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THE BIGGER PICTURE Complex network science has contributed to extracting essential parameters from
network structure and has been applied in social, geographical, computer, and biological sciences. On the
other hand, in materials science, some materials possess a network structure that determines their prop-
erties. Because both connectivity and spatial distance are significant factors in materials, utilizing a com-
bined descriptor to explain their properties could be important. In this study, we demonstrate that the
descriptor with both connectivity and spatial distance prior to elongations universally represented somepa-
rameters related to mechanical properties during elongation, which enabled us to interpret the role of each
node. Recently, there have been significant attempts to develop new materials by methods in data science
such as materials informatics. Thus, our approaches could contribute in the future to the development of
materials with network structures in an interpretable manner.

Proof-of-Concept: Data science output has been formulated,
implemented, and tested for one domain/problem
SUMMARY
The complicated structure-property relationships of materials have recently been described using amethod-
ology of data science that is recognized as the fourth paradigm in materials science. In network polymers or
elastomers, the manner of connection of the polymer chains among the crosslinking points has a significant
effect on thematerial properties. In this study, we quantitatively evaluate the structural heterogeneity of elas-
tomers at the mesoscopic scale based on complex network, one of the methods used in data science, to
describe the elastic properties. It was determined that a unified parameter with topological and spatial infor-
mation universally describes some parameters related to the stresses. This approach enables us to uncover
the role of individual crosslinking points for the stresses, even in complicated structures. Based on the data
science, we anticipate that the structure-property relationships of heterogeneous materials can be interpre-
tatively represented using this type of ‘‘white box’’ approach.
INTRODUCTION

The material properties rely not only on the chemical structure or

composition of compounds but also on the mesoscopic struc-

ture determined in the processes. The mesoscopic structure of

materials, which often indicates complicated geometries, such

as in-phase separation, polycrystalline structure, and dispersion

state of particles, governs their properties. Because of the
This is an open access article under the CC BY-N
complicated structure, it is difficult to describe thematerial prop-

erties directly because the data of mesoscale structures inmate-

rials are sometimes spatial and multi-dimensional in nature.

Therefore, essential parameters of the mesoscopic structure to

explain the properties of the materials have been obtained using

several methods, such as fractal dimension, persistent homol-

ogy, and polyhedral combinatorics.1,2 Recently, there have

been some attempts to extract structural descriptors on a
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Figure 1. Heterogeneous Structure of Elas-

tomer Based on Network Centrality and

End-To-End Distance under Uniaxial Elonga-

tion

(A and B) Complex network representations of (A)

homogeneous and (B) heterogeneous elastomers.

The size of the nodes represents the value of

closeness centrality treated with min-max normali-

zation.

(C) In this study, the end-to-end distance rxyz(l) is

defined as the time-average of the Euclidean dis-

tance between two pairs of crosslinking points

connected by one chain in an elongated state.
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mesoscopic scale based on data science, which enables the

handling of more complex structures.3 For example, convolu-

tional neural networks recognize some important shapes from

images with structural information, while the regression of a

property generally indicates a non-linear relationship.4,5 Further-

more, some algorithms in data science are expected to extract

essential parameters that supply a simple relationship between

the structural descriptors and the properties. Thus, based on

data science, the establishment of a method that obtains de-

scriptors on a mesoscopic scale is highly desirable for

describing structure-property relationships.

An elastomer is typically a material with a complicated meso-

scopic structure because of its crosslinked structure, consid-

ering that the polymer chains are heterogeneously connected

among the crosslinking points, thereby possibly affecting its me-

chanical properties.6–10 Elastomers are crosslinked polymers in

rubber states where the polymer chains are connected by cross-

linked points to form a network structure. Moreover, elastomers

are applied to rubbers, tires, foam rubbers, adhesives, and extra-

cellular matrices, among others. In the rubber states of elasto-

mers, although the positions of the polymer chains change like

liquid, the materials indicate elasticity rather than flowability,

owing to its network structure. Many physical models that indi-

cate the structure-property relationships of elastomers or gels

have been successfully constructed, mainly based on neo-Hoo-
2 Patterns 1, 100135, November 13, 2020
kean solids11–18 in consideration of con-

nectivity, entanglement, and dangling

chain.19–27 These methods generally focus

on relatively small regions around the

neighboring crosslinking structure. In

contrast, complex networks, one of the

tools of data science,28–31 have recently

been utilized to extract the descriptors of

materials with a network structure.32,33

Thus, it was expected that complex

network science could extract the descrip-

tors of elastomers on a larger scale34 and

could describe their properties simply,

thereby enabling the discussion of hierar-

chical and heterogeneous structures.

In this study, we extract the mesoscopic

descriptors of elastomers comprised of

monodisperse polymer chains and hetero-

geneous connectivity to explain their me-

chanical properties based on a complex
network. A unified descriptor reflecting both the topological

and spatial information of the elastomers for each crosslinking

point was developed based on the closeness centrality, which

can be applied to represent the heterogeneity of materials on

the mesoscopic scale (Figures 1A and 1B). Hence, we discuss

the effect of the descriptor on the end-to-end distance, the fluc-

tuations of the crosslinked points under elongation, and shear

modulus (Figure 1C).

RESULTS AND DISCUSSION

Preparation and Structure of the Elastomers
To construct elastomers with several connectivities, we

compared homogeneous and heterogeneous network struc-

tures through coarse-grained molecular dynamics simulations

using Kremer-Grest bead-spring models because it is difficult

to check experimentally.35,36 Diamond-like as well as syntheti-

cally and randomly crosslinked elastomers were designed in

the simulations to represent homogeneous and heterogeneous

networks, respectively (Figure S1). Networks crosslinked by

two kinds of polymers with four branching polymer chains as

A4+B4 types were examined (Figure 2A). In all cases, the particle

number between the crosslinking points was fixed at Nxlp-xlp =

22, unless otherwise mentioned, because the short chains re-

sulted in relatively small entanglements and elongation rate
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Figure 2. Preparation and Uniaxial Elonga-

tion of Synthetically and Randomly Cross-

linked Elastomers

(A) Preparation of elastomers by chain-end cross-

linking of star prepolymers at several concentra-

tions (left: c/c* = 3, 1, 0.3, and 0.1) and by chain

exchanges between crosslinking points with/

without distance conditions (right: far, random, and

near).

(B) Stress-strain curves of elastomers under uniaxial

elongation.

(C) Relationship between <r’xyz(l)>/<r’xyz,affine(l)>

and l of elastomers, in which r’xyz,affine(l) is esti-

mated by r’x(l0)*l
0.5 + r’y(l0)*l

0.5 + r’z(l0)*l. The

black line corresponds to affine deformations. Blue,

green, red, and orange circles represent the syn-

thetically crosslinked polymers prepared at c/c* = 3,

1, 0.3, and 0.1, respectively. Pink, purple, yellow

ochre, and gray circles represent the far, random,

and near conditions and the diamond-like network,

respectively.
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effects on the stress-strain curves.37 The diamond-like elas-

tomer was constructed as a homogeneous network without

entanglement for comparison with other heterogeneous net-

works. The crosslinking points in the diamond-like elastomers

were located at the position of carbon in the diamond lattice,

and the polymer chains were connected through bonds similar

to carbon-carbon bonds (Figure S1A).

A synthetically crosslinked elastomer was produced via cross-

linking reactions at the chain ends of two types of complementa-

rily reactive 4-arm star precursor polymers with 11 beads for

each arm because it was easy to unify the number of beads be-

tween crosslinking points, as compared with chain-growth poly-

merizations. In this case, one type of star polymer must connect

to the other types (Figure 2A).38–40 To examine the effect of con-

nectivity, we investigated crosslinking reactions at several con-

centrations, and made the resulting cells smaller, up to r =

0.85 in size, to be able to conduct uniaxial elongations at the

same densities.12With an increase in the crosslinking concentra-

tion (c/c*, where c refers to the crosslinking concentration and c*

pertains to the overlap concentration), the crosslinking reaction

rates accelerated because of the collision probability (Fig-

ure S2A). The conversions exceeded 95% (Figure S2B), thereby

indicating that these polymers possessed almost the same

crosslinking density after shrinkage. Furthermore, the star poly-

mers were connected to form a single network in c/c*R 0.1 (Fig-

ure S2A). It is important to note that the number of defects in a

network, such as self-looping or dangling chains, were signifi-

cantly fewer in number due to the use of complementary reactive

polymers and high conversions.

The process might be more inclined toward synthetically pre-

pared elastomers in terms of their connectivity in a complex

network because crosslinking reactions or the formation of links

occur only within a limited space due to the length of the arms.
Thus, we fabricated a randomly cross-

linked network through artificial means to

determine the generality of the results.

The randomly crosslinked elastomers ex-

hibited two types of crosslinking points at
random positions in a simulation box, and the polymer chains

between themwith branching number f = 4were connected (Fig-

ure S1C). The polymer chains in the random network were

exchanged with or without distance conditions, including far,

random, and near conditions (Figure 2A). Because chains with

shrunken and extended bonds were formed, the networks

were quite tight. Therefore, the polymer chains were relaxed

without interchain interactions. Thereafter, the simulation boxes

decreased in size through interchain interactions, and uniaxial

elongations were carried out through interactions wherein a re-

connection was not applied. Thus, the crosslinking density and

amount of branching were almost the same for all the

elastomers.

To confirm the effect of the preparation methods, we evalu-

ated the network structure through simple visualization and

radial distribution functions (RDFs) under an isotropic expansion

of the compressed cells. In the graphic illustration, the network

prepared under c/c* = 1 seems to be relatively homogeneous,

which was likewise confirmed through a broad plateau region

in the RDF (Figures S3A and S3B). In the case of c/c* = 3, globally

connected polymer chains with some condensed regions were

observed, whereas the polymers prepared with c/c* = 0.1 led

to the formation of notable condensed parts and empty spaces

(Figure S3A). In the RDFs, characteristic peaks were observed in

small and medium regions for c/c* = 3 and 0.1, respectively,

thereby supporting the formation of some clusters (Figure S3B).

Furthermore, the number of loop chains or polymer chains with

common crosslinking points increased with a decrease in the re-

action concentration (Figure S3C). Considering these results, at

low concentrations the crosslinking reactions in local regions

should result in the formation of large clusters with numerous

loops connected by bridge chains. In contrast, at high concen-

trations the polymer chains can reach distant regions, thereby
Patterns 1, 100135, November 13, 2020 3
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forming globally connected chains with fewer loops and more

knots. Under overlapping concentrations, star polymers can be

connected in a relatively homogeneous manner because a poly-

mer chain can make suitable contact with the surrounding poly-

mers. For randomly crosslinked elastomers, the near conditions

showed a peak in the RDF, indicating the formation of clusters,

such as the low concentration in synthetically crosslinked elasto-

mers (Figure S3D). These results indicate that the connectivity of

the elastomers clearly depends on the reaction concentration

and the exchange condition.
Uniaxial Elongation of Elastomers
The effects of the network structure on the mechanical proper-

ties were analyzed, based on the uniaxial elongation of the cross-

linked polymers as compared with the elastic model. There have

been many models used to describe the entropy elasticity of

elastomers or gels based on a neo-Hookean solid. An affine

network model is the most basic elastic model of elastomers

or gels, whereby an affine deformation of polymer chains

including crosslinking points is assumed. The stress is described

by two parameters, number of polymer chains per unit volume (v)

and elongation ratio (l), as indicated by

s = nkBT
�
l2 � l�1

�
:

Therefore, the stress increased with an increase in the number

of crosslinked polymer chains in this model. If the deformation of

the polymer chains deviates from the affine deformation, the

stress decreases because the decrease in entropy due to elon-

gation is less. In the phantom network model, the fluctuation of

the crosslinking points is considered, while the affine deforma-

tion of crosslinking points itself is not assumed (see Equation 5

in Supplemental Information). The stress increases with

increasing number of polymer chains connected to crosslinking

points (f) because the fluctuation of crosslinking points was sup-

pressed. In this study, f = 4, so the stress of the affine network

model is twice as large as that of the phantom network model.

It should be noted that these models do not consider the con-

nectivity of polymer chains. In our research, v and f were almost

identical in all elastomers, which enabled us to discuss the effect

of connectivity. Therefore, the end-to-end distance between

crosslinking points connected by a polymer chain rxyz(l) and

mean square displacement of cross-linking points (MSDxyz(l))

for all directions in each l under elongations are evaluated as pa-

rameters that determine the level of stress.

In the case of synthetically crosslinked elastomers, the

stresses under uniaxial elongation clearly depended on the

crosslinking concentrations, and polymers prepared at high con-

centrations afforded high moduli (Figure 2B). In a Mooney-Rivlin

plot, where the black line indicates a phantom network model,

high-modulus polymers achieved extended chain effects at

low elongation ratios (Figure S4A). Interestingly, crosslinking re-

actions at the overlap concentration (c/c* = 1) produced poly-

mers with almost the same stress as those in the phantom

network model, i.e., up to l z 2.5 (Figure S4A), as previously

observed in a real gel, thereby suggesting that our simulation

model could represent a real system.38 In the case of c/c* =

0.1, a broad plateau region was confirmed. This phenomenon

is known as superelasticity.41 However, the modulus of the elas-
4 Patterns 1, 100135, November 13, 2020
tomer prepared for c/c* = 3 was twice that of a phantom network

model and was close to that of an affine network model. When

elongation was conducted without an interchain interaction or

Lennard-Jones potential, the difference in the stress was not

pronounced, thereby indicating that an entanglement or knot

did not appear essential in the stress-strain curves (Figure S4A).

When the polymer chains were longer, such as when Nxlp-xlp =

62, other effects, such as an entanglement, appeared in the

Mooney-Rivlin plot in l�1 > 0.5, and the only effect of connectiv-

ity cannot be discussed (Figure S4B). This study dealt with

crosslinked polymers in the rubber state for which the entropic

elasticity was confirmed by the temperature dependence of

the shear modulus (Figure S4C). Almost no hysteresis was

observed at the low elongation rates at which we carried out

the elongation (Figure S5). Therefore, the difference in the

stresses of the rubber elasticity could be derived from the

network structure. The stress-strain curves of randomly cross-

linked elastomers showed a dependence on the exchange con-

ditions (Figure 2B). The near condition was the one closest to that

of the reactively prepared elastomers among the randomly

crosslinked networks (Figure 2B). Specifically, far conditions

enabled higher stresses with a deviation from the plateau in

the early stages due to an extended chain effect, whereas near

conditions lowered stresses while maintaining a wide plateau

(Figures 2B and S4D).

The differences in stress-strain curves could be derived from

the deviation from the assumptions in the neo-Hookean solid,

such as affine deformation.42 Therefore, the ratio of the end-to-

end distance at each elongation step (r’xyz(l)) to the theoretical

end-to-end distance calculated from the initial end-to-end dis-

tance (r’xyz,affine(l)) was plotted against the elongation ratio (l),

whereby the horizontal line at 1 corresponds to the theoretical

affine deformation (Figure 2C). In synthetically crosslinked elas-

tomers, with a decrease in the crosslinking concentration, the

expansion of the end-to-end distance deviated from the affine

deformation. With regard to randomly crosslinked polymers,

the plots obtained under random and far exchange conditions

nearly coincided with the theoretical line (Figure 2C). However,

the end-to-end distance was below the theoretical line under

near conditions (Figure 2C), thereby indicating the delayed

expansion of the chains. The stresses decreased when the devi-

ation from the affine deformations increased. Interestingly, after

elongation to a certain extent, plateau regions appeared in all

elastomers. These results are consistent with those of a previous

report stating that a heterogeneous network does not always

satisfy affine deformation, which depends on how the polymer

chains are connected.42

Quantification of the Heterogeneous Network Structure
for the Mechanical Properties
Our goal is to predict the mechanical properties during elonga-

tion usingmesoscopic structural descriptors prior to elongations

(l0). This enables us to predict the stress merely by the initial

mesoscale structure descriptors without elongation. Therefore,

the selection of mesoscopic descriptors is key to describing

themechanical properties. Thus, we estimated the time-average

initial end-to-end distance (rxyz(l0)) and closeness centrality

(Cc(l0)) as mesoscopic descriptors with spatial or topological in-

formation prior to elongation. The initial end-to-end distance and
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closeness centrality are estimated as the average for a pair of no-

des or two crosslinking points connected by a single chain. The

closeness centrality is one of the indicators of a complex network

and is the reciprocal of the sum of the links of the shortest paths

between any node and all other nodes, in which nodes and links

are composed of the crosslinking points and connecting chains,

respectively.28,29 It represents the effectiveness of a crosslinking

point in terms of its connectivity to other crosslinking points (Fig-

ure S6A). Considering that the value of the closeness centrality

depends on the system size or number of crosslinking points,

we can compare the values as long as the system sizes are the

same. Therefore, in this study, the numbers of crosslinking

points (Nxlp) were unified as Nxlp = 100, except for that in the dia-

mond-like network. Thus, the mesoscopic descriptors as

explanatory variables are rxyz(l0), Cc(l0), and modified centrality,

which are determined before the elongation of the elastomers.

The objective variables are rxyz(l) and MSDxyz(l), which are the

key parameters in the determination of entropic elasticity under

elongations. In some cases, the shearmodulus as a global stress

is directly explained by rxyz(l0) or Cc(l0), while the role of each

crosslinking point cannot be evaluated in this case.

The values of both rxyz(l0) and Cc(l0) in the synthetically

crosslinked elastomers increased with increasing reaction con-

centrations (Figures S6B–S6E). Naturally, rxyz(l0) is less at a low

concentration because more shrinkage of the simulation box

results in a shorter end-to-end distance of the polymer chains.

Interestingly, the centrality was also altered when the crosslink-

ing concentrations were changed, which was independent of

the shrinkage steps. The polymer chains in the crosslinking

points prepared at higher concentrations are connected to

the entire network, which leads to high centrality (Figure S3A).

However, the formation of clusters in a low crosslinking con-

centration decreases the centrality due to the localization of

the nodes in the network. In the case of randomly crosslinked

elastomers, three types of polymers with nearly the same

Cc(l0) and different rxyz(l0) were obtained (Figure S7). In addi-

tion, the values of rxyz(l0) for the far and random conditions

were higher than those of the reactively prepared elastomers,

albeit Cc(l0) was almost the same (Figure S7). Thus, rxyz(l0)

and Cc(l0) are possible candidates as network descriptors to

explain their mechanical properties.

In a neo-Hookean solid, the initial end-to-end distance of the

partial chains as polymer chains between crosslinking points

or the distance between crosslinking points is assumed to follow

a Gaussian distribution. Thus, the distributions of rxyz(l0) were

evaluated in both types of crosslinked elastomers (Figure S8).

The diamond-like elastomers presented a Gaussian distribution

of rxyz(l0) based on the Kolmogorov-Smirnov test (Figure S8G). In

contrast, rxyz(l0) adopted a Gaussian distribution in the synthet-

ically crosslinked elastomers only for the case where c/c* = 0.3

(Figure S8C). These results indicate that a heterogeneous

network does not always satisfy the assumption of a neo-Hoo-

kean solid. Therefore, Spearman’s rank correlation coefficient

was evaluated as a non-parametric test, whereby the Gaussian

assumption was not necessary.

Given that it is difficult to directly evaluate the effect of each

crosslinking point on global stress, we evaluated the effects of

the crosslinking points on the end-to-end distance under elonga-

tion (rxyz(l)), which is an essential parameter used to determine
entropic elasticity under elongation. On the other hand, rxyz(l0)

is a mesoscopic descriptor prior to elongation. The correlation

between Cc(l0) and rxyz(l) depended on the reaction concentra-

tion and exchange conditions, and a lower concentration and a

near condition resulted in a moderate correlation (Figure 3A

and Table S1). The high-centrality crosslinking points were

more spread out than their low-centrality counterparts, whereas

the low-centrality crosslinking points can be delayed from affine

deformation. The centrality of a diamond network is a single

value owing to the use of a homogeneous network. In contrast,

a strong correlation between rxyz(l0) and rxyz(l) was observed us-

ing almost the same coefficient for all reaction concentrations

and exchange conditions (Figure 3B and Table S2). It should

be noted that the homogeneous diamond-like network exhibited

no correlation between rxyz(l0) and rxyz(l) (Figure 3B and Table

S2). These results suggest that chains connecting distant cross-

linking points brought these points closer to affine deformation,

resulting in a long end-to-end distance as well as high moduli,

making rxyz(l0) more effective. In contrast, at low crosslinking

concentrations and near conditions, both rxyz(l0) and Cc(l0) are

effective for rxyz(l), and the crosslinking points were unable to

follow the matrix, probably because of the low centrality, which

resulted in low moduli.

In the phantom network model, it is assumed that fluctua-

tions of the crosslinking points are suppressed by increasing

the amount of branching, affording high shear moduli. There-

fore, the MSDxyz(l) was evaluated for synthetically crosslinked

elastomers. With increasing crosslinking concentrations, the

value in the plateau region of MSDxyz(l) decreased, thereby

indicating that the fluctuation in the crosslinking points pre-

pared at a high concentration was further suppressed (Fig-

ure S9A, l = 2). Furthermore, the values decreased under

further elongations at l = 4 (Figure S9B). Because these ten-

dencies ofMSDxyz(l) correspond to the stresses, we evaluated

the correlation between MSDxyz(l) and Cc(l0) or rxyz(l0) for all

crosslinked points. The correlation coefficients of MSDxyz(l)

and Cc(l0) depend on the reaction concentration, and a lower

concentration indicates a moderate coefficient, particularly in

highly elongated states (Figure 3C and Table S3). Interestingly,

the values seem to be located on a single line, except for c/c* =

3, random and far conditions, for which another effect on the

network structure, such as a condensed area through an

isotropic expansion, should be considered (Figures 3C and

S3A). This result supports the idea that the near condition might

be the most representative model for a synthetically cross-

linked network. In the case of rxyz(l0), a weak and negative cor-

relation was confirmed, whereas the average values of the

crosslinking concentrations were not plotted on a single line

(Figure 3D and Table S4). These results indicate that the cross-

linking points becamemore localized with an increase in rxyz(l0)

or Cc(l0), and the centrality was more effective for MSDxyz(l).

The crosslinked points located at the center of the network

might be equivalent to the increase in the amount of branching

in the phantom network model because the fluctuation in the

crosslinked points was suppressed by the strong connections

to other crosslinked points.

To evaluate the efficiency of current mesoscopic descriptors

in terms of global stress, we examined the relationships between

the averaged Cc(l0) or rxyz(l0) and shear modulus. With an
Patterns 1, 100135, November 13, 2020 5



Figure 3. Effects of Initial End-To-End Dis-

tance and Closeness Centrality on End-to-

End Distance under Elongation and Fluctua-

tions of Crosslinking Points

rxyz(l) as a function of (A) Cc(l0) and (B) rxyz(l0), and

MSDxyz(l) as a function of (C)Cc(l0) and (D) rxyz(l0) of

the synthetically and randomly crosslinked elas-

tomer at l = 2. Each condition included approxi-

mately 5,000 samples (z200 polymer chains for 25

samples), which were divided into four regions

based on either rxyz(l0) or Cc(l0). Therefore, each

point is an average value for approximately 1,250

samples. G/Gphantom as a function of (E) <Cc(l0)>

and (F) <rxyz(l0)>. Blue, green, red, and orange cir-

cles represent the synthetically crosslinked poly-

mers prepared at c/c* = 3, 1, 0.3, and 0.1, respec-

tively. Pink, purple, yellow ochre, and gray circles

represent the far, random, and near conditions and

the diamond-like network, respectively. Error bars

represent standard deviations.
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increase in the average Cc(l0) the shear modulus increased,

except with regard to the far conditions (Figure 3E), which is

consistent with the results for rxyz(l) and MSDxyz(l) (Figures 3A

and 3C). The averaged Cc(l0) does not seem to be a suitable

descriptor for global stress because connectivity in the far con-

dition was not a random network due to distance restriction in

chain exchanges, which afforded low centrality. On the other

hand, the averaged rxyz(l0) can moderately predict the shear

modulus (Figure 3F). This was consistent with the result that

rxyz(l0) in each crosslinking point could predict rxyz(l) (Figure 3B),

which determines the stress in entropic elasticity. Therefore,

rxyz(l0) was the better descriptor for the global stress, while the

improved descriptor to represent the fluctuation of crosslinking

points is required.

Overall, the results obtained under synthetic and random

conditions confirmed that both the initial distance between

crosslinking points and closeness centrality can play key

roles in determining the entropic elasticity of elastomers in

heterogeneous networks. Although the initial distance seems

to be more predictable than the closeness centrality for

rxyz(l), MSDxyz(l) depends on the centrality in certain cases.

When the crosslinked points obey the affine deformation,
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the distance under elongation mostly

depends on the initial distance, regard-

less of the centrality. When it deviated

from the affine deformation, high-cen-

trality crosslinking points followed the

movement of the entire matrix.

Conversely, their low-centrality counter-

parts were left behind the elongations

with high fluctuation, resulting in their

lower contribution to the stress.

Although the manner of the exchange

is difficult to apply to a real elastomer,

we concluded that the balance between

the initial end-to-end distance and the

centrality was effective, particularly for

a fluctuation of the crosslinked points.

In other words, both the spatial and to-
pological information should be considered when represent-

ing the mechanical properties.

The Combined Parameters of rxyz(l0) and Cc(l0) for a
Universal Description
We attempted to establish a universal description of rxyz(l) and

MSDxyz(l) using a descriptor that simultaneously accounts for

rxyz(l0) and Cc(l0) as spatial and topological information, respec-

tively, because mechanical properties could be predicted

without elongations. The sum of rxyz(l0) and Cc(l0) linearly corre-

lated with rxyz(l), whose correlation coefficients were almost

equivalent to those of rxyz(l0) (Figure S10A and Table S5).

Although the correlation coefficients between MSDxyz(l) and

the sum of rxyz(l0) and Cc(l0) were improved, compared with

rxyz(l0) or Cc(l0) itself it was unable to linearly describeMSDxyz(l)

(Figure S10B and Table S6).

Thereafter, we attempted to incorporate distance information

into closeness centrality. In a conventional case, the weight of

the link used to estimate the closeness centrality is always 1.

Instead of this value, we introduced the inverse of the initial dis-

tance between the crosslinking points as a weight. Therefore,

with regard to node i, the modified centrality is the reciprocal



A

B C D

Figure 4. Universal Description of rxyz(l) and MSDxyz(l) Using Modified Centrality

(A) The closeness centrality Cc(l0) is the reciprocal of the sum of the weights of the shortest paths between any node and all other nodes (Figure S6). In terms of

modified centrality, the weight is rxyz,ij
�1(l0) instead of 1 for the closeness centrality. The rxyz(l0) values shown in this figure are arbitrary numbers used for the

explanation, and the calculation example is shown in a limited region.

(B and C) (B) rxyz(l) and (C) MSDxyz(l) are the functions of the modified centrality of synthetically and randomly crosslinked elastomers at l = 2.

(D) Relationship between shear modulus and modified centrality. The modulus was calculated from the plateau region on a Mooney-Rivlin plot. Blue, green, red,

and orange circles represent the synthetically crosslinked polymers prepared at c/c* = 3, 1, 0.3, and 0.1, respectively. Pink, purple, yellow ochre, and gray circles

represent the far, random, and near conditions and the diamond-like network, respectively.
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of the sum of the inverse of the end-to-end distance for all short-

est paths between i and all other nodes (Figure 4A). The resulting

modified centrality was related to both rxyz(l) and MSDxyz(l) in

both synthetically and randomly crosslinked elastomers (Tables

S7 and S8). Except for the diamond-like elastomers, these plots

were mostly located on a single line, thereby suggesting that

modified centrality could be an essential parameter for the me-

chanical properties of heterogeneous elastomer networks (Fig-

ures 4B and 4C). Although the correlation coefficient was occa-

sionally lower than that of rxyz(l0) and Cc(l0), the universal

description for both rxyz(l) and MSDxyz(l) is meaningful. Thus,

the parameters with topological and spatial information may be

essential for global stress through the fluctuation and expansion

of the crosslinking points. Furthermore, we tried to improve the

modified centrality. Instead of the inverse of the distance be-

tween crosslinking points or nodes, inverses of square or root

of the distance were introduced into the weight of the links.

The correlation coefficients were improved in some cases (Ta-

bles S9–S12), and the plot was not on linear lines (Figure S11).
Hence, it is possible that these network indicators, with several

ways of incorporating the distances between nodes, might be

predictable to other objectives. The foregoing results indicate

that the modified centrality can be a superior descriptor repre-

senting the mesoscopic structure of heterogeneous elastomers

for a description of the mechanical properties.

The modified centrality includes both topological and spatial

information. With an increase in modified centrality, the cross-

linking point is positioned in a central network, or the neighboring

crosslinked points are located at distant locations. Therefore, it is

possible that when the modified centrality is increased, the fluc-

tuation of the crosslinking points is suppressed. As mentioned

above, the expansion of the end-to-end distance can follow an

elongation of the entire matrix with increasing initial distance.

As a result, the modified centrality can affect both the fluctuation

of the crosslinked points and an expansion of the end-to-end

distance, which can alter global stress. This interpretation may

be supported by a clear relationship between the average modi-

fied centrality and the shear moduli of both synthetically and
Patterns 1, 100135, November 13, 2020 7
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randomly crosslinked elastomers (Figure 4D). Another perspec-

tive is the scale effect of centrality. Because the centrality de-

creases with an increase in the number of nodes, the number

of polymers was fixed at Nxlp = 100 for the foregoing discussion.

With an increase in size, a decrease in the centrality and a clearer

correlation were observed (Figure S12). We will report the details

regarding the size effect in a future study that addresses the cur-

rent limitations of our machine resources.

From the viewpoint of complex network science, a method to

incorporate spatial distance into network indicators was demon-

strated herein. Generally, in complex network science the indica-

tor mainly focuses on the connectivity or relationship between

nodes. On the other hand, there have been attempts to incorpo-

rate the spatial distance into a topological network, which is

known as a spatial network.43 Previously it was reported that

closeness centrality in the spatial network was estimated by

introducing spatial distance into the shortest paths between no-

des, whereby a shorter distance reflected a stronger relation-

ship.44 In our case, the inverse of the distance between neighbor

nodes was translated into the weight of each link to calculate the

closeness centrality in the spatial network. This approach might

be useful when a longer distance or higher values indicate closer

relationships. For example, the inverse of conversation time

could be incorporated in the weight of the link in a human

network, whereby a longer conversation time would reflect a

closer relationship. Thus, the methodology to obtain the modi-

fied centrality might contribute not only to materials science

but also to other fields.

Conclusions
In this study, we demonstrated a novel approach in terms of

describing the structure-property relationships of elastomers us-

ing a complex network. We found that network centrality with to-

pological and spatial information should be a novel mesoscopic

descriptor for heterogeneous elastomers to describe the me-

chanical properties. Considering that the complex network pro-

vides quantitative information on each node in an entire network,

the roles of each crosslinking point could be individually as-

signed. It should be noted that our descriptor was linearly corre-

lated with some parameters that determine mechanical proper-

ties, such as end-to-end distance and the fluctuation of

crosslinked points. The method of extracting the mesoscopic

descriptor from the network of elastomers prior to elongations

could afford high generality and interpretability to predict the

stresses under elongations. These results highlight a new way

to describe the fundamental relationship between a network

structure at themesoscopic scale and themechanical properties

of elastomers. Another perspective is the development of a

method to incorporate distance information into closeness cen-

trality. There should be several cases in which the network indi-

cator should consider the spatial distance between nodes to

explain any objective.

Our next task is to apply our system to elastomers with more

complex connectivity, such as networks with different numbers

of particles between crosslinking points prepared by chain-

growth polymerization or with different numbers of branching.

The issues related to the foregoing should be addressed for

the development of a superior mesoscopic descriptor indicating

stronger correlation than the current baseline with moderate cor-
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relation coefficients. Furthermore, the combination with experi-

mental techniques should be attempted in future tasks for the

purpose of developing new materials with desired properties.

Recently, experimental techniques to measure mesoscale me-

chanical properties, such as nanorheological atomic force mi-

croscopy, have been developed.45 The combination with exper-

iments enables us to optimize not only stress but also other

important mechanical properties, such as a fracture. We hope

that our method for extracting mesoscopic descriptors can later

be applied to other materials with a network structure.
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