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A B S T R A C T   

We propose a demodulation algorithm based on the calculus of the complex Fourier coefficients; 
we used a dual rotating polarizer-analyzer polarimeter to show the feasibility of our proposal. Our 
demodulation algorithm considers the frequency response obtained by the system, and its 
possible to calculate the total retardation, fast axis orientation and ellipticity of a sample. Our 
proposal does not require recovering the full Mueller matrix from getting those parameters. In 
addition, as the proposal does not use retarders for the measurement, the system presents po-
tential applications for multi-wavelength measurements on phase retardation samples. We show 
experimental results showing the capabilities of our proposal in characterizing a polarization 
retardance sample.   

1. Introduction 

Polarimetry is an experimental technique focused on determining optical properties by analyzing the polarization response of light 
reflected or transmitted by the sample. Furthermore, the technique is powerful for developing new measurement systems. For example, 
in the last decade, the atmospheric sensing field has taken advantage of polarization measurements to characterize pollutant particles 
in the environment [1,2] and predict climate variations [3]. To measure these parameters, remote sensing devices have been devel-
oped to detect changes in the properties of reflective objects such as metals and glass, among other materials [4]. In the biomedical 
field, polarimetry has been successfully used as a marker to identify cancerous tissue in its early stages [5]. In the ophthalmic field, it 
has been combined with OCT techniques for retinal imaging applications [6]. 

A polarimeter employing a rotating polarizer and an analyzer without linear retarders, was first proposed by Azzam [7]. Azzam 
theoretically demonstrated its feasibility and capabilities to recover the coefficients of the partial Mueller matrix and the Jones matrix 
through common transformations. Subsequently, several authors followed Azzam’s approach to recover the ellipticity parameter 
through the Jones matrix formulae, applied mainly for the analysis of thin films [8–10] in various wavelength regions [11]. Similarly, 
other authors [12–14] used the Jones matrix approach to recover ellipticity phase information [12,13] with a further improvement by 
adding a compensator to the system [14] where later other authors proposed a compensation procedure for a polarization-sensitive 
optical system and tested it with a variable retarder [15], and in Ref. [16], the authors conclude, based on their experimental 
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results, that the dual rotary retarder system is more sensitive to error due to a compensator than to error due to the analyzer or 
polarizer. 

We achieve the full retardance measurement by considering the sample as an elliptical retarder and proposing a demodulation 
algorithm based on the complex Fourier coefficients. Since our system does not use retarders for the measurement, a compensation 
procedure that commonly appears when the retarder is not centered on the working wavelength of the system is avoided. 

The article is presented as follows: Section 2 shows the theoretical considerations and the demodulation algorithm. In Section 3, we 
present experimental results varying the retardation parameters of a sample. The results present the complete retardance information 
from a partial Mueller matrix, Finally, we present our conclusions and final comments. 

2. Rotating polarizer-analyzer polarimeter sensitive to elliptical retardation parameters 

The proposal setup is composed of a polarization state generator with a light source, a linear polarizer LP(0◦) at 0◦ (employed as 
orientation reference), and a linear polarizer LP(θ) rotating at rate θ. The polarization state detector consists of a linear polarizer LP(4θ)
rotating at a rate 4θ and a camera to capture the intensity transmitted by the sample. Fig. 1 shows the diagram and the theoretical 
parameters involved in the system. We consider the sample as an elliptical retarder ER(θs, δs,φs) with properties of fast axis orientation 
θs, total retardance δs , and ellipticity φs. 

The Mueller matrix of a linear polarizer LP(θ) for a given angle θ is, Eq. (1) [17–20], 

LP(θ) =
1
2

⎡

⎢
⎢
⎣

1 cos(2θ) sin(2θ) 0
cos(2θ) cos2(2θ) cos(2θ)sin(2θ) 0
sin(2θ) cos(2θ)sin(2θ) sin2(2θ) 0

0 0 0 0

⎤

⎥
⎥
⎦, (1)  

while for an elliptical retarder ER(θs, δs,φs) is given by [20] 

ER(θs, δs,φs)=

⎡

⎢
⎢
⎣

1 0 0 0
0 D2 − E2 − F2 + G2 2(D • E + F • G) − 2(D • F + E • G)

0 2(D • E − F • G) − D2 + E2 − F2 + G2 2(D • G − E • F)
0 − 2(D • F − E • G) − 2(D • G + E • F) − D2 − E2 + F2 + G2

⎤

⎥
⎥
⎦, (2)  

where, 

D= cos(2φs)cos(2θs)sin(δs / 2),E= cos(2φs)sin(2θs)sin(δs / 2),F = sin(2φs)sin(δs / 2),G= cos(δs / 2) (3)  

Considering non-polarized light as input, Sin = [S0,0,0, 0]T, the output Stokes vector, Sout , is 

Sout =LP(4θ+ ε2) • ER(θs, δs,φs) • LP(θ+ ε1) • LP(0) • Sin, (4)  

moreover, the detected intensity, Iout , is the first element of Sout as 

Iout =
S0

16
[2+ 2 cos(2ε1 + 2 θ)+

[
G2 − F2]cos( − (4ε1 − 2ε2)+ 4 θ) + [− 2FG]sin( − (4ε1 − 2ε2)+ 4 θ) + 2

[
G2 − F2]cos(

− (2ε1 − 2ε2)+ 6 θ)+ [− 2FG]sin(

− (2ε1 − 2ε2)+ 6 θ)+
[
D2 − E2 +G2 − F2]cos(2ε2 + 8 θ)+ [2DE − 2FG]sin(2ε2 + 8 θ)+ 2

[
D2 − E2]cos((2ε1 + 2ε2)+ 10 θ)

+ 2[2DE]sin((2ε1 + 2ε2)+ 10 θ) +
[
D2 − E2]cos((4ε1 + 2ε2)+ 12 θ) + [2DE]sin((4ε1 + 2ε2)+ 12 θ)

]
(5)  

where the parameters (D,E,F,G) are associated with the sample, Eq. (3); θ is related to the rotation rate of the polarizer and (ε1, ε2) are 
the alignment error of the initial angles of the polarizer and analyzer, respectively. The detected signal modulated by the rotation rate 
of the polarizers consists of a series of harmonics distributed at rotation rates of [2θ, 4θ,6θ,8θ, 10θ, 12θ], where four sample-related 
coefficients are obtained as, Eq. (6), 

Fig. 1. Rotating polarizer-analyzer polarimeter sensitive to elliptical retardance parameters. LP: Linear Polarizer; (0◦, θ, θs): Fast axis orientation of 
linear polarizers; ER: Elliptical-retarder; δs: Total retardance and φs: Ellipticity related parameter and where (ε1, ε2) represents an initial alignment 
error on the rotating polarizer and analyzer. 
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D2 − E2=cos(4θs)cos2(2φs)sin2
(δs

2

)
,DE=

1
2

sin(4θs)cos2(2φs)sin2
(δs

2

)
,G2 − F2 =cos2

(δs

2

)
− sin2

(δs

2

)
sin2(2φs),FG=

1
2

sin(2φs)sin(δs)

(6)  

In addition, the detected signal can be analyzed through the Fourier transformation. As the output signal is composed of sine-cosine 
functions with different amplitudes, frequencies, and initial angles, its Fourier transform will be first considered, Eq. (7), 

F{cos(β+ nθ)}(ω)= 1
2
[
e− iβδ(ω − n)+ e+iβδ(ω+ n)

]
,F{cos(β − nθ)}(ω)= 1

2
[
e+iβδ(ω − n)+ e− iβδ(ω+ n)

]
,

F{sin(β+ nθ)}(ω)=
i
2
[
e− iβδ(ω − n) − e+iβδ(ω+ n)

]
,F{sin(β − nθ)}(ω)=

i
2
[
e+iβδ(ω − n) − e− iβδ(ω+ n)

]
(7)  

where β is the initial angle, n the harmonic coefficient, δ(ω±n) the shifted Dirac delta function, and ω the frequency domain. As a 
result, the Fourier transform of the intensity detected, ̂Iout(ω), at Eq. (5) can be obtained as, Eq. (8), 

Î out(ω)=
∑6

k=− 6
C2kδ(ω+ 2k) (8)  

where C2k represents the complex coefficient that will depend on the sample and the polarizer’s and analyzer’s initial angle. δ(ω+2k)
represents the Dirac delta function displaced at each 2k frequency order. Table 1 shows each complex coefficient where it can be noted 
that the initial angle of the polarizer-analyzer (ε1, ε2) represents a phase variation. 

Our approach first removes the constant phase variation obtained by each Fourier coefficient as, Eq. (9), 

α±4 =
2

C0

[
e2i(2ε1 − ε2)C4 ± e− 2i(2ε1 − ε2)C− 4

]
, α±6 =

2
C0

[
e2i(ε1 − ε2)C6 ± e− 2i(ε1 − ε2)C− 6

]
,α±10 =

2
C0

[
e− 2i(ε1+ε2)C10 ± e2i(ε1+ε2)C− 10

]
(9)  

where α±4,6,10 are the complex Fourier order contribution without taking in account the initial angle of the polarizer and analyzer. The 
sample retardance information is retrieved as 

tan(4θs)= i
α− 10

α+10
, cos(δs)=

1
2

[

α6 −
α+10

cos(4θs)

]

, sin(2φs)= − i
α− 4

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1 − cos2(δs)

√ (10) 

The errors in the angle parameters (ε1, ε2) need to be measured beforehand, for example, by running a measurement without a 
sample and considering air as a non-polarizing sample. In this manner, the calibration parameters can be obtained as, Eq. (11), 

tan(2ε1)=
− i(Cair2 − Cair − 2)

Cair2 + Cair − 2
, tan(2ε2)=

− i(Cair8 − Cair − 8)

Cair8 + Cair − 8
(11)  

with the procedure developed in this section, we can retrieve the sample’s information considering a rate rotation of 1:4 on the 
polarizers and the complex coefficients of the Fourier transform. Comparably, the polar decomposition proposed by Lu-Chipman [17] 
also employs the total retardance, δs, fast axis orientation, θs, and the ellipticity angle, φs. However, it still employs coefficients from a 
complete Mueller matrix. Appendix I shows the polar decomposition on the elliptical retarder matrix showing the difference with our 
demodulation process presented in Eq. (10). 

3. Experimental results 

We built an experimental setup as presented in Fig. 1. The system uses a He–Ne laser light source operating at 632.8 nm (Thorlabs- 
HNLS008L). As the first polarizer and orientation reference, we use a Wollaston prism to produce s-polarized light (Thorlabs-WP10). 
Two dichroic film polarizers were used with an extinction ratio of 492:1 at 405 nm and 803:1 at 520 nm. For the rotating polarizer and 

Table 1 
Complex coefficients obtained from the Fourier transform of the output signal.  

C0 =
S0

8 

C2 =
S0

16
e2iε1 C− 2 =

S0

16
e− 2iε1 

C4 = −
S0

32
e− 2i(2ε1 − ε2 )(F − iG)2 C− 4 = −

S0

32
e2i(2ε1 − ε2 )(F + iG)2 

C6 = −
S0

16
e− 2i(ε1 − ε2)(F − iG)2 C− 6 = −

S0

16
e2i(ε1 − ε2)(F + iG)2 

C8 =
S0

32
e2iε2 ((D − iE)2

− (F − iG)2
) C− 8 =

S0

32
e− 2iε2 ((D + iE)2

− (F + iG)2
)

C10 =
S0

16
e2i(ε1+ε2 )(D − iE)2 C10 =

S0

16
e2i(ε1+ε2 )(D + iE)2 

C12 =
S0

32
e2i(2ε1+ε2)(D − iE)2  C− 12 =

S0

32
e− 2i(2ε1+ε2)(D + iE)2   
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analyzer, we employed two motorized rotation devices (Thorlabs – K10CR1). As an intensity detector, we employed a USB power 
meter (Thorlabs – PM16-121) composed of a photodiode sensor. We combined a liquid crystal cell (LCC) model Thorlabs-LCC1223-A 
with a quarter-wave plate (WPQ10E-633, Thorlabs) to obtain an elliptical retarder. The system was aligned and built according to the 
Thorlabs 30 mm optical cage system. In each measurement, we acquired 36 intensities by rotating the first polarizer with 10◦ in-
crements and the second polarizer with increments of 40◦. As our approach is based on the complex Fourier coefficients Fig. 2(b and c) 
from the detected intensity, Fig. 2 (a) shows the intensity variation obtained with the quarter wave placed at θs = -40◦. Blue asterisks 
(*) correspond to the experimental value, while red lines represent the simulation. The performed simulation was based on the 
Mueller-Stokes matrix multiplication represented by Eq. (4), and also considering the input sample parameters (θs,δs,φs), and initial 
angles (ε1, ε2) measured with the system. In this case, the root mean square error (RMSE) for the intensity is 0.039. 

In the first sets of experiments, we varied the retardance of the LCC, acting as a variable linear retarder where ellipticity and fast 
axis orientation remain constant. Fig. 3 shows the results obtained where the retardance, δs, changes from 0◦ to 180◦ while the 
ellipticity angle was φs = − 0.21◦ ± 2.19◦ and the fast axis orientation was θs = 2.14◦ ± 2.27◦. Blue asterisks (*) correspond to the 
experimental value, while red lines represent the simulation. To show the feasibility of our measurement, we simulated Eq. (4) 
considering a variable linear retarder using the mean values of the ellipticity and orientation measured by the dual rotating polarizer- 
analyzer system Fig. 3(a–c). In this case, the RMSE values between the simulation and the experimental measurement were 1.60◦, 
2.56◦, and 1.43◦ for the fast axis orientation, total retardance, and the ellipticity value respectively. In addition, we obtain a variation 
in the fast axis orientation with voltage of 8.05◦ per volt at 632.8 nm by using a linear regression model with the experimental data. 
This value is in accordance with reference [21]. 

In order to show the feasibility of our proposal to use other wavelengths, we performed same measurements at two wavelengths by 
using a laser light source operating at 520 nm (Thorlabs-PL 201) and other working at 405 (Thorlabs-PL 205). Fig. 4 shows the results 
obtained in total retardance. The RMS obtained in this case are 2.56◦ for the light source of 632.8 nm, 5.46◦ for the light source of 520 
nm and 6.60◦ for the light source of 405 nm. In this case we obtained a shift on the retardance-voltage relation at the linear region. In 
this case, the variation of the fast axis orientation parameter is 8.05◦ per volt at 632.8 nm; 0.01◦ per volt at 520 nm and 2.44◦ per volt at 
405 nm. 

In the next experiment, we rotated a quarter wave plate emulating a variation in the fast axis orientation while remaining stable in 
the parameters of retardance and ellipticity. Fig. 5a–c) shows the results obtained and its representation in the Poincare sphere in Fig. 5 
(d) by using the fast axis orientation and the ellipticity. We obtained a value of total retardance of δs = 93.07◦ ± 0.42◦, and ellipticity 
of φs = − 051◦ ± 0.40◦ at 632.8 nm, and a variation from − 50◦ to 50◦ at the fast axis orientation part. In the Poincare sphere repre-
sentation [22], Fig. 5(d), the fast axis orientation represents a variation in the sphere’s equator. Asterisks (*) correspond to the 
experimental value, while the continuous lines represent the simulations. The RMSE values for orientation, retardance, and ellipticity 
are 0.91◦, 0.39◦, and 0.38◦. Fig. 5(b) shows the results obtained at other two wavelengths for the total retardance. In this case the 
values of retardance are δs = 119.5◦ ± 0.24◦, and ellipticity φs = − 0.10◦ ± 0.07◦ for 520 nm. In the case of 405 nm, retardance is δs =

175.31◦ ± 4.03◦, and ellipticity φs = − 1.08◦ ± 2.28◦. 
Fig. 6 shows the results obtained with an elliptical retarder by combining the LCC and the quarter-wave plate using the light source 

at 632.8 nm. In this case, we emulate a variable elliptical retarder by fixing the retardance on the LLC at 180◦ and rotating the quarter 
wave plate. Simulations were performed according to Eq. (4) considering the mean values of the total retardance and orientation 
measured by the dual rotating polarizer-analyzer system, Fig. 6(a–c). In the Poincare sphere representation, the ellipticity change 
corresponds to a variation in the hemisphere; it can also be noted that total retardance varies due to the summation by combining the 
two linear retarders Fig. 6d). The fast axis orientation is θs = − 0.32◦ ± 2.56◦ where the RMSE values obtained for the orientation, 
retardance, and ellipticity are 2.46◦, 10.32◦, and 2.34◦ respectively. 

Fig. 2. Intensity variation obtained by placing a quarter wave plate with its fast axis oriented at − 40◦. (a) Real and (b) imaginary part of the 
complex Fourier coefficients. 
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When comparing our proposal with other systems, such as a complete Mueller matrix polarimeter, the double-rotating retarder 
system exhibits an intrinsic wavelength dependence due to the retarders. On the contrary, our proposal has the advantage of not using 
them. Also, compared to the pixelated polarization camera or the approach presented at [21], by employing a rotating analyzer, our 
model is wider than just measuring only linear retardance information, as we recovered the contribution of ellipticity. One of the 
limitations of our proposal is that it will be used to measure samples of pure retardance; in the case of diattenuation and depolarization, 
a more extensive model is required. 

4. Conclusion and final remarks 

We proposed an algorithm based on the calculation of the Fourier complex coefficients and the system’s frequency considering the 
initial angle of the polarizer and the analyzer as calibration. The algorithm allows us to measure total retardance, orientation, amount 

Fig. 3. Experimental results obtained with a variable linear retarder using a liquid crystal cell. (a) Fast axis orientation, (b) total retardance, and (c) 
ellipticity angle. 

Fig. 4. Total retardance variation obtained with a variable linear retarder using a liquid crystal cell at 632.8 nm (red line), 520 nm (green line) and 
405 nm (blue line). (For interpretation of the references to colour in this figure legend, the reader is referred to the Web version of this article.) 

Fig. 5. Experimental results obtained with a rotating quarter wave plate. (a) Fast axis orientation, (b) Total retardance, (c) ellipticity angle, and (d) 
Poincaré sphere representation. 
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of retardance, and ellipticity for non-diatenuating and non-depolarizing samples. Since we are recovering the orientation of the fast 
axis and the ellipticity angle, both angles can represent the sample on the Poincaré sphere. We take advantage of a retardance-sensitive 
polarimeter based on a rotating polarizer-analyzer setup. The system is focused on recovering the full retardation parameters of a 
sample by treating it as an elliptic retarder. 

Our approach recovers the same retardance information as a complete Mueller matrix polarimeter, even though we have a partial 
Mueller matrix polarimeter. The implementation presents several advantages compared to other systems that employ retarders with a 
performance that strongly depends on the wavelength. The concept introduced in this paper could be used for high-bandwidth 
spectroscopy polarimetry. Another advantage is reducing the implementation cost by using only linear polarizers. In addition, since 
the system does not use retarders for the measurement, a compensation procedure that commonly appears when the retarder is not 
centered on the working wavelength of the system is avoided. 

Author contribution statement 

Geliztle A. Parra-Escamilla, Jorge L. Flores: Conceived and designed the experiments; Analyzed and interpreted the data; Wrote the 
paper. 

Joel Cervantes-L, David I. Serrano-García: Conceived and designed the experiments; Performed the experiments; Analyzed and 
interpreted the data; Wrote the paper. 

Data availability statement 

Data will be made available on request. 

Declaration of competing interest 

The authors declare that they have no known competing financial interests or personal relationships that could have appeared to 
influence the work reported in this paper. 

Acknowledgments 

G. A. Parra-Escamilla acknowledges the support provided by the Universidad Panamericana for her postdoctoral project at the same 
institution. 

Appendix I. Polar Decomposition Comparison 

Lu and Chipman [17] proposed the polar decomposition by separating the Mueller matrix into three matrices: retardance, dia-
ttenuation, and depolarization. The algorithm represents the matrices in a vectorial way that helps their representation in the Poincaré 
sphere. For the case of a pure retarder, the polar decomposition employs various Mueller matrix coefficients that cannot be directly 
recovered with the rotating polarimeter of the polarizer-analyzer, see Fig. 7. Using the Mueller matrix polar decomposition of the 
elliptical retarder in Eq. (2), we obtained the same retardation vector depending on the total retardation, the orientation of the fast 
axis, and the angle of ellipticity. As can be seen from Eq. (10), our demodulation algorithm recovers similar coefficients, even if we 
obtain a partial Mueller matrix of the retarder. 

Fig. 6. - Experimental results obtained with an elliptical retarder constructed with a liquid crystal cell (LCC) and a rotating quarter wave plate. (a) 
Fast axis orientation, (b) total retardance, (c) ellipticity angle, and (d) Poincaré sphere representation. 
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Fig. 7. Polar decomposition on the elliptical retarder matrix and the coefficients employed for its calculations. The retardance vector information 
can be used to localize the information on the Poincare sphere. 
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