NAR Genomics and Bioinformatics, 2025, 7, |qaf048
https://doi.org/10.1093/nargab/lqaf048
Computational Methods for Transcriptome Analysis

OXFORD

Discovering governing equations of biological systems
through representation learning and sparse model

discovery

Mehrshad Sadria ©1-* and Vasu Swaroop?

'Department of Applied Mathematics, University of Waterloo, Waterloo, Ontario N2L 3G1, Canada
2Department of Computer Science Information Systems, BITS-Pilani, Pilani Campus, Pilani 333031, India

"To whom correspondence should be addressed. Email: msadria@uwaterloo.ca

Abstract

Understanding the governing rules of complex biological systems remains a significant challenge due to the nonlinear, high-dimensional nature
of biological data. In this study, we present CLERA, a novel end-to-end computational framework designed to uncover parsimonious dynamical
models and identify active gene programs from single-cell RNA sequencing data. By integrating a supervised autoencoder architecture with
Sparse Identification of Nonlinear Dynamics, CLERA leverages prior knowledge to simultaneously extract related low-dimensional representa-
tion and uncover the underlying dynamical systems that drive the processes. Through the analysis of both synthetic and biological data, CLERA
demonstrates robust performance in reconstructing gene expression dynamics, identifying key regulatory genes, and capturing temporal pat-
terns across distinct cell types. CLERA ability to generate dynamic interaction networks, combined with network rewiring using Personalized
PageRank to highlight central genes and active gene programs, offers new insights into the complex regulatory mechanisms underlying cellular

processes.

Introduction

Across many scientific disciplines, discovering governing
equations has traditionally served as the cornerstone of under-
standing systems [1]. Derived from mathematical and phys-
ical laws, these equations provide interpretable and gener-
alizable frameworks for explaining and predicting various
phenomena. In areas such as biology [2], epidemiology [3],
and finance [4], mathematical models are used to model sig-
nalling pathways, population dynamics and disease spread,
and market fluctuations, respectively. However, for complex
systems with high dimensionality and nonlinearity, including
biological processes, traditional approaches often fall short
[5]. Discovering the main equations governing these systems
can be challenging, and even when partial knowledge ex-
ists, relying solely on first principles becomes impractical
[6].

The modern era, with its abundance of data and compu-
tational power, has facilitated the emergence of data-driven
model discovery as a powerful paradigm in scientific explo-
ration [7]. This approach directly leverages data to uncover
the hidden principles that govern complex systems. In the con-
text of cellular biology, single-cell RNA sequencing (scRNA-
seq) provides an unprecedented window into individual cells,
which offers insights into gene expression variation across
diverse cellular populations [8]. By analysing this data, re-
searchers can investigate the molecular machinery underly-
ing development, disease, and response to external perturba-
tion [9, 10]. The noisy, nonlinear, and high-dimensional char-

acteristics of scRNA-seq data and the biological processes it
captures pose significant challenges for analysis and interpre-
tation [11]. These complexities make it difficult to uncover
the underlying principles of biological processes and pinpoint
their key drivers [12]. Recent advances in modeling cell state
transitions have sought to address these challenges. Methods
such as Vector Field Reconstruction [13], DeepVelo [14], and
PRESCIENT [15], along with approaches based on optimal
transport [16] and transition path and dynamical systems the-
ory [9, 17], have leveraged scRNA-seq data to infer cellular
dynamics effectively. Some of these, including PRESCIENT
[15] and Deep Lineage [18], incorporate generative Al frame-
works to predict cell trajectories and simulate potential inter-
ventions. These methods are highly effective at reconstructing
velocity fields, modeling cell dynamics, and predicting cellular
responses across various scenarios. While they have achieved
success in specific tasks, limitations remain. For instance, the
correlative nature of most methods prevents them from cap-
turing causal features and true representations, thus limiting
their generalizability [19]. Furthermore, these models struggle
to discover governing relationships among underlying vari-
ables in a parsimonious manner, similar to classical physics
settings, which further hinders true interpretability. Therefore,
a crucial step in understanding any biological process lies in
developing models that not only can accurately predict but
also reveal the underlying connections between features in
an interpretable and parsimonious manner [20]. This ensures
the models can be applied across diverse environments and
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provides clearer insights into the mechanisms governing the
process [1].

In the realm of high-dimensional biological data like
scRNA-seq, the ability to capture causal representations of
the data becomes particularly valuable. This approach goes
beyond identifying correlations and allows us to understand
the true relationships between variables [21]. In this context,
identifiability, the ability to uniquely recover the underlying
causal structure from observed data, becomes a crucial as-
pect of representation learning. Traditional methods like In-
dependent Component Analysis (ICA) have achieved success
in many areas of linear representation learning [22]. In fact,
if all latent components are non-Gaussian and independent,
ICA can be identifiable. However, ICA struggles with the in-
herent nonlinearities and complex interactions present in bi-
ological data [22]. While perfect identifiability, especially in
nonlinear settings, remains a challenge, incorporating tempo-
ral structure, employing additional tasks, or using auxiliary
information can facilitate the way to attain identifiability [23,
24]. Notably, autoencoders can offer a promising avenue for
achieving identifiability in nonlinear settings [25]. By carefully
designing their architecture and loss function, autoencoders
can help extract meaningful representations from complex bi-
ological data [18, 26-28].

In this work, we present CLERA (Cellular Latent Equa-
tion and Representation Analysis), a novel end-to-end com-
putational framework that combines the power of data-
driven model discovery, specifically Sparse Identification of
Nonlinear Dynamics (SINDy), and representation learning.
Leveraging a supervised autoencoder architecture, CLERA
simultaneously extracts a compact and relevant represen-
tation from high-dimensional data and uses it to discover
the underlying low-dimensional, nonlinear dynamical model
governing the system. This learned embedding further al-
lows us to not only identify active gene programs and key
genes but also track their transitions over time across cell
types, providing insights into the complex dynamic mech-
anisms of biological systems. We validate CLERA’s perfor-
mance on both simulated data (with known active gene
programs) with different sizes and real-world biological
datasets.

Materials and methods

Autoencoders

An autoencoder is a neural network architecture consisting of
an encoder and a decoder [29]. The encoder compresses high-
dimensional input data into a lower-dimensional latent repre-
sentation reducing dimensionality while preserving essential
information. The decoder reconstructs the original data from
this latent representation. Regularizations and architectural
choices can be applied to constrain the latent embeddings, in-
fluencing their quality and utility. This flexibility allows au-
toencoders to be used for dimensionality reduction, feature
learning, and data denoising.

Training involves minimizing the reconstruction error, typi-
cally measured by mean squared error, to align the input with
its reconstruction. For an input X, the encoder E produces la-
tent embeddings z = E(X), which the decoder D uses to recon-
struct the input as X = D(z). The reconstruction loss guides
the optimization process so that the latent layer accurately
captures the input data. The reconstruction loss for inputs is

given by

1< N
Reconstruction loss = — Z (Xi — Xi)2
n

i=1

SINDy and SINDy autoencoder

SINDy is a regression technique used to discover a best fitting
dynamical system from training data [7]. It takes input data
x; € R” and predicts a system of ordinary differential equa-
tions (ODEs) as d;; = f(x;), where f is a library of candidate
functions composed of basis functions that we want SINDy
to model. SINDy selects a subset of active terms from these
candidates, promoting parsimony in the model, resulting in
a simpler and more interpretable model that captures the es-
sential dynamics. For 2 input snapshots, we stack them to

form X = [xq, X2, -0, xm]T and compute the correspond-
ing derivatives X = [%q,%2,---, %]’ . The library is con-
structed as O(X) =[1,61(X), 62(X), ---, 6,(X)] € R"™P,

where p is the length of the candidate library, and 6; are the
candidate model terms. The coefficient matrix can be repre-
sented as E = |&1, &, -+, &| € RP *" where &; contains the
coefficients for the library functions of differential equation i.

To address the challenge of high-dimensional data, SINDy
autoencoders leverage an autoencoder to find a low-
dimensional state z = ¢(x), where x is the time-series input,
z is the latent embedding, and ¢ is the encoder [1]. We incor-
porate sparse regression into the autoencoder training to facil-
itate the simultaneous discovery of latent embeddings and the
corresponding ODE. The SINDy Autoencoder finds a latent
dimension z; = ¢(x;) € R4, where d is the size of the latent
embedding, and an associated dynamic model % = fl(z) =
O(z;)8, where [ has few active terms.

We train the autoencoder with additional SINDy losses as
regularizations to ensure that the latent embeddings have a
parsimonious model representation. The reconstruction loss,
Liecon = |1x — ¥ (¢(x))]]22 is used which ensures accurate em-
beddings, while the SINDy weight regularization, Lsinpyreg =
||E]]1 promotes sparsity of the coefficients. We also de-
fine two SINDy losses: Lg.a = ||Vip(x;)%; — O(z)&|]2,
which enforces accurate prediction of dynamics, and Ly, =
|| % — V, W(z,)O(z:) 2|22, which reduces the error between
the real-time derivatives of the input and the predicted deriva-
tives using SINDy. We threshold the coefficients below a cer-
tain magnitude at regular intervals to promote parsimony.
Finally, we conduct an additional refinement phase with-
out L; loss and thresholding for a few epochs to refine the
coefficients.

Overview of CLERA

CLERA is a deep learning-based model discovery method de-
signed to uncover parsimonious and interpretable dynami-
cal systems and active gene programs. It employs a special-
ized loss function to facilitate the joint discovery of a low-
dimensional, interpretable latent space. The method’s archi-
tecture integrates multiple key components to analyse gene
expression data. At its core, CLERA processes gene expres-
sion data to generate a cell-by-latent embeddings matrix. This
latent representation serves as a crucial intermediate step, en-
abling three primary functions:

1. Data reconstruction: A decoder network uses latent em-
beddings to reconstruct the original count matrix.



2. Cell-type classification: The latent space is used to clas-
sify distinct cell types within the dataset.

3. Dynamical system discovery: CLERA incorporates
SINDy to uncover a system of ODEs. These ODEs de-
scribe the temporal dynamics and interactions of the
latent embeddings over the underlying biological pro-
cesses.

This integration allows CLERA to simultaneously cap-
ture cell identities, gene expression patterns, and temporal
dynamics.

Unsupervised learning of identifiable nonlinear represen-
tations has long been recognized as theoretically impossible
without incorporating inductive biases or suitable constraints
on the model [22]. This fundamental challenge in represen-
tation learning has led researchers to explore various ap-
proaches to learn meaningful and causal representations of
complex data. Autoencoders have emerged as a powerful tool
for unsupervised representation learning, capable of discover-
ing useful coordinate transformations and dimensionality re-
ductions. However, while autoencoders can be trained in iso-
lation, there is no guarantee that the learnt coordinates will
be associated with sparse and physical dynamical models. To
address this, CLERA integrates multiple components to learn
interpretable and dynamically meaningful representations. By
simultaneously training an autoencoder and a SINDy model,
we constrain the network to learn coordinates associated with
parsimonious dynamics. While CLERA includes a classifier, its
purpose differs from traditional cell type annotation methods
[10, 30, 31]. Instead, the classification task serves as an aux-
iliary objective, guiding the latent space to better reflect bio-
logically relevant processes. By leveraging additional informa-
tion during training, this approach helps constrain the space of
possible latent variables, making the inferred representations
more interpretable and biologically meaningful. This integra-
tion introduces inductive biases that enhance CLERA’s ability
to uncover governing equations describing the interactions be-
tween these latent variables.

Data preprocessing

To preprocess the cell-by-gene count matrix for pancreas
and bone marrow, we applied a preprocessing pipeline that
includes normalization, filtering, and transformation steps.
Genes that were expressed in fewer than the 20 number of
cells or genes with <20 total counts were filtered out to im-
prove data quality. The counts for each cell were normalized
by scaling the total gene expression counts for each cell to the
median total counts across all cells. A loglp transformation
was then applied to stabilize variance in the gene expression
data which was then used to get the 2000 most highly variable
genes based on their dispersion. The resulting matrix is anal-
ysed using pseudotime [32] to establish a temporal sequence
in the data and enable the conversion of static gene expression
profiles into a dynamic time series which is essential for SINDy
modelling. Given the sensitivity of SINDy to noise and the
inherently noisy nature of scRNA-seq data, the time series is
constructed by averaging gene expression counts over a sliding
window of four-time steps (pseudo cell) with a stride of two
steps. We experimented with multiple sliding window lengths
but found that smaller window sizes would result in less ef-
fective denoising, while larger window sizes would lead to in-
sufficient training data. Ultimately, a window length of 4 was
chosen as the optimal balance between effective denoising and

Uncovering governing laws of biological systems 3

maintaining sufficient training data (Supplementary Note 1).
This averaging process helps to smooth the data, reduce noise,
and increase power. During this process, the cell type within
each window is determined and assigned to ensure that cell
identity is preserved. Derivatives of gene expression are calcu-
lated under the assumption of unit time steps between cells, a
reasonable assumption given the continuous nature of pseu-
dotime. This allows for consistent derivative estimation across
the trajectory. Constructing the time series requires careful se-
lection of cell types based on biological relevance, as some cell
types may not contribute meaningfully to the dynamics being
studied. This selection ensures that the resulting time-by-gene
matrix accurately reflects the biological processes of interest.

Components of CLERA objective function

The preprocessed time series results in a pseudo-cell by gene
matrix. CLERA takes each step as input to the autoencoder
and generates reconstructions of the time-averaged gene ex-
pression for that box. These steps form a batch, consisting
of 1292 samples in the Pancreas dataset and 1172 samples in
the hematopoietic differentiation dataset. During training, the
derivatives calculated during preprocessing are used to calcu-
late the SINDy losses while the cell type serves as the label for
the classification network.

During classification, the latent representation is passed
through a classification network, which outputs the prob-
ability of the embedding belonging to each cell type. The
cell types are represented as labels [ = [/ 5 ---1.] where ¢ is
the total number of cell types. The classification network C
produces the probability of the input belonging to each cell
type, y = C(z) where y = [y1y, - - - ¥¢] and y; is the probabil-
ity of the label being j. Multi-class cross-entropy loss L, =

c
— > yjlog(y;) is used for this task. To improve stability dur-
j=1
ing training, L1 regularization LNetreg = ll@l 1+ 111 + 1ICl1t
is applied to the network weights. This regularization encour-
ages sparsity in the weights, reducing the risk of overfitting
and improving the model’s generalization capabilities.

The loss function for CLERA is a weighted sum of six
losses: Reconstruction loss, Classification loss, SINDy loss
over the latent embedding, SINDy loss over the reconstructed
genes, SINDy weight regularization, and Network weight reg-
ularization which can be represented as

L= )‘reconLrecon + k% Lﬁ + AJ%L% + }‘ClassLulass

dt di

+ ASINDyReg LSINDyReg + ANetRegL-NetReg

where different A 4y, represent the loss weights.

Modelling choices and training

The model hyperparameters significantly influence the na-
ture of the resulting equations and require careful tuning
to ensure effective training and accuracy of CLERA (refer
Supplementary Table S3 for the sensitivity analysis and ab-
lation of hyperparameters for the pancreas data). Several con-
ditions are essential for this process. First, we monitor the loss
curves and the number of active SINDy coefficients closely, as
they provide key insights that guide refinement. Second, the
functional forms used in the model are designed to align with
established prior knowledge of the process. Additionally, we
make assumptions to maintain the integrity of the system’s
dynamics: the right-hand side of every equation in the ODE
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should be nonzero, as a zero value would indicate that SINDy
was unable to model the temporal features for that latent vari-
able. Moreover, the discovered equations should be parsimo-
nious, balancing expressiveness and simplicity. The dimension
of the autoencoder’s latent layer plays a crucial role in this bal-
ance, which shows the trade-off between model complexity
and parsimony. As the size of the latent dimensions increases,
the SINDy library expands quadratically. Therefore, selecting
the appropriate latent dimension is crucial, as a larger latent
space can lead to more complex candidate functions, which
complicates the model and increases the risk of overfitting. Ex-
periments with higher-dimensional latent spaces (e.g. dimen-
sions of 10 or 15) reveal that the model consistently produces
ODE:s where the right-hand side is zero for some of the latent
variables. This indicates that higher latent dimensions produce
variables that are less critical for capturing the dynamics of the
system. Based on these findings, the final model uses a latent
space of six dimensions, which provides a balance between
capturing essential dynamics and avoiding unnecessary com-
plexity (Supplementary Note 1). The autoencoder and classifi-
cation weights are initialized with Xavier initialization which
is known to promote stability and efficient learning. We train
both the pancreas and bone marrow datasets 50 times each,
selecting the best model and parameters based on the condi-
tions and criteria outlined above, such as the lowest loss, par-
simony, and model complexity. This approach ensures that,
unlike studies relying on a single initialization, we systemati-
cally explore multiple initializations to infer the most accurate
latent variables and their governing equations. Due to differ-
ences in initialization, certain training runs may yield slightly
different differential equations or rankings of latent variables.
However, we mitigate potential instability by enforcing par-
simony and systematically filtering out degenerate solutions
(e.g. equations containing either no functional terms or all
possible terms). While minor variations across runs are possi-
ble, the core dynamical structure consistently remains biolog-
ically interpretable and reproducible.

In modelling complex biological systems, it is crucial to
leverage the prior knowledge we have of the system to care-
fully select a library of candidate functions. This selection
should include functions capable of capturing a wide range
of dynamics. Studies have considered various terms, such as
polynomials up to degree 2, Michaelis—Menten kinetics, frac-
tional terms, and exponential functions, to model nonlin-
ear and dynamic processes [33-37]. Building on these ap-
proaches, we carefully select our SINDy library to include
linear, second-order polynomial terms along with exponen-
tial, sinusoidal and fractional function forms. The sinusoidal
terms are crucial for capturing oscillatory behaviours, while
the exponential terms effectively model processes involving
growth or decay. The fractional function helps with mod-
elling nonlinear behaviours typically observed with biologi-
cal processes, such as Michaelis—Menten kinetics (refer to the
Supplementary Table S2 for a list of candidate terms used).
The SINDy model coefficients are randomly initialized with 1
and —1 which ensures that there is no bias towards one par-
ticular direction (positive or negative coefficients). This makes
the model better at discovering the true underlying relation-
ships in the data. Refer to Supplementary Table S1 for differ-
ent hyperparameters that are chosen while training CLERA
on pancreas and bone marrow datasets.

In fields like NLP and computer vision, transfer learning has
been demonstrated to result in better representation of under-

lying patterns, faster convergence during training, and higher
accuracy compared to models initialized randomly [38, 39].
Accordingly, for the bone marrow dataset, the initialization of
the autoencoder weights and SINDy coefficients is performed
within a transfer learning framework. The SINDy library and
autoencoder architecture are consistent across both the pan-
creas and bone marrow, ensuring that the trained weights
and SINDy coefficients of the pancreas can be used as initial-
ization for bone marrow. CLERA is initially trained on the
Pancreas dataset using 15 different random initializations, re-
sulting in 15 distinct instances of trained Pancreas weights.
These trained instances are then evaluated using bone mar-
row data. The top six experiments that exhibit the lowest
losses when tested on the bone marrow data are selected.
From these six experiments, an average of the Autoencoder
weights and SINDy coefficients is computed. This averaged set
of weights and coefficients is used as the initialization for sub-
sequent bone marrow training. By leveraging transfer learning
in this manner, the model benefits from faster convergence and
improved performance, as the pre-trained weights provide a
more informed starting point (Supplementary Fig. S4).

Another key difference between the pancreas and bone mar-
row training lies in the SINDy thresholding interval. For the
bone marrow dataset, the thresholding interval at 500 epochs
is set higher than that for the pancreas dataset which is kept at
150. This adjustment is necessary as the SINDy coefficients de-
rived from the pancreas experiments exhibit magnitudes much
lower than 1, due to the application of L1 regularization. By
setting a higher threshold for the bone marrow training, the
network is better at adjusting and correcting the coefficient
magnitudes, which ensures that key SINDy terms do not un-
dergo early thresholding.

In the unsupervised training setting, where there is an ab-
sence of explicit target ODE terms and structure, an induc-
tive bias is introduced to determine the appropriate number
of training steps. A maximum acceptable term threshold is es-
tablished, defining the maximum number of active SINDy co-
efficients permitted on the right-hand side of the ODE. During
training, once the number of active coefficients falls below this
threshold, the refinement phase is initiated, consisting of an
additional 150 epochs. This threshold is kept at 30 to ensure
that the model remains parsimonious.

Personalized Pagerank

PageRank is an algorithm that ranks nodes in a graph by eval-
uating the number and weight of links between them. Nodes
that are connected to highly-ranked nodes are deemed more
important and thus receive a higher PageRank score. The
standard PageRank algorithm calculates a global importance
score, treating all nodes equally in the process.

Personalized PageRank (PPR), on the other hand, is an ex-
tension of this algorithm that computes node rankings rela-
tive to a specific node or set of nodes within the graph. Unlike
traditional PageRank, which provides a uniform importance
score across the entire graph, PPR introduces a bias toward the
selected nodes. This bias allows for the calculation of person-
alized importance scores, emphasizing the relevance of nodes
in relation to the chosen node(s) of interest.

The interaction graph is constructed by including the gene—
latent variable interaction using the top “K” SHAP for each
latent variables and inter-latent-variable interaction via the
ODE. As cells progress further in pseudotime and become
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more dissimilar, the mean intersection percentage between
top-k genes of different latent variables decreases for all latent
variables (Supplementary Fig. S6 and Supplementary Note 2).
To rewire the original interaction graph and capture direct
gene interactions, we use PPR to quantify the probability of
connectivity between genes. This approach models the like-
lihood that a random walk starting from one gene will visit
another, thereby capturing both direct and indirect relation-
ships in the network.

For each gene i, we initialize a personalized vector v; where
the ith entry is set to 1 and all other entries are 0. This biases
the random walk to originate from gene i. We then compute
the PPR vector 7; by recursively solving the equation:

= av; + (1 —a)Am;

where A is the column-normalized adjacency matrix of the
initial network and « is the teleportation probability (typically
set to 0.895).

The resulting i vector contains PageRank scores for all
genes relative to gene i. We interpret these scores as proba-
bilities of connectivity, with higher values indicating stronger
relationships. To construct the refined network, we select the
top “E” edges for each gene based on these probabilities. In
our implementation, we set E = 600 to balance network spar-
sity and connectivity (Supplementary Note 2). This process is
repeated for all genes, resulting in a directed, weighted graph
that emphasizes the most significant regulatory relationships
in the network. Also, the PPR-based rewiring captures higher-
order network topology beyond direct interactions, which can
reveal important indirect connections. Unlike previous meth-
ods that focus on direct transcription factor-downstream gene
interactions, CLERA uses PPR to capture higher-order net-
work topology beyond direct connections. Most of the tra-
ditional GRN inference approaches produce static represen-
tations [40-42], while CLERA’s PPR-based network rewiring
identifies relationships, offering dynamic interaction networks
that highlight central genes and active gene programs. How-
ever, a direct comparison between CLERA and traditional
methods is not possible due to their fundamentally different
approaches to network construction and the types of regula-
tory relationships they aim to capture.

Calculating various centrality metrics on the obtained con-
nectivity graph helps us identify the most influential genes, de-
termine hubs of activity, and uncover critical pathways. Each
centrality metric offers a unique perspective on the role and
significance of nodes in the network. The centrality metrics
used include:

e Degree centrality: Degree centrality measures the num-
ber of direct connections a node has in a network. Nodes
with a high degree of centrality are typically more active
or prominent within the network.

¢ Closeness centrality: Closeness centrality assesses the av-
erage length of the shortest paths from a node to all
other nodes in the network. Lower scores indicate that
the node occupies a more central and important position
in the network.

¢ Eigenvector centrality: Eigenvector centrality evaluates a
node’s influence based on both the quality and quantity
of its connections. A node is more central if it is con-
nected to other central nodes, highlighting its importance
within the network.
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¢ PageRank: PageRank assigns importance to a node based
on the principle that connections from high-ranking
nodes contribute more to a node’s score, making it a
more influential node in the network

By analysing these centrality metrics, we identify the key
genes in the interaction network, gene markers and hubs that
can play a key role in cell function and gene interaction.

Simulated data

To evaluate SINDy’s ability to detect governing equations, we
design a simple two-gene regulatory network. This system is
governed by stochastic differential equations, incorporating
both deterministic dynamics and stochastic fluctuations. The
network features two mutually inhibiting genes, described by
G1 and Gz:

dG, = _m —kpGy dt+0'1\/$ aw,
(1 +G22)

dG, = M —kpGy | dt +0’2\/$ dw,
()

In this model kp represents the degradation rate, 721 and
m; determine the synthesis rates of the genes, oy and o, are
noise intensities, dt is the time step, dw; and dw, are incre-
ments of independent Wiener processes modelling Gaussian
noise. By adjusting these parameters, the system can exhibit
saddle-node and pitchfork bifurcations. To generate training
data for SINDy, we set m; = 3,m, = 1,kp =1,and 0y = 0, =
0.2. The Euler-Maruyama method was used to simulate these
stochastic differential equations, to capture the system’s dy-
namics while accounting for noise that scales with time steps.

Result

Discovery of dynamical systems and gene
programs from simulated data

We first investigate the performance of the SINDy part of
CLERA in discovering the underlying governing equations of
a simple simulated biological system with two driver genes
(Fig. 1A). The dynamics of this system are described by a well-
established set of differential equations commonly used in var-
ious biological contexts such as the lac operon, metabolic sig-
nalling pathways, and the cell cycle [43]. Synthetic data is gen-
erated using this system of equations with varying noise levels.
We then apply SINDy, to recover the equations. Notably, the
governing equations are discovered with high accuracy. Fig-
ure 1A shows this successful reconstruction, with the recov-
ered parameters closely mirroring the original values (see the
‘Materials and methods’ section). Also, the results from solv-
ing the discovered differential equation closely match the gen-
erated data, further validating the accuracy of the equations
discovered (Fig. 1B).

Then to evaluate the performance of CLERA in a more
realistic scenario with a larger dataset, we apply it to sim-
ulated data generated by SERGIO, which incorporates var-
ious types of noise for realistic data generation [44]. SER-
GIO (Single-cell ExpRession of Genes In silicO) is a simu-
lator that generates realistic scRNA-seq data by incorporat-
ing gene regulatory networks and stochastic transcriptional
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processes. It models the interaction between transcription
factors and their target genes to generate synthetic datasets
that accurately replicate the statistical properties and bio-
logical noise of experimental data, providing a robust and
flexible framework for benchmarking computational methods
in single-cell transcriptomics. We train CLERA on simulated
data, with 6300 cells across 100 genes and nine distinct cell
types. We hypothesize that an optimal representation learned
by the model should not only achieve high accuracy in data re-
construction (autoencoder loss) but also should perform well
in tasks such as cell type classification and sparse dynamical
model discovery.

To address stochasticity and ensure robustness in finding
the optimal latent embedding, we run CLERA multiple times
(50 for this data) using various initial conditions. We select
the model with the lowest combined loss (see the ‘Materi-
als and methods’ section) while also prioritizing parsimony
in the discovered model. In our analysis, we observe that
CLERA successfully identified a latent embedding with high
accuracy in both reconstruction and cell type classification
(Supplementary Figs S1 and S5A).

We then leverage the representation learned by CLERA to
identify active gene programs and their dynamics over time.
To uncover the connection between latent nodes and genes we
compute SHAP [45] values between each node in the autoen-
coder’s latent layer and genes and rank the identified genes
based on their SHAP values (choosing the top 30 genes for
each node). Using the results from the SHAP method and the
discovered differential equations, we construct a network of
interactions between latent nodes and genes. We then apply
Personalized PageRank (PPR) to this network, starting from
each gene, to identify the most relevant genes for the selected
gene [46]. This approach enables us to refine the network by
selecting only the top connected genes with the highest PPR
scores while filtering out the latent nodes. A clustering algo-
rithm is applied to this graph to detect the gene programs.
Given that CLERA can uniquely incorporate a time compo-
nent, this process can be done for different stages of the tra-
jectory and cell types. To assess CLERA’s performance in cap-
turing active gene programs, we perform the same clustering
analysis on the SERGIO ground truth network and compare
the resulting clusters obtained (Fig. 1C for celltype7). We also
observed a high degree of similarity between the gene pro-
grams of the SERGIO predefined network and the identified
gene interaction networks for each cell type, as measured by
the Jaccard similarity. This suggests that the latent embedding
learned by CLERA can effectively capture active gene pro-
grams (Fig. 1D).

CLERA uncovers dynamics and gene programs in
pancreatic development

We further evaluate CLERA on biological scRNA-seq data
from mouse pancreas during embryonic development. This
dataset comprises 3696 cells clustered into eight distinct cell
types [47]. Following hyperparameter optimization and pre-
processing, we trained CLERA several times with varying
initializations (see the ‘Materials and methods’ section), us-
ing the gene expression and computed pseudotime (cell or-
dering) information. CLERA successfully identifies a set of
sparse and interpretable differential equations with all indi-
vidual loss terms in our total loss function decreasing (Fig
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2A and Supplementary Fig. S2). Also, we observe the tempo-
ral dynamic of different latent variables captures distinct pat-
terns for each cell type (Fig. 2B and Supplementary Fig. S9A).
CLERA also achieves a high classification accuracy using
the latent variables where certain latent variables emerge as
dominant predictors for individual cell types (Supplementary
Figs S5B and S7).

To explore the connection between latent nodes and genes,
we calculate the SHAP values [45] for each gene-latent node
pair and identify the top “K” genes (K = 300 for this data)
connected to each latent node, ranked by their absolute val-
ues. Using the discovered equations (latent node-latent node
interaction) and SHAP values (gene—latent node interaction),
we generate a series of interaction graphs for various stages
of pancreas development (Fig. 2C). Unlike traditional network
methods, which only produce a static graph for the whole pro-
cess, our approach captures dynamic graphs over time. Next,
we apply a clustering algorithm to the interaction graphs to
identify groups of interconnected and potentially co-regulated
genes. These graphs, representing different stages of pancre-
atic development, allowed us to observe changes in gene inter-
actions over time. To understand the similarity of active gene
programs across different cell types, we analyse the clustering
results for a specific cell type and transfer the identified gene
colours to the analysis of other cell types (Fig. 2D). We observe
a high degree of similarity in shared genes for cluster 1 among
Ductal, Ngn3 low EP, and Ngn3 high EP cell types. Analysing
these shared genes reveals several previously known key genes,
such as Sox9, Neurog3, Hes1, Foxa3, and Nfib, as well as
important signalling pathways like Wnt, Notch, and TGF-$
[48]. Furthermore, Gene Set Enrichment Analysis reveals sev-
eral pathways related to pancreatic development, demonstrat-
ing the biological relevance of the gene programs discovered
by CLERA (Fig. 2E). Interestingly, CLERA also captures path-
ways involved in neurogenesis and neural development, which
aligns with previous studies and highlights the molecular and
cellular similarities between pancreatic and neural cell differ-
entiation [47, 49].

To identify key and central genes for each cell type, we re-
structure the interaction network using the PPR technique to
remove latent nodes. This network rewiring allows us to focus
directly on gene interactions. We then apply centrality mea-
sures to the restructured network to identify the most influ-
ential genes for each cell type (Fig. 2F and Supplementary
Fig. S10A). As a result of the centrality analysis, several
key genes are identified, including Spp1 [50], a regulator of
the epithelial-mesenchymal transitory axis and duct cell de-
differentiation; Chgb [51], a neuroendocrine cell marker; and
Neurog3 [52, 53], crucial for endocrine cell differentiation.
The analysis also confirms the central roles of Ins1 and Ins2
in beta cell function, along with Clu [54] and Sox9 [55],
both critical for progenitor cell maintenance and differentia-
tion. CLERA correctly captures these key genes, aligning with
prior studies that emphasize their importance in pancreatic
development.

CLERA reveals central genes and dynamics in
hematopoietic differentiation

Next, we investigate bone marrow development, examining
the differentiation of hematopoietic stem cells (HSPCs) into
erythroids, monocytes, and dendritic cells (DCs). This dataset
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comprises 5780 cells and 14 319 genes clustered into 10 dis-
tinct cell types [32].

To enhance CLERA’s performance on this data, we ap-
ply transfer learning from our previous pancreas study (see
the ‘Materials and methods’ section). By initializing CLERA
with pre-trained weights, we leverage the knowledge and re-
lationships obtained from the previous part, which results in
a faster optimization and more accurate representation of the
data. Also, we observe a decrease across all components of
the loss function, showing that all loss terms were effectively
optimized and that the discovered equations are also parsi-
monious (Fig. 3A and Supplementary Fig. S3). Furthermore,
investigating the latent space shows that the temporal dy-
namics of different latent variables capture distinct patterns
for each cell type, which shows that the embedding learnt by
CLERA can identify and characterize unique behavioural sig-
natures for each cell type (Fig. 3B and Supplementary Fig.
S9B). We observe that the latent embedding discovered by
CLERA achieves high classification accuracy and also shows
distinctive cell type-level differentiation, where specific la-
tent variables drive the classification of particular cell types
(Supplementary Figs S5C and S8).

Then, by identifying top genes using the SHAP method and
leveraging the discovered equations, we generate a series of
graphs representing different stages of bone marrow develop-
ment (Fig. 3C). Through clustering analysis on these graphs,
we identify groups of co-regulated genes at each developmen-
tal stage (Fig. 3D). Moreover, using label transfer techniques,
we identify a significant similarity in co-regulated genes be-
tween precursors (cluster 0), monocytes (cluster 3 in Mono_1
and cluster 2 in Mono_2) and DCs (cluster 0). Some of the key
genes discovered have been shown to be crucial for mono-
cyte development, including ID2, TYROBP, FLT3, PDE4B,
and GLIPR1 [56-58]. We also observe a strong similarity be-
tween the two erythroid subpopulations Ery_1 and Ery_2,
particularly between clusters 1 and 3, and between clusters 2
and 1. Similarly, the monocyte subpopulations Mono_1 and
Mono_2 show considerable overlap, with cluster 3 in Mono_1
closely aligning with cluster 1 in Mono_2, cluster 2 in Mono_1
resembling cluster 0 in Mono_2, and cluster 0 in Mono_1
closely matching cluster 2 in Mono_2. This suggests that
these subpopulations have many common genes, which shows
similarities in their developmental pathways and active gene
programs.

To identify the critical genes within these networks, we ap-
ply PPR for network rewiring, which allows us to remove la-
tent nodes and focus on direct gene interactions. Centrality
measures then pinpoint key genes driving cellular differentia-
tion during hematopoiesis (Fig. 3E and Supplementary Fig.
S10B). MPO [59], crucial for neutrophil differentiation, is
identified as a key myeloid marker, while HOPX [60] emerges
as a regulator of primitive hematopoiesis, guiding early pro-
genitor cell fate. Malat1 [61], known for regulating gene ex-
pression in HSPCs, and FOS [62, 63], linked to cell prolifer-
ation and differentiation under cytokine signalling, are also
highlighted. Also, CD52 [64], a marker of mature lympho-
cytes, FAm30A, which has shown links to immune response
regulation and other hematopoietic lineages, and CD74 [65],
essential for antigen presentation in immune cells, are cap-
tured. CLERA effectively identified these genes, which align
with their known roles in hematopoiesis.
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Discussion

Here we introduce a novel method, CLERA which repre-
sents a significant advancement in our ability to uncover the
underlying principles governing complex biological systems.
CLERA integrates data-driven model discovery and represen-
tation learning, to provide a robust way for uncovering in-
terpretable and parsimonious dynamical models from high-
dimensional scRNA-seq data. The ability to simultaneously
learn coordinates and governing equations is perhaps the most
complementary approach to traditional physics modelling.
While classical methods rely on predefined equations based on
known physical laws, CLERA also allows the data to guide
the discovery of both the relevant coordinates (latent repre-
sentation) and the equations that govern their dynamics. This
approach is particularly valuable in biological systems where
the underlying mechanisms are often complex and not fully
understood.

Our results demonstrate CLERA’s ability to accurately re-
cover governing equations from both simulated and real-
world biological data. In the simple simulated biological sys-
tem, CLERA precisely predicts the governing equations, even
under varying noise levels. This performance is further vali-
dated with a larger simulated dataset generated by SERGIO,
which incorporates realistic noise patterns, showing CLERA’s
accuracy in modelling complex, high-dimensional data. When
applied to real-world datasets from the pancreas and bone
marrow development, CLERA leads to biologically relevant
insights. The model effectively identifies key genes through
network rewiring and centrality measures, as well as detect-
ing active gene programs involved in these processes aligned
with previous experimental studies. Another key strength of
CLERA lies in its ability to capture the temporal dynamics of
gene programs. Unlike traditional network inference methods
that produce static graphs, CLERA generates dynamic net-
works that evolve over time across cell types. This temporal
aspect is crucial for understanding differences in complex reg-
ulatory mechanisms of cellular processes such as differentia-
tion and development. The identification of potentially novel
key genes and gene programs, along with their temporal pro-
gression, can present new opportunities for further experi-
mental exploration of dynamic cellular processes.

CLERA integrates multiple components in its loss func-
tion to address the challenges of unsupervised learning of
identifiable nonlinear representations. The combination of re-
construction loss, classification loss, and SINDy losses intro-
duces inductive biases that guide the model toward learning
more meaningful and interpretable embeddings. This com-
prehensive loss function imposes constraints on latent dy-
namics, to ensure consistency with known biological princi-
ples while maintaining the flexibility to discover new relation-
ships from the data. By balancing these different loss compo-
nents, CLERA achieves a robust and parsimonious framework
for uncovering interpretable dynamical models. Also, the use
of transfer learning from the pancreas to the bone marrow
dataset demonstrates the model’s adaptability and potential
for generalization across different biological contexts. This
approach not only improves performance but also suggests
that certain learned representations may be conserved across
different developmental processes.

In CLERA, we intentionally avoid assuming independence
between latent variables, diverging from some recent methods
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[66]. In biological systems, the strict assumption of indepen-
dence can be problematic, as many genes participate in multi-
ple programs simultaneously. This interconnectedness makes
it challenging to capture the true nature of these systems with
models that enforce strict independence. By allowing for over-
lapping gene programs and complex interactions, CLERA’s
approach is better suited to reflect the complexity and reality
we have in biology. We believe by not imposing independence
between latent variables, CLERA can more accurately model
the temporal dynamics and complex interactions captured by
ODEs, leading to a better understanding of the underlying bi-
ological processes.

A critical aspect of using SINDy for ordinary differential
equation (ODE) discovery in biological systems is the question
of whether there is a single unique way to represent (model) a
given process or if multiple valid representations exist. While
CLERA effectively recovers governing equations from data,
it is important to recognize that the method may yield differ-
ent but equally valid solutions due to its consideration of lin-
ear transformations and rotations of the underlying dynam-
ical systems. This inherent flexibility reflects the possibility
that processes might not have a singular unique representa-
tion, but rather several that are mathematically equivalent yet
distinct in form. This raises an important challenge in inter-
preting the biological significance of the discovered ODEs,
as it suggests that multiple models could potentially describe
the same underlying process. Especially for systems with lim-
ited prior knowledge, further investigation is needed to deter-
mine whether this flexibility captures biological variability or
whether it points to the need for additional constraints to nar-
row down the solution space to the most biologically relevant
model.

Despite its strengths, CLERA has some limitations that
should be addressed in future work. First, the model’s perfor-
mance is sensitive to hyperparameter choices, particularly the
dimension of the latent space and library of candidate func-
tions. Developing more robust methods for automatic hyper-
parameter tuning could improve the model’s consistency. Sec-
ond, while CLERA can handle noise in the data to some ex-
tent, high noise levels can still impact its performance. Further
improvements in denoising and data preprocessing techniques
could enhance the model’s robustness. Third, the interpreta-
tion of the learned latent space and governing equations re-
quires careful consideration. While we have shown that the
model captures biologically relevant information, additional
work is needed to develop standardized methods for interpret-
ing and benchmarking these results in the context of specific
biological questions. Lastly, CLERA’s performance may vary
depending on the biological process being studied and the ef-
fectiveness of methods for pseudotime analysis or tools such
as MIOFlow [67], which are designed to capture continuous
population dynamics. Consequently, it is essential to ensure
that the latent variables are time-differentiable to accurately
model these processes.

In conclusion, CLERA represents a significant step forward
in our ability to uncover the governing principles of complex
biological systems from high-dimensional scRNA-seq data in
a parsimonious and generalizable manner. By bridging the gap
between data-driven discovery and mechanistic understand-
ing, this approach has the potential to deepen our understand-
ing of cellular processes and the interactions between active
gene programs.
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