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Abstract

The aim of the article is to present the use of production function as a source of knowledge
for managers of county hospitals to make rational decisions so as to achieve economic effi-
ciency, including naturally the financial efficiency. The healthcare sector in each country dif-
fers from other sectors of the economy. The economically effective operation of county
hospitals in Poland is very difficult due to all their determinants. Therefore, all economic
analyses should be used to help hospital managers achieve this goal, and production func-
tion remains underestimated as a source of knowledge. The Cobb-Douglas and translog
production functions were used as sources of knowledge for decision-making by county
hospitals. Total number of patient-days was a dependent variable; and the total number of
beds, the number of doctors and nurses (in full time equivalents, FTEs) and costs (of materi-
als, electricity, services) were a set of explanatory variables. The significance of explanatory
variables most often appeared in models accounting for the workload of nurses. On the
other hand, the greatest fit measured with the residual standard error was characterised by
models accounting for the number of beds. For each type of production function, the diversi-
fied results obtained show the properties of production function. This kind of knowledge is
not provided by analyses which are not based on production functions.

Introduction
Goals of the research

Hospitals play a significant role in the treatment process and at the same time constitute a
group of healthcare providers which take a significant part of health spending [1]. Production
function is used to analyse the effectiveness of operation of hospitals, helping in this way to
effectively manage hospital’s resources, and thus to properly care for the state of health. The
issue of such an application of this function is presented on the basis of the literature, primarily
articles, the review of which was based first of all on the PubMed, JSTOR and Springer Link
databases.

Hospitals play a special role in the treatment process, i.e. in achieving clinical effectiveness,
which translates into the health status of individual patients and the entire society. They
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implement the most expensive treatment procedures while encountering budgetary con-
straints, which makes it impossible to meet all health needs and the total demand for health
services. Looking from the perspective of striving for clinical effectiveness in the face of short-
ages of financial resources, material capital and, above all, human capital, striving for the effec-
tive use of all these resources is of particular importance. Researching the effectiveness of
hospitals is particularly difficult due to the specific nature of their operations. That is why it is
so important to use all tools for this purpose. The production function is precisely the tool
which—in the opinion of the authors—is used the least frequently. Therefore, in the presented
article, attention was focused on demonstrating the possibility of gaining knowledge through
the analysis of the production function of hospitals by decision-makers at the hospital and
healthcare system level. The aim of the study is to show that the empirical analysis of the pro-
duction functions of hospitals provides quantitative and qualitative information allowing for
making decisions regarding hospital management, its organization and financing. In the cur-
rent paper we focus on the possibilities presented by the production functions, our goal is not
to study the efficiency of the hospitals. The study also analyses which inputs are mostly useful
for the modelling of hospital performance.

Previous studies

The literature review shows that relatively few researchers have used the production functions
to analyse the functioning of hospitals and their efficiency. Moreover, the research conducted
so far is varied and therefore incomparable, but each point of view brings a new aspect to the
knowledge obtained through the analysis of the production function. Therefore, it is worth
quoting the results obtained in the previous research.

Authors of some papers focus on the usefulness of using the production function to analyse
the functioning of service providers, and above all hospitals. The microeconomic concept of
production function links products with the factors employed to produce them. It is used in
health economics, and in empirical research this function is estimated with econometric tools.
The creator of this analytical approach, which contributes to the understanding of the effec-
tiveness of provision of health services, is Feldstein [2]. According to his approach, a hospital is
an enterprise for which costs, productivity and economies of scale can be analysed primarily
on the basis of the estimated production function. It is possible and also necessary to get
acquainted with the efficient use of resources and production capacity by hospitals. Properly
defined hospital products are linked to the factors of production selected for the study using
different kinds of functions, but primarily the Cobb-Douglas function [2]. The knowledge of
results of this kind of research is of great importance when making decisions with regard, for
example, to the allocation of human capital, the training of medical staff (first of all doctors),
the size of investment in hospital infrastructure or the distribution of limited hospital capacity
among its wards. Using the production function and knowledge of costs, it is possible to deter-
mine the different types of costs per unit of product, and this is of particular importance when
this kind of unit is a disease case. Thanks to this, it is possible to create benchmarking of hospi-
tals or wards regarding cost effectiveness or quality of treatment in relation to each case mix
[2]. Comparing health services on account of the products themselves is not appropriate,
because the failure to account for the factors employed to produce them may create a false pic-
ture. Thanks to the use of production function for a full analysis of health services, it is also
possible to formulate expectations regarding them, deviations from them and from the pat-
terns, which translates into a worse or better quality of services as well as effectiveness of their
provision. Owing to the full knowledge gained from production function, indicators can be
constructed to measure and evaluate the activities of healthcare providers [3]. An example of
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such a use of production function can be maternity hospitals due to a certain homogeneity of
services, and it is in their case that attempts were made to explain the quality and efficiency of
their products with production function. For example, such a study was conducted for 193
English maternity hospitals with the Cobb-Douglas and logarithmic-square functions. It
turned out that the most important factors were nurses and the number of beds, although their
employment did not achieve technical efficiency, and economies of scale were constant [4].

A large part of the literature is devoted to the possibility of using the production function to
study the effectiveness of hospitals. It seems that efficiency is the best concept/tool for opera-
tion analysis of enterprises, including healthcare providers which transform factors into prod-
ucts. Production function is a fundamental tool for efficiency analysis; it models the maximum
production volume for an employment combination of production factors. It is the function of
production that is a critical factor to determine which entrepreneurs are better than others in
transforming factors into products [5]. Therefore, some researchers analyse what forms of pro-
duction function should be used to analyse efficiency, and also formulate new proposals, e.g.
flexible form of production function derived from the Generalized Additive Models and tested
on data from public hospitals in Spanish Galicia during the period 2002-2008 [6-8]. In
another example of attempt to improve the analytical tool, which is the form of estimated pro-
duction function, researchers seek to identify a form which will not only allow to study the
inefficiency of hospitals, but also draw economic conclusions through the knowledge of scale
elasticity, scale efficiency and which will be serve an effective allocation of resources [9]. The
authors’ aim is to provide decision-makers in hospitals with an administrative tool based on
the analysis of the stochastic production function, which will enable the identification of non-
standard production conditions as well as the determination of a set of corrective actions in
the form of proper reallocation of resources. In another study, researchers focused on deter-
mining the best form of production function, which the examination of the hospital costs is
based on [10]. In their study, they used data from the Washington State hospitals for 1988-
1993 to construct long-term cost functions and concluded that the Leontief production func-
tion works best, especially when compared to, for example, the translog function. In the next
example, attention is focused on the method of determination of the optimal production func-
tion to investigate the effect of nurse stafting on patient mortality in acute-care hospitals under
Taiwan universal health insurance system [11]. The Random Effect Zero-Inflated Poisson
model incorporating a first order autoregressive structure was used for this purpose. The prob-
lem of choosing the right analytical tools was also addressed in the next article [12]. The
authors focused on creating a new flexible hospital production function using the Generalized
Additive Model (GAM) and on the comparison of the results obtained with those provided by
the classic Cobb-Douglas model. The databases of public hospitals of the Galician health ser-
vice for the 2012-2018 time series were used for the calculations made with the use of both
tools. The authors of another study used the empirical production function to present the tech-
nology used by recipients and living donors on Kidney Exchange platforms to explain the pro-
ductivity of these platforms due to productivity factors identification [13].

Continuing the topic of efficiency research in the next part of the articles, the production
function is a tool for a fuller understanding of its activities by hospitals. In such studies, the
problem is the selection of an appropriate functional form. They are usually related to the
search for the drivers of ineffectiveness. For example, econometric and linear programming
tools are used for this purpose. Production function is a tool for exhaustive analyses, and thus
for gaining further knowledge of the performance of such enterprises as hospitals. Particularly
interesting results are provided by the model of effects of technical inefficiency, which is one of
the most commonly used in the analysis of stochastic frontier function. This is because it pro-
vides the ability to estimate technical efficiency specific to each firm, and also combines
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changes in the functioning of the company with changes in exogenous or conditional variables
(e.g. forms of ownership or socio-economic characteristics). In addition, in the panel
approach, this model enables the identification of the effects of technical changes and technical
efficiency changing over time [14]. Such models of technical inefficiency effects for the sto-
chastic frontier of production function and panel data are used in the analyses of various sec-
tors of the economy and, according to the authors, should also be applied to hospitals [15].
Stochastic frontier analyses are used to study the efficiency of hospitals by using the production
as well as cost functions [16]. The use of the cost function also enables a simultaneous estima-
tion of both technical and allocative efficiency, since the cost function is a dual function in
relation to production function (under certain conditions) [17]. For example, production
function was used in the study of the technical efficiency of private and public hospitals in Tur-
key [18]. The technical and cost effectiveness of German hospitals was investigated using SFA
(Stochastic Frontier Analysis) for production function (Cobb-Douglas) [19]. Many examples
could be given of using production function to measure efficiency with SFA. The study of the
technical and cost efficiency of Nordic hospitals is an example of using production function
through SFA and DEA (Data Envelopment Analysis) [20]. Another example of the use of both
of these tools is the study of the effectiveness of government hospitals in Palestine [21]. The
calculations revealed that the technical efficiency of these hospitals varied greatly (from 28% to
91%), and in addition, the production process was characterised by declining economies of
scale, so the results obtained enable the determination of directions of changes in hospital
management; the benchmarkings drawn up should be an incentive to improve the efficiency
of Palestinian hospitals. This analysis is particularly important because it concerns the public
sector, where the market mechanism does not work and due to it, it is possible to compare best
practices in the provision of health services. It is about the improvement of the quality of these
services as well as the reduction in their costs down to the necessary minimum—according to
the microeconomic definition of the cost function. It is possible thanks to the application of
production function, which, thanks to its complexity, contains information about all hospital
activities related to health services. This approach is particularly important for university hos-
pitals, which also deal with medical education, clinical research and implementation innova-
tive technologies.

The production function can also be used for cost analysis as shown by some articles. It is
worth emphasising that production function may be used to introduce activities to curb the
increase in the costs of operations of healthcare providers, primarily hospitals. The exponential
increase in these costs, as well as the related forecasts, already in 2010 alarmed the WHO and
prompted the encouragement of policymakers and politicians to take action to hinder the
adverse trend [22]. In addition, the report shows that up to 40% of healthcare spending is
wasted and therefore, it focuses on 10 ways to improve efficiency. Among other things, the
emphasis was put on the significance of effective use of all resources in the process of produc-
tion of health services. All kinds of cost functions are used to analyse hospital costs and
attempts to achieve efficiency. The microeconomic cost function shows all the volumes of pro-
duction made at minimum, i.e. necessary costs. Using a dual approach, it can be concluded
that cost functions describe the axial volume of production which is possible to be made at a
specific cost level. This position/locus of efficiency is derived from production function as well
as from the prices of production factors employed [23]. Thus, cost analyses of hospitals are
possible by the isolation of cost function from production function. Cost function can also be
used to study efficiency, and therefore some research deals with improving and testing differ-
ent forms of production functions to obtain the best efficiency results for the cost function
derived from them [17].
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Many articles [16, 24-27] focus on estimating the productivity of hospitals (thanks to the
knowledge of production function) as well as their costs is a fundamental issue in making deci-
sions concerning, for example, how to finance hospitals or introduce appropriate incentives
both to reward and punish those who have a positive or negative impact on the hospital perfor-
mance. In an example of such a study, the aim of the analysis was to find out the determinants
of the temporary as well as permanent effectiveness of hospitals [28]. 133 hospitals in Lom-
bardy were examined between 2008 and 2013 to find out that the average total inefficiency was
almost 25% higher than shown in the former estimates. This was possible thanks to the distinc-
tion between temporary and permanent effectiveness, determination of their meaning and
changes.

Investments in IT systems are a prerequisite for the improvement of the quality of health
services and therefore their impacts should be diagnosed in detail. The growth rate of spending
on it reaches the growth rate of healthcare spending in the US [29, 30]. In the studies devoted
to the analysis of this issue, hospital production functions are used, accounting for two types of
IT systems: the first of them used in the treatment process and the other in administrative
activities [31]. The analysis shows the significance of the implementation itself of IT innova-
tions as well as the ways of implementation; thus, it should all be done in the right order and in
the right places. Since a properly implemented information technology (IT) affects the increase
in hospital productivity, the next article is devoted to the examination of it and assesses a
value-added hospital production function parameters [32]. Endogenous choices of
manufacturing factors, i.e. labour, capital, health IT labour, health IT capital were taken into
account in order to determine the returns that hospitals obtain from the introduction of health
IT. The calculations based on data from almost all hospitals in California from 1997 to 2007
show that thanks to investments in IT, hospitals obtained high marginal products.

The challenge for hospitals is to implement new, lower-value technologies to replace those
of greater value, which forces hard budgetary constraints [33]. Out of concern for the quality
of services, each country wants to control the implementation of technologies of a lower value,
e.g. by imposing cost-effectiveness thresholds. The authors of this article focused on calculat-
ing the threshold for Dutch hospitals.

The knowledge gained from the analysis of hospital production function is used to properly
manage the resources that the hospital possesses. The approach basing management on the
knowledge obtained from production function is pragmatic and serves reduction in the waste
of resources [34]. The authors of this article determined a short- and long-term production
function in relation to 64 Iranian hospitals in the years 2007-2009 as well as the elasticity of
production factors (showing a percentage increase in products due to a 1% increase in the
employment of the analysed factors). The results obtained form the basis for the management
improvement. Production function was treated as a tool to improve the efficiency of the use of
resources in hospitals operating under social security, i.e. it was also about the efficiency of
spending public money. This study showed that hospitals should change medical staff manage-
ment so that this most important factor is employed in an optimal way. The issue of the effec-
tiveness of hospitals in Iran operating under social security was discussed in an article using
SFA based on the Cobb-Douglas estimated production function for the years 2008-2015 [35].
The coefficients of elasticity for the selected factors, their marginal products and the marginal
rate of technical substitution (MRTS) were also calculated. MRTS between nurses and doctors
showed that the burden on hospital costs caused by doctors’ earning can be reduced by
increasing the employment of nurses. The calculations obtained show that production in these
hospitals is capital-intensive and achieves increasing economies of scale. Inefficiency was
reduced to a minimal extent over time, and the knowledge of its causes gave rise to improved
efficiency through a properly conducted reform. The next article also estimated the production
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functions of 67 Iranian public hospitals with the Cobb-Douglas function in order to obtain the
knowledge of productivity of employed factors in order to effectively manage them [36]. The
flexibility of hospital services in relation to medical staff and beds as well as technical efficiency
coefficients were recalculated again. The calculations confirmed the existence of inefficiency,
and the knowledge of their carriers should be used to reduce it.

Production function is also used to study the quality of performance of primary health care.
In one of the articles, researchers analysed the effectiveness of primary healthcare in Denmark
as a result of shortages of GPs within the healthcare system [37]. They tried to identify organi-
sational factors affecting the production of GPs as well as its effectiveness. The calculations
showed that it was necessary to introduce thoroughly checked organisational changes, espe-
cially with regard to the relationship between nurses and doctors.

The impact of doctors on the production of two types of hospitals, namely those dealing
with teaching and those having nothing to do with it, was the subject of another article many
years ago [38]. The analysis showed that doctors had a strong and positive impact on the pro-
ductivity of other factors, and that there was a substitution relationship between them and
other resources.

Production function may also be used to study a trade off between the quality of services
provided and their number. An example to cite may be an article analysing this problem on
the basis of dialysis centres financed by Medicare [39]. Dialyses are increasingly costly proce-
dures, and therefore the knowledge gained from the analysis of the production function
accounting for exogenous quality decisions allows for a better solution to the problem of dialy-
sis centres regarding their development and combining a growing number of patients with the
safety and quality of dialysis.

Another example of using hospital production function is shown in the article in which the
subject of study is the impact of diffusion of technological progress on productivity growth in
the treatment of heart attacks [40]. The authors, thanks to hospital production function, built a
macroeconomic model to analyse the data of 2.8 million Medicare patients between 1986 and
2004. They proved that hospitals which quickly implement cost-effective innovations achieve
significantly better health results of their patients. On the other hand, with a constant, deferred
adoption of new technologies, the marginal rate of return on expenses is poor. To sum up,
even small differences in the propensity to implement innovative effective technologies lead to
a significant diversification in productivity between hospitals.

Production function may also be used to determine the TFP of hospitals [41]. In this way,
Japanese hospitals were analysed with panel data from 47 prefectures for hospitals and data
from the Secondary Medical Area levels from 1998-2007. The analysis confirmed the existence
of economies of scale, as a greater productivity was recorded in larger hospitals.

The analysis of production function may also be used to gain knowledge and opportunities
to improve the quality of hospital administration activities [42]. The authors focused on the
importance of the stochastic factors they selected, i.e. the transfer of patients between wards
caused by the diversity of diseases, the time of reaching the appropriate hospital unit, the num-
ber of patients leaving hospital for the efficiency of administration work.

Contribution

The literature review presented above shows that the range of possibilities of using the produc-
tion function to analyse the functioning of hospitals is very wide. Current paper contributes to
the literature because it is the first study of this type conducted for Polish county hospitals. It
shows which inputs contribute to the best fit in such a research and shows estimation results
for different production functions. It presents production function as a useful tool for hospital
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managers and owners interested in gaining knowledge that may allow for making effective
decisions regarding hospital organization, management and financing.

Methods

Since the aim of the article is to present the rationality of the behaviour of producers, such as
county hospitals, using the Cobb-Douglas production function and translog function for cal-
culations, it is worth showing what management information can be obtained from these
functions.

The analysis made use of the scalar production function [43-46], which is a set of techno-
logically effective processes. It is defined as f : R> — R' (in this simplest terms, two produc-
tion factors are employed to make the product), where the maximum amount of product is
y € R produced by employing a vector of factors of production z = (x,, x,) € R’.

When examining the properties of production function, the characteristics of the produc-
tion process should be taken into account, i.e. marginal productivity (the pace of production
growth and its rate), elasticity, the marginal rate of substitution.

For a producer, an important piece of information is the pace of production growth caused
by the change in the employment of i-th factor, which is called marginal product (marginal
productivity), presented by formula (1).

Tx) = 2 1)

A producer knows how the volume of production will increase/decrease/remain unchanged
with an increase in employment of i-th factor by a "unit” (this is an ideal approximation within
the frontier, i.e. this "unit" tends to zero), ceteris paribus. In microeconomics, the assumption
of producer’s rationality implies non-negativity of the marginal product. The producer will
not increase the input of the factors of production (which is associated with an increase in
costs) if this causes a decrease in the volume of production. Acting in this way would be inef-
fective. Additional information is provided by the production growth rate in relation to i-th
factor, defined by formula (2).

o of (x,, xQ)L Ti(x)
M= e e T 2

Being aware of it, the producer knows by how many percent the production will increase/
decrease or remain unchanged with an increase in employment of i-th factor by a "unit", ceteris
paribus. Another tool for the entrepreneur is the elasticity of production in relation to the
increase in employment of i-th factor, which is presented by the expression (3).

of (x) «x,
E(x) = o =S (3)
9x; f(=)

This elasticity indicates by how many percent the production will increase/decrease or
remain unchanged with an increase in employment of i-th factor by 1%, ceteris paribus. The
expression shows that this elasticity is a dimensionless marginal productivity.

The elasticity of production with respect to the increase in employment of i-th factor can be
calculated with the logarithmic derivative (4).

_® x5 _

Ei(x) - axi f(ﬂ) - Ti(ﬂ>

The interpretation does not change. As for the marginal product, in the case of a rational

x;, _ Olnf(x)
f(x)  Olnx, )
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producer who maintains the efficiency of manufacturing processes, all these values are non-
negative. A measure called economies of scale is defined as the sum of the above elasticities:

RTS = Z::]Ei(ﬂ), which means that the entrepreneur derives additional knowledge from the

elasticity of production in relation to the scale of outlays showing by how may percent produc-
tion will increase/decrease or remain unchanged while increasing the employment of all fac-
tors by 1%, as shown in the formula (5).

SO+ A=) — f(=) f((A+ AL

~—

%) — f(4%)

By ) = fim i S
7 7 ®)
i oSG AR —fR) G Of(e)
Jo1 A0 Al f(/lx) -1 AL f(iz()

For a producer, it is also important to be able to replace one factor with another, especially
with a relative change in their prices, i.e. substitutability. The ratio in which one factor can be
replaced by another in the vector of factors: x = (x;, x,) € R? at the same level of production:
y = const > 0, is indicated by the marginal rate of technical substitution, which the shown in
the formula (6), i.e. the quotient of marginal products of employed factors.

Ax,  dx,

0y5(%),%,) = Axllui 0 A_x] = _d—xl (6)

Ax, <0

Therefore, the entrepreneur knows how much the employment of the second factor should
be increased while reducing the employment of the first factor by a unit, while maintaining the
production volume at the current level. In the next step, the entrepreneur should calculate the
elasticity of substitution of the first factor by the second factor in the vector of factors: x =
(x,, x,) € R? at the same level of production: y = const > 0, presented by the formula (7).

S Ax, x dx, x
e,(%,%)=— lm =2=— lim -——2lo_ 7271 7
iali2:%) AXIHOAX—? Ax, — 0 Ax; x, dx, x, )
Ax, <0 Ax, <0

This elasticity shows by how many percent the employment of the second factor should be
increased, while the employment of the first is reduced by 1% with the volume of production
unchanged. It can be seen that the elasticity of substitution is the elasticity of the marginal rate
of substitution relative to the quotient of production factors.

In the examination of the production function of county hospitals, two types of production
function were used, namely the Cobb-Douglas function (which is a special case of the power
function of production with a degree of homogeneity equal to 1) and the translog function.

The Cobb-Douglas function for m production factors can be written with an expression (8).

y=opx X = fo’ (8)

Once logarithmed, it takes the form (9).

m

In(o, fo") = Ina, + Zil o,lnx, 9)

i=1
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Thus, the elasticity of production in relation to the increase in employment of i-th factor is
presented by the expression (10), which shows that this elasticity does not depend on the size
of the employment of factors.

Inoy + 357 olnx;)

Ei(ﬂ> = Olnx. = (10)

The marginal product is described by the expression (11), which informs that marginal
products depend on the employment of factors of production. If the marginal product is to be
positive, it is enough that a; > 0. Economies of scale that are the sum of elasticity of production
relative to the increase in the employment of factors can be written as follows: RTS = []", o,
which means that they do not depend on employment of factors.

% H;il xjj

y
T.(x) = o, = = o, —2— 11

The marginal rate of technical substitution, which is the quotient of the marginal products,
is presented by the expression (12), from which it follows that it depends on the size relations
of the factors employed.

o. X

aij('xﬁxj) = ;;j (12)
j i

The elasticity of substitution can be derived as shown in expression (13); thus, the elasticity
of substitution does not depend on the employment of factors and equals 1.
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The second functional form used was the translog function, given by the formula (14),
often occurring in a logarithmed form, facilitating estimation (15).

m m
. b;(log x; log x;)
RPN »a Sl "

lOgy = log(ao) + al‘xl + a2‘x2 + T + amxm + Z:il Z]m:l bz(log xi lOg ‘x]) (15)

Marginal products are defined by the expression (16).

8 m m m 1 m
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k x
+ 2b, log(x,)) (16)

Each of the 2 functions mentioned was estimated in a form that accounted for two and
three independent variables (factors of production). Every time, the dependent variable was
the total number of patient-days, while the set of regressors accounted for the total number of
beds, the employment of doctors and nurses (both in FTEs) and the costs of materials, electric-
ity and outsourced services. For each model, it is assumed that the set of explanatory variables
(consisting of two or three elements) must account for at least one of the following factors:
total number of beds, employment of doctors or employment of nurses.
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Production functions were estimated with the R version 4.0.2 (2020-06-22)-"Taking Off
Again [47] using the least squares method, while robust regression has been done using MASS
package [48]. A further analysis was carried out with an MS Excel spreadsheet.

Data

The data used in the study are from 2018. The sample included 94 county (powiat) hospitals,
i.e. hospitals whose founding body is the powiat (the second-level unit of local government
and administration in Poland). Hospitals come from all over the country. Data used in the cur-
rent study were provided by the Polish Association of Employers of Powiat Hospitals (OZPSP
—Ogdlnopolski Zwigzek Pracodawcow Szpitali Powiatowych).

The sample used in the analysis includes hospitals of different types. There are both public
and non-public hospitals, hospitals which have an Emergency Department or an Intensive
Care Unit in their structure as well as those which do not run such units. Functioning of a hos-
pital likely depends on such characteristics, which in turn may lead to the estimates being
biased, but the authors decided not to subset the sample due to the following reasons. Firstly,
imposing other conditions on the dataset would result in the number of observations decreas-
ing rapidly. When we include only relatively big (i.e. hospitals which have the number of beds
between the first and the third quartile) public hospitals with an Emergency Department and
an Intensive Care Unit the number of units is below 30. Secondly, our main goal is to show the
properties of production function which may prove useful in the analysis of hospitals and their
functioning. Aiming for the consistency of this paper, we do not intend to analyse differences
between various groups of hospitals which is an interesting and important sphere of future
analysis. It is also important for us to analyse, which inputs are mostly useful for modelling.
We use robust regression in order to neutralize the effect of potential outliers in the dataset.
The values of descriptive statistics for the analysed sample are presented in Table 1. Hospitals
in the sample had the number of beds within the range of 57-599, which translates into
patient-days in the range of 14.25-154.38. The average employment of doctors and nurses
amounted to 121.71 and 383.63 FTEs respectively. On average, the value of materials was
86.389; electricity 10.076, and outsourced services 160.95. It is worth noting that in the case of
all variables, the average values were higher than the medians, which indicates the occurrence
of right-sided asymmetry and outlaying observations characterised by relatively large values of
the analysed variables. Based on the comparison of averages and standard deviations, it can be
concluded that the variables were most diverse due to the employment of doctors and nurses
and least diverse due to the number of beds.

In the analysis, we assume the level of significance of o equal to 0.05.

Results

The results of the estimation of two-factor Cobb-Douglas function are presented in Table A in
S1 Appendix. The results show that the model with the costs of electricity and the workload of
nurses as explanatory variables can be mentioned as the best description of the operation of
hospitals as in this case, both explanatory variables were significant, and the parameter esti-
mates had positive signs. The only other model with two significant inputs has higher residual
standard error. It is worth mentioning that some of the models, such as the model accounting
for the workload of doctors and nurses as well as the model with the total number of beds and
the cost of outsourced services, did not meet the assumptions of production function (negative
elasticity, and consequently negative values of marginal productivity). This can be interpreted
as inefficiency caused by the employment of such a combination of these factors. In addition
to fragments of the production function illustrating the efficient use of production factors,
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Table 1. Descriptive statistics for the analysed hospitals.

Total number of patient-days | Total number of beds | materials electricity Doctors Nurses Outsourced services
[in thousands] [100,000 zlotys] [100,000 zlotys] FTEs FTEs [100,000 zlotys]
min. 14.25 57 8.898 1.617 0.67 56.38 22
mean 60.2 247.9 86.389 10.076 121.71 383.63 160.95
median | 53 225.5 59.893 7.395 56 189.47 137.4
max. 154.38 599 406.307 44.762 2325.48 6320.45 457.62
sd 33.1352 119.5885 83.6697 7.8078 267.9383 777.5599 | 91.0181

Calculated based on the data from Polish Association of Employers of Powiat Hospitals.

https://doi.org/10.1371/journal.pone.0268350.t001

negative marginal products appear, which indicates the need to control the relations of the
employed factors in order to avoid hospital operation inefficiency.

The results of the estimation of three-factor Cobb-Douglas function are presented in
Table B in S1 Appendix. They show that the best fit assessed by the residual standard error was
achieved in the case of a model that accounts for the number of beds, the workload of doctors
and the material costs. However, not all variables are significantly different from zero in this
case. There are also models which do not meet the assumptions of production function due to
the negative elasticity of production in relation to some of the inputs. This means a reduction
in the hospital production—the total number of patient-days. Thus, the availability of health
services for patients is becoming limited. The results of the estimation of two-factor translog
function are presented in Table C in S1 Appendix. Based on the residual standard error value,
the model with the number of beds and doctors as explanatory variables can be considered the
best description of the operation of hospitals. Unfortunately, only one estimate is statistically
significant in this case.

The results of the estimation of three-factor translog function are presented in Table D in
S1 Appendix. The best fit evaluated with residual standard error was achieved with a model
which accounts for the number of beds, costs of electricity and workload of doctors. Unfortu-
nately, in this model, only two estimates of inputs were statistically significant, and in addition,
this model does not meet the assumptions of production function due to the negative marginal
productivity of the employment of doctors, and thus also a negative elasticity of the production
function.

Discussion

Table A in S2 Appendix presents additional sources of knowledge resulting from the two-fac-
tor Cobb-Douglas function. For all types of models we will provide sample interpretations for
the models characterized by the greatest number of significant parameters (providing it satis-
fies all the conditions for the production function, such as positive productivities). For the
two-factor estimations of the Cobb-Douglas function, we will discuss the values of marginal
productivity and other functions for the model with electricity and nurses as explanatory vari-
ables. According to the principles of economic analysis, in the interpretation, we use the prin-
ciple of ceteris paribus, which means that we abstract from the standards that may be
applicable in a specific healthcare system (e.g. the relation of the number of medical staff to the
number of beds). It should be emphasised that data from county hospitals also result from the
regulations of the Ministry of Health in (e.g. the relation of the number of medical staff to the
number of beds). It appears that when comparing the results of health systems in different
countries, it should be borne in mind that they are to some extent incomparable. The stan-
dards introduced by law create conditions to achieve efficiency, and their diversity between
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countries is an obstacle to modelling their own organisational, management and financial
solutions, because these detailed legal regulations must be followed. This is a necessary simpli-
fication in order to illustrate the possibilities offered by the production function for the analy-
sis of the situation in the entity and when making decisions. The results indicate that the
electricity marginal productivity for the average and median amounted to 3.0993 and 3.1562
respectively. This means that 1 extra unit of money spent on the electricity would allow for an
increase in patient service of about 3 patient-days, with other factors unchanged. The marginal
products of FTEs for nurses are equal to 0.0342 and 0.0517 (again for averages and medians
respectively),which means that an increase in nurse employment by 1 FTE would allow, with
other factors unchanged, for an increase in patient service of about 0.03-0.05 patient-day. Pro-
duction growth rates mean that the capacity to serve patients calculated in patient-days will
increase by around 0.05%-0.06% if the cost of electricity is increased by a unit, and by
0.0005%-0.0011% if the employment of nurses is increased by 1 FTE. The elasticity of produc-
tion in relation to the increase in the employment of manufacturing factors means that a one-
percent increase in the costs of electricity translates into an increase in the capacity to serve
patients (in patient-days) by 0.48%, and a one-percent increase in the number of FTEs by
0.2%. Economies of scale for the discussed function do not exceed 1, which means that a 1%
increase in outlays in both factors will result in less than 1% more patient service capacity. The
marginal substitution rate calculated for average values of 0.011 informs about the need to
increase the employment of nurses by nearly 0.011 FTEs in the situation of reducing the elec-
tricity costs by 1 unit and the intention to maintain patient service at the current level. In the
case of medians, the necessary increase in employment amounts to about 0.016 FTEs. The elas-
ticity of substitution indicates that for both factors of production the required changes are at
the level of about 0.42%.

The significance of explanatory variables most often appeared in models accounting for the
workload of nurses. And the best fit measured with the residual standard error was character-
ised by models accounting for the number of beds, the worst—the cost of outsourced services.
Adjustments by explanatory variables in the discussed production function are shown in
Table 2.

For three-factor estimations of the Cobb-Douglas function, we present the interpretation of
the model with nurses, outsourced services, and electricity (M19) (Table B in S2 Appendix).
As above, in the interpretation we use the principle of ceteris paribus and disregard the stan-
dards which may be applicable in a specific healthcare system. In the case of the three-factor
Cobb-Douglas function given in the M19 model, the marginal productivities of factors
amounted to (for averages): 0.0233 (nurses), 2.2275 (electricity) and 0.1082 (outsourced ser-
vices). This means that the increase in outlays of these variables by an additional unit would
increase the capacity to serve patients from 0.0233 patient-day in the case of employment of
nurses, up to 2.2275 in the case of electricity costs. For medians, these values are 0.0985 (out-
sourced services), 0.2358 (electricity) and 0.0367 (nurses). In both cases, the largest changes in
patient-days would result from a unit increase in electricity costs, and the smallest from an
increase in the employment of nurses of 1 FTE. The same relationships occur in the produc-
tion growth rates determined for individual factors. Patient service capacity in patient-days
will increase by about 0.002% if the costs of outsourced services rises by a unit, and by
0.0351%-0.0478% if electricity costs rise by a unit and 0.0004%-0.0007% in the case of increase
in the employment of nurses by 1 FTE.

A one-percent increase in the cost of outsourced services is related to an increase in
patient-days by about 0.27%, in the case of a one-percent increase in electricity, the increase in
patient-days is about 0.35%, and in case of the change in nurses’ FTEs by 0.14%. As in the case
of the two-factor function discussed earlier, the benefit from economies of scale does not
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Table 2. Comparison of adjustment of Cobb-Douglas two-input functions according to explanatory variables.

Total number of beds | Materials | Electricity |Doctors |Nurses |Outsourced services

median residual standard error 0.1490 0.3249 0.4092 0.4010 0.4010 0.4107
min. residual standard error 0.1423 0.1429 0.1490 0.1423 0.1520 0.1530
max. residual standard error 0.1530 0.3261 0.4227 0.4335 0.4107 0.4335
mean number of significant parameters (excluding intercept) 1 1 1.3333 1 1.4 1.3333
median number of significant parameters (excluding intercept 1 1 1 1 1 1

Calculated based on the data from Polish Association of Employers of Powiat Hospitals.

https://doi.org/10.1371/journal.pone.0268350.t002

exceed 1, which means that increasing the outlay of all factors by 1% will result in an increase
in the capacity to serve patients by less than 1%. The marginal substitution rate calculated for
the nurses and electricity indicates that the reduction of workload of nurses by 1 FTE would
require an increase in electricity outlay of 0.011-0.016 unit while maintaining the same level of
patient-days. At first glance, this interpretation may seem irrational, because the reduction of
FTE should result in a reduction in costs, but it should be remembered that despite this reduc-
tion, the number of patient-days should remain at the same level. This may mean, for example,
the need for additional medical procedures for patients, which is connected with higher elec-
tricity costs. The same reduction in the FTEs would require, ceteris paribus, an increase in the
costs of outsourced services by about 0.21-0.37 units, while reducing electricity costs by a unit
would require, ceteris paribus, an increase in the costs of outsourced services of 20.58-23.94
units. A one-percent reduction in the workload of nurses would require, ceteris paribus, either
a0.399% increase in electricity costs or an 0.514% increase in the cost of outsourced services;
and for the same percentage reduction in electricity costs, it would be necessary to increase the
cost of outsourced services by nearly 1.3%.

The median residual standard error is the lowest for models in which total number of beds
is used as an explanatory variable. Differences in median residual standard error for all explan-
atory variables except for the total number of beds are relatively small. Significant variables
were most often found in models which included nurses, doctors, electricity costs and costs of
outsourced services. Adjustments by explanatory variables for the discussed production func-
tion are shown in Table 3.

Despite the reservations raised above in relation to the results obtained for the two-input
translog function, to make the considerations complete, its interpretation and analysis of the
significance of variables and residual standard error are presented in this part due to the vari-
ables included in the model, similar to those of the Cobb-Douglas type function.

In the case of the two-factor translog function, we present the interpretation on the example
of the M10 model, in which the explanatory variables are nurses’ workload and material costs.

Table 3. Comparison of adjustment of three-factor Cobb-Douglas function by explanatory variables.

Total number of beds | Materials | Electricity |Doctors |Nurses |Outsourced services

median residual standard error 0.1500 0.3063 0.3166 | 0.3115 0.3312 0.3063
min. residual standard error 0.1429 0.1429 0.1450 | 0.1429 0.1480 0.1474
max. residual standard error 0.1567 0.3367 0.4105 | 0.4105 0.3950 0.4105
mean number of significant parameters (excluding intercept) 1.4 1.3333 1.7778 | 1.7 1.9 1.6667
median number of significant parameters (excluding intercept 1 1 2| 15 2 2

Calculated based on the data from Polish Association of Employers of Powiat Hospitals.

https://doi.org/10.1371/journal.pone.0268350.t003
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For this model, a relatively low residual standard error value was obtained, and also estimates
of nearly all parameters remained significantly different from zero. The results presented in
Table C in S2 Appendix indicate that marginal productivity of nurses’ FTEs, for averages and
medians are 0.119 and 0.244 respectively. This means that increasing the employment of
nurses by 1 FTE would enable the increase in patient service of 0.119-0.244 patient-day, with
other factors unchanged. Increasing the employment of nurses by 1% would result in an
increase in patient service by 0.48% (calculations for averages) and by 0.82% (for medians).

As indicated by the values of the marginal product of the cost of materials, increasing these
costs by a unit would result, ceteris paribus, in increased patient service by approximately 0.26
and 0.08 (for averages and medians, respectively). On the other hand, an increase in the level
of material costs by 1% would result in an increase in patient service by 0.24% as calculated for
averages and by 0.08% for medians. The determined growth rates lead to the conclusion that
the patient service capacity calculated in patient-days will increase by about 0.0013% and
0.0043% for averages and medians, respectively if the number of nurse FTEs rises by 1. The
corresponding values for the cost of materials amount to 0.0028% and 0.0013%.

In the case of the discussed function, like in the Cobb-Douglas functions interpreted before,
the benefits from the economies of scale do not exceed 1, which means that a 1% increase in
the input of both factors will result in a relatively smaller increase in the number of patient-
days. The marginal substitution rate indicates the need to increase material costs by 0.45-3.22
(for averages and medians respectively), in the event of the liquidation of 1 nurse FTE and the
desire to maintain patient service at the current level. In the case of a 1% reduction in the
workload of nurses, the change in the cost of materials required to maintain the current num-
ber of patient-days is, for averages, close to 2%, and for medians 10.196%.

Table 4 compares the significance of variables and residual standard error by factors of pro-
duction. It can be noted that the significance of explanatory variables most often appeared in
models accounting for the workload of nurses. On the other hand, the greatest fit measured
with the residual standard error was characterised by models accounting for the number of
beds, and the lowest adjustment was recorded for models accounting for the workload of
doctors.

Below, there is an interpretation of the estimations of the three-factor translog function, in
which the explanatory variables are: the workload of nurses and the costs of outsourced ser-
vices and electricity (M19). On the basis of the marginal productivity of the factors (for aver-
ages) shown in Table D in S2 Appendix, it can be concluded that an increase in the workload
of nurses by 1 FTE would entail an increase in the capacity of patient service by about 0.08
patient-day. If the cost of outsourced services or electricity were increased by a unit, it would
be about 0.1 or 2.74, respectively. If the case of change of outlays of subsequent factors of 1%,
ceteris paribus, the increases in the number of patient-days would amount to 0.3641 (nurses),
0.3198 (electricity) and 0.1783 (outsourced services). The values calculated for medians vary,

Table 4. Comparison of adjustment two-factor translog function by explanatory variables.

Total number of beds | Materials | Electricity |Doctors |Nurses |Outsourced services

median residual standard error 0.1466 0.272 0.3102 0.3416 |  0.2907 0.2907
min. residual standard error 0.1412 0.1497 0.1466 0.1412 0.1461 0.1535
max. residual standard error 0.1535 0.3416 0.414 0.4176 |  0.3247 0.4176
mean number of significant parameters (excluding intercept) 1.2 1.6667 2.3333 0.8 3.2 1.3333
median number of significant parameters (excluding intercept 1 1 3 1 4 0

Calculated based on the data from Polish Association of Employers of Powiat Hospitals.

https://doi.org/10.1371/journal.pone.0268350.t004
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from 0.0358 to 0.718 in the case of elasticity (percentage change in the number of patient-days
caused by a one-percent change in the input of a given factor) to 0.014-1.58 in the case of mar-
ginal productivity (change in the number of patient-days caused by a unit change in the outlay
of a given factor).

Production growth rates are highest for electricity costs, which means that an increase in
these costs by a unit will enable the largest (in terms of percentages) increase in the number of
patient-days.

Like in the case of the two-factor function, the benefits from the economies of scale do not
exceed 1, and therefore an increase in the outlays of all factors by 1% will result in the increase
in patient-days below 1 percent.

The marginal substitution rate calculated for the workload of nurse and costs of electricity
indicates that a reduction of 1 FTE would entail an increase in the costs of electricity of
0.0299-0.1276 (for averages and medians, respectively), In the case of substitution of the work-
load of nurses by the cost of outsourced services, the obtained substitution rates indicate the
need to increase the cost by 0.8 for averages or 14.56 units for medians which is a relatively
large discrepancy compared to the results of calculations obtained with regard to the previous
pair of production factors. And in the case of reducing the cost of electricity by a unit, increase
in the costs of outsourced services should amount to from 28.65 unit for averages to 114.06
unit for medians.

Analogous relationships can be seen when considering changes of 1%. For example, calcu-
lating on the basis of averages, one percent reduction in FTEs would require, ceteris paribus,
either an increase in electricity costs by 1.14%, or an increase in costs of outsourced services by
2.04%. In the case of the same percentage reduction in electricity costs, it would be necessary
to increase costs of outsourced services by 1.8%. After determining these changes based on
medians, we will get 3.27%, 20.07% and 6.14%, respectively.

Among the estimations of the three-factor translog models, the best fit was once again char-
acterised by models accounting for the total number of beds. Significant variables were found
most commonly in models which included nurses and electricity costs. Adjustments by
explanatory variables for this function are included in Table 5.

An interesting problem for the interpretation of results and the formulation of conclusions
based on them is the question the impact on them of the assumptions necessary for the analyti-
cal tool, which is the production function. Thus, the obtained result shows the overlap of both
the actual determinants in which the hospital operates as well as the analytical assumptions to
be met to follow the requirements of production function.

The study presented in the paper has several limitations. First of all, as mentioned previ-
ously, the dataset we includes hospitals of different types (both public and non-public hospi-
tals, with an without an Emergency Department or an Intensive Care Unit in their structure)
which may lead to the OLS estimates being biased. Firstly, imposing other conditions on the

Table 5. Comparison of adjustment of three-factor translog function by explanatory variables.

Total number of beds | Materials | Electricity | Doctors |Nurses |Outsourced services

median residual standard error 0.1429 0.2512 0.2535 | 0.2749 0.2524 0.2512
min. residual standard error 0.1320 0.1385 0.1320 | 0.1320 0.1404 0.1341
max. residual standard error 0.1534 0.3221 0.3352 | 0.3352 0.2973 0.3352
mean number of significant parameters (excluding intercept) 1.2000 2.3333 3.4444 | 2.3000 3.3000 2.3333
median number of significant parameters (excluding intercept) 1 2 3| 25 3 2

Calculated based on the data from Polish Association of Employers of Powiat Hospitals.

https://doi.org/10.1371/journal.pone.0268350.t005
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Table 6. Comparison of adjustment of two- and three-factor Cobb-Douglas and translog functions by explanatory variables (OLS, subsample).

Total number of beds | Materials | Electricity | Doctors |Nurses |Outsourced services
Two-factor Cobb-Douglas function
median residual standard error 0.1125 0.2527 0.2809 0.2774 | 0.2793 0.2774
min. residual standard error 0.1119 0.113 0.1131 0.1119 | 0.1125 0.1122
max. residual standard error 0.1131 0.2555 0.2847 0.2809 | 0.2847 0.2793
mean number of significant parameters (excluding intercept) 1 1 1 1 1 1
median number of significant parameters (excluding intercept) 1 1 1 1 1 1
Three-factor Cobb-Douglas function
median residual standard error 0.1149 0.258 0.2587 0.2584 |  0.2597 0.2589
min. residual standard error 0.1124 0.1144 0.1147 0.1124 | 0.1139 0.1124
max. residual standard error 0.1159 0.2621 0.2878 0.2878 |  0.2878 0.2865
mean number of significant parameters (excluding intercept) 1 1 1 1 1 1
median number of significant parameters (excluding intercept) 1 1 1 1 1 1
Two-factor translog function
median residual standard error 0.1181 0.2549 0.2246 0.2523 | 0.2268 0.2268
min. residual standard error 0.1154 0.1209 0.12 0.1163 0.1154 0.1181
max. residual standard error 0.1209 0.2638 0.2523 0.2638 |  0.2549 0.2527
mean number of significant parameters (excluding intercept) 0 0 1.6667 0.4 1 0.6667
median number of significant parameters (excluding intercept) 0 0 2 0 0 0
Three-factor translog function
median residual standard error 0.1243 0.2279 0.2220 0.2263 |  0.2188 0.2155
min. residual standard error 0.1146 0.1146 0.1232 0.1183 |  0.1146 0.1220
max. residual standard error 0.1360 0.2700 0.2700 0.2700 | 0.2527 0.2374
mean number of significant parameters (excluding intercept) 0.0000 0.4444 0.5556 0.0000 | 0.5000 0.1111
median number of significant parameters (excluding intercept) 0 0 0 0 0 0

Calculated based on the data from Polish Association of Employers of Powiat Hospitals.

https://doi.org/10.1371/journal.pone.0268350.t006

dataset would result in the number of observations decreasing rapidly. When we include only
relatively big (i.e. hospitals which have the number of beds between the first and the third
quartile) public hospitals with an Emergency Department and an Intensive Care Unit in order
to guarantee the greatest similarity of the units in the study, the number of hospitals is falls to
23. In our opinion this number of observations is too low to provide an important insight. Sec-
ondly, one of our goals has been to show the properties of production function which may
prove useful in the analysis of hospitals and their functioning. Table 6 presents comparison of
adjustment of two- and three-factor translog and Cobb-Douglas functions estimated by OLS
on the subsample of 23 hospitals of similar characteristics by explanatory variables. Apart from
some differences, especially in case of the number of significant variables, these results lead to
similar conclusions to the ones discussed previously.

For all the models the total number of beds contributed to the best fit measured with resid-
ual standard error, which is in line with the results reported previously for the sample of 94
hospitals. For the two- and three-factor Cobb-Douglas functions the mean and median signifi-
cance of explanatory variables was equal to 1 in all cases. In case of the translog models, signifi-
cant variables were found most commonly in models which included nurses and electricity
costs. This result is also similar to the one drawn for the whole sample of 94 hospitals.

Aiming for the consistency of this paper, we do not intend to analyse differences in esti-
mates between various groups of hospitals which is an interesting and important sphere of
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future analysis. We believe, that introducing dynamics or implementing panel models in the
future studies will provide much needed additional insight, especially in the light of the health-
care system reform which took place in Poland in 2017.

In the current study it was important for us to analyse, which inputs are mostly useful for
the modelling. We compare however the consistency of our results with the results achieved
implementing robust regression and regression on the smaller subset of hospitals with similar
characteristics (relatively big public hospitals with an Emergency Department and an Intensive
Care Unit within their structures), finding little differences.
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