 
bubble. 

8. Conclusions 

Numerical simulations of cavitation bubble evolution adjacent to 
single and dual particles have been performed based on the OpenFOAM 
solver with experimental validations. Specifically, the generation and 
propagation of shock waves have been investigated by a numerical 
schlieren approach. For the dual particles, the development of a bubble 
neck structure determines the shock wave generation mechanism. The 
primary conclusions of this study are given as follows:  

1. At bubble inception, an inception shock wave (ISW) is emitted, 
which will be reflected multiple times between the bubble interface 
and the particle surface. As the bubble-particle distance increases, 
the pressure induced by the ISW or its reflected shock wave on the 
particle decreases. During bubble collapse, the jet initially pierces 
the bubble, generating the jet-pierce shock wave (JPSW). Subse-
quently, the jet continues to impinge on the particle, generating the 
jet impact particle shock wave (JIPSW) in the opposite direction of 
the jet. 

2. For dual particles with equal sizes, a neck contraction to the sym-
metry axis of the bubble produces a neck contraction shock wave 
(NCSW) in the water and a jet-tip shock wave (JTSW) within the 
daughter bubble. After the generation of NCSW, its pressure signif-
icantly decreases with time and distance. As the dimensionless 
bubble-particle distance increases, the pressure at which NCSW is 
generated initially rises before subsequently decreasing. The jet- 
pierce shock wave (JPSW) is produced after the jet penetrating the 
daughter bubble.  

3. For dual particles with unequal sizes, two shock waves are generated 
in the water and inside the bubble after the collision of the two necks, 
and they propagate in opposite directions. In addition, interference is 
observed between the bubble-collapse (BCSW) from the tiny 
daughter bubble and the jet impact particle shock wave (JIPSW) 
from the large daughter bubble jet. 
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