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SUPPLEMENTARY NOTE 1: EXACT FORMULA FOR THE FIXATION PROB-

ABILITY OF A MUTANT ON THE STAR GRAPH UNDER DB AND BD UPDAT-

ING

The state of the population can be described by (•/◦, i) where the first index indicates
if the central node is occupied by a mutant (•) or not (◦) and the second index gives the
number of mutants in the leaf nodes. Let us denote φ•i as the fixation probability of the
mutant type when started with i mutant individuals in the leaf nodes and a mutant at
the central node. Similarly, φ◦i is the fixation probability of the mutant type when started

1



with i mutant individuals in the leaf nodes with the central node occupied by a wild-type
individual. With n number of leaves, φ•i and φ◦i satisfy the following recursion relations [1],

φ•i = T ••i,i+1φ
•
i+1 + T •◦i,i φ

◦
i + (1− T ••i,i+1 − T •◦i,i )φ•i , 0 ≤ i ≤ n− 1,

φ◦i = T ◦◦i,i−1φ
◦
i−1 + T ◦•i,i φ

•
i + (1− T ◦◦i,i+1 − T ◦•i,i )φ◦i , 1 ≤ i ≤ n,

(1)

where

– T ••i,i+1 is the probability to transition from the state (•, i) to the state (•, i+ 1).

– T •◦i,i is the probability to transition from the state (•, i) to the state (◦, i).

– T ◦◦i,i−1 is the probability to transition from the state (◦, i) to the state (◦, i− 1).

– T ◦•i,i is the probability to transition from the state (◦, i) to the state (•, i).

On rearranging the recursion relations we get,

φ•i = π••i,i+1φ
•
i+1 + π•◦i,iφ

◦
i , 0 ≤ i ≤ n,

φ◦i = π◦◦i,i−1φ
◦
i−1 + π◦•i,iφ

•
i , 1 ≤ i ≤ n,

(2)

where,

– π••i,i+1 is the conditional probability to transition from the state (•, i) to the state
(•, i+ 1) given that the number of mutants changes.

– π•◦i,i is the conditional probability to transition from the state (•, i) to the state (◦, i)
given that the number of mutants changes.

– π◦◦i,i−1 is the conditional probability to transition from the state (◦, i) to the state
(◦, i− 1) given that the number of mutants changes.

– π◦•i,i is the conditional probability to transition from the state (◦, i) to the state (•, i)
given that the number of mutants changes.

The conditional probabilities are given by,

π••i,i+1 =
T ••i,i+1

T ••i,i+1 + T •◦i,i
= 1− π•◦i,i ,

π◦◦i,i−1 =
T ◦◦i,i−1

T ◦◦i,i−1 + T ◦•i,i
= 1− π◦•i,i ,

(3)

For the Moran dB updating the transition probabilities are,

T ••i,i+1 =
n− i
n+ 1

and T •◦i,i =
1

n+ 1

n− i
ir + n− i . (4)

T ◦◦i,i−1 =
i

n+ 1
and T ◦•i,i =

1

n+ 1

ir

ir + n− i . (5)
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Consequently the conditional probabilities are,

π••i,i+1 =
n− i+ ir

n− i+ ir + 1
and π◦◦i,i−1 =

ir + n− i
ir + n− i+ r

. (6)

From the ref. [2], we know that the probability of fixation of a mutant appearing at the
center node is

φ•dB,F(f ′, f) =
π••0,1

A(1, n)
(7)

where,

A(l,m) = 1 +
m−1∑
j=l

π•◦j,j

j∏
k=l

π◦◦k,k−1

π••k,k+1

. (8)

After substituting for the conditional probabilities, we get

φ•dB,F(f ′, f) =
N − 1

N

1

1 + N−2

1+(N−1) f ′
f

. (9)

Similarly, we find

φ◦dB,F(f ′, f) =
π◦•1,1

A(1, n)
=

f ′

f(
N − 2 + 2f

′

f

)(
1 + N

1+(N−1) f ′
f

) . (10)

φ•dB,F and φ◦dB,F are used to compute uniform and temperature initialised dB fixation prob-
abilities for the star graph.

The uniform (when offspring move to vacant node) and temperature (when parent move
to vacant node) initialised fixation probability under Moran dB updating are,

ΦUdB,F(f ′, f) = ΦdBo,F(f ′, f) =
φ•dB,F(f ′, f) + (N − 1)φ◦dB,F(f ′, f)

N
,

ΦTdB,F(f ′, f) = ΦdBp,F(f ′, f) =
(N − 1)φ•dB,F(f ′, f) + φ◦dB,F(f ′, f)

N
,

(11)

From Fig. 2B (main text), the uniform initialised star graph is a suppressor of selection
[3, 4] whereas the temperature initialised star graph is an amplifier of fixation.

Similarly, for Bd updating,

φ•Bd,F(f ′, f) =

((
f ′

f

)2

− 1

)(
N − 1 + f ′

f

)
f ′

f

f ′

f

(
N − 1 + f ′

f

)
−
(

(N − 1)f
′

f
+ 1
)(

N−1+ f ′
f

(N−1)
(

f ′
f

)2
+ f ′

f

)N−1
 , (12)
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and the fixation probability for a mutant initially placed on a leaf node is,

φ◦Bd,F(f ′, f) =

(N − 1)

((
f ′

f

)2

− 1

)(
N − 1 + f ′

f

)
(

(N − 1)f
′

f
+ 1
)f ′

f

(
N − 1 + f ′

f

)
+
(

(N − 1)f
′

f
+ 1
)(

N−1+ f ′
f

(N−1)
(

f ′
f

)2
+ f ′

f

)N−1
 .

(13)

Eqs. 12, 13 are used to compute uniform (parent moving) and temperature (offspring
moving) initialised fixation probabilities for the star graph under Bd updating,

ΦUBd,F(f ′, f) = ΦBdp,F(f ′, f) =
φ•Bd,F(f ′, f) + (N − 1)φ◦Bd,F(f ′, f)

N
,

ΦTBd,F(f ′, f) = ΦBdo,F(f ′, f) =
(N − 1)φ•Bd,F(f ′, f) + φ◦Bd,F(f ′, f)

N
,

(14)
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FIG. 1. The star graph, a piecewise amplifier of fixation for finite N . Panel A, the star

graph under dBp updating is a piecewise amplifier of fixation for finite population size N . For

finite N , the probability of fixation of a mutant with fitness f ′ on the star graph is higher than

the complete graph for f ′ ≤ f∗ and lower for f ′ > f∗. From panel B, we can see that the value

of threshold fitness f∗ increases on increasing the population size. Only in the limit of infinite

population size, the star graph becomes a true amplifier of fixation for dBp updating.

SUPPLEMENTARY NOTE 2: PROBABILISTIC MOVING OF OFFSPRING –

THE ω-PROCESS

So far we have looked into the fixation probabilities for either the case of offspring mov-
ing or the parent moving. We now investigate the fixation probability on the star graph
when with probability ω offsprings move and with probability 1−ω parents move. For rare
mutations, the choice of individual moving only affects the mutant initialisation distribu-
tion. Once a mutant is initialised in a monomorphic resident population, the subsequent

4



fixation/extinction dynamics remains unaffected by the type of individual moving to va-
cant sites. Therefore, the ω offspring-parent process for a given birth-death update rule is
the convex combination of the corresponding uniform and temperature initialised fixation
probabilities. This way, the ω fixation probability for the dB updating is,

ΦdB,F(f ′, f) = ω · ΦUdB,F(f ′, f) + (1− ω) · ΦTdB,F(f ′, f). (15)

In the limit of infinite population size, we find

limN→∞ΦdB,F(f ′, f) =
1− ω
1 + f

f ′

. (16)

Therefore, deleterious mutations can fix in large populations with non-zero probability for
any ω < 1, see Fig. 2.

We now study the long-term evolution of the ω − dB process on the star graph. In the
limit of very large population size, the Ψω−dB,F is given by

Ψω−dB,F(f ′, f) =
ΦdB,F(f ′, f)

ΦdB,F(f, f ′)
≈


f ′

f
, if 0 ≤ ω < 1,

(
f ′

f

)2

, if ω = 1.

(17)

Therefore, for any ω < 1 the long-term steady state fitness statistics on the star graph is
same as that of the parent moving case (ω = 0). In another words, a very small proportion
of parent moving is sufficient to significantly affect long-term evolution.

SUPPLEMENTARY NOTE 3: MATRIX APPROACH TO COMPUTE FIXA-

TION PROBABILITY ON A RANDOM GRAPH

The matrix method solves the Markov chain for the fixation dynamics on a graph. This
method is generally used to compute the fixation probability for an arbitrary connected
graph [5]. The primary reference for this section is [6]. With states being the configurations
of mutant and wild-type, the transition matrix Ms×s is defined as

Ms×s =

(
Qt×t Rt×a
0a×t Ia×a

)
, (18)

where s denotes the total number of states and is equal to t+ a, with t being the number of
transient states and a being the number of absorbing states. Q is the transition probability
matrix corresponding to the transitions among the transient states, while R represents
transitions from the transient to the absorbing states. Since by definition there is no jump
possible from an absorbing to the transient sector, the lower left matrix is a zero matrix.
By similar reasoning, the lower right matrix is an identity matrix.

We denote the fundamental matrix as F. It is equal to
∞∑
n=0

Qn = (I−Q)−1. The fixation

probability to the absorbing state j when started in a transient state i is given by the
relation,

φi,j = (F ·R)i,j. (19)
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Complete
Complete

FIG. 2. Fixation probabilities and long-term average fitness for the ω − dB process on

the star graph. With probability ω offspring moves and with probability 1− ω parent moves to

vacant sites. In panel A, the fixation probability profiles for various ω values are shown for the

dB process and panel B shows the average steady-state fitness for the corresponding ω values as a

function of population size. The black curves corresponds to well-mixed population. We see that

for the dB updating, the fixation probability for deleterious mutants in non-zero for intermediate ω

values. Moreover, for large population sizes, the average long-term fitnesses for non-zero ω converge

to the fitness of ω = 0 process (parent moving) limit. Parameters for panel A: N = 100. Wild-type

fitness is equal to one. Parameters for panel B: fmin = 0.1 and fmax = 10. The mutant fitness

distribution is uniform.

Notice that the indices i, j etc., do not represent the number of mutants but the configu-
rations themselves. The second index of the subscript can represent two absorbing states,
every individual being the wild-type or the mutant type. It represents the position of the
node where the initial mutant appears.

The fixation probability of a mutant to state j on a graph G with mutant initialisation
I is equal to,

ΦIj,G =
N−1∑
i=0

piφi,j. (20)

The index i in the equation above corresponds to the states where the initial mutant appears
at different positions on the graph.

1. Transition matrix for the Bd process

For a network of size N , we have the transition matrices of dimensions 2N ×2N . One can
decrease the size of these matrices by considering the symmetries of the graph. This has been
done in [7] where all the undirected connected networks of size four were considered. After
considering the symmetries, the size of the transition matrices for the complete, diamond,
and ring graph were reduced from 16 (24) to 5, 9, and 5, respectively. It is not straightforward
to account for these symmetries for larger networks; thus, we work with maximum-size
transition matrices. We compute the transition matrix for the Moran Bd dynamics with a

6



focus on undirected graphs and unweighted having symmetric adjacency matrices, A. We
work only with connected graphs as the fundamental matrix F becomes singular for the
disconnected graphs.

The matrix element Mij with i 6= j, the probability of going from state i to state j with
i 6= j is given as,

Mij =



1

rni +N − ni
∑
k

ãkm

[
rnikn

j
m + (1− nik)(1− njm)

]
, if

∑
s

|nis − njs| = 1

andnim 6= njm,

0, otherwise.

(21)

where every node of the configuration i can either take a value 0 (for wild-type) or 1 (for

mutant). The number of mutants in state i is given by ni =
N−1∑
k=0

nik. Here, we have also

introduced ãkm =
akm∑
l

akl
. The diagonal elements Mii are equal to 1−∑

j 6=i
Mij.

2. Transition matrix for dB process

Like the Bd process, here we write down the transition matrix for the dB process. The
matrix element Mij with i 6= j is given as :

Mij =


1

N

∑
k

akm

[
rnikn

j
m + (1− nik)(1− njm)

]
r
∑
l

almnil +
∑
l

alm(1− nil)
, if

∑
s

|nis − njs| = 1 andnim 6= njm,

0, otherwise.

(22)

SUPPLEMENTARY NOTE 4: LONG-TERM EVOLUTION ON REGULAR

GRAPHS

Under the Moran dB updating, regular graphs have different fixation probability profiles
compared to the complete graph [8]. It is in contrast to the Moran Birth-death (Bd) rule,
where according to the isothermal theorem [9, 10] all the regular graphs have the same
fixation probability profiles as the well-mixed population. For example, under Moran dB
updating, the cycle graph has the fixation probability [11],

Φ◦(f
′, f) =

2
(

1− f
f ′

)
3− f

f ′
+
(

1− 3 f
f ′

)(
f
f ′

)N−2
. (23)

Under the Moran dB updating, the cycle graph is a suppressor of fixation [11], because
Φ◦(f

′, f) < ΦC(f ′, f) for all pairs of f ′ and f (ignoring the neutral point f ′ = f , where
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FIG. 3. Fixation probability profiles of random graphs. The relative fitness values of the

mutant are chosen to be, 0.5, 0.75, 1, 1.25, 1.5, 1.75, 2, 2.25 and 2.5 with wild-type fitness being

1. The fixation probability profiles for the complete graph (in dark blue) and the star graph

(in bright blue) in both numerical (square markers) and analytical (solid lines) form are shown.

The other colored curves correspond to the fixation probability profiles for connected Erdős Rényi

random graphs of size 8 generated with a probability of link connection p = 0.5 (sampling 500

times). A) Most of the random graphs are suppressors of fixation under temperature initialised

Bd updating. B) Most graphs are piecewise amplifiers of fixation under dBp updating i.e. the

graphs have higher fixation probability for a mutant with fitness below a certain value, f∗, and

lower fixation probability beyond f∗. We observe that beyond f ′ ≈ 1.5, the fixation probabilities

become lower than the fixation probability on the well-mixed population. C) Most of the graphs

are amplifiers of selection under (Bdp) uniform initialised Bd updating, and D) Most of the graphs

are suppressors of selection under (dBo) uniform initialised dB updating.

Φ◦(f
′, f) = ΦC(f ′, f) = 1

N
), see Fig. 4 B. The ratio of fixation probabilities entering the
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steady-state detailed balance solution, however, is the same as complete graph,

Ψ◦(f
′, f) =

Φ◦(f
′, f)

Φ◦(f, f ′)
,

=
2
(

1− f
f ′

)
3− f

f ′
+
(

1− 3 f
f ′

)(
f
f ′

)N−2
·

3− f ′

f
+
(

1− 3f
′

f

)(
f ′

f

)N−2

2
(

1− f ′

f

) ,

=
f ′ − 3f + (3f ′ − f)

(
f ′

f

)N−2

3f ′ − f + (f ′ − 3f)
(
f
f ′

)N−2
,

=

(
f ′

f

)N−2

.

(24)

Because Ψ◦(f
′, f) is a power law, the Moran dB origin-fixation dynamics on the cycle graph

is reversible. Moreover,

P ∗◦ (f) = P ∗C(f). (25)

Consequently, 〈f〉∗◦ = 〈f〉∗C .
What did we just learn? We learnt that the cycle graph despite being a suppressor of

fixation, attains the same average fitness in the mutation-selection balance as the complete
graph, see Fig. 4 D. In the limit of N →∞,

lim
N→∞

Φ◦(f
′, f) =


2
(

f ′
f
−1

)
3 f ′

f
−1

, if f ′ > f,

0 otherwise.
(26)

Now,
2
(

f ′
f
−1

)
3 f ′

f
−1

< 1 − f
f ′

for all f ′ > f , therefore, in the limit of very large population sizes,

the cycle graph is less likely to fix beneficial mutants than the complete graph, see Fig. 4
A. Yet the cycle and the complete graph attain the same steady-state average fitness for
all population sizes. It happens because the cycle graph is better at rejecting deleterious
mutants than the complete graph. The ability of the cycle graph to prevent the fixation of
disadvantageous mutants compensates for its lower probability to fix beneficial mutants in
a way that Ψ◦(f

′, f) becomes equal to ΨC(f ′, f).
We also explore the steady-state statistics of the long-term dB mutation-selection dy-

namics on the two dimensional lattice with periodic boundary conditions. With each node
having k neighbors, the fixation probability of a mutant to fix on the 2d lattice is [8],

Φ2d(f
′, f) ≈

k
(

1− f
f ′

)
k
(

1− f
f ′

)
+

(
1−

(
f
f ′

)N−2
)(

1 + (k − 1) f
f ′

) . (27)

We focus on the case of k = 4. The ratio of fixation probabilities takes the form,

Ψ2d(f
′, f) =

Φ2d(f
′, f)

Φ2d(f, f ′)
≈
(
f ′

f

)N−2 5− f ′

f
−
(
f ′

f

)N−2 (
3f

′

f
+ 1
)

3 + f ′

f
+
(
f ′

f

)N−2 (
1− 5f

′

f

) . (28)
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From Fig. 4 A and C, it is clear that the fixation probability profile of the 2d lattice is
different from the well-mixed population, but the graph category to which the 2d lattice
belongs is not clear. This could be due to the approximation made in Ref. [8] to compute
Eq. 27. As a result, for small N , the 2d lattice attains different (lower) steady-state average
fitness in the mutation-selection balance than the complete and cycle graph. However, with
an increase in population size, the steady-state average fitness attained by the 2d lattice
asymptotes to the one attained by the well-mixed population, see Fig. 4 D. This can be
understood by performing the large N expansion on Ψ2d(f

′, f) yielding,

Ψ2d(f
′, f) ≈



(
f ′

f

)N−2 3f
′

f
+ 1

5f
′

f
− 1

, if f ′ > f,(
f ′

f

)N−2 5− f ′

f

3 + f ′

f

, otherwise.

(29)

For large population sizes, Ψ2d ∼
(
f ′

f

)N−2

, P ∗2d(f) and therefore, 〈f〉∗2d take the same limit

as the complete graph. In the argument made, we have assumed reversibility to hold. In
the subsequent section, we justify the assumption.

From the above two case studies, we have learnt that although the complete graph, the
cycle graph, and the 2d lattice behave differently at fixation time scales under dB updating
[8], their steady-state statistics for the long-term Moran dB origin-fixation dynamics are
identical.

SUPPLEMENTARY NOTE 5: REVERSIBILITY

The primary reference for this section is [12]. Using the Kolmogorov criterion [13], the
neutral Moran origin-fixation dynamics turns out to be reversible. With this, the origin-
fixation dynamics under selection is reversible if ΨIG(r) is a power law,

ΨIG(r) = rν , (30)

where r is used as a shorthand for f ′

f
, and ν is given by the relation,

ν = 2

dΦIG
dr

ΦIG(r)

∣∣∣∣∣
r=1

. (31)

In general, ΨIG(r) need not be a power law. Therefore, to check the scope for reversibility
a logarithmic expansion is performed on ΨIG(r),

log ΨIG(r) =
∞∑
j=0

c2j+1

(2j + 1)!
(log r)2j+1,

= c1 log r

[
1 +

1

c1

∞∑
j=1

c2j+1

(2j + 1)!
(log r)2j

]
,

(32)
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FIG. 4. Regular graph: dB fixation probability and long-term evolution. A) Fixation

probability for regular graphs – the cycle graph, the 2d lattice with periodic boundaries and the

complete graph – under dB updating are shown. Thick lines correspond to population size N = 10.

Thin lines represents limN→∞ΦG(f ′, f). At fixation time scales, regular graphs behave differently.

B) The cycle graph is a suppressor of fixation under dB updating. C) For small N (N=10 here),

the 2d lattice behaves like a suppressor of selection. ΦC−Φ2d is negative for mutant fitnesses to the

left of the dashed line, and positive otherwise. D) The cycle graph being a suppressor of fixation,

attains the same steady-state average fitness in the mutation selection balance as the complete

graph. For large N , 2d lattice attains the same fitness as the other graphs. At longer time scales,

regular graphs have identical steady-state statistics contrary to their differences at shorter fixation

time scales. Parameters: mutant fitness distribution, ρ(f ′, f) = 1
fmax−fmin

with fmin = 0.1 and

fmax = 10.
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where, ci =
di log ΨI

G

d(log r)i

∣∣∣∣∣
r=1

and c1 = ν. This can be seen as following,

c1 =
d log ΨIG
d log r

∣∣∣∣∣
r=1

,

=
d

d log r
log

ΦIG(r)

ΦIG(1
r
)

∣∣∣∣∣
r=1

,

=

(
d log r

dr

)−1
d

dr
log

ΦIG(r)

ΦIG(1
r
)

∣∣∣∣∣
r=1

,

=
r

ΦI
G(r)

ΦI
G( 1

r
)

d

dr

(
ΦIG(r)

ΦIG(1
r
)

) ∣∣∣∣∣
r=1

,

=

(
r

ΦIG(r)

dΦIG
dr

+
1

rΦIG(1
r
)

dΦIG
dr

) ∣∣∣∣∣
r=1

,

= 2

dΦIG
dr

∣∣∣
r=1

ΦIG(1)
,

= ν.

(33)

The series 32 contains only odd terms because, by definition, ΨIG(1/r) = ΨIG(r)−1. The
second term of the series gives us the conservative estimate of the range of fitness values
for which the origin-fixation dynamics is reversible, (r−1

0 , r0) and r0 is found by setting a
tolerance ε,

|c3|
6ν

(log r0)2 = ε. (34)

For the complete and the cycle graph, ΨG is a strict power-law with c3 = 0, which is why

r0 → ∞ for these structures. However, for the 2d lattice, |c3|
6ν

saturates to a finite value at
larger N , see Fig. 5, as both c3 and ν scales as N at large population sizes.

c3 =
(N − 2)2(4N2 − 9N + 6)

16(N − 1)3
≈ N

4
,

ν = N − 5

2
+

1

2(N − 1)
.

(35)

This makes r0 finite with a value approximately equal to 3 for ε = 0.05 and the range of
fitness values where the Moran dB origin-fixation dynamics is reversible is r ∈ (0.33, 3).
Above, we have used the relation,

c3 =
d3 log ΨIG
d(log r)3

∣∣∣∣∣
r=1

,

= r
d

dr

(
r

d

dr

(
r

d log ΨIG
dr

)) ∣∣∣∣∣
r=1

.

(36)
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Similarly, |c3|
6ν
∼ 1

N
for the temperature initialised star graph under dB (dBp) dynamics. As

a result r0 → ∞ in the limit N → ∞. The same result holds for the star graph under dBo

dynamics.
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FIG. 5. Reversible Moran dB origin-fixation dynamics on the 2d lattice. Coefficient |c3|6ν

of the second term of Eq. 32 saturates to finite value for large N , which results in the range of

fitness values where the origin-fixation dynamics is reversible to be r ∈ (0.33, 3).

SUPPLEMENTARY NOTE 6: STANDARD DEVIATION IN THE STEADY-

STATE FITNESS DISTRIBUTION

In this section, we derive the expressions for the standard deviation in fitness in the
steady-state. For the complete graph we know that,

PC(f) =
N − 1

fN−1
max − fN−1

min

fN−2 and 〈f〉C =
N − 1

N

fNmax − fNmin

fN−1
max − fN−1

min

, (37)

and

〈f 2〉C =
N − 1

N + 1

fN+1
max − fN+1

min

fN−1
max − fN−1

min

. (38)

The variance turns out to be

VarC = 〈f 2〉C − (〈f〉C)2 ,

= f 2
min

N − 1

N + 1

(
fmax

fmin

)N+1

− 1(
fmax

fmin

)N−1

− 1
−
(
N − 1

N

)2


(
fmax

fmin

)N
− 1(

fmax

fmin

)N−1

− 1


2 ,

≈ f 2
max

(
N − 1

N + 1
−
(
N − 1

N

)2
)
,

≈ f 2
max

N2
.

(39)
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The above approximation holds for large population sizes. Therefore, the standard deviation
in fitness for the complete scales as ∼ 1/N . For the star graph under dBo dynamics, in the
limit of large N

PdBo,F(f) =
3f 2

f 3
max − f 3

min

and 〈f〉dBo,F =
3

4

f 4
max − f 4

min

f 3
max − f 3

min

, (40)

and

〈f 2〉dBo,F =
3

5

f 5
max − f 5

min

f 3
max − f 3

min

. (41)

For the variance, we have

VardBo,F = 〈f 2〉dBo,F − (〈f〉dBo,F)2 ,

≈ 3

80
f 2

max.
(42)

The standard deviation for the dBo star graph is independent of N and asymptotes to a
finite value. Similarly, for the dBp star graph, for N � 1 we have

VardBp,F = 〈f 2〉dBp,F − (〈f〉dBp,F)2 ,

≈ 1

18
f 2

max,
(43)

which is again independent of N . Note that for large N , VardBp,F > VardBo,F > VarC . The
order of fluctuations can be understood from the large N limit effective population size of
the three structures− N for the complete graph, 2 for the dBo star graph and 1 for the dBp

star graph.

Under Bd updating, we have seen that ΨF is same for both the Bdo (Bd temperature
initialisation) and Bdp (Bd uniform initialisation) star graph. Consequently, the Bdo and
Bdp have the same steady-state statistics and thus, variance in the steady-state,

VarBdo,F = VarBdp,F,

= 〈f 2〉Bdp,F − (〈f〉Bdp,F)2 ,

=

[
2N − 1

2N + 1

f 2N+1
max − f 2N+1

min

f 2N−1
max − f 2N−1

min

−
(

2N − 1

2N

f 2N
max − f 2N

min

f 2N−1
max − f 2N−1

min

)2
]
,

≈ f 2
max

[
2N − 1

2N + 1
−
(

2N − 1

2N

)2
]
,

≈ f 2
max

4N2
.

(44)

The above approximation holds for large N . Therefore, the standard deviation for the star

graph under Moran origin-fixation Bd updating scales as ∼ 1

2N
.
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SUPPLEMENTARY NOTE 7: LONG-TERM EVOLUTION ON DISCRETE FIT-

NESS SPACE

To study Bd and dB long-term dynamics on random graphs we define a Markov chain.
To proceed we first discretise the fitness space. The states are labelled with integer values
from 0, 1, · · · , z. For 1 ≤ i ≤ z − 1, the fitness of state i is equal to fi = fmin + i · κ. The
boundaries fitness are f0 = fmin and fz = fmax. The long-term dynamics on a graph G is a
Markov chain obeying the equation,

PG(t+ 1) = PG(t) ·TG, (45)

where PG(t) = (PG,0(t), PG,1(t), · · · , PG,z(t)) with PG,i(t) being the probability for the pop-
ulation to be in fitness state fi at time step t. The transition matrix TG on the fitness space
is given as,

TG,ij =


1
2
ΦIG(fj+1, fj), if i = j + 1 and 0 ≤ j < z,

1
2
ΦIG(fj−1, fj), if i = j − 1 and 0 < j ≤ z,

1−∑
k 6=i

TG,ki, if i = j.
(46)

Matrix TG is a positive and an irreducible matrix, therefore we can find the steady-state
distribution P∗G using the Perron-Frobenius theorem [14]. P∗G is the left eigenvector of the
matrix TG corresponding to eigenvalue 1,

P∗G ·TG = 1 ·P∗G. (47)

The steady-state average fitness is then,

〈f〉∗G = f ·P∗G, (48)

where f = (fmin, f1, f2, · · · , fmax) is the fitness vector.

SUPPLEMENTARY NOTE 8: CRITERION FOR A GRAPH TO HAVE HIGHER

STEADY-STATE FITNESS THAN THE COMPLETE GRAPH

Just by looking at the ΦIG(f ′, f), it is not easy to predict if the graph G will attain
higher long-term average fitness than the complete graph in the mutation-selection balance
of the Moran origin-fixation dynamics. The useful quantity for that purpose is the ratio of
fixation probabilities, ΨIG(f ′, f) as defined in Eq. 12 (main text), which allows us to obtain
a sufficient condition. Let us consider two graphs, G1 and G2, and denote the respective
steady-state probability density functions for the Moran origin-fixation dynamics on these
structures by P ∗G1

(f) and P ∗G2
(f).

Proposition: If the continuous density functions P ∗G1
(f) and P ∗G2

(f) intersect exactly once,
then

ΨIG1
(f ′, fmax) < ΨIG2

(f ′, fmax), for all f ′, (49)

is a sufficient condition for 〈f〉∗G1
> 〈f〉∗G2

.
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Proof : From the condition (49) and Eq. 12 of the main text, it follows that

P ∗G1
(fmax) > P ∗G2

(fmax). (50)

Using this fact, and denoting f̂ as the unique point at which the the functions intersect,

P ∗G1
(f) =

{
P ∗G2

(f) + ε<(f) if f ≤ f̂ , with ε<(f) < 0

P ∗G2
(f) + ε>(f) otherwise, with ε>(f) > 0.

Then, from the normalization of the probability density functions, it follows that

−
f̂∫

fmin

df ε< =

fmax∫
f̂

df ε>. (51)

Now, note that

〈f〉∗G1
= 〈f〉∗G2

+

f̂∫
fmin

df fε< +

fmax∫
f̂

df fε> (52)

> 〈f〉∗G2
+ f̂

f̂∫
fmin

df ε< + f̂

fmax∫
f̂

df ε> (53)

= 〈f〉∗G2
, (54)

where the inequality follows straightforwardly from the signs of the integrands and the limits
of the integrals, and the last equality follows from (51). This completes the proof. �
The criterion ΨIG(f ′, fmax) < ΨC(f ′, fmax) for all f ′, is naturally satisfied by amplifiers of
selection: It follows directly from the definition of amplifiers of selection, which are better at
preventing the fixation of deleterious mutations and fixing advantageous mutants. Therefore,
for an amplifier of selection,

ΦIAoS(f ′, fmax)

ΦIAoS(fmax, f ′)︸ ︷︷ ︸
ΨI

AoS(f ′,fmax)

<
ΦC(f ′, fmax)

ΦC(fmax, f ′)︸ ︷︷ ︸
ΨC(f ′,fmax)

for all f ′. (55)

Subscript AoS denotes an amplifier of selection. Similarly, for a suppressor of selection,

ΦISoS(f ′, fmax)

ΦISoS(fmax, f ′)︸ ︷︷ ︸
ΨI

SoS(f ′,fmax)

>
ΦC(f ′, fmax)

ΦC(fmax, f ′)︸ ︷︷ ︸
ΨC(f ′,fmax)

for all f ′. (56)

Subscript SoS denotes a suppressor of selection.
For suppressors of fixation, it is not obvious if they satisfy the criterion to attain higher

average steady-state fitness in the mutation-selection balance. Suppressors of fixation
have a lower probability of fixing beneficial mutations. As a result, [ΦISoF (fmax, f

′)]−1 >
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[ΦC(fmax, f
′)]−1 (here SoF denotes a suppressor of fixation). However, they are also good in

preventing the fixation of deleterious mutants, ΦISoF (f ′, fmax) < ΦC(f ′, fmax). This means
that a suppressor of fixation can satisfy the criterion 49 by compensating for its lower prob-
ability of fixation of beneficial mutants by rejecting deleterious mutants more efficiently. An
example is presented in ref. [15]. Note that the criterion 49 holds for any update rule.

Let us apply the derived sufficient condition to the complete graph, dBo and dBp star
graph. From Fig. 6, we see that the steady-state probability density functions for any two
graphs intersect at only one point, and thus we can use our criteria here. From Eqs. 14, 19,
and 23, we have

ΨIC(f ′, fmax) < ΨdBo,F(f ′, fmax) < ΨdBp,F(f ′, fmax), (57)

therefore, 〈f〉∗C > 〈f〉∗dBo,F > 〈f〉∗dBp,F.

0 2 4 6 8 10
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FIG. 6. A pair of probability density functions intersect at one fitness point. The

steady-state probability density functions (PDFs) for the complete graph, the dBo and the dBp

star graph are shown. Firstly, the PDFs are monotonically increasing w.r.t fitness. Secondly, any

pair of PDFs intersects at one point. Thus the sufficient condition 49 gives the ordering of average

fitnesses. Parameters: N = 100, fmin = 0.1, fmax = 10, ρ(f ′, f) = 1
fmax−fmin

.

SUPPLEMENTARY NOTE 9: EFFECTS OF DELETERIOUS MUTANTS ON

THE INITIAL PHASE OF THE LONG-TERM DYNAMICS

So far we have studied the effect of preventing/fixing deleterious mutants on the steady-
state fitness statistics of graph. In this section, we explore the role of deleterious mutant
regime on the initial phase of the mutation-selection dynamics, particularly the average
selection coefficient of the first substitution given that the initial fitness is f ,

∆Gf

f
=

∫
df ′

f ′ − f
f

ΦIG(f ′, f)ρ(f ′, f). (58)

This quantity is also equal to the instantaneous rate of evolution [16], [17]. From Fig. 7 A,
we see that the mean selection coefficient decreases as the population is started with initial
population fitness closer to the average steady-state fitness. The mean selection coefficient
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is anticipated to be positive if the initial fitness is below the average steady-state fitness and
negative if started with higher fitness values. However, in ref. [18], for the complete graph
it has been shown that the mean selection coefficient of the first substitution is negative
even if the population is initialised with fitness below the average steady-state fitness. We
observe this effect to be more pronounced for the case of dBp star graph. We investigate
further by working out the large N case.

In the limit of N →∞, for the dBp star graph under Moran dBo updating and uniform
mutational fitness distribution, we have

∆dBp,Ff

f
=

1

fmax − fmin

∫
df ′

f ′ − f
f

f ′

f + f ′

=
fmax + fmin − 4f

2f
− 1

fmax − fmin

2f log

(
fmax + f

fmin + f

)
.

(59)

The value of f for which the mean selection coefficient (right hand side of the above equa-
tion) goes to zero is obtained numerically. The difference of the obtained fitness value and
the average steady-state fitness for the dBp graph, δf is shown in Fig. 7 B. For the pa-
rameters we use throughout the manuscript, the δf for the dBp star graph is finite, even
in the limit of N → ∞. This means that if the long-term mutation-selection dynamics is
initiated with fitness value in between 〈f〉∗dBp,F − δf and 〈f〉∗dBp,F, the first mutation to fix
on average is deleterious. Therefore, the corresponding average fitness trajectories does not
have monotonically increasing fitnesses. For the complete graph, in the limit of N →∞,

∆Cf

f
=

1

fmax − fmin

∫
df ′

f ′ − f
f

f ′ − f
f ′

=
1

fmax − fmin

(
−2fmax +

f 2
max

2f
+

3f

2
+ f log

fmax

f

) (60)

The r.h.s in the above equation goes to 0 for f = fmax. Therefore, while δf is non-zero for
finite population sizes, in the limit of N →∞, δf = 0 for the complete graph.

SUPPLEMENTARY NOTE 10: AMPLIFIER OF FIXATION AND SUPPRES-

SOR OF FIXATION IN A METAPOPULATION MODEL

The amplifiers and suppressors of fixation are not solely restricted to one node one indi-
vidual models, but can also be found in the network structured metapopulations as observed
in the supplementary information of Marrec et al., Ref. [19]. For completeness, we summa-
rize their argument here. The model in ref. [19] assumes time scale separation. The model
has been analysed in the low migration rate regime where each node/deme is mainly in a
monomorphic state. That is, when an individual migrates to a neighboring patch with a
different type, either the migrating individual fixes or goes extinct before the next migration
event occurs. The wild-type and the mutant type are assumed to have non-zero death rates,
as a consequence of which the population sizes of fully mutant and wild-type demes are
different. Here we assume that for both the individual types, the death rate is incorporated
with the birth rate to give an effective growth rate. In this way, the population size for
the mutant and wild-type deme is the same. The number of leaf demes is denoted by d.
The probability that an individual from a given leaf deme migrates to the center deme is

18



3 4 5 6 7 8 9 10

-0.1

0.0

0.1

0.2

0.3

0.4

0.5

A B
<latexit sha1_base64="RoGHsvsHiSrXTdk+A4ox5pGqE8Q=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OJJKpi20Iay2U7apZtN2N0IpfQ3ePGgiFd/kDf/jds2B219MPB4b4aZeWEquDau++0UVlbX1jeKm6Wt7Z3dvfL+QUMnmWLos0QkqhVSjYJL9A03AlupQhqHApvh8HbqN59QaZ7IRzNKMYhpX/KIM2qs5N9fe67bLVfcqjsDWSZeTiqQo94tf3V6CctilIYJqnXbc1MTjKkynAmclDqZxpSyIe1j21JJY9TBeHbshJxYpUeiRNmShszU3xNjGms9ikPbGVMz0IveVPzPa2cmugrGXKaZQcnmi6JMEJOQ6eekxxUyI0aWUKa4vZWwAVWUGZtPyYbgLb68TBpnVe+iev5wXqnd5HEU4QiO4RQ8uIQa3EEdfGDA4Rle4c2Rzovz7nzMWwtOPnMIf+B8/gB38o3R</latexit>

N = 100
Complete
dBp star

M
ea

n 
se

le
ct

io
n 

co
effi

ci
en

t

Initial population fitness
100 150 200 250 300

0.0

0.1

0.2

0.3

0.4

0.5

Population size

<latexit sha1_base64="+bs5BLuNfzTbUrMUpUxdSDP3WPo=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5gHJEmYnvcmQ2dl1ZlYIS37CiwdFvPo73vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WDGSfoR3QgecgZNVZqd/soDCVhr1xxq+4MZJl4OalAjnqv/NXtxyyNUBomqNYdz02Mn1FlOBM4KXVTjQllIzrAjqWSRqj9bHbvhJxYpU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvsZl0lqULL5ojAVxMRk+jzpc4XMiLEllClubyVsSBVlxkZUsiF4iy8vk+ZZ1busXtyfV2o3eRxFOIJjOAUPrqAGd1CHBjAQ8Ayv8OY8Oi/Ou/Mxby04+cwh/IHz+QOuvY/A</latexit> �f

Complete
dBp star

FIG. 7. Mean selection coefficient of the first substitution. The black grid line in A)

corresponds to the average steady-state fitness of the dBp star graph. The mean selection coefficient

is negative even if the population’s initial fitness is below the steady-state average fitness, thus

leading to non-monotonic average fitness trajectories. B) Denoting δf as the region of fitness

values below the steady-state average fitness for which the mean selection coefficient is negative,

in the limit of large N δf asymptotes to 0.5 for the dBp star graph, whereas the gap decays to 0

for the complete graph. Parameters: N = 100, fmin = 0.1, fmax = 10, ρ(f ′, f) = 1
fmax−fmin

.

mI , whereas the probability that an individual from the central deme migrates to leaf deme
is mO. The parameter α = mI/mO quantifies the migration asymmetry. The probability
that the mutant type with relative fitness r takes over the entire star network-structured
metapopulation given that the population is initialised with central deme being the mutant
deme and leaf demes being the wild-type demes is given by,

Φ•F =
1− γ2

1 + αγ − γ(α + γ)
(
γ(1+αγ)
α+γ

)d , (61)

where

α =
mI

mO

and γ =
ΦCW

ΦC,M

(62)

with

ΦC,M =
1− 1

r

1− 1
rN

and ΦC,W =
1− r

1− rN . (63)

Assuming that the central deme is initialised as the mutant deme, for smaller values of
α, the star metapopulation acts as an amplifier of fixation. Conversely, for larger values of
α, it functions as a suppressor of fixation, see Fig. 8 (adapted from ref. [19]).
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• F

FIG. 8. Amplifier and suppressor of fixation in meta-star. The probability that a mutant

fixates in a star-structured metapopulation is shown given that the population is initialised with

the central deme being the mutant deme. The probability that an individual from the central

migrates to a leaf deme is mO, and the probability of migration for an individual migrating from a

leaf node to the central node is mI . Parameter α = mI/mO quantifies the migration asymmetry.

According to the generalized circulation theorem in ref. [19], for α = 1, the meta-star’s fixation

probability is the same as in the well-mixed population when started with N mutant individuals.

Changing α from 1 gives two different fixation probability profiles: the amplifier of fixation (for

lower α) and the suppressor of fixation (for higher α). We have encountered these profiles is the

main text for one node one individual star under Bdo and dBp. Parameters: size of each deme,

N = 80 and the total number of demes D = d+ 1 = 5.
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