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Abstract

Natural disasters such as flooding and landslides are important unexpected events during
the rainy season in Thailand, and how to direct action to avoid their impacts is the motivation
behind this study. The differences between the means of natural rainfall datasets in different
areas can be estimated using simultaneous confidence intervals (SCls) for pairwise com-
parisons of the means of delta-lognormal distributions. Our proposed methods are based on
a parametric bootstrap (PB), a fiducial generalized confidence interval (FGCI), the method
of variance estimates recovery (MOVER), and Bayesian credible intervals based on mixed
(BCI-M) and uniform (BCI-U) priors. Their coverage probabilities, lower and upper error
probabilities, and relative average lengths were used to evaluate and compare their SCI per-
formances through Monte Carlo simulation. The results show that BCI-U and PB work well
in different situations, even with large differences in variances 7. All of the methods were

applied to estimate pairwise differences between the means of natural rainfall data from five
areas in Thailand during the rainy season to determine their abilities to predict occurrences
of flooding and landslides.

Introduction

Thailand, which is located above the Equator in the tropical zone, is in the center of Southeast
Asia and shares borders with Laos (north and east), Myanmar (north and west), Cambodia
(east), and Malaysia (south). Its total area is 513,115 square kilometers [1] and its population is
over 60 million. From climatological and meteorological perspectives, Thailand is divided into
northern, northeastern, central, eastern, and southern (east and west coast) areas. Past natural
disasters in Thailand have involved flooding, drought, tropical storms, earthquakes, landslides,
and forest fires. When considering natural rainfall in the rainy season (mid-May to mid-Octo-
ber), heavy storms can cause flooding and landslides. Moreover, basins, caves, and waterfalls
are especially susceptible to dangerous flash flooding during the rainy season. In July 2018,
two situations in the northern area caused significant loss of life, affected transportation, and
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damaged property and infrastructure. In a recent well-known incident, flash flooding trapped
twelve football players and their coach in the Tham Luang cave complex in northern Thailand
that triggered a major international search and rescue effort [2]. In another incident, landslides
due to heavy downpours for around two weeks claimed victims from seven hill tribes in the
northern region [3].

A delta-lognormal distribution can be applied to data having a mixture of non-negative and
zero observations: the zero values are binomially distributed with the proportion of zeros 6,
while the positive values follow log-normality with mean y and variance ¢* on a logarithmic
scale. Inference on the delta-lognormal mean has been applied to real-world datasets in several
fields, such as climatology [4], fishery survey [5, 6], environmental studies [7, 8], and medical
treatment [8, 9]. There are two main methodologies in probability and statistical inference to
estimate a parameter of the model: point and interval estimation and hypothesis testing. The
most well-known interval estimation technique is the confidence interval (CI), and many stud-
ies have focused on ClIs for a single delta-lognormal mean [5, 8, 10-13]. Meanwhile, some
authors have expanded the concept to the comparison between two delta-lognormal means [4,
14], and especially, others have constructed CIs for the difference between two delta-lognormal
means [15, 16]. The simultaneous confidence interval (SCI) can be used to estimate all of the
parameters of interest in a model at the same time. Constructing CIs for them makes it neces-
sary to perform multiple comparisons provided that each dataset is independently and identi-
cally distributed (i.i.d.). In some situations, the SCI might be more important than the CIs for
individual parameters [17]. Moreover, no studies have yet been conducted on constructing
SCIs for pairwise comparisons of delta-lognormal means.

The aim of the present study is to estimate the differences between the means of the natural
rainfall datasets of five areas in Thailand during the rainy season using constructed SCIs for
pairwise comparisons of delta-lognormal means of more than two populations (k > 2). Herein,
we propose five methods for constructing SCIs: the parametric bootstrap (PB), the fiducial
generalized confidence interval (FGCI), the method of variance estimates recovery (MOVER),
and Bayesian credible intervals based on mixed (BCI-M) and uniform (BCI-U) priors. The PB
is extended from SClIs for the ratio of lognormal means provided by Sadooghi-Alvandi and
Malekzadeh [18]. Moreover, we constructed the FGCI based on the fiducial generalized pivotal
quantity (FGPQ) of the non-zero proportion (§') [8, 13]. Motivated by Donner and Zou [19],
we used the Wilson interval for &' together with the CI for the lognormal mean to formulate
the MOVER-based SCI. The BCIs were developed using the different priors: mixed (BCI-M
based on normal and inverse Chi-squared distributions) and uniform (BCI-U based on nor-
mal approximation and a beta distribution) motivated by Harvey and Merwe [4] and Maneerat
et al. [14], respectively.

Motivated by these studies, our contribution to the field is developing and constructing
SCIs based on our proposed methods to elucidate the pairwise differences between the means
of multiple delta-lognormal distributions. As a practical demonstration, we estimated the pair-
wise differences between the means of natural rainfall records from the five areas of Thailand.
Importantly, this approach could be used to recognize and predict natural disasters in a partic-
ular area. From the Akaike information criterion (AIC) results, histograms, and normal Q-Q
plots, the rainfall data from all of the study areas follow delta-lognormal distributions except
for the northeastern area, which was thus excluded from the study.

The rest of this paper is organized as follows. The concepts and computational procedures
of the proposed methods are elaborated in the materials and methods section. Next, simulation
studies and numerical results for sample cases k = 3, 5 are presented, followed by computation
and interpretation of the estimated differences between the means of the rainfall datasets of
the five areas in Thailand. Finally, discussion and conclusions on the study are presented.
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Materials and methods

LetW = (W, W, ..., an,) be independent and identically distributed random vector from
an k-dimensional delta-lognormal distribution A(g, 6%, 8), where g = (i1, tos - . . thi)'»

6’ =(c%,02,...,02),and 6= (8,8, ...,8.)3j=1,2,..., k. For W; >0,
Y=IW=(Y,,Y,..., anj(l)) ~ N(pu,0°I), where n,, = #{j : w;, > 0}, n; = njo) + nj1)
and I denotes the identity matrix of dimension (). The number of zeros, 7, has a binomial
distribution Bi(n), 6;). For W, > 0, Aitchison and Brown [20] defined the distribution of W as

H(‘/Vﬁ,uja O-J?’éj) = 5]' +(1- 5j)G(‘/vj;:uj? Uf)

where G(W; 1i;, 67) is a lognormal distribution. For W; =0, H(W;; 1y, 67,9;) = J;. Let
W, =n 3 Y, and 8 = (m;, — 1) XY (Y, — W;)” be the sample mean and variance
for the log-transformed observations, respectively, and J; = n,, /n, be the sample proportion

of zero based on the jth sample. Thus, the population mean of Wj is
0, = (1 -9, exp(y; +077/2)

Using W, §? and b ; from the samples, the uniformly minimum variance unbiased (UMVU)
estimate of 8; can be expressed [20]

0 P My =0
0,=< Waln, Py =1

(=5 exp (W), ($5/2) & ng > 1

where the Bessel function y,(b) is defined as

(a—1b (a—1)" b* (a—1) b’
+ +
a a2l a+1 a*3! (a+1)(a+3

Y. (b) =1+ )+...

According to Crow and Shimizu [21], the asymptotic expansion in power to 1/n; of the vari-

ance of éj; n;,, > 1lis given by
- 1 i n. rooni—r 0-‘2
Var(0)) = exp (2 + ;) [;Z(;) (1199 r*exp (7]>
] r=1
r—1 (r—1)° 3
F( 2 T) - 1)
exp (2u, + o?) 1 , _
= # 0,(1 -9 + 5 (1-9))(207 +0a})| +0O(n?)
J

where the hypergeometric function is ,F, (a;b) = > —— where

m=0 (a),,m!

1 sm=20
(a)mZ{
a(a+1)...(a+m—-1) ;m>1

Since our focus is on all pairwise differences among the means of delta-lognormal
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distributions, then

0,=0,—0,

J!

forVi#1j,1=1,2,...,k for which we can obtain estimates éﬂ = éj — (9,. Note that since
W= (W, W,

s Wiy oo an}_) be random samples from delta-lognormal distribution. In agree-

ment with Crow and Shimizu [21], this leads to obtain the UMVU estimates 0 ; and 0 , which

have the properties of random variables. Thus, the pairwise covariance between them is
COV(éj7 0,) = 0. From Eq (1), the variance of éﬂ can be written as

Var((;j,) = Var(éj) + Var(0)

By substituting the estimates (Wj7 S, b ;) and (W, S, B ;) from the samples, the approximation

of the estimated variance Var(0,) is obtained as

Vf, = V(*)j + V{)I

jl

~

exp (2W; +§;) [A .
j

- @0_5)+%a—égug+$ﬂ

+E@QE&iﬁlFﬂ,5J+§uag@$+$ﬂ

n,

The methods to construct the SCIs for 6 are elaborated as follows.

The PB interval

Let W™, 87" and 5" = 1 — 5\ be the observed values of W, §; and 51’, n}flh;) = nd!".
These can be used to represent the estimated values of parameters y;, 97, and 5]'., thereby

obtaining the empirical distribution of T based on PB. According to Sadooghi-Alvandi and
Malekzadeh [18], it is well-known that Z; = /n;("ll’;)[W;B) - W;Obs)] / SJ(-"bs) ~ N(0,1) and

U = [n;("f;) — 1]/ /7 ~ Xi?(”l”)”—l are independent random variables, and so
J

W(B> _ Z S;ohs)
] 7 (obs) (2)
i)
S-2<Uh5)
2(B) _ Y
SJ - n(obs) 1 IJJ (3)

i

which are their sampling distributions when the values of the nuisance parameters o7 are

obs

replaced by Sf( ), while the values of y; are fixed at 0. The sampling distribution of 5],. can be

considered as a beta distribution, as motivated by Hasan and Krishnamoorthy [8]:
5;(3) ~ beta(n;;, + 0.5, 1, + 0.5) (4)

which also satisfies the fiducial generalized pivotal quantity (FGPQ) conditions in the FGCI

interval where n;;) = }’ljéj/. and n;(g) = 1; — nj1). The PB variable based on the pivotal quantity
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can be written as

101 exp (W 0 (55 /2) = 617 exp (W) (51 /2)} = 0
J

T(PB) —
(B)
ng[
(B) 2(B) (B 2/(B)
where 1) = n;9; 8 ”5(1) =no?,
(B) _ 2(B) (B) 133 /c2(B) 2
Vo (S /2) = 1+(”j<1> DS, /2)+(”/'<1> D (57/2)
”J('fl)) 4 B n® n2Par p® 41
(1) j(1) =* (1)
(B) 2(B) (B) 3 o
v (SQ(B)/Q) 14 (may — 1)(§7/2) n (myy) — 1) (SIZ(B)/Z)2
n;fl)) 1 - n® 2B B 4
1) 1) < 1)

J

N (obs S /(obs 27 (obs obs S 1(obs ~7(obs obs
0 =51 exp (W™, (514) = 51" exp (W), (55°7)

and

(B)(l 7 5]{(3)) +

(B)
Voﬂ ~ m

B 2)
_ep W+ S5 [5 51 (2829 ¢ S;‘“”)}

N~

exp (2 W;B) + Sf(B))

n,

N N 1 N 2
+ [5}1”(1 —01") +5017 (281" + 514“”)}

Therefore, the 100(1 — &) %PB-based SCI for 0 is written as
SCly” = [0, F 4™, /Vi] (5)

where g\ is the (1 — )™ percentile of the distribution of T%®) The PB-based SCI in Eq (5)
has the asymptotic coverage property, as demonstrated in Theorem 1 in S1 Appendix. The
proof of Theorem 1 in S1 Appendix is similar to Hanning et al. [22], Kharrati-Kopaei and Efte-
khar [23], Li et al. [24]. From Eq 5, we can imply that there are no differences between the
SCIs for two or more groups due to the constructed SCIs used in multiple comparisons. This
fact is also similar to the formulated MOVER interval.

Algorithm 1: The PB interval

1 Generate W}B), Sf(B), and 5;(3) as given by Egs (2), (3) and (4),
respectively,
2 Compute TF |

3 Repeat steps 1-2, a large number of times, m = 2500. The empirical
distribution of T is obtained to compute g .
4 Compute 95%SCI-based PB for 6;;, as given by Eg (5).

The FGCI interval

Hannig et al. [25] claim that a variant of the FGPQ1 and FGPQ2 conditions, is stronger than
the GPQ2 condition of Weerahandi [26]. Hence, we developed our FGCI to establish SCIs for
Op- Let (W, W;), (S7,S;") and (6 s 5}*) be i.i.d. random variables such that W, §**, and 5}* are

JT
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independent copies of W, §?,and Sj. The FGPQs of y; and o7 are given by [27]

(R, ,R, ) _ (W _T (nj(1) - 1)57]2’ (I’lj(l) -1 SZ>

" Y U Y
AT * 2 2 (6)
— _ Wi - 7171
. 2% J
VM Sty S
Hasan and Krishnamoorthy [8] developed the FGPQ of 5/. =1- 5j as
Ry ~ beta(n;;, + 0.5, 1, + 0.5) (7)
J
From Eqs (6) and (7), we can obtain
R(-)jl(Ya Y*7ﬂ7 0-2’ 6) = Ré]{ €xp (R/l]- + joz /2) - RO'; €xp (RHI + R“IZ/2) (8)
Therefore, the simultaneous 100(1 — @)% FGCI for 6 is given by
SCIF™ — [0, 5 559 [V, ] ©)
where ¢ is the (1 — @)™ percentile of the distribution of T¥*““” developed to apply with the
SClIs for 0 as follows:
- . "
TEGCD — g 0, R"j:(Y’ Y'.p,0%,0) (10)
J#l Vi

Motivated by Hasan and Krishnamoorthy [8], Li et al. [13], Hanning et al. [22], Kharrati-
Kopaei and Eftekhar [23], we slightly adjusted the results in [22] to prove the asymptotic cov-
erage probability of the FGCI-based SCI for 8. Concerning the properties of the SCI in (9),
the simultaneous 100(1 — )% FGCI for 6; follows the asymptotic coverage probability in The-
orem 2 in S1 Appendix.
Algorithm 2: FGCI interval
1 Generate W}* , Sj?* and 5}* being the independent copies of Wj, S}? and Sj,
respectively.

2 Compute (R, ,R.) and Ry in Egs (6) and (7), respectively.
J

y?r

T(FGCI)

3 Compute R,, in Eg (8) and in Eg (10).

4 Repeat steps 1-3, a large number of times, m = 2500. The empirical

distribution of T'¥°? is obtained to compute tFGC[).

5 Compute the simultaneous 95% FGCI for 65;, given by Eg (9).

The MOVER interval

The MOVER-based SCI for 6 is constructed using the concepts of Zou et al. [28] and Donner
and Zou [19]. The construction of 100(1 — )% MOVER-based SCI for 6;; = 6; - 6, = exp(8;)
— exp(f)) is given by

MOVER (MOVER MOVER
SCIPOVH = [LyOV™ U MOvEr]

= [0, = SO = 1) + Gy, = 00,0, [y, — 0, + (0, = 1,)]
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where 0 = exp (B ) — exp (B)). First, the 0; is log-transformed as

B; = Ind, + (1, + a7 /2)

The estimate of Bjis obtained from replacing Wj, Sj2 and 6 ; with their parameters, i.e.
[3]. =In 5]’ + (W, + §;/2);j=1,2, .., k. For considering the constructed CIs for 6; and 6,
denoted as (lé,j, uej) and (I,,, g ), the 100(1 — @)% MOVER-based ClIs for f;and f3; j # I can be

expressed as

(MOVER)
CI, = [lﬁj, uﬁj]

= [~ g =L (W /2

B+ g ) (52

where the (I, uy) is based on the variance stabilized transformation for &, proposed by Das-
J J

Gupta [29] as follows:

(l(;;,u(;]/_) =1n l {arcsm\/riF rl l/z}] (11)

where V, = 2, /7 arcsin \/57 — arcsin \/—5']’) ~ N(0, 1); n; — oo. Thus, the 100(1 — &)% CI
for p; + o7 /2 becomes

1/2

2 2
~ T’.l—a/QS? St n_(l) —1
(l}lj,a% uu}-,tr,z) = |:(W1 + 512/2) - L S S + Z] 1 — 21— R
! ! nj(l) Xj,lfa/ln(l)—l

s\ s N
b a2, i (M — 1
(Wj+sj/2)+{< - ) +Z<2 —1>} }
i) Liaf2n -1

where T, = nj(l)(Wj —;)/8; ~N(0,1),and Xiﬂj(lH is a chi-square distribution with ;)

— 1 degrees of freedom. The 100(1 — @)% MOVER interval for 6; becomes

(12)

CI[SMOVER)

= [lojvuoj = [exp {lﬁj}v eXP{”ﬁj}]

(MOVER) __

Similarly, we can obtain CI,, = [ly, ug) = [exp{l;,}, exp {u;, }]. Therefore, the 100(1 —

)% MOVER-based SCI for 01 is given by

SCI(MOVER) _ [LE?}’\]/IOVER) U(]I:/IOVER)]

éjl + \/[”()j - éj]2 + [éz - 101]2

In accordance with Harvey and Merwe [4], Donner and Zhou [19], Hanning et al. [22],
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Thangjai and Niwitpong [30], we slightly adjusted the results of [22] and [30] to prove the
MOVER-based SCI in (13) with the asymptotic coverage property, given in Theorem 3 in S1
Appendix.

Algorithm 3: MOVER interval
1 Compute (ly,uy) and (l“j{rz,uﬂjaz), as given by Egs (11) and (12),
J J v v
respectively
2 Compute CIMOVER) and CIMOVER .

3 Compute 95%SCI-based MOVER for 05;, as given by Eg (13).

Bayesian credible intervals

Maneerat et al. [14] proposed highest posterior density (HPD) intervals for the single and dif-
terence between two delta-lognormal means based on mixed (normal and inverse chi-square)
and uniform priors. For the difference between delta-lognormal means, the HPD-based uni-
form prior provided the best performance, while that of the HPD-based mixed prior was no
different from those of the well-established HPD-based Jeffreys and beta priors. Hence, both
are considered and developed here as SCIs for 6;;.

Mixed prior. This is a prior of (1, 7) based on independently drawn samples from nor-

mal and inverse chi-square distributions combined with the beta prior of (31', to obtain the

mixed prior of 6; as follows:

F(a,)l“(bl) rai—1 b n o A
Pl 8) = (1= ) o) exp d o () )’
j

2n ;

(0)
52) 0" /21 0 520
(([))] ) exp J { (14)

202

U
o 3 (1 = 8 (62) T exp {— (K7 (" = ) +z)§°>af<0>]}

where 0; ~ beta(a;, b)), i N(,u]|u] .0} /k; O and o7 ~ 7 7*( ]?|u;( , 2(0) The likelihood

77
functlon is

B n, 5’”]‘(1) . (62)—111'(1)/2 1 (1) | )
P(wj|p, 07,0,) = I L G on P —QZ( nw, — ) (15)
" ,

7/

The posterior of (u;, a7, ) ;) derived from the mixed prior (14) and its likelihood (15) becomes

-1

Pl1y 0%, &) oc 8] (1= gf) o gy

1
@, @0 2 1 2(1)
exp {2af [kj (" — )" + v 0; } }
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This can be integrated to obtain the respective marginal distributions of y;,07 and (5; as

!
O anlw;  ~ beta(n) + a;, myp) + b))

9 201)
ol ~rh(e) (16)

v;
]

Hionla; W, t.)}”(“jm;])’“J?(l)/k;('l))

O _ = () n _ 2(1) _ (1) =\2
where ;" = w;, k' = n,, v =n) —lLand o] = %1)4 >0 (Inw, — w))” are fixed

[31]. From Eq (16), the posterior distribution of §;; based on the mixed prior is given by

Gﬂ,(M)

=00y = 0100 (17)

where 0\, = &, exP (14 ) + 070y /2) and 0], = &) o) €XP (1 0y + 77y /2)- According to

Ganesh [32], we can define

Q = max{ (0, = 0w} — min{(0, — 0w}

where \((9] —07)|w, — (0, — 6))|w,| < Qforalljand L Thus, we can imply that

P(I(B, = 6;) = (0, = )] < Qolw) > 1~

i Y
Therefore, the simultaneous 100(1 — @)% BCI-M for 8; is
M *
SBCI},J_I "= 0, £ g™ (18)
where g™ denotes (1 — @)™ percentile of the distribution of

QM = mgx{ﬁjl,(M)} - mkin{(J;_(M)}.

Uniform prior. The uniform prior of (1, loga;, (3]') can be written as

P, (1, loga;, &) ox constant (19)

Meanwhile, the likelihood for (4, loga; 5 is

7

P(Wj|:uj7 loga;,d;) = P(Wj|(s;)P(Wj|uj’ logaj)

7

n; /1 N\ —ni(q
= < i >5]_J<>(1 _5]_) JmJ(\/ﬁlogaj) (1)

o)
1 5 _ 92
&Py 752 [(nj(l) = 1) 4 my (W, — 1) }
J

For deriving the first and second derivatives of P(w;|u;, logo;), we obtain

—y)/ 0} 0

g logo) = |
oy
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Using normal approximation, the posterior distribution of (¢, logo;) can be approximated as

Wi lw; = N |w, s} /nyq)) o)
21

loga; )|w; = N(loga,|logs;, [an<1)]4)

To transform logo to o, Gelman et al. [33] used a Jacobian transformation to obtain

‘ ~c ~ -1 . ~ .
0.y |w; = N(07167,26 (ny,, +2) ), with 67 = ny 57 /() + 2). Since (4, logo;) and & are
independent. To focus on the posterior distribution of (3]'., the uniform prior in Eq (19) can be
combined with its likelihood (20) to yield

" 1(n; a;)—1 15 (1 bi)—1
P(éj) o~ 5]_ (1) T4 (1 —d )]_ j(0) b (22)

which 5]',7(U)|wj ~ beta(n;, + a;, 1 + b;); a;= b;j= 1. From Egs (21) and (22), the posterior of
61 based on the uniform prior can be written as

Oy = O30y = Oiw) (23)
where 0; ;) = 9, exp (1 (1) + 0}, /2) and 0 ;) = 0, ) exp () + 07y, /2)- Hence, the
simultaneous 100(1 — )% BCI-U for 6; is given by

SBCI;, = 0, ) £ 4 (24)

where (") denotes the (1 — @)™ percentile of the distribution of
U) __ * . *
QY = mfx{ejuu)} - mkln{ejl,(U)}'

Algorithm 4: SBCIs-based mixed and uniform priors
1 Mixed prior

1.1 Generate &, |w;, 0},,|w, and p,lo},w,, given in Eq (16) being the
marginal posterior distributions of 5]/,, aj? and uj;, respectively.

1.2 Compute Qj*l,(M) in Eq (17).

1.3 Repeat steps 1.1-1.2, a large number of times, m = 2500. The
empirical distribution of QM is obtained to compute g™ .
2 Uniform prior

2.1 Generate §,|w;, o} |w, and g |0}, w, being the marginal posterior
distributions of 5]/,, Uf and uj;, respectively.

2.2 Compute 9;,(11) in Eq (23).

2.3 Repeat steps 2.1-2.2, a large number of times, m = 2500. The
empirical distribution of QU is obtained to compute g\¥.
3 Compute 95%SBCIs-based mixed and uniform priors for 6;; given in Egs
(18) and (24), respectively.

Simulation studies

Monte Carlo simulations were conducted to examine the performances of the SCIs by consid-
ering their coverage probabilities (CPs), lower and upper error probabilities (LEP and UEP,
respectively), and relative average lengths (RALs; the ratio between the average lengths of each
proposed SCI and MOVER). Note that the average lengths of MOVER used in the comparison
were reported. According to the performance measures for SCIs used by Li et al. [13], the best-
performing method is where the CP is close to or greater than the nominal level (1 — o = 95%)
and the RAL is less than 1 and the smallest, while the required values of LEP and UEP are bal-
anced at 2.5%. The parameter combinations in the simulation studies were set as follows:
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o Sample cases: k=3,5

o Sample size: n = (ny, ny, . . ., 1y)
« Population variance: 62 = (07,03, ...,0})
 Population mean: g =py, ..., = =0

« Probability of having zero: 6 = (61, 65, - . ., 6k)

These parameters were fixed and varied in different scenarios, as reported in Tables 1 and
2. Random samples were drawn from a delta-lognormal distribution for each parameter com-
bination. The simulation method for PB differed from the other methods in that repeated sam-
ples were drawn from the original random samples, as mentioned above. Algorithm 5 shows
the simulation procedure with the steps to compute the SCI performances.

Algorithm 5:

1 Generate a random sample W,~A(w,07,6,); j =1, 2, ..., k. Compute w,
sf, and 3}’ =1- 3}. are the observed values of Wj, Sf and 3/’
2 Compute the SCIs-based the following methods:

2.1 PB, FGCI and MOVER from Algorithms 1,2,3 and record whether or
not all the values of 6;; are in their corresponding SCI(():;B), SCI{(,]A[/IOWER> and
SCI@;GC”, respectively.

2.2 BCI-M and BCI-U from Algorithm 4, and record whether or not all

(BCI-U)

the values of 6;; are in their corresponding SCI((;CI*M) and SCIG,: ,

respectively.
3 Repeat step 2 with a number of times M = 5000, so the time proportion
that all 65; are in their corresponding SCIs giving the estimated CP.

Results
Simulation results

R, version 4.0.4 was used for the computations of the simulations and the application. For sam-
ple case k =3 (Table 1 and Fig 1), the numerical evaluations show that BCI-U provided the cor-
rect CP with the shortest interval for small-to-large differences in 67 and &; and equal sample

sizes. For unequal sample sizes, PB obtained good performance criteria results when the differ-
ence in g7 was large, while BCI-U and MOVER performed better for the rest of the cases. Like-
wise, the balance between LEP and UEP was maintained by MOVER. Both BCI-M and FGCI
attained good CPs but wider average lengths than the others. For k = 5 (Table 2 and Fig 2), the
simulation results reveal that MOVER provided good and stable performances for small differ-
ences in ¢” and 8;, while importantly, also provided a good balance between LEP and UEP.
The performance of PB was satisfactory for all large differences in ¢* whereas BCI-M, BCI-U,
and FGCI performed poorly, with higher CPs and wider ALs than the others).

An example using real data

This provides an illustrative example of applying the proposed SCIs to analyze natural rainfall
datasets including extreme weather events in Thailand. There are five areas (northern, north-
eastern, central, eastern, and southern (east and west coasts)) and three seasons (summer,
rainy, and winter) in Thailand, for which we considered natural rainfall datasets for July 2018.
Table 3 provides data on the weekly natural rainfall amounts recorded by the Thai Meteoro-
logical Department: north (62 substations), northeast (210 substations), central (57 substa-
tions), east (29 substations), southeast (89 substations), and southwest (30 substations). There
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Fig 1. CP performances of 95%SCIs for 6;;: 3 sample cases.
https://doi.org/10.1371/journal.pone.0253935.9001
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Fig 2. CP performances of 95%SCIs for 6;;: 5 sample cases.
https://doi.org/10.1371/journal.pone.0253935.9002
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Table 3. Weekly natural rainfall records divided into five parts during July 2018.

Parts Week Weekly rainfall amounts (mm)
Northern 1 5 11.7 0 0 0 88.8 43 17.2 7.6 0 0 6.2 0 0 9.7 7.4
7.4 0 0 1.2 0 0 14.3 7.1 53 16.2 14.5 2.4 30 0 2.8 0
0 10 0 4.8 21 0 30 18.2 2.8 25.9 77 0 27.2 0 30.1 17.6
0 12.1 42.4 0 14.5 25.3 22.1 3.4 0 9.4 20.1 20.2 19.8 0
2 4.1 12.2 0 0 0 19.1 43.7 17.9 18.3 0 0 10.3 0 0 16.4 36.8
242 0 0 16.5 0 0 23 54.1 84.4 97.1 21.5 629 102.1 4.8 0 6
0 0 0 0 18.1 3.2 1.8 0 12 379 1283 0.9 61.4 0 12,5 55
0 2.2 14 0 12.2 54 50.5 30.3 0 0.7 49.5 24.3 39.7 0
3 87.9 65.6 0 0 0 88.3 | 111.3 69.8 72.7 0 64.5 71.7 0 0 47.6 98.3
130.8 53.9 479 1352 0 0 113 133.1 121.6 | 163.3| 150.5 144 | 200.3 94.2 69.7 70
0 55.2 18 37.7 355 42.8 26.3 27.8 34.2 102 | 209.3 57 80.7 0 23.1 71.9
49.1 22,5 98.1 66.1 439 18.1 100.5 83 0 70.7 | 169.8 423 22,5 0
4 141.8 65 0 0 0 46.1 136.2 39.6 60.3 0 25.1 58.7 0 0 32 21.5
57.6 22.7 0 29.5 0 0 104.5 90 97.1 120.7 121.4 56.4 119 39.2 58.8 10.3
0 25 0 0 21.6 1.6 23.2 0 40.1 108.8 | 2454 11.2 93.4 0 34.4 34
41.2 15.5 86.1 51.9 43.3 2 65.7 42.8 0 68.4 36.8 8.9 81.5 0
Central 1 14.3 7.2 67.5 0 0 17 4.7 8.9 3.5 0 0 0 0 0 0 0
0 0 0 0 0 19.3 0 49.4 9.3 38.5 0 0 11.6 21 17.2 20.6
0 0 23.8 2.3 4.1 4.2 27.6 16.4 0 0 11.3 6.5 0 27.1 0 0
0 18.6 40.6 0 21 37.2 55.2 30.3 23.3
2 51.1 39.3 49.1 16.5 31.5 97.6 154 18 8.8 0 0 0 0 0 0 0
0 0 0 0 0 29.8 0 19.2 14.3 11.2 0 0 25.8 5.6 0 7.6
0 0 13.2 2 40.7 16 12.5 45.6 0 0 41.7 3 0 34.4 0 0
0 5.9 92 0 8.6 38.3 54.4 46.3 39
3 69.1 44.8 73.6 47.1 28 39.7 29.5 19.1 8.9 0 0 0 0 0 0 0
0 0 0 0 0 259 0 12.8 7.1 12.8 0 0 8.5 18.5 7 15.6
0 0 20.9 14 6.8 1.9 35.1 111 0 0 5.1 53 0 11.7 0 0
0 8.3 94.5 2.8 3.9 23.2 22 18.5 15
4 1.9 5.1 1 3.8 7 3.9 9 3.1 2.7 0 0 0 0 0
0 0 0 0 0 0 0 35.6 4.1 23.6 0 0 0 11 0 6.3
0 0 10.3 0.4 0.8 0.1 4.1 223 0 0 3.6 0 0 3.7 0 0
0 0 2292 0 1.1 42.7 50.3 54.6 16.4
East 1 23.4 36.1 13.4 1.5 12.6 19.2 10 4.8 15.8 36 6.5 22.4 47.1 36.8 13.6 61
26.3 7.5 1025 20.4 24.9 14.6 87.5| 306.9 72.8 | 168.3 89.5 78.6 26.5
2 106 49.4 118.9 117.4 110.4 9.3 13.2 1.5 33.7 33.2 4.1 23.1 48.7 81.5 243 70.7
30.1 34.4 154.1 45.6 119.1 42 92.9 193.6 198.9 204.9 58.1 114.5 16.8
3 33.5 329 34 70 45.3 4.9 8 33 14.8 4.3 8.4 5.5 45.7 189.5 10.8 78.9
153.9 92.5 100.5 12.5 50 239 316.9 585.5| 248.8 113.5 79.6 253 131.9
4 59.1 21.8 196.4 174.6 74.5 0.3 0 0 0 0 0.1 0.3 8.7 2.7 0 10
2 0| 246.1 49.9 31.2 2.6 23 19.8 5| 4349 0 20.6 0.5
(Continued)
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Table 3. (Continued)

Parts Week Weekly rainfall amounts (mm)
Southeast 1 19.6 0 9.8 22.6 4.6 50.6 53 27.5 37.5 129.6 6 34.2 52.7 65.3 59.8 47.5
45.5 50 69 34.9 7.3 5 33.4 17.9 4 13 21 0 20.2 6.8 0 32.9
20 45.8 16.1 20.7 0 31.2 71.5 13.4 2.5 0 12.4 39.8 27.6 21.8 18 1
0.5 0 8 20 1 10 12.8 0 4.7 0 0 70.9 26.5 12.6 35 6.8
3.9 30.9 0.5 15.1 35 0 8 9.3 26.5 0 23.5 0 46.1 25.6 61.3 13.4
52 86.5 21.6 3.2 25.5 19.5 15.2 0 68.6
2 23.5 0 34.7 2.9 123 1153 | 1168 182.5 92.6 | 319.9 155 123 240 52.3 40.3 10
24.7 0.9 98.5 10.9 12.1 4.8 21.3 5 0 14 4 19.5 54.2 22.8 0 11.6
72 27.4 18.2 20.5 0.5 47.2 30.4 6.2 33 0 13.7 0.4 13.6 4.8 0 0
0 16 0 0 0 0 0 0 0 52 0 0 0 0 0 0
1] 0 0 0 0 0 0 0 0 0 0.5 0 0 0 0 0
6.9 33 0 0 0 0 0 0 0
3 21.8 0 60.8 33.7 34 67.2 88.2 53.2 75 233.4 76.1 50.4 132 25.8 249 12.8
74 0 20 222 12.3 40.2 299 6.2 9 16.2 0 25.5 63.5 229 2 30.4
30 37.2 29.8 31.6 18.7 50.9 43.9 10.2 24.3 0 26.8 15.1 25.8 17.8 53 0
9 40.7 9 0 0 8 22.1 25 5 0 0 7 12.1 7.5 11.3 7.5
5.1 4.7 6.4 0.5 1.5 3.1 0 0 6.2 6.4 0 0 14.4 0 2.7 1.5
0 17.7 0 0 4.5 0 7.1 0 0
4 34 0 13 0.5 1.6 26.2 22 59.8 11| 2324 18.3 27.1 82.5 7.1 0.2 1.9
34.6 0 88 1.7 1.7 0.5 21 18.5 0 0 0 0 30 35 0 0
25 55.5 9.3 23 0 66.7 40.2 6.9 55 0 0.3 15.4 34 30.8 0 6
62.3 21.2 0 0 0 0 39 3 0 0 0 31 146.5 45.4 25.5 67.3
34.6 65.7 107.6 11 89.6 32.6 0 116.3 104.2 59.4 0 0 47.7 85.2 250.7 112.4
67.6 | 198.8 85.2 834 117.6 46.5 | 120.9 0| 1119
Southwest 1 234.5 0 0 0 154.7 0 0 0 0 45 57.1 18.6 0 17.5 0 0
83.5 0 0 0 0 0 0 0 0 0 0 78.6 0 29.5
2 334.3 0 0 0 94.8 0 0 0 0 26 52.5 34 0 27.7 0 0
95.5 0 0 0 0 0 0 0 0 0 0| 1028 0 74
3 147.7 0 0 0| 1399 0 0 0 0 44.8 26.5 0 0 34.6 0 0
103 0 0 0 0 0 0 0 0 0 0 65.8 26.3 45.9
4 262.9 0 0 0 43 0 0 0 0 12.6 6.3 0 0 56.2 0 0
37.5 0 0 0 0 0 0 0 0 0 0| 1319 0 53.7

Source: Thailand Meteorological Department. URL: https://www.tmd.go.th/services/weekly_report.php

https://doi.org/10.1371/journal.pone.0253935.t003

are four weeks in July 2018: week 1 (2-8), week 2 (9-15), week 3 (16-22), and week 4 (23-29).
There were zero observations (i.e., no rainfall) at all of the substations. Histogram plots (Fig 3)
and normal Q-Q plots (Fig 4) show that the datasets from almost all areas were consistent with
the assumptions of delta-lognormality (the northeast area was omitted as it did not fill the
requirements). Furthermore, AIC can be used to check the fit of a particular distribution [34].
It is defined as

AIC = —2InL +2p (25)

where L is the likelihood function and p is the number of parameters in the model. To judge a
suitable distribution for the data, it is considered from one that has minimum AIC. From the
AIC results (Table 4), it indicates that the positive rainfall observations fit the lognormal
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Fig 3. Histogram plots of weekly rainfall records in five parts. (A) Northern (B) Central (C) Eastern (D) Southeastern (E) Southwestern.

https://doi.org/10.1371/journal.pone.0253935.9003

distribution for all of the study areas. Likewise, these datasets also contained zero observations,
so we conclude that the data for five areas follow the assumptions of delta-lognormal distribu-
tions. The data summary is reported in Table 5.

The 95% SClIs for 0 j = 1, 2, 3, 4, 5, were computed to estimate pairwise differences in the
means of the weekly rainfall datasets for the five areas in Thailand (Table 6). For sample case
k = 5, it can be seen that MOVER had more efficient (narrower) intervals than the other meth-
ods for small differences in variance o7 and proportion of zero &; and large unequal sample

sizes, which is in line with the simulation results in the previous section.

Discussion

We conducted simultaneous pairwise comparisons of the means of delta-lognormal distribu-
tions in a simulation study and five datasets containing zero observations and where the
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https://doi.org/10.1371/journal.pone.0253935.9004

positive observations were right-skewed using SCIs based on PB, FGCI, MOVER, and Bayes-
ian credible intervals (BCI-M and BCI-U).

The simulation results provided insight into the analytical behavior of the SCIs. For small
sample cases (k = 3), it was found that BCI-U is an appropriate method for small-to-large

Table 4. AIC results for nonzero rainfall amounts in five parts.

Distribution AIC values
Northern Central Eastern Southeastern Southwestern
Cauchy 1859.046 1131.425 1233.443 2568.220 393.113
Logistic 1831.410 1144.392 1266.594 2636.477 397.227
Lognormal 1753.656 1057.969 1151.703 2401.707 374.674
Normal 1844.458 1195.499 1300.466 2724.489 403.431
T-distribution 1830.311 1121.858 1234.366 2559.868 393.281
https://doi.org/10.1371/journal.pone.0253935.1004
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Table 5. Estimated parameters for five parts in Thailand.

Estimates Thailand parts
Northern Central Eastern Southeastern Southwestern
n 248 228 116 356 120
w 3.40 2.61 3.38 2.89 4.03
$ 1.37 1.46 2.56 1.91 0.76
5 0.29 0.45 0.06 0.27 0.71
] 41.81 15.35 96.71 33.67 23.60

https://doi.org/10.1371/journal.pone.0253935.1005

differences in o7 and &; together with equal sample sizes due to the posterior distribution of o7
based on the uniform prior being closer to the real o7 than the mixed prior. When the differ-
ences in ¢; were small, MOVER was the next best method, the reason being that the CI of o7 is
limited for cases of large differences of ¢7. On the other hand, PB could handle this problem
because it uses data resampling with replacement, which is a different approach from the other

methods. For large sample cases (k = 5), PB performance was stable and similar to the small
sample case. For small differences in o7, MOVER was good for small differences in ; because

it is affected by the CI for &) based on variance stabilized transformation in Eq 11, whereas PB
is suitable for large differences in 6;. This means that the bootstrap resampling could solve the
limitation of applying MOVER.

Importantly, the practical application of these methods was demonstrated by estimating the
pairwise differences between the mean of the natural rainfall datasets for the five areas in Thai-
land. Comparisons between the areas indicate that the weekly rainfall mean in the eastern area
was greater than the others. The reason for this could be that the eastern area coastline is on
the Gulf of Thailand where there are frequent heavy rainstorms. Importantly, the occurrences

Table 6. 95%SClIs for all differences of weekly rainfall means.

Comparison Mean PB FGCI MOVER BCI-M BCI-U

difference | U |Length | L U |Length | L U |Length | L U |Length | L U | Length

Northern/ 26.46 10.82 | 42.09 | 31.27 9.12 | 43.80| 34.68 16.10 | 39.44 | 23.35| -38.97| 91.88 | 130.85 -41.68 | 90.22 | 131.90

Central

Northern/ -54.90 -120.48 | 10.67 | 131.15 | -127.62 | 17.82 | 145.44 | -126.13 | -21.34 | 104.80 | -120.33 | 10.52 | 130.85 | -120.85 | 11.04  131.90

Eastern

Northern/ 8.14 -10.20 | 26.48 | 36.68 | -12.20 | 28.48 | 40.68 -5.12 | 2230 | 27.42 | -57.29| 73.56| 130.85 | -57.81| 74.09 | 131.90

Southeastern

Northern/ 18.21 -2.32 | 38.73| 41.05 -4.55 | 40.97 | 45.52 1.24 | 33.12| 31.88 | -47.22 | 83.63 | 130.85 -47.74 | 84.16 | 131.90

Southwestern

Central/Eastern -81.36 -145.73 | -16.99 | 128.74 | -152.74 | -9.98 | 142.76 | -152.20 | -49.58 | 102.62 | -146.79 | -15.94 | 130.85 | -147.31 | -15.41 | 131.90

Central/ -18.32 -31.72 | -492 | 26.80 | -33.18| -3.46| 29.72 | -29.28 | -9.18| 20.11 | -83.74| 47.11 | 130.85 -84.27 | 47.63 | 131.90

Southeastern

Central/ -8.25 -24.51 8.02| 3253 | -26.28 9.79 | 36.07 | -23.49 2.02| 2551 | -73.67| 57.18| 130.85 | -74.20 | 57.70 | 131.90

Southwestern

Eastern/ 63.04 -2.04 | 128.12 | 130.16 -9.13 | 135.21 | 144.34 30.20 | 134.11 | 103.90 -2.38 | 128.47 | 130.85 -2.91 | 128.99 | 131.90

Southeastern

Eastern/ 73.11 7.38 | 138.84 | 131.46 0.22 | 146.00 | 145.78 38.61 | 144.33 | 105.72 7.69 | 138.54 | 130.85 7.16 | 139.06 | 131.90

Southwestern

Southeastern/ 10.07 -8.81 | 28.95| 37.76 | -10.86| 31.01 | 41.87 -6.19 | 23.26 | 29.44 | -55.35| 75.50| 130.85 | -55.88| 76.02 | 131.90

Southwestern

https://doi.org/10.1371/journal.pone.0253935.t006
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of extreme rainfall in the northern area can be used to generate warning signals of imminent
natural disasters (flooding and landslides) for notifying people and preparing them in advance.
The results of this empirical application were similar to the simulation study results in that
MOVER was appropriate for small differences in aj? and ¢; together with large unequal sample
sizes due to the lower and upper limits covering all pairwise differences in the delta-lognormal
means of the datasets together with having the narrowest lengths.

Conclusion

The objective of this study was to use SCIs to analyze the pairwise differences between the
means of multiple delta-lognormal distributions. Derivations of the proposed methods for
constructing the SCIs: PB, FGCI, MOVER, BCI-M, and BCI-U were provided. Their perfor-
mances were evaluated via simulation studies and an empirical application. From the results,
BCI-U and PB are the recommended methods for equal and unequal sample sizes, respectively,
with large differences in 7. The next best method was MOVER for small differences in 7. For

large sample cases (k = 5), MOVER is also recommended for small differences in 0]? and ;. PB
can also be recommended for large differences in 7. Meanwhile, both BCI-U and FGCI are

good alternatives for k = 5.

Supporting information

S1 Abbreviations. Abbreviations commonly used throughout this article.
(PDF)

S1 Appendix. Theorems and proofs of methods to formulate the 100(1 — &)% simultaneous
confidence intervals (SCIs) for 0.
(PDF)

S1 Code. The R code for computing the performances of the proposed methods as 100(1 —
a)%SCls for 6.
(R)

S1 Data. Weekly natural rainfall records during July 2018 for the five areas of Thailand
used with R code.
(XLSX)

S1 Fig. CP performances of 95%SClIs for 0;: 3 sample cases.
(PDF)

S2 Fig. CP performances of 95%SCIs for 0;: 5 sample cases.
(PDF)

S3 Fig. Histogram plots of the weekly rainfall records for the five areas of Thailand. (A)
Northern, (B) Central, (C) Eastern, (D) Southeastern, and (E) Southwestern.
(PDF)

$4 Fig. Normal Q-Q plots of the log-transformed non-zero records for the five areas of
Thailand. (A) Northern (B) Central (C) Eastern (D) Southeastern (E) Southwestern.
(PDF)

S1 Table. Performance metrics for the 95% SCIs for 6;: 3 sample cases.
(PDF)

PLOS ONE | https://doi.org/10.1371/journal.pone.0253935  July 6, 2021 22/25


http://www.plosone.org/article/fetchSingleRepresentation.action?uri=info:doi/10.1371/journal.pone.0253935.s001
http://www.plosone.org/article/fetchSingleRepresentation.action?uri=info:doi/10.1371/journal.pone.0253935.s002
http://www.plosone.org/article/fetchSingleRepresentation.action?uri=info:doi/10.1371/journal.pone.0253935.s003
http://www.plosone.org/article/fetchSingleRepresentation.action?uri=info:doi/10.1371/journal.pone.0253935.s004
http://www.plosone.org/article/fetchSingleRepresentation.action?uri=info:doi/10.1371/journal.pone.0253935.s005
http://www.plosone.org/article/fetchSingleRepresentation.action?uri=info:doi/10.1371/journal.pone.0253935.s006
http://www.plosone.org/article/fetchSingleRepresentation.action?uri=info:doi/10.1371/journal.pone.0253935.s007
http://www.plosone.org/article/fetchSingleRepresentation.action?uri=info:doi/10.1371/journal.pone.0253935.s008
http://www.plosone.org/article/fetchSingleRepresentation.action?uri=info:doi/10.1371/journal.pone.0253935.s009
https://doi.org/10.1371/journal.pone.0253935

PLOS ONE

SCls for all pairwise comparisons of the means of delta-lognormal distributions

S$2 Table. Performance metrics for the 95% SCIs for 6;: 5 sample cases.
(PDF)

$3 Table. Weekly natural rainfall records for the five areas of Thailand during July 2018.
(PDF)

S$4 Table. AIC results for non-zero rainfall amounts in the five areas of Thailand.
(PDF)

S5 Table. Estimated statistical parameters for the five areas of Thailand.
(PDF)

$6 Table. The 95% SClIs for all pairwise differences between the means of the weekly rain-
fall data for the five areas of Thailand.
(PDF)

Acknowledgments

The authors are grateful to the Academic Editor and the Reviewers for their valuable com-
ments and suggestions which help to improve this manuscripts.

Author Contributions

Conceptualization: Sa-Aat Niwitpong, Suparat Niwitpong.
Data curation: Patcharee Maneerat.

Formal analysis: Patcharee Maneerat, Sa-Aat Niwitpong.
Funding acquisition: Suparat Niwitpong.

Investigation: Patcharee Maneerat, Sa-Aat Niwitpong.
Methodology: Patcharee Maneerat, Sa-Aat Niwitpong, Suparat Niwitpong.
Project administration: Suparat Niwitpong.

Resources: Patcharee Maneerat.

Software: Patcharee Maneerat.

Supervision: Sa-Aat Niwitpong, Suparat Niwitpong.
Validation: Patcharee Maneerat.

Visualization: Sa-Aat Niwitpong.

Writing - original draft: Patcharee Maneerat.

Writing - review & editing: Suparat Niwitpong.

References

1. Group C. Climate of Thailand. Meteorological Development Bureau, Meteorological Department, Thai-
land; 2015. Available from: https://www.tmd.go.th/en/downloads.php.

2. PomfretJ. Nobody thought we could do it: rescue of Thai boys accomplished; 2018. Available from:
https://www.reuters.com/article/us-thailand-accident-cave-idUSKBN1K0061.

3. Hariraksapitak P, Sriring O, Navaratnam S. Landslides in Northern Thailand kill seven; houses, roads
damaged; 2018. Available from: https://www.reuters.com/article/us-thailand-landslide/landslides-in-
northern-thailand-kill-seven-houses-roads-damaged-idUSKBN1KIO7T.

PLOS ONE | https://doi.org/10.1371/journal.pone.0253935  July 6, 2021 23/25


http://www.plosone.org/article/fetchSingleRepresentation.action?uri=info:doi/10.1371/journal.pone.0253935.s010
http://www.plosone.org/article/fetchSingleRepresentation.action?uri=info:doi/10.1371/journal.pone.0253935.s011
http://www.plosone.org/article/fetchSingleRepresentation.action?uri=info:doi/10.1371/journal.pone.0253935.s012
http://www.plosone.org/article/fetchSingleRepresentation.action?uri=info:doi/10.1371/journal.pone.0253935.s013
http://www.plosone.org/article/fetchSingleRepresentation.action?uri=info:doi/10.1371/journal.pone.0253935.s014
https://www.tmd.go.th/en/downloads.php
https://www.reuters.com/article/us-thailand-accident-cave-idUSKBN1K0061
https://www.reuters.com/article/us-thailand-landslide/landslides-in-northern-thailand-kill-seven-houses-roads-damaged-idUSKBN1KI07T
https://www.reuters.com/article/us-thailand-landslide/landslides-in-northern-thailand-kill-seven-houses-roads-damaged-idUSKBN1KI07T
https://doi.org/10.1371/journal.pone.0253935

PLOS ONE

SCls for all pairwise comparisons of the means of delta-lognormal distributions

10.

11.

12

13.

14.

15.

16.

17.
18.

19.

20.

21.

22,

23.

24,

25.

26.

Harvey J, Merwe AJ. Bayesian confidence intervals for means and variances of lognormal and bivariate
lognormal distributions. Journal of Statistical Planning and Inference. 2012; 142:1294—1309. https://doi.
org/10.1016/}.jspi.2011.12.006

Fletcher D. Confidence intervals for the mean of the delta-lognormal distribution. Environmental and
Ecological Statistics. 2008; 15:175-189. https://doi.org/10.1007/s10651-007-0046-8

Wu WH, Hsieh HN. Generalized confidence interval estimation for the mean of delta-lognormal distribu-
tion: an application to New Zealand trawl survey data. Journal of Applied Statistics. 2014; 41:1471—
1485. https://doi.org/10.1080/02664763.2014.881780

Owen WJ, DeRouen TA. of the mean for lognormal data containing zeroes and left-censored values,
with applications to the measurement of worker exposure to air contaminants. Biometrics. 1980;
36:707-719. https://doi.org/10.2307/2556125

Hasan MS, Krishnamoorthy K. Confidence intervals for the mean and a percentile based on zero-
inflated lognormal data. Journal of Statistical Computation and Simulation. 2018; 88:1499-1514.
https://doi.org/10.1080/00949655.2018.1439033

Callahan CM, Kesterson JG, Tierney WM. Association of symptoms of depression with diagnostic test
charges among older adults. Annals of Internal Medicine. 1997; 126:426—432. https://doi.org/10.7326/
0003-4819-126-6-199703150-00002

Zhou XH, Tu W. Confidence intervals for the mean of diagnostic test charge data containing zeros. Bio-
metrics. 2000; 56:1118-1125. https://doi.org/10.1111/j.0006-341X.2000.01118.x

Tian L, Wu J. Confidence intervals for the mean of lognormal data with excess zeros. Biometrical Jour-
nal. 2006; 48:149-156. https://doi.org/10.1002/bimj.200510155

Zou GY, Taleban J, Huo CY. Confidence interval estimation for lognormal data with application to health
Economics. Computational Statistics & Data Analysis. 2009; 53:3755-3764. https://doi.org/10.1016/j.
csda.2009.03.016

Li X, Zhou X, Tian L. Interval estimation for the mean of lognormal data with excess zeros. Statistics &
Probability Letters. 2013; 83:2447-2453. https://doi.org/10.1016/j.spl.2013.07.004

Maneerat P, Niwitpong SA, Niwitpong S. Bayesian confidence intervals for a single mean and the differ-
ence between two means of delta-lognormal distributions. Communications in Statistics—Simulation
and Computation. 2019; 0:1-29.

Chen YH, Zhou XH. Generalized confidence intervals for the ratio or difference of two means for lognor-
mal populations with zeros. UW Biostatistics Working Paper Series. 2006; p. 1-16.

Rosales KV, Naranjo JD. Confidence intervals for mean difference between two delta-distributions. In:
Robust Rank-Based and Nonparametric Methods. Springer Proceedings in Mathematics & Statistics.
Springer, Cham; 2016. p. 261-272.

Garthwaite PH, Jolliffe IT, Jolliffe IT, Jones B. Statistical inference. Oxford University Press; 2002.

Sadooghi-Alvandi SM, Malekzadeh A. Simultaneous confidence intervals for ratios of means of several
lognormal distributions: a parametric bootstrap approach. Computational Statistics & Data Analysis.
2014; 69:133-140. https://doi.org/10.1016/j.csda.2013.07.039

Donner A, Zou GY. Estimating simultaneous confidence intervals for multiple contrasts of proportions
by the method of variance estimates recovery. Statistics in Biopharmaceutical Research. 2011; 3:320—
335. https://doi.org/10.1198/sbr.2010.09050

Aitchison J, Brown JAC. The lognormal distribution: with special reference to its uses in Economics.
Cambridge University Press; 1963.

Crow EL, Shimizu K. Lognormal distributions: theory and applications. New York, N.Y.; Basel: CRC
Press; 1988.

Hannig J, Lidong E, Abdel-Karim A, lyer H. Simultaneous fiducial generalized confidence intervals for
ratios of means of lognormal distributions. Austrian Journal of Statistics. 2006; 35:261-269.

Kharrati-Kopaei M, Eftekhar S. Simultaneous confidence intervals for comparing several inverse gauss-
ian means under heteroscedasticity. Journal of Statistical Computation and Simulation. 2017; 87:777—
790. https://doi.org/10.1080/00949655.2016.1225742

LiJ, Song W, Shi J. Parametric bootstrap simultaneous confidence intervals for differences of means
from several two-parameter exponential distributions. Statistics & Probability Letters. 2015; 106:39—45.
https://doi.org/10.1016/j.spl.2015.07.002

Hannig J, lyer H, Patterson P. Fiducial generalized confidence intervals. Journal of the American Statis-
tical Association. 2006; 101:254-269. https://doi.org/10.1198/016214505000000736

Weerahandi S. Generalized confidence intervals. Journal of the American Statistical Association. 1993;
88:899-905. https://doi.org/10.1080/01621459.1993.10476355

PLOS ONE | https://doi.org/10.1371/journal.pone.0253935  July 6, 2021 24/25


https://doi.org/10.1016/j.jspi.2011.12.006
https://doi.org/10.1016/j.jspi.2011.12.006
https://doi.org/10.1007/s10651-007-0046-8
https://doi.org/10.1080/02664763.2014.881780
https://doi.org/10.2307/2556125
https://doi.org/10.1080/00949655.2018.1439033
https://doi.org/10.7326/0003-4819-126-6-199703150-00002
https://doi.org/10.7326/0003-4819-126-6-199703150-00002
https://doi.org/10.1111/j.0006-341X.2000.01118.x
https://doi.org/10.1002/bimj.200510155
https://doi.org/10.1016/j.csda.2009.03.016
https://doi.org/10.1016/j.csda.2009.03.016
https://doi.org/10.1016/j.spl.2013.07.004
https://doi.org/10.1016/j.csda.2013.07.039
https://doi.org/10.1198/sbr.2010.09050
https://doi.org/10.1080/00949655.2016.1225742
https://doi.org/10.1016/j.spl.2015.07.002
https://doi.org/10.1198/016214505000000736
https://doi.org/10.1080/01621459.1993.10476355
https://doi.org/10.1371/journal.pone.0253935

PLOS ONE

SCls for all pairwise comparisons of the means of delta-lognormal distributions

27.

28.

29.

30.

31.
32.

33.

34.

Krishnamoorthy K, Mathew T. Inferences on the means of lognormal distributions using generalized p-
values and generalized confidence intervals. Journal of Statistical Planning and Inference. 2003;
115:103—-121. https://doi.org/10.1016/S0378-3758(02)00153-2

Zou GY, Huang W, Zhang X. A note on confidence interval estimation for a linear function of binomial
proportions. Computational Statistics & Data Analysis. 2009; 53:1080—-1085. https://doi.org/10.1016/j.
csda.2008.09.033

DasGupta A. Asymptotic theory of statistics and probability. Springer Texts in Statistics. Springer New
York; 2008.

Thangjai W, Niwitpong S. Simultaneous confidence intervals for all differences of coefficients of varia-
tion of two-parameter exponential distributions. Thailand Statistician. 2020; 18:135-149.

Lee PM. Bayesian Statistics: an introduction. John Wiley & Sons Ltd, UK; 2012.

Ganesh N. Simultaneous credible intervals for small area estimation problems. Journal of Multivariate
Analysis. 2009; 100:1610-1621. https://doi.org/10.1016/j.jmva.2009.01.009

Gelman A, Carlin JB, Stern HS, Dunson DB, Vehtari A, Rubin DB. Bayesian data analysis. Taylor &
Francis Group; 2014.

Akaike H. A new look at the statistical model identification. IEEE Transactions on Automatic Control.
1974; 19:716-728. https://doi.org/10.1109/TAC.1974.1100705

PLOS ONE | https://doi.org/10.1371/journal.pone.0253935  July 6, 2021 25/25


https://doi.org/10.1016/S0378-3758(02)00153-2
https://doi.org/10.1016/j.csda.2008.09.033
https://doi.org/10.1016/j.csda.2008.09.033
https://doi.org/10.1016/j.jmva.2009.01.009
https://doi.org/10.1109/TAC.1974.1100705
https://doi.org/10.1371/journal.pone.0253935

