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Abstract: Failure analysis and fatigue life prediction are necessary and critical for engineering
structural materials. In this paper, a general methodology is proposed to predict fatigue life of
smooth and circular-hole specimens, in which the crack closure model and equivalent initial flaw
size (EIFS) concept are employed. Different effects of crack closure on small crack growth region
and long crack growth region are considered in the proposed method. The EIFS is determined by
the fatigue limit and fatigue threshold stress intensity factor 4Kth. Fatigue limit is directly obtained
from experimental data, and 4Kth is calculated by using a back-extrapolation method. Experimental
data for smooth and circular-hole specimens in three different alloys (Al2024-T3, Al7075-T6 and
Ti-6Al-4V) under multiple stress ratios are used to validate the method. In the validation section,
Semi-circular surface crack and quarter-circular corner crack are assumed to be the initial crack
shapes for the smooth and circular-hole specimens, respectively. A good agreement is observed
between model predictions and experimental data. The detailed analysis and discussion are
performed on the proposed model. Some conclusions and future work are given.
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1. Introduction

Life prediction and failure analysis are indispensable and critical for engineering structural
materials, but continue to be challenging issues. The cumulative fatigue damage theories and the
traditional S-N curve method, such as the stress-based approach [1], are often used for fatigue life
prediction in engineering practice. Because of this, the fatigue crack growth method based on linear
elastic fracture mechanics (LEFM) is becoming a more important and promising alternative for total
fatigue life analysis. One of the main problems of this method is how to evaluate the initial flaw
size (IFS) appropriately. This problem involves the complex mechanism of small-crack growth which
is different from long crack growth behavior. In the current study, several methods are employed
to estimate the value of initial flaw size, such as nondestructive evaluation (NDE) [2] and empirical
approaches [3]. But most of the existing methods are lack of theoretical foundation and are sometimes
unreliable [4]. Liu and Mahadevan [5] recently proposed a method to predict the fatigue life of smooth
specimens based on the equivalent initial flaw size (EIFS). The value of EIFS is determined by fatigue
limit 4σ f and threshold stress intensity factor 4Kth. However, the difference of growth behavior
between small crack and long crack is not considered in this method. In addition, Newman et al. [6–8]
predicted the total fatigue life of various smooth and notched specimens based on the crack closure
model. The value of EIFS and small crack threshold stress intensity factor 4Kth are determined by
trial-and-error, which is an empirical approach rather than physical.
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The crack closure phenomenon caused by plasticity was first observed by Elber [9]. Newman
developed a strip yield model to quantify the crack closure level [10,11]. The concept of effective
stress intensity factor 4Ke f f is introduced and considered as the driving force in the crack growth
analysis. If the 4Ke f f is considered as a unique driving force in crack propagation, crack propagation
rate curves i.e., da/dN~4Ke f f curves under different stress ratios will shrink into a single curve.
Though some researchers doubted the contribution of crack closure to crack growth and the existence
of the crack closure phenomenon [12–14], plenty of experimental research, numerical, and theoretical
analysis on long cracks have shown that the crack closure phenomenon does exist and has a
significant effect on fatigue crack growth [9–11,15–24]. Many complicated crack growth phenomena
such as the overload retardation effect and the loading sequence effect, etc., can be explained by using
the crack closure concept, which may not be applicable to small cracks. A number of studies on
micro-structurally small cracks have indicated that the small-crack growth rate is much faster than
large cracks at the same 4K level [25–27]. This behavior is known as the small crack effect and it
indicates that the crack closure phenomenon may not exist in small crack growth regions or it can be
negligible. In other words, crack closure may just exist in the long crack growth regime but not in
the small crack growth region. Crack closure considering the small crack effect may reflect real crack
propagation characteristics. In this paper, a general method is proposed to predict fatigue life based
on the crack closure model and the EIFS, in which the small crack effect is also considered.

The paper is organized as follows. First, a brief review of the concept of EIFS and the framework
of fatigue life prediction based on crack growth analysis method, is addressed. Next, a total
fatigue life prediction model considering the crack closure, is established; then, a large number
of experimental data, for smooth and circular-hole specimens on three different alloys (Al2024-T3,
Al7075-T6 and Ti-6Al-4V), under multiple stress ratios collected from the open literature, are
employed to validate the proposed model. Finally, some discussion and conclusions are drawn based
on the current study.

2. The Concept of Equivalent Initial Flaw Size (EIFS)

Fatigue life prediction based on EIFS is briefly reviewed in this section, and detailed information
can be found in Ref. [5]. Small-crack growth is a very complicated process, and it is difficult to
establish an accurate quantitative expression to describe the growth behavior of a real small crack.
Additionally, estimation of the actual IFS is another challenge. These issues make fatigue life
prediction based on crack growth analysis difficult. Therefore, the EIFS concept is considered to
be a good way to solve these problems.

Several crack growth models are available to describe crack growth behavior, such as the Forman
model and the Walker model. The general material crack propagation model can be expressed as

da{dN “ f p4Kq (1)

where da/dN represents the crack propagation rate; a represents the crack size; N represents the fatigue
life; and 4K is the stress intensity factor (SIF) range. Under constant amplitude loading, 4K is a
function of crack size a, so, crack propagation rate can also be expressed as

da{dN “ gpaq (2)

Fatigue life N can be expressed using crack size a

N “

ż N

0
dN “

ż ac

ai

1
gpaq

da (3)

where ai represents the actual initial flaw size; ac represents the critical crack size at failure, which is
determined by the applied load levels and the critical stress intensity factor.
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If the crack growth rate function ga(a) is used, in which small crack growth characteristics and
the actual initial flaw size are taken into account, fatigue life NIFS can be written as

NIFS “

ż ac

IFS

1
gapaq

da (4)

If EIFS and the corresponding crack growth rate function ge(a) are employed, fatigue life NEIFS
can be expressed as

NEIFS “

ż ac

EIFS

1
gepaq

da (5)

A schematic illustration of these two methods is shown in Figure 1. The underlying areas S0 + S1

and S0 + S2 below ga(a) and ge(a) represent fatigue life calculation results by using the respective
method. If the value of EIFS could be chosen properly, the corresponding areas are equal, i.e., S1 = S2.
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Figure 1. Schematic illustration of actual initial flaw size (IFS) and equivalent initial flaw size (EIFS).

The EIFS in Equation (5) is determined by solving following function

4 Kth “ 4σ f
?
πaY (6)

where a is the EIFS; 4Kth is the value of the threshold stress intensity factor; Y represents the geometry
correction factor which is a function of crack length a; and 4σ f is the fatigue limit.The equation is
proposed by El Haddad [28] which is based on the Kitagawa-Takahashi (KT) diagram [26], as shown
in Figure 2.
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3. Fatigue Life Prediction Based on Crack Closure and Equivalent Initial Flaw Size

3.1. Life Prediction for Smooth Specimens

The phenomenon of crack closure caused by plasticity was first observed by Elber [9],
and Newman further developed a strip yield model [10,11]. In this paper, the crack closure
model proposed by Newman is employed [10,11], which is widely used even in the NASGRO
software [29,30]. The equation can be expressed as

da{dN “ C
„ˆ

1´ f
1´ R

˙

4 K
m
p1´4Kth{4 Kqp

p1´ Kmax{Kcq
q (7)

where R is the stress ratio; 4K represents the SIF range; 4Kth is the small fatigue threshold stress
intensity factor; Kmax is the maximum stress intensity factor; and Kc is the critical stress intensity
factor. C, m, p, f and q are fitting parameters, f represents the crack closure contribution. For a
constant amplitude loading condition, f can be expressed as [11]

f “

#

maxpR, A0 `A1R`A2R2 `A3R3q R ě 0
A0 `A1R ´2 ď R ă 0

(8)

where

A0 “ p0.825´ 0.34α` 0.05α2q
“

cospπ2 Smax{σ0q
‰1{α

A1 “ p0.415´ 0.071αqSmax{σ0

A2 “ 1´ A0 ´ A1 ´ A3

A3 “ 2A0 ` A1 ´ 1

There are five fitting parameters unknown in this formulation. The value of Smax/σ0, α and p
can be found in the NASGRO database and the fatigue crack growth database [29,30]. In this paper,
Smax/σ0 is assumed to be 0.3, α is assumed to be 2 and p is assumed to be 1.5. Since the fatigue life
in the critical crack growth regime can be negligible, the value of q will not affect model prediction
significantly, and can be assumed to be 1. C and m can be calibrated with da/dN~4K curves in the
Paris region by using the least squares method. The crack growth rate data in the Paris region is
extrapolatied to 10´10 m/cycle, and then the corresponding stress intensity factor coefficient is the
value of 4Kth.

Equation (7) can be rewritten as

dN “
p1´ Kmax{Kcq

q

C rp1´ f q {p1´ Rq ˆ4Ksm p1´4Kth{4 Kqp da (9)

Fatigue life N can be expressed as

N “

ż ac

ai

p1´ Kmax{Kcq
q

C rp1´ f q {p1´ Rq ˆ4Ksm p1´4Kth{4 Kqp da (10)

where ai is EIFS determined using Equation (6). ac represents the critical crack size at failure and
can be estimated using the applied stress levels and critical stress intensity factor. For high-cycle
fatigue problems, most of the fatigue life is spent at crack initiation, small crack growth, and in the
Paris regime. Fatigue life spent in the unstable crack growth region can be negligible. The value
of ac will not affect the model prediction significantly and can be set as a constant. As it is shown
in Figure 3, 1/g(a) is the integral curve and the underlying area below 1/g(a) is the fatigue life. a
(50 um) is assumed as EIFS. c1 and c2 are the critical crack lengths. Let critical crack size change from
c1 (1 mm) to c2 (2 mm), and the corresponding fatigue life increases from 54,299 to 54,741. It is clear
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that the critical crack size increases by 100 percent, but the variation of corresponding fatigue life is
just 0.81 percent.Materials 2015, 8, page–page 
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Figure 3. Schematic illustration of the effect of critical crack size on fatigue life prediction.

In the proposed method, according to the Equation (6), ai also depends on the crack shape, that is,
the geometry correction factor Y. In the current study, a semi-circular surface crack is assumed for
smooth specimens, as shown in Figure 4. The geometry correction factor Y for a surface crack of finite
plate width can be expressed as [31,32].

Y “ M0g1 fϕ fw fx (11)

where

M0 “ pm1 `m2p
a
t q

2
`m3p

a
t q

4
q

m1 “ 1.13´ 0.09pa{cq
m2 “ ´0.54` 0.89{p0.2` pa{cqq
m3 “ 0.5´ 1{p0.65` pa{cqq ` 14p1´ pa{cqq24

g1 “ 1` p0.1` 0.35p a
t q

2
qp1´ sinϕq2

fϕ “

´

sinϕ` pa{cq2cos2 ϕ
¯0.25

fw “

c

secpπc
W

b

a
t q

fx “
”

1` 1.464p a
c q

1.65
ı´0.5

where a represents the semi-elliptical crack depth, and 2c represents the semi-elliptical crack length.
W is the plate width and t is the plate thickness. Surface crack growth is actually a 3D crack problem,
which is simplified as a 2D problem in this study. The surface crack is assumed to be a semi-circular
surface crack, i.e., ϕ = 0 and a/c = 1.
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Figure 4. Schematic representation of a semi-circular surface crack and a corner crack from a hole ‘O’.

3.2. Life Prediction for Circular-Hole Specimens

In this paper, the EIFS is determined by the fatigue threshold stress intensity factor 4Kth and
fatigue limit 4σ f . The threshold stress intensity factor 4Kth is usually defined as the stress intensity
factor range at which the crack growth rate is less than 10´10 m/cycle. It is usually obtained from
back-extrapolation of crack growth rate curves or experimental investigation. 4Kth is an inherent
characteristic of the material and is independent of specimen type. Therefore, the value of the
threshold stress intensity factor 4Kth of smooth specimens can also be used in predicting the life of
circular-hole specimens. However, the fatigue limit of smooth and circular-hole specimens depends
not only on the materials, but also on the specimen configuration. It is indicated that the S-N curves
of smooth and circular-hole specimens in the same material are different [33].

In this paper, the initial crack shape for circular-hole specimens is assumed as quarter-circular
corner crack, as shown in Figure 4. The geometry correction factor Y for a corner crack from a hole of
finite plate width can be expressed as [34]

Y “ G0Gw (12)

where

G0 “ f pzq{d
z “ r1` 2pa{Dqcospµϕqs´ 1

f pzq “ 0.7071` 0.7548z` 0.3415z2 ` 0.642z3 ` 0.9196z4

µ “ 0.85
d “ 1` 0.13z2

Gw “ M0g1g2g3 fw fϕ fx

g2 “ p1` 0.04pa{cqqr1` 0.1p1´ cosϕq2sp0.85` 0.15pa{tq0.25
q

g3 “ 1´ 0.7p1´ pa{tqqppa{cq ´ 0.2qp1´ pa{cqq

fw “ rsecpπD
2W qsecpπpD`cq

2W´2c

b

a
t qs

0.5

where the expression of M0, g1, fϕ and fx are the same as in Equation (11). The corner crack depth
is a, and c is the surface corner crack length. D is the hole diameter, W is the plate width and t is the
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plate thickness. The crack growth problem is simplified as a 2D problem. More complicated problems
need further research.

3.3. Plasticity Correction

The above discussion is applicable to linear elastic analysis which is usually used for high cycle
fatigue analysis. The linear-elastic analysis is inadequate considering low-cycle fatigue. Materials
will experience some plastic deformation under high stress level, and the plastic zone size is large
enough compared to the crack size and cannot be negligible. A plasticity correction factor can be
expressed as [5]

ρ “ apsecp
πσmaxp1´Rq

4σ0
q ´ 1q (13)

where ρ is the plastic zone size; a is the crack length; R is the stress ratio; and σmax is the maximum
applied nominal stress; σ0 represents the flow stress and can be calculated using material yield
strength σy and tensile strength σu.

The stress intensity factor range considering plasticity correction can be expressed as

4 K1 “ 4σ
?
πa1 Y1 (14)

where Y´ is the geometry correction factor using the equivalent crack length a´ considering plasticity
correction, and the equivalent crack length a´ can be expressed as

a1 “ a` ρ (15)

4. Model Validation for Smooth and Circular-Hole Specimens

4.1. Life Prediction for Smooth and Circular-Hole Al2024-T3 Specimens

The crack growth rate data under different stress ratios were used from [35]. The S-N data for
both smooth and circular-hole specimens of Al2024-T3 were used from [6,36]. The specimen geometry
is listed in Table 1; and the mechanical properties of Al2024-T3 are as follows: yield strength σy is
360 MPa and ultimate strength σu is 490 MPa, and the critical stress intensity factor Kc is 30 MPa.

Table 1. Specimen geometry of Al2024-T3 aluminum alloy.

Specimen Type R Width (mm) Thickness (mm) Hole diameter (mm)

Smooth
0 25.4 2.3 /

0.1 10.0 5.0 /
Notched 0/´1 50.8 2.3 3.2

To predict fatigue life, crack growth rate data obtained from the literature [35] is used to
calibrate C and m by the least squares method, as shown in Figure 5. The calibrated parameters
are C = 3.5535 ˆ 10´11, m = 4.059. The remaining parameters are calculated and listed in Table 2.
The value of 4Kth is obtained by using the above back-extrapolation method. 4σs and 4σh are the
fatigue limits, obtained from S-N curves of smooth and circular-hole specimens, respectively. EIFSs

and EIFSh represent the corresponding EIFS which are calculated by using Equation (6).
Life prediction for Al2024-T3 specimens are shown in Figures 6 and 7. Figures 6 and 7 are

the comparison between calculated fatigue lives and experimental measurements for smooth and
circular-hole Al2024-T3 specimens. The x-axis is the fatigue life, and the y-axis is the stress range.
Solid lines represent model predictions and solid marks represent experimental data. It can be
observed that life prediction results agree well with experimental data.
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Table 2. Mechanical properties and fatigue properties for Al2024-T3 aluminum alloy.

Material R 4Kth (MPa) 4σs (MPa) 4σh (MPa) EIFSs (µm) EIFSh (µm)
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0 1.9136 200 112 50.69 23.87
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4.2. Life Prediction of Smooth and Circular-Hole Al7075-T6 Specimens

The crack growth rate data of Al7075-T6 are obtained from the literature [35], the S-N data for
both smooth and circular-hole specimens of Al7075-T6 are also collected from the literature [6,37], and
the specimen dimensions are shown in Table 3. For smooth specimens under R = ´1, σy is 501 MPa
and σu is 569 MPa [32]. For the remaining specimens, σy is 520 MPa and σu is 575 MPa [6]. The critical
stress intensity factor, Kc, is 29 MPa.

Table 3. Specimen geometry of Al7075-T6 aluminum alloy.

Specimen Type R Width (mm) Thickness (mm) Hole Diameter (mm)

Smooth
0 25.4 2.3 /

´1 50.8 4.8 /
Notched 0/´1 50.8 2.3 1.6

Similarly, C and m are calibrated by using crack growth rate data obtained from the
literature [35], and the calibrated parameters are C = 1.5779ˆ 10´10, m = 3.477. The crack growth data
is shown in Figure 8. The other data needed are shown in Table 4. The value of 4Kth is estimated
using the above back-extrapolation method. EIFSs and EIFSh represents the equivalent initial flaw
size of smooth and circular-hole specimens, respectively, and are determined using Equation (6).
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Table 4. Mechanical properties and fatigue properties for Al7075-T6 aluminum alloy.

Material R 4Kth (MPa) 4σs (MPa) 4σh (MPa) EIFSs (µm) EIFSh (µm)

Al7075-T6
0 1.3007 205 121 22.95 9.59

´1 2.1551 415 130 11.06 19.88

Figures 9 and 10 show the calculated fatigue lives and experimental data. The x-axis is the fatigue
life, and the y-axis is the stress range. Solid lines represent model predictions by using the proposed
method and the solid marks represent experimental data. It is clear that life prediction results agree
well with experimental data.
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4.3. Life Prediction of Smooth and Circular-Hole Ti-6Al-4V Specimens

The crack growth rate data needed here are obtained from the literature [38], and the S-N curves
are drawn from the literature [7]. The specimen dimensions are shown in Table 5, and the mechanical
properties of Ti-6Al-4V are as follows: yield strength, σy, is 1100 MPa, ultimate strength, σu, is
1170 MPa, critical stress intensity factor, Kc, is 66 MPa.

Table 5. Specimen geometry of Ti-6Al-4V titanium alloy.

Specimen Type R Width (mm) Thickness (mm) Hole Diameter (mm)

Smooth 0/´1 25.4 1.6 /
Notched 0/´1 50.8 1.6 1.6

The crack growth rate data obtained from literature [38] are used here to calibrate parameters C
and m in Equation (7), as it is shown in Figure 11. The calibrated parameters are C = 5.9860 ˆ 10´11,
m = 2.998. The other data needed are shown in Table 6. EIFSs and EIFSh represent the equivalent
initial flaw size of smooth specimens and circular-hole specimens, respectively, which are calculated
by using Equation (6).
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Figure 11. Fatigue crack growth of Ti-6Al-4V titanium alloy.

Table 6. Mechanical properties and fatigue properties for Ti-6Al-4V titanium alloy.

Material R 4Kth (MPa) 4σs (MPa) 4σh (MPa) EIFSs (µm) EIFSh (µm)

Ti-6Al-4V
0 1.7590 500 250 6.92 4.04

´1 2.2032 690 320 5.36 3.87

Calculated fatigue lives and experimental data are shown in Figures 12 and 13. The x-axis is
the fatigue life, and the y-axis is the stress range. Solid lines represent model predictions of the
proposed method and solid marks represent experimental data obtained from literatures. Overall,
life prediction results are consistent with experimental data.
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Figure 13. Experimental data and calculated fatigue lives for circular-hole Ti-6Al-4V titanium
alloy specimens.

5. Discussion and Conclusions

Crack closure plays a significant role in crack growth, especially for aluminum alloy and titanium
alloy [9,15,39]. Once the crack closure concept is introduced, the crack growth rate curve is a single
curve and is not affected by stress ratio. Newman et al. [6–8] predicted the fatigue life of various
smooth and notched specimens by using a crack closure model. The value of EIFS is determined
by trial-and-error to match experimental data, and is independent of the stress ratio. The effective
threshold stress intensity factor (4Ke f f )th is proposed to consider the crack closure effect. The value
of (4Ke f f )th is also determined by trial-and-error and is also independent of stress ratio. It is
reasonable that the concept of (4Ke f f )th should be introduced and used in Equation (6) instead of
4Kth to calculate the value of EIFS. Considering the crack closure phenomenon, just as 4Ke f f is
the driving force instead of 4K in the crack growth analysis using crack closure concept. However,
the concept of crack closure may not be applicable to small crack. It is observed that small crack
can grow much faster than long crack at the same 4K levels [25–27]. One feasible reason is that
crack closure does not exist in small crack growth regime or its contribution is the small enough to
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be neglected. In other words, it is inappropriate to use crack closure modification in small crack
region. The concept of (4Ke f f )th may not be necessary or may not reflect the small crack growth
characteristics. Moreover, Boyce and Ritchie [39] studied the effect of load ratio on the fatigue
threshold stress intensity factor. Their experiments showed that the value of 4Kth continued to
decrease with the increase of stress ratio, and even when the stress ratio was large enough, the crack
closure was not detected (i.e., (4Ke f f )th =4Kth). In other words, 4Kth is not independent of stress
ratio even considering crack closure. In this paper, 4Kth is calculated by using a back-extrapolation
method, which is dependent on the stress ratio. Consequently, the value of EIFS also depends on the
stress ratio.

Fatigue limit is another important parameter of the EIFS calculation. Fatigue limit is defined as
the range of cyclic stress under which no fatigue failure occurs. In other words, if the applied stress is
in the range of the fatigue limit, the corresponding fatigue life tendency becomes horizontal. In this
paper, if fatigue life at a low stress level range shows a horizontal tendency which can be considered
as the infinite fatigue life, the corresponding stress range is the fatigue limit. In other words, the
fatigue limit is not selected at the specific number of cycles. The fatigue limit that is chosen based
on horizontal tendency is more reliable than that based on a specific number of cycles, since the
experimental data have large dispersion.

Although EIFS is not the actual initial crack size, it reflects the initial specimen conditions, such
as the geometrical configuration, the surface condition, and the material properties. Total fatigue
life of the structure, which is sensitive to EIFS in the fatigue crack growth method, is affected by
many factors, such as corrosion environment [40–42], shot peening [43–45], temperature [46] and
geometrical size [47], etc. For the same material, fatigue life is also different due to some factors, such
as manufacturing process and service condition. So the value of EIFS which represents the initial
quality should be different.

It is observed that some discrepancies exist between the model predictions and experimental
data in the low cycle fatigue region. One possible reason is that crack initiations are quite different
for some materials in low cycle and high cycle fatigue regions. A hypothesis is implied in the
current work that the crack initiation mechanism is the same for both low cycle fatigue and high
cycle fatigue. However, some studies [48–51] indicate that fatigue failure of some materials initiates
from internal defects in high and ultra-high cycle fatigue region, whereas in low cycle fatigue region
the crack initiation often occurs from the surface. Additionally, crack growth is a complicated
three-dimensional problem, but in the current study, it is simplified as an idealized regular surface
crack, which may also lead to discrepancies in life prediction.

A fatigue life prediction method based on crack closure and equivalent initial flaw size (EIFS)
is proposed to predict fatigue life. Fatigue limit 4σ f and threshold stress intensity factor, 4Kth, are
used to calculate the value of EIFS. Different effects of crack closure on small crack growth region
and the long crack growth region are considered in the proposed method. The method is validated
by using smooth and circular-hole specimens on aluminum alloy and titanium alloy under different
stress ratios, and model predictions match the experimental data well. Some conclusions can be
drawn based on the current work:

(1) The value of 4Kth is dependent on the stress ratio even if the crack closure effect is considered.
Consequently, the value of EIFS is also dependent on the stress ratio.

(2) The factors that affect the value of EIFS include the geometrical configuration, the surface
condition, and the material properties. For the same material, fatigue life is affected by many
factors, and, based on these, the value of EIFS which represents the initial quality should
be different.

(3) The crack initiation mechanism of the same material may be different under different stress
levels, and its influence on model predictions should be further studied.
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