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Abstract 

Background:  Synthetic gene drive technologies aim to spread transgenic constructs into wild populations even 
when they impose organismal fitness disadvantages. The extraordinary diversity of plausible drive mechanisms and 
the range of selective parameters they may encounter makes it very difficult to convey their relative predicted proper‑
ties, particularly where multiple approaches are combined. The sheer number of published manuscripts in this field, 
experimental and theoretical, the numerous techniques resulting in an explosion in the gene drive vocabulary hinder 
the regulators’ point of view. We address this concern by defining a simplified parameter based language of synthetic 
drives.

Results:  Employing the classical population dynamics approach, we show that different drive construct (replace‑
ment) mechanisms can be condensed and evaluated on an equal footing even where they incorporate multiple 
replacement drives approaches. Using a common language, it is then possible to compare various model proper‑
ties, a task desired by regulators and policymakers. The generalization allows us to extend the study of the invasion 
dynamics of replacement drives analytically and, in a spatial setting, the resilience of the released drive constructs. The 
derived framework is available as a standalone tool.

Conclusion:  Besides comparing available drive constructs, our tool is also useful for educational purpose. Users can 
also explore the evolutionary dynamics of future hypothetical combination drive scenarios. Thus, our results appraise 
the properties and robustness of drives and provide an intuitive and objective way for risk assessment, informing poli‑
cies, and enhancing public engagement with proposed and future gene drive approaches.
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Background
Gene drive techniques increase the frequency of a syn-
thetic genetic element in populations in a manner only 
partially determined by its impact on organismal fitness 
(and stochastic events). Swift progress in molecular 
biology allows us to design complicated drive systems 

which may be substantially more efficient in the prop-
erties of interest than their natural counterparts. The 
need for theoretical sandboxing of such technology 
with planetary consequences is imperative before field 
deployment. It is also critically important to provide 
the stakeholders of such a technology sufficient under-
standing to evaluate the basis of crucial projected 
outcomes. However, the number of publications on 
theoretical and experimental synthetic gene drive sys-
tems is overwhelming and ever-increasing. Generally, 
the description of properties of each of the sequentially 
proposed synthetic drive approaches uses bespoke 
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modelling frameworks [1–3]. The ability to quickly 
compare the relative sensitivity of the fundamental 
properties of different drive scenarios to parameter 
changes is currently limited. Regulators, policymak-
ers, and non-experts alike desire such a tool to discuss 
the applicability of synthetic drive constructs. Conse-
quently, we suggest a common language and demon-
strate its applicability in a simplified framework.

The natural Segregation Distorter (SD) locus in Dros-
ophila melanogaster imposes an enormous organismal 
fitness cost, in that it is homozygous lethal (and only 
viable as heterozygotes) [4–6]. Natural selection, there-
fore, at the organismal level, would act to eliminate the 
SD allele. However, because of its capacity to bias the 
production of SD functional sperm in +/SD heterozy-
gotes, the allele has rapidly increased to an equilibrium 
frequency of 1–5% in most natural populations world-
wide [7–9]. This natural system illustrates how gene drive 
elements can increase in frequency despite a substantial 
cost to (overall) organismal fitness. Developing analogous 
synthetic drive elements to push linked genes into wild 
populations in a self-perpetuating manner is an old aspi-
ration [10]. Based on the intended use, the synthetic gene 
drive system can be categorized into two types: replace-
ment drives (also modification drives) and suppression 
drives. Suppression drives aim to reduce or completely 
eradicate the target populations upon release and remain 
the focus of many regulatory considerations [11, 12]. A 
replacement drive works by incorporating or substitut-
ing a target gene with the desired gene into the popula-
tion. Replacement drives have broad applicability ranging 
from the control of disease vectors by rendering them 
harmless [13–15] to making resistant pests sensitive to 
insecticides [16] and control of invasive species in agri-
culture [17, 18]. For instance, Gantz et al. 2015 have pro-
vided evidence of a CRISPR based gene-drive system that 
can spread antimalarial genes into a target vector popu-
lation of Anopheles stephensi and renders them resistant 
to the human malaria parasite Plasmodium falciparum 
[15]. In agriculture, Buchman et  al. 2018 have reported 
the construction of a synthetic Medea gene drive for a 
significant crop pest Drosophila suzukii rendering them 
harmless to the target crops [18].

Like SD, it does not necessarily follow that any syn-
thetic drive element will increase in frequency to the 
extent that it displaces all wildtype alleles initially present 
in the wild population. This fixation property is depend-
ent on various drive parameters of the developed system. 
Other such properties of interest are the speed of action, 
reversibility, and potential to be spatially confined to only 
target populations. The sensitivity of such fundamental 
properties of drive systems to drive parameters has been 
a topic of interest of numerous recent theoretical studies 

[19–28]. We have collated this material in the provided 
database.

We constructed a representative literature database 
on synthetic gene drive system to be cognizant of the 
current trends in this rapidly growing field of research 
GitHub. The database consists of 75 publications from 
the year 1995 to 2021. The literature is sorted based on 
gene drive type (replacement or suppression), the model 
system under study, theoretical methodology, considera-
tion of breakdown of drive, the possibility of gene drive 
reversibility and public accessibility of the literature. 
From the analysis of the literature database, we found 
that the number of studies on replacement drives is 
35 [15, 29] and suppression drives are 37 [30–32], with 
twelve publications considering both approaches. The 
majority of research studies (41 out of 62 total) have con-
sidered resistance evolution in synthetic gene drive sys-
tems [3, 33]. Analytical methodologies mainly employed 
deterministic and stochastic models with a few including 
spatial features [19, 22, 25, 34–37]. The model organisms 
in gene drive studies have been chiefly mosquitoes (total 
25) [15, 30, 38], fruit flies (total 13) [18, 39, 40], rodents 
(total 3) [41, 42] and 20 generic studies with no particular 
species in mind.

Most of the studies, we observe, use new terminologies 
for the bespoke drive mechanisms developed therein. It 
is partially because the molecular mechanisms of differ-
ent gene drives can be very different and complex. While 
excellent molecular biology tools are used in ingenious 
ways to develop new synthetic drives, they still act on 
population genetics’s fundamental forces. The new jargon 
sometimes is unnecessarily confusing for policymakers 
and regulators in charge of deciding about such tech-
niques’ future applicability. Since an exact comparison 
between the techniques is not possible, a new and useful 
technique might get lost in the plethora of synthetic drive 
projects.

The linguistic challenges in discussing the unavoid-
ably complex gene drive topic lead to at least two types 
of problems. First is the inconsistent application of ter-
minology; this can add to the confusion, and in some 
instance, can actively contribute to misunderstandings. 
For example, the use of different terms to describe the 
same thing, e.g., the term “quorum” in daisy quorum 
drive [43] appears to be substantially or entirely synon-
ymous with the much earlier and commonly used term 
underdominace [1]. Other examples include the equiva-
lence between modification drive, replacement drive and 
population replacement or between driving-Y and non-
autosomal X-shredder. Furthermore, some terms are 
used inaccurately as being synonymous when they are 
not; an example is that gene drive is frequently equated 
with “non-Mendelian” or “super-Mendelian” inheritance. 

https://github.com/tecoevo/genedrive
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However, this is not necessarily the case, e.g., for gene 
drives like Medea or underdominace where zygotes’ 
genotypes can be entirely Mendelian. In this light, it is 
notable in the recent attempt to standardise the defini-
tion of gene drive [44], where gene drive is stated to work 
by “reducing the fitness of alternative genotypes without 
directly distorting Mendelian inheritance”.

The second source of linguistic challenges is inconsist-
ent parametrisation and their description. This dispar-
ity almost inevitably results from the bespoke modelling 
approaches currently employed to describe each drive 
approach. To reduce, but certainly not eliminate, the 
above challenges, we propose terminology that permits a 
common parameterised synthetic drives language (using 
a relatively small number of standard parameters rooted 
in standard population genetics). This standardisation 
enables non-experts to precisely and quantitatively dis-
cuss a wide range of replacement drive scenarios in a 
mutually comprehensible manner. Furthermore, it also 
greatly facilitates the intuitive description of drive sys-
tems that combine multiple distinct drive approaches. 
This feature could be of increasing value in the future 
as drives get complicated. As one of the most advanced 
assembled drive systems, with the acronym SDGD, is a 
combination of two distinct drive approaches (SDGD is 
a suppression drive and as such is not considered in this 
study, which focuses exclusively on replacement drives) 
[45]. Furthermore, a modelling study focused on SDGD 
speculates on adding a third component to this drive 
system to carry an anti-parasite gene [46]. Other model-
ling studies have focused on combined drives to enhance 
desirable gene drive properties [43, 47–56], a trend likely 
to accelerate in the future. Such developments consider-
ably increase the complexity of discussing gene drives 
compared to single drive systems’ already existing sub-
stantial complexity.

Analyzing the select literature, we have distilled the pri-
mary components of synthetic gene drive models. From 
the principles of standard population genetics, we incor-
porate the processes that subvert the generally dominant 
role that organismal fitness plays in how natural selection 
can impact the frequencies of alleles within natural popu-
lations. Precise accounting of a generic diploid organism’s 
lifecycle through the various stages of development, from 
an adult, forming gametes to zygote and then back to an 
adult, is done. We discuss how the drive can act at any 
one or all of these stages. We then proceed to combine 
the knowledge into a single population dynamic model. 
Our model is backwards compatible, as demonstrated by 
the recovery of specific gene drives discussed in previ-
ous theoretical and experimental studies. Furthermore, 
the explicit use of standard terminology also allows us 
to extend the same basic model to complicated scenarios 

such as multilocus and multiallelic drive mechanisms (in 
section Backward compatibility). We deploy the devel-
oped succinct theoretical model for a single locus system 
in a user-friendly tool DrMxR—Drive Mixer (Shiny​Apps).

While our basic model is available as a standalone tool, 
we provide results also extending to an ecological and 
spatial dimension. A mechanism for localizing the gene 
drive to a target population is the imposition of a suit-
ably high invasion threshold. We determine the extended 
conditions required for the invasiveness of drive. We also 
evaluate the impact of spatial structure on the condition 
of invasion (from rare) and fixation of the drive for a sin-
gle population.

When considering multiple proposed drive systems 
for release, regulators find it essential that a compari-
son between the systems is possible. The current state 
of the art does not allow this easily. We thus show that 
a single theoretical approach, when minimally extended, 
provides specific cases of different drive systems. This 
exercise provides us with a common vocabulary across 
different drive systems. Furthermore, we provide DrMxR 
to test specific cases of proposed drive mechanisms that 
will be useful in risk assessment and regulation of gene 
drives. With applicability in mind, DrMxR is specially 
targeted towards policymakers, the general public, and 
even experts for quick hypothesis testing. To this end, we 
begin by detailing the process of theory development in 
the following section.

Results
For developing this model, we have assumed an obligate 
sexually reproducing organism, a likely necessity for suc-
cessful gene drive where organismal fitness is negatively 
impacted. We split the life cycle of an organism into three 
tractable stages; the minimal abstraction required to 
recover the established results in the field of engineered 
gene drive systems. Further complications can indeed be 
added depending on the details of the case study in focus.

Figure  1 shows the lifecycle of an individual in our 
model. We focus on two allelic types—wildtype (W) and 
the driven gene (D). Thus we have adults of three geno-
types, wildtype homozygotes WW, heterozygotes WD 
and drive homozygotes DD. Adults are chosen from the 
population pool for reproduction. Adults produce gam-
etes that combine to form zygotes. The zygotes grow 
up to become adults, and the cycle continues. We allow 
for overlapping generations, a realistic assumption for 
numerous target species such as mosquitoes, drosophila 
or rodents [18, 38, 57]. We assume that the alleles during 
gamete formation are segregated independently accord-
ing to Mendel’s inheritance laws. Hence the total num-
ber of alleles in the absence of any evolutionary processes 
remain conserved over successive generations. Therefore, 

https://pverma.shinyapps.io/DrMxR/


Page 4 of 21Verma et al. BMC Ecol Evo          (2021) 21:156 

frequencies of genotypes reach Hardy-Weinberg equilib-
rium in the limit of an infinite population, random mat-
ing, and no selection.

The essential feature of a gene drive is biasing the 
chance of inheritance of the desired gene in the popula-
tion [58]. The expected outcome, however, is that the 
population composition is modifiable in a controlled 
fashion. Interventions along the lifecycles can accomplish 
the change via distortion, viability and fertility selection. 
These processes act at different stages of an individual’s 
life cycle. Distortion acts at the gamete level and biases 
the transmission of the drive allele in the heterozygote. 
Gametes combine to form zygotes, but some are non-via-
ble and die. Fertility selection acts at the adult stage when 
individuals are chosen to reproduce with probability pro-
portional to their fitness. Distortion, viability selection 
and fertility selection, thus, together or even indepen-
dently, can drive the population away from the Hardy-
Weinberg equilibrium. Synthetic gene drive techniques 
allow us to engineer such selection pressures.

Viability selection
Viability selection acts during the zygote phase of an 
individual’s lifecycle. The viability fitnesses represent the 
inherent variation in the fitnesses of the three genotype, 
WW, WD and DD. The fitness can also capture the pay-
load costs of the drive allele. Viability fitness is defined 
here as the probability of survival of the zygotes up-to-the 

adult stage. ω and ν denotes the genotypic viabilities of 
WD and DD, respectively. The above parameters have 
been normalized to the viability of WW fixed at 1.

Well described synthetic drive systems that work prin-
cipally by manipulating viability selection parameters 
include those using zygotic toxin-antidotes. In these sys-
tems, a proportion of zygotes of specific genotypes may 
become non-viable. Medea (Maternal effect dominant 
embryonic arrest) is an example of a naturally occurring 
toxin-antidote gene drive found in flour beetles [59, 60]. 
In Medea drive, wildtype homozygous offspring of het-
erozygous mothers are non-viable. Population dynam-
ics of Medea drives have been studied in [2, 47]. A 
synthetically engineered Medea drive first demonstrated 
in Drosophila [61] has been extensively studied [18, 62]. 
Similarly, a synthetic viability selection based underdom-
inant population transformation system was developed 
for Drosophila melanogaster in [63]. Figure 2A shows the 
population dynamics of Medea drive and deviation from 
Hardy-Weinberg equilibrium parabola.

The result can be recapitulated by readers using DrMxR 
(Shiny​Apps) where Medea and other related synthetic 
drive systems can be seamlessly modelled including 
inverse-Medea [64], or Semele [65]. The drive efficiencies 
of Medea, Inverse Medea and Semele drive is represented 
by parameters dm , dim and ds respectively. We recover a 
subset of key results of the population dynamics from 
earlier publications in the backward compatibility sec-
tion. The framework used by DrMxR is general and appli-
cable to other single construct gene drive systems either 
entirely or partially based on viability selection.

Fertility selection
Specific genotypes may experience fitness advantages 
because of preference for traits during mating or because 
some genotypic pairings are more fertile than others. 
Both of these fitness components are modelled using the 
fertility selection parameters. The fact that both mating 
success and fecundity are considered jointly dictates that 
the fertility selection arrow on Fig. 1 traverses three life 
stages, rather than the two indicated for the other types 
of selection. The fertility fitness component arising from 
mating success is included in the parameter fWW  , fWD 
and fDD for the three genotypes. Fertility selection is an 
evolutionary phenomenon that drives the population 
away from the Hardy-Weinberg equilibrium. Our model 
did not differentiate between sexes, but it is possible to 
include this complexity [66].

Previous work [67, 68] captures the rich dynamics that 
ensue when fertility selection is considered. The popula-
tion dynamics of a two allele system for different fertili-
ties and sex-dependent viabilities have been extensively 
studied in [66]. The authors have also accounted for 

GameteZygote

Adult

Fertility 
selection

p

Fig. 1  Lifecycle of an individual organism for a generic gene drive 
model. Assuming that individuals reproduce sexually and that 
the lifecycle has three stages, Adult, Gamete and Zygote. Adults 
produce gametes which combine to form zygotes. Zygotes grow 
up to become adults. Three factors can act during the life stages 
of an organism: distortion, viability selection and fertility selection 
(represented as arrows). Each can influence the probability of 
inheritance of a gene in the population and can be potentially 
manipulated to engineer gene drive constructs. Parameters, 
described in the text, are associated with each of the three arrows. 
Examples of named drive systems that can be generated are 
provided associated with the respective arrow

https://pverma.shinyapps.io/DrMxR/
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non-random mating between the mating pairs by intro-
ducing additional parameters [66]. We have accounted 
for variable fertility rates by introducing suitable param-
eters in the context of the gene drive system (as shown in 
Fig. 2B).

Distortion
Gametic distortion alters the transmission of drive alleles 
in heterozygotes, so they substantially exceed the Men-
delian expectation of 50% and is controlled by the single 
parameter p in our model. Biologically such distortion 
happens in natural meiotic drives where meiosis is sub-
verted due to intra-genomic conflict [69–71]. Examples 
of naturally occurring gene drive elements based on 
distortion are segregation distorter and t-haplotype in 
heterozygous fruit flies and mice, respectively [39, 72]. 
These drive elements bias their transmission during sper-
matogenesis by killing sperm carrying non-driving alleles 
(W). Though the killing of non-carrier sperm also has the 
potential to reduce fertility [71, 73],  ‘distortion’ can be 
conceived as an independent evolutionary force respon-
sible for biased transmission of drive allele. The synthetic 
homing drive also distorts the transmission of alleles in 
heterozygotes. To keep the model tractable, both analyti-
cally and in terms of user comprehension, DrMxR does 
not currently consider sex-ratio gene drives (Y-driving, 
X-Shredder) [74, 75]. Figure  2C shows the effect of dis-
tortion on the population dynamics of the three geno-
types: WW, WD, DD. Previously published evolutionary 
dynamics of a homing drive using CRISPR are recovered 
in the Backward compatibility section.

All the above methods of biasing the inheritance pat-
tern of a gene are recovered employing our generic 
model. In Methods, we first derive the mathematical 
formulations of the processes independently and then 
combine them in a single dynamical model system. To 
demonstrate the generality of our approach, we recover 
the results of [33, 47, 64, 65] as special cases of our model 
formulation. Ecologically it is vital to characterize the 
spread of a genetic construct. We do this in panmictic as 
well as spatially constrained populations. We provide an 
analytical form for calculating the refraction zone (the 
safe amount of drive heterozygotes and homozygotes 
from which the wildtypes can recover). For spatially con-
strained systems, we show the exact form in which the 
probability of invasion and fixation of a drive element 
depends on the network’s connectivity.

Combined dynamics
The three factors viz. distortion, viability and fertility 
selection can act during the three stages of an organism’s 
lifecycle. Figure 2 illustrates the specific impacts of these 
forces on the population dynamics by varying parameters 
using our application DrMxR. The equilibrium dynamic 
changes in different ways relative to the Hardy-Weinberg 
equilibrium line in Fig.  2. Besides individual impact, 
our application allows intuitive exploration of scenarios 
when more than one of these three evolutionary forces 
acts in combination. Realistically, such scenarios arise 
when a drive element impacts simultaneously both dis-
tortion and fertility selection [71, 73]. In the Drosophila 
segregation distorter, selective killing of sperm carrying 

A B Fast

Slow

S
p
e
e
d

C

dm = 1.0 p = 1.0fWD = 0.5

Medea viability
Heterozygote 

fertility
100% 

distortion

Fig. 2  Effects of fertility selection, distortion and viability selection on population dynamics of the three genotypes. Population consists of 
single genotype at the vertices of a triangle in de Finetti diagram. A point in the interior corresponds to the population composition where all 
three of the genotypes potentially exist. Their relative abundance is proportional to the distance from the vertices. The black parabola curve 
represents Hardy-Weinberg equilibrium. The white open point represents the population composition of the fixed point. Colours exhibit speed 
of the dynamics inside de Finetti plots. The speed of the dynamics has been normalized for each plot and their absolute values are not directly 
comparable between diagrams. A Viability selection for Medea gene drive with drive efficiency dm = 1 . B Fertility selection for the underdominance 
case where fertilities of the genotypes are fWW = 1 , fWD = 0.5 , fDD = 1 . An unstable point appears in the interior of de Finetti diagram and is 
denoted by a white circle at (xWW , xWD , xDD) = (0.25, 0.50, 0.25) . C Distortion when drive heterozygous individuals contribute drive allele with 100% 
efficiency i.e., p = 1
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a wildtype allele in heterozygous males biases the trans-
mission of drive allele and potentially reduces the males’ 
fertility. Homing endonuclease gene drives based on 
CRISPR/Cas9 have been mathematically modelled to bias 
transmission and also to reduce the fertility of the geno-
type carrying payload gene [33].

Our approach recovers the result of [33] showing the 
combined effects of distortion and fertility selection 
on population dynamics. Additionally, our application 
allows us to study various drive combinations as well. 
In the Methods, we recover the result of [47] and show 
the combined effect of fertility selection (underdomi-
nance) and viability selection (Medea gene drive). Similar 
explorations of the population dynamics of other drive 
combinations across their entire parameter range are 
possible in DrMxR, for example, Medea (viability selec-
tion) together with homing endonuclease (distortion) can 
be studied.

Ecological factors
In the context of field deployment, understanding only 
the population genetics of the system is not enough. The 
properties of gene drive constructs are diverse, depend-
ing on their molecular construction and the differential 
selection pressure they impose in the varied ecological 
situations. Conversely, the ecology of the target species 
itself can disrupt the intended dynamics of the driven 
gene. Taking the demographic parameters into account 
is imperative when assessing the impact of gene drive 
deployment. Below we derive the invasion threshold of a 
drive system and evaluate the impact of spatial structure 
on the invasion (from rare) and fixation of the drive for a 
single population.

Invasion threshold
The unintended spread of certain types of drive to non-
target populations has been a significant concern ever 
since the conception of synthetic gene drives. This inter-
est is particularly the case for replacement drives (not 
intended to alter the size of populations) since the nega-
tive selection costs (fertility and viability) imposed by 
replacement-drive constructs are generally much smaller 
than for suppression drives [2, 24, 25, 76]. In this con-
text, the option of localizing the replacement gene drive 
to target populations has been the focus of scientists for 
both developing and regulating gene drive [77]. A mech-
anism for localizing the driven construct is the imposi-
tion of a suitably high invasion threshold. The invasion 
threshold is the minimum frequency of drive carrying 
organisms required to be released to replace the wild tar-
get population. If the invasion threshold is high, the drive 

is likely more spatially restricted because the invasion of 
the non-target populations will require a large number of 
introduced individuals. As high threshold drives theoret-
ically limit their spatial spread, they also may mitigate the 
spread of drives into partially interfertile species (or sub-
species). Accidental release of a few drive organisms may 
completely transform wild populations for gene drives 
with low or no threshold [23, 78]. A recent review of dif-
ferent types of gene drives based on a quantitative analy-
sis of their invasiveness can be found in [79].

A relevant quantity of interest is the number of drive 
individuals required to invade a wild population success-
fully. Here we consider both the drive heterozygotes and 
homozygotes together as drive individuals. In our model, 
the invasion threshold can be quantified based on the 
direction of the flow lines in the de Finetti diagram. We 
define the refractory zone as the area of the flow lines 
towards the population consisting of all wildtypes in the 
de Finetti diagrams. Thus, we quantify the amount of 
release that a population may sustain and still revert to 
the wildtype by measuring the wild-type vertex’s basin of 
attraction.

We calculated the refractory zone by analytically com-
puting the equation of the invariant manifold separat-
ing the flow lines through approximations. Details of the 
calculation are in the Methods section. The refractory 
zone quantifies the minimal number of drive heterozy-
gotes and homozygotes (released or migrants), capable of 
transforming the wildtype population.

In the model, variation in the drive efficiency and fit-
ness of different genotypes affects the refractory zone of a 
gene drive system. Using the insight provided from Fig. 1, 
we consider the case of distortion based gene drive along 
with fertility selection. Figure  3 shows the heat-map of 
the refractory zone with variation in distortion prob-
ability p and fertility fitness of heterozygotes fWD . When 
both the drive efficiency and fitness of heterozygous are 
high, the distortion drive’s refractory zone is zero. Hence 
an accidental release of only a small frequency of drive 
organism would lead to complete replacement of the 
wild population. The gene drive system is, therefore, 
absolutely non-localized. Low distortion drive efficiency 
and fitness of heterozygotes make the drive system local-
ized, so a significant release of drive organism is required 
to successfully transform the wild population [34]. For 
intermediate values of p and fWD , the drive system is 
localized and does not require a massive release [34, 80].

Spatial organization within a population
Recent works have highlighted the need for realistic 
spatial modelling for more accurately predicting the 
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outcome of gene drive release more so for suppression 
[19, 22, 34, 37, 46, 81, 82] than the replacement drives 
[35]. Most of the analytical models, including DrMxR, 
assume random mating between individuals of differ-
ent genotypes. Nevertheless, assuming random mat-
ing may give an incorrect prediction about the invasion 
condition of the gene drive. In reality, individuals in the 
population are spatially constrained and more likely to 
interact with individuals living in proximity. This fac-
tor will interfere with the evolutionary dynamics of the 
spread of gene drives. Consequently, we have developed 
a framework to explore the consequences of relaxing 
the assumption of a well-mixed population. Here we 
derive the condition for a distortion based gene drive 
to invade a single wild population if the assumption of 
random mating is violated and the population is spa-
tially structured. The details of this derivation are given 
in the Methods section.

The analysis (See “Method”) uses the framework of 
evolutionary game theory and tracks the frequencies of 
alleles instead of genotypes. Previous work has shown 
that interpreting the association of alleles in a diploid 
genome as a two-player game leads to some intriguing 
new insights into genetic evolution [83–85]. Also, dif-
ferent ways of updating a population can lead to differ-
ent allele dynamics in a panmictic population [86, 87]. 
Population update rule defines the elementary process 
that changes the frequency of each type in the popu-
lation; for example, in the birth-death update rule, an 

individual is selected first for birth proportional to 
its payoff from the evolutionary game. It replaces 
another randomly chosen individual from the popula-
tion selected for death. In our case, population update 
occurs in allele space, so an individual unit is an allele 
that can be wildtype (W) of drive type (D).

Ohtsuki and Nowak [88] found that if the interaction 
between the players (alleles in our case) take place on a 
regular graph of degree k (see Fig. 4), the payoff entries 
of the game are transformed according to equation (13). 
So, as k tends to infinity, the additional transformational 
entries of payoff matrix will become increasingly small, 
and invasion of gene drive will essentially depend upon 
whether the drive allele is more fit than wildtype when 
the drive is rare, and fixation will depend on whether the 
same is true when wildtype is rare. Since the interaction 
unit in this formulation is at the allele level, the biologi-
cal interpretation of k is not straightforward. Intuitively, 
parameter k measure the level of mixing between indi-
viduals within a population (where k tending to infinity 
corresponds to complete mixing, a simplifying assump-
tion common to many models including DrMxR). Since 
a different mathematical formulation has been employed, 
results obtained in this section cannot be added to the 
DrMxR where dynamics can be visualised through de 
Finetti plots.
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Fig. 3  Heat-map showing the refractory zone with variation in 
distortion probability p and fertility fitness of heterozygotes fWD . 
Illustration of refractory zone for specific values of p and fWD of the 
heat-map. Trajectories of a de Finetti diagram when 2pfWD > fWW , 
drive individuals invade the wild population. Refractory zone is zero 
and is shown by black colour in the heatmap. p = 0.5 corresponds to 
’no distortion’ case. The values of other parameter is fixed to fWW = 1 , 
fDD = 1

no Invasion or Fixation
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Fig. 4  Spatial structure affects the condition for the invasion from 
rare and fixation of the driven gene. A Variation in invasion (full 
line with circles) and fixation (dashed line with squares) conditions 
with respect to network degree (k) and distortion parameter (p) 
for fWD = 0.5 and B fWD = 0.9 . The values of other parameters are 
fixed to fWW = 1 , fDD = 0.4 . Population dynamics changes when 
the population becomes more structured on the Bethe lattice 
parameterized by k. Lower k means more structured population 
and higher k represents less structure (closer to well-mixed case). 
The change in population dynamics properties can be seen by 
the change in invasion/fixation condition and combinations of 
them, such as no invasion from rare but fixation, if sufficient drive 
individuals are released/migrate
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Figure 4 shows that the invasion and fixation outcomes 
within a single population vary depending on the degree 
of spatial mixing and distortion efficiency. Increasing 
network degree can move a population where the drive 
cannot invade or fix to a situation where the drive can fix 
but cannot invade from rare for lower to moderate values 
of p ( p = 0.65–0.80). The fixation but no-invasion case 
corresponds to the introduction of the invasion thresh-
old that can help local confinement of the gene drive. 
Interestingly, one can move to this regime by regulating 
the degree of the network. For higher values of p > 0.80 
when the drive can both invade and fix in the population, 
increasing the network degree can introduce an invasion 
threshold. A similar trend ensues in Fig. 4B, but increas-
ing network degree may allow the drive to invade the wild 
population but does not allow it to get fixed in the popu-
lation. This scenario corresponds to the over-dominance 
case, and mathematically, the dynamics correspond to a 
stable fixed point in the interior of the simplex. The con-
dition for the fixation and the invasion tends towards a 
well-mixed population regime for higher k.

Discussion
We have developed a minimalist modelling framework 
and identified three forces/factors responsible for prop-
agating gene drive in the presence of an organismal fit-
ness cost. These forces act during different stages of the 
target organism’s lifecycle and relate the gene driving 
mechanism to the organism’s biology. Such a type of 
approach is arguably missing in earlier works on gene 
drive. For example, [33] studied the population dynam-
ics of CRISPR gene drive without explicitly stating that 
the fitness they incorporated belongs to fertility selec-
tion parameters. In other models fitness costs have been 
introduced through viability fitness parameter [47, 64, 
65]. With our approach, we can highlight that the evolu-
tionary outcome for the two cases (drive acting through 
viability or fertility but leading to similar costs) differs 
substantially. Our work stresses the importance of both 
the target organism’s biology and knowing the exact 
phases of the lifecycle where the synthetic construct will 
act. The current modelling approach also provides a clas-
sification of a simple gene drive system based on the biol-
ogy of how the drive is designed (out of the three primary 
life stages) and avoids unnecessarily new and confusing 
terminology.

As with different translational evolutionary biology 
applications, the eventual aim of several synthetic gene 
drive constructs is field deployment. Thus, any drive 
technology needs to be compared with other available 
techniques, not by experts of the particular system but 

regulators who need a broader perspective. Our work 
employs standard population genetics methods while 
keeping our model as generic and minimal as possible. 
The resulting model allows us to provide a birds-eye view 
of the dynamics over the space of different drive mech-
anisms. Educators and regulators would benefit from 
using our DrMxR for studying the population dynamics 
of the gene drive. Unlike SLiM, a scriptable evolutionary 
simulation framework not limited to drive systems [89], 
DrMxR is specific to drive systems and only valid for a 
generic species with gamete, zygote and adult life stages. 
On the other hand, MGDrive, an R-package focusing 
on testing gene drives in species with Egg–larva–pupa–
adult life stages or chiefly mosquitoes [90]. In species 
with density-dependent larvae competition, the timing 
of the expression of driving endonuclease becomes very 
significant, i.e. before or after the density-dependent lar-
vae competition [91]. DrMxR is currently not capable of 
modelling such scenario. DrMxR is also no substitute for 
species and geography specific gene drive models [22, 
46, 82, 92]. The utility of our framework lies in easing the 
understand of the gene drive mechanism and how it can 
arise or be a by-product of distortion, viability selection 
and fertility selection. Though not unique, our model also 
distinguishes the origin of the fitness cost of the drive 
allele. The fitness cost can affect the fertility of the organ-
ism where the transgenic grows up to reach the adult 
stage, or it could also affect its viability, in which case the 
organism dies at the zygote stage. This distinction is cru-
cial as it leads to different population dynamics for the 
same amount of fitness cost.

In our model, users can choose the driving factor and 
its corresponding effect on the target organism’s biology 
by tweaking the various parameters explored in this man-
uscript. Deviations from the null Hardy-Weinberg equi-
librium may be studied via the effect of the three driving 
factors, individually or combined. It is possible to inves-
tigate conditions for invasion and fixation of the drive 
and its tolerance to fitness cost that is highly relevant for 
drive deployment (relevant code provided on Shiny​Apps. 
As case studies of our approach, we have recovered the 
results of various drives such as CRISPR homing endo-
nuclease drive, Medea, single-locus engineered under-
dominance, Inverse Medea, and Semele in the Backward 
compatibility section [33, 47, 64, 65].

Empirical studies have shown that the selfish genetic 
elements based on transmission distortion can reduce 
both fertility (offspring production) [93, 94] and viability 
(egg to adult ratio) [95] of the target species. To estimate 
the evolutionary outcome, we have allowed to jointly 
vary the factors influencing the propagation of such gene 

https://pverma.shinyapps.io/DrMxR/
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drives. Flexibility to see the combined effect for various 
evolutionary factors influencing the spread of gene drive 
on the population dynamics is an essential feature of the 
DrMxR. We believe that analytical results for evaluating 
the refractory zone would help regulators estimate the 
drive’s invasiveness. Methodologically, the refractory 
zone calculation is a development deriving from a dia-
logue between evolutionary games and population genet-
ics [85, 96].

Our results show how gene drive invasion and fixation 
conditions differ relative to the mixed population model. 
We found that for lower values of network degree, the 
region of phase space in Fig.  4 for invasion & fixation 
and no invasion or fixation increases. Hence, introduc-
ing spatial features during interaction makes the drive 
either highly invasive or redundant. These results might 
be informative for the decision-maker in developing an 
intuitive understanding of how gene drive dynamics dif-
fer for structured population instead of the common 
assumption of well-mixed. Also, our spatial model does 
not help to directly compare the potential of different 
drives to invade a new population through migration [23, 
25, 47, 51, 52].

In this study, we develop a common vocabulary to 
model various synthetic (and natural) gene drive systems, 
but the mathematical model we used cannot be regarded 
as general. Our current model cannot address the reduc-
tion in population size and its effects on the spread of a 
gene drive. Therefore, DrMxR is currently only appro-
priate for studying gene drives that can only bring about 
population replacement without affecting population 
density. Suppression drives—intended to eradicate 
or reduce the target population or ‘reversal drives’—
intended to reverse the genetic alteration introduced by 
the first gene drive [21, 26, 97, 98] are not included in 
the app. Some newly proposed gene drive systems that 
are mainly intended for suppression but can also be used 
for replacement, such as CleavR, TARE, TADE, double-
drives and Y-linked editors, cannot be currently mod-
elled in this study [49, 50, 54, 56, 99, 100]. Classification 
of such complex drive system based on our mathemati-
cal model would also be problematic since these might 
have very complex selection mechanisms or have simple 
mechanisms but whose dynamics critically depend on 
the genetic makeup of different populations.

Self-exhausting drives that first rapidly spread in the 
population and then self-exhaust after limited gen-
erations are also not included in the current version of 
DrMxR app. However, a simple form of the self-exhaust-
ing drive called daisy-chain drive has been shown in the 
backward compatibility section as an example of how 

the current mathematical model could be extended [52]. 
Numerous drive studies have now extended to multi-
locus systems, further expanding the vocabulary of the 
dynamics. Currently, our application (DrMxR) focuses on 
a single locus and highlights the complexities that single-
locus drives can generate. Since we root our vocabulary 
in processes underlying multi-locus and multi-allelic 
drives, our concept can be extended for multi-locus and 
multi-allelic drive systems such as one locus two toxin 
(1L2T), two locus two toxin (2L2T) and reciprocal chro-
mosomal translocation (RCT), Killer & rescue drive and 
tethered homing gene drive [1, 25, 25, 28, 28, 28, 51, 52, 
101, 102]. We have heuristically demonstrated the exten-
sion of mathematical modelling of such systems together 
with resistance evolution for CRISPR homing drive in 
the Backward compatibility section. However, these gene 
drive systems are not implemented in the DrMxR app. 
These extensions will also allow for the inclusion of mul-
tiple drive systems in an ecological context in the future 
[103].

An important aspect of risk assessment for regula-
tors is the ability of a gene drive to invade non-target 
populations through migration [23, 25, 47, 51, 52, 104]. 
We have extended our analysis to spatial systems using 
game theoretical methods as per [88]. Studying density-
dependent migrations between patches [47, 104] could 
be included to understand the spread of different drive 
systems. Currently, DrMxR does not model such a sce-
nario, and it can be the probable direction of future work. 
Inclusion of ecological parameters such as seasonality 
and environmental disturbances would also be necessary 
when utilizing the theory to model a specific target spe-
cies [22]. Inclusion of ecological factors such as density 
dependence, spatial organization, non-random mating 
and target specific mating systems is in progress. It will 
be a necessary litmus test in assessing any drive deploy-
ment strategies [103]. For specific species, considering 
detailed life history and influences in the organism’s life-
cycle would be a valid extension. For example, a mosquito 
lifecycle consists of egg, larva, pupae and adult stages. It 
becomes essential to distinguish when driving endonu-
clease is expressed, before or after the density-dependent 
larvae competition [91]. Hence, adding an appropriate 
life cycle depending on the model organism is necessary 
for a more reliable prediction of gene drive spread. How-
ever, we emphasize the disparity between the theoretical 
developments in simple synthetic drive scenarios and the 
urge towards a unified understanding at the elemental 
level. Using a common language will allow for a compari-
son between different drive techniques and adaptable to 
complex drive systems.
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Conclusion
The vast, diverse and growing literature in the field of 
gene drive is often challenging to follow for non-experts 
because of the varying terminology. This linguistic het-
erogeneity obscures actual novel results and prevents a 
clear view of the field. The diverse vocabulary also does 
not facilitate easy comparisons between different drive 
techniques. We develop a common vocabulary describ-
ing gene drive systems based on pre-existing standard 
population-genetic terminology (distortion, fertility 
selection and viability selection). Based on this common 
vocabulary, we present DrMxR, a tool to grasp different 
gene drives while considering ecological and evolutionary 
aspects. We demonstrate that our model can be used to 
recover work already presented in several studies. Besides 
comparing available drive constructs, our tool is also 
helpful to explore the evolutionary dynamics of future 
hypothetical combination drive scenarios. The results 
obtained for drives in spatially structured organisms could 
be informative in developing an intuitive understanding of 
how gene drive dynamics differ for structured population 
instead of the common assumption of panmictic popula-
tion. We believe that our work will be useful for regula-
tors, educators, the general public, and even experts in 
developing insights about the population dynamics of the 
proposed and future gene drive system.

Methods
We consider diploid individuals of single locus with 
two alleles: wildtype (W) and drive allele (D). The pos-
sible genotypes are WW, WD and DD. We start with 
the simplest case assuming an infinitely large popula-
tion, random mating, random segregation of alleles dur-
ing meiosis and no distinction between male and female 

genotype in terms of not tracking their distinct genotype 
frequency. We will relax some of these assumptions as we 
proceed. Considering all mating pairs in Table 1, the rate 
of production of each genotype can be written as:

where xα and Fα are the frequency and rate of genotype 
production respectively and α ∈ (WW, WD, DD). The 
population dynamics of the genotypes in continuous time 
is governed by the following set of differential equation:

Here, F̄  is the average fitness of the three genotype:

The total population remains constant hence the fre-
quencies of all genotypes sum to unity.

Constraints on frequencies allows us to represent the 
dynamics of (2) in a de Finetti diagram. We will now 
derive the population dynamics equations when the three 
factors, namely viability selection, fertility selection and 
distortion, are added to the system one by one.

Viability selection
Viability selection is observed in many toxin-antidote 
gene drive constructs. These drives adhere to Mendel’s 
inheritance laws and do not distort the transmission 
of alleles at the gamete level. In such systems, particu-
lar offsprings become non-viable during zygote stage of 
the life cycle. Examples include Medea, Inverse Medea, 
Semele and engineered underdominance drive etc [59, 
64, 65]. Depending on the type of gene drive construct 
one can write the rate of genotypes formation as shown 
in Tables  2, 3. Independent of the toxin-antidote con-
struct, variation at the genotype level may also give rise 
to variation in the viabilities, that is, the probability of 
survival of a zygote up to the adult stage. Here ω and ν are 
the genotypic viabilities of the drive heterozygotes (WD) 
and homozygotes (DD) respectively. The rate of zygote 

(1)

FWW = x2WW + xWWxWD +
x2WD

4

FWD = xWWxWD + xWDxDD + 2xWWxDD +
x2WD

2

FDD = x2DD + xWDxDD +
x2WD

4
,

(2)ẋα = Fα − xα F̄ .

(3)F̄ =
∑

α

Fα .

(4)xWW + xWD + xDD = 1.

Table 1  Offspring proportions when alleles are segregated 
randomly during meiosis

Parents Offspring

♂ ♀ WW WD DD

WW WW 1.0

WW WD 0.5 0.5

WW DD 1.0

WD WW 0.5 0.5

WD WD 0.25 0.5 0.25

WD DD 0.5 0.5

DD WW 1.0

DD WD 0.5 0.5

DD DD 1.0



Page 11 of 21Verma et al. BMC Ecol Evo          (2021) 21:156 	

production in the next generation for Medea, Inverse 
Medea and Semele gene drive can be written as:

Here dm , dim and ds measures the drive efficiency of 
Medea, Inverse Medea and Semele drives respectively. 
An example of how viability selection can be imple-
mented is shown in the case of Medea in Table 2.

(5)

FWW =

(

x2WW + (1− 0.5ds)(1− 0.5dm)xWWxWD + (1− dm)
x2WD

4

)

FWD = ω

(

(1− 0.5ds)(1− 0.5dim)xWWxWD + xWDxDD + (2− ds)(2− dim)
xWWxDD

2
+

x2WD

2

)

FDD = ν

(

x2DD + xWDxDD +
x2WD

4

)

Fertility selection
The relative number of offsprings produced from repro-

duction may differ because of the variation in the fer-
tilities of the adult mating pairs. The fitness component 
due to differential fertilities can be incorporated in the 
parameters fα where α ∈ (WW, WD, DD). The rate of the 

Table 2  Effect of fertility selection, distortion and viability selection on mating rates and offspring proportions.  Fertility selection 
changes the mating rate of genotypes at adult stage. Distortion biases the transmission of drive allele from heterozygous individual 
by probability p > 0.5. Each entry in offspring’s column gives the proportion of genotype produced from the mating pair in the 
corresponding row. Viability selection effects offspring proportions as some may become non-viable. To illustrate an example, we 
consider Medea gene drive where wild-type homozygous offspring of heterozygous mother are non-viable.

Fertility Selection Distortion Viability Selection (e.g., Medea)

♂ ♀ Fertilities WW WD DD WW WD DD

WW WW fWW .fWW 1.0 1.0

WW WD fWW .fWD (1− p) p 0.5(1− dm) 0.5ω

WW DD fWW .fDD 1.0 1.0ω

WD WW fWD .fWW (1− p) p 0.5 0.5ω

WD WD fWD .fWD (1− p)2 2p(1− p) p2 0.25(1− dm) 0.5ω 0.25ν

WD DD fWD .fDD (1− p) p 0.5ω 0.5ν

DD WW fDD .fWW 1.0 1.0ω

DD WD fDD .fWD (1− p) p 0.5ω 0.5ν

DD DD fDD .fWD 1.0 1.0ν

Table 3  Offspring proportions for Inverse Medea and Semele gene drive

Inverse Medea is a two-component system with a zygotic toxin and a maternal antidote. Thus the heterozygous offspring of the wildtype mothers have reduced 
viability ( 1− dim ). In Semele the males carry the toxin while the females carry the antidote. Thus offspring inheriting no antidote from their mothers have reduced 
viability ( 1− ds)

Parents Inverse Medea Semele

♂ ♀ WW WD DD WW WD DD

WW WW 1.0 1.0

WW WD 0.5 0.5 0.5 0.5

WW DD 1.0 1.0

WD WW 0.5 0.5(1− dim) 0.5(1− ds) 0.5(1− ds)

WD WD 0.25 0.5 0.25 0.25 0.5 0.25

WD DD 0.5 0.5 0.5 0.5

DD WW (1− dim) (1− ds)

DD WD 0.5 0.5 0.5 0.5

DD DD 1.0 1.0
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offspring production for the three genotypes because of 
fertility selection changes to

The population dynamics is again given by equation (2). 
We assume in equation (6) that all the offsprings have 
equal viabilities ω = ν = 1 and no toxin-antidote drive is 
present hence dm = dim = ds = 0 . A generalized version 
of the above equation includes differential mating choice 
(non-random mating) and distinction in the fertility of 
different sexes [66].

Distortion
Let us now consider the case of distorted allele trans-
mission, a violation of Mendel’s standard segregation 

law. The gene drives engineered for distortion are in 
true sense non-Mendelian or super-Mendelian [105]. If 
a drive allele is transmitted from heterozygous parents 
with probability p, the proportion of the three genotypes 
produced from possible mating pairs can be written as in 
Table 2. The rate of genotype production then changes to

Again the population dynamics for the distorted case 
is given by Eq.   (2), but the effective genotype produc-
tion rate changes. While deriving Eq.  (7) we assume 
that there is no variation in intrinsic viabilities of the 
genotypes ( ω = ν = 1 ), no toxin-antidote drive is 

(6)

FWW = f 2WWx2WW + fWW fWDxWWxWD + f 2WD

x2WD

4

FWD = fWW fWDxWWxWD + fWDfDDxWDxDD + 2fWW fDDxWWxDD + f 2WD

x2WD

2

FDD = f 2DDx
2
DD + fWDfDDxWDxDD + f 2WD

x2WD

4
.

(7)
FWW = x2WW + 2(1− p)xWWxWD + (1− p)2x2WD

FWD = 2pxWWxWD + 2(1− p)xWDxDD + 2xWWxDD + 2p(1− p)x2WD

FDD = x2DD + 2pxWWxDD + p2x2WD

present ( dm = dim = ds = 0 ) and no fertility selection 
( fWW = fWD = fDD = 1 ). We can recover back the stand-

ard dynamics for p = 0.5 when there is no distortion in 
transmission probabilities of alleles. If p > 0.5 , allele 
transmission from a heterozygote is biased in favour of 
the driven allele. Heterozygous individuals transmit only 
the drive allele for p = 1 . This distortion is also the case 
of ‘homing drive’ with 100% drive efficiency.

Combined dynamics
The rate of the production for the three genotypes 
because of viability selection, fertility selection and dis-
tortion is given by

The population dynamics for the combined case is then 
given by including the above Fi ’s in (2).

Refractory zone
For estimating the refractory zone, we analytically approxi-
mated the equation of unstable manifold when distortion 

and fertility selection both acts at the same time. Setting 
viability parameters to ω = ν = 1 , no toxin-antidote based 
drive dm = dim = ds = 0 , the rate of offspring production 
in the next generation is given by:

(8)

FWW =

(

f 2WWx2WW + 2(1− p)(1− 0.5ds)(1− 0.5dm)fWW fWDxWWxWD + (1− p)2(1− dm)x
2
WD

)

FWD = ω

(

2p(1− 0.5ds)(1− 0.5dim)fWW fWDxWWxWD + 2(1− p)fWDfDDxWDxDD

+ (2− ds)(2− dim)fWW fDD
xWWxDD

2
+ 2p(1− p)f 2WDx

2
WD

)

FDD = ν

(

f 2DDx
2
DD + 2pfWW fDDxWWxDD + p2f 2WDx

2
WD

)
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Using the fact that xWD = 1− xWW − xDD , the three 
population dynamic (2) for the three genotypes can be 
reduced to two. Keeping all other parameters fixed but p 
and fWD , we found that an unstable fixed point exists in 
the interior of the simplex at 
(x∗WW , x∗DD) =

(

(1−2fWD(1−p)2

4(1−fWD)
2 ,

(1−2fWDp
2

4(1−fWD)
2

)

 . From the chain 
rule of derivatives, we can write

Now, we approximate xDD by a polynomial of single inde-
terminate xWW  keeping other parameters constant.

where ak are the coefficients of the polynomial and n has 
a finite value. Substituting Eq. (11) in Eq. (10) and com-
paring the coefficients on both sides gives us many solu-
tions for Eq. (11). The correct solution can be filtered by 
imposing an additional condition that the polynomial 
passes through the unstable fixed point in the interior of 
the simplex. Incidentally, the approximated polynomial is 
a line equation. Finally, the refractory area can be calcu-
lated by obtaining the coordinates of the points intersect-
ing the vertex of the simplex. The appropriate codes for 
the calculations are available on Shiny​Apps.

Spatial organization within a population
In this analysis, we use the framework of evolutionary 
game theory and track the allele frequencies instead of gen-
otype frequencies. The central idea of evolutionary game 
theory is that the game’s payoff matrix defines the outcome 
of pairwise interaction between individual entities. Fur-
thermore, the evolutionary success of these individuals is 
determined by the game’s payoff matrix. In our case, inter-
action takes place in the allele space, so an individual unit is 
an allele that can be wildtype (W) of drive type (D). As 
explored before [85, 106] under suitable assumptions, the 
payoff matrix for meiotic drive, i.e., with distortion and 

selection is given by:
W D

W
D

(

fWW 2fWD(1− p)
2fWDp fDD

) . The equa-

(9)

FWW = f 2WWx2WW + 2(1− p)fWW fDDxWW xDD + (1− p)2f 2WDx
2
WD

FWD = 2pfWW fWDxWWxWD + 2(1− p)fWDfDDxWDxDD

+ 2fWW fDDxWW xDD + 2p(1− p)f 2WDx
2
WD

FDD = f 2DDx
2
DD + 2pfWW fDDxWW xDD + p2f 2WD

x2WD

4

(10)ẋWW =
dxWW

dxDD
ẋDD

(11)xDD =

n
∑

k=0

akx
k
WW

tion that governs the population dynamics at allele level is 
then given by the standard selection equation [66, 107]:

where φ = f 2DDx
2
D + 2fWDpxD(1− xD)+ f 2WW (1− xD)

2 is 
the average fitness of W and D alleles. The drive allele can 
invade if 2fWDp < fWW  (as derived in [33] and fix in the 
population if p > 1−

fDD
2fWD

 . Describing the dynamics 
using selection equations allows us to write the popula-
tion dynamics of the gene drive on a regular graph spe-
cifically for infinitely large Bethe lattices of degree k using 
the pair-approximation method. Incidentally, this equa-
tion is the replicator equation with transformed payoff 
matrix used in studying evolutionary games on networks 
[88]. The payoff matrix transformation is different for dif-
ferent update rules. Population update rule defines the 
elementary process that changes the frequency of each 
type in the population and usually defined for a finite 
population. We will use the birth-death update rule in 
our analysis. In the birth-death update rule, first, an indi-
vidual is selected proportional to its fitness which then 
replaces one of its randomly chosen neighbours. Let us 
consider a game with the payoff matrix A = [aij] where i 
& j can be 1 or 2. Here 1 is wildtype (W) allele and 2 is 
drive allele (D). When the allele interactions occur on a 
regular graph of degree k, the population dynamics is still 
represented by the replicator equation but with a trans-
formed payoff matrix. The payoff matrix is transformed 
to A′ = [aij] + [bij] [88] where,

As k → ∞ , bij will become increasingly small, and inva-
sion of gene drive will essentially depend upon whether 
drive allele is more fit than wildtype when drive is rare, 
and fixation will depend on whether the same is true 
when wildtype is rare. The driven gene will invade (from 
rare) and fix in the population if a21 + b21 > a11 + b11 
and a22 + b22 > a12 + b12 . The conditions for invasion 
from rarity for the case of distortion and fertility selec-
tion is:

If 2fWD > fDD + fWW  , the critical p required for inva-
sion increases relative to the mixed population scenario. 
Hence a lower network degree k results in higher criti-
cal pc . If 2fWD < fDD + fWW  , the critical p required for 
invasion decreases. The condition obtained for the mixed 

(12)ẋD = xD(fDDxD + 2fWDp(1− xD)− φ)

(13)bij =
aii + aij − aji − ajj

k − 2
.

(14)

a21 + b21 > a11 + b11 ⇒ p >
(

fWW

2fWD

)

+
1

k

(

2fWD − fDD − fWW

2fWD

)

.

https://pverma.shinyapps.io/DrMxR/
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population regime is recovered in the limit of k → ∞ . 
The additional condition for the fixation of the gene drive 
is:

A condition for fixation can be recovered for the mixed 
population regime in the limit of k → ∞ . It is also 
worth noting that the condition for invasion and fixation 
remains intact with variation in k if 2fWD = fDD + fWW  . 
Nevertheless, a constraint exists on the invasion and fixa-
tion conditions.

Backward compatibility
In this section, we will demonstrate the flexibility of our 
generic modelling approach by recovering the results 
of earlier work on different gene drive systems. Here 
we present population dynamics of the three genotypes 
WW, WD and DD for some special cases using our 
generic model. Next we show how our base model can 
be extended to include the possibility of resistance and 
multi-locus gene drive. Please note that the results shown 
here are only a subset of the work done in the original 
studies.

Recovering Noble et al. Science Advances (2017)
Noble et  al. [33] studied the population dynamics of 
CRISPR based homing endonuclease gene drive [33]. 
These gene drive constructs induce a double strand break 
at the target sequence (wildtype allele). The drive is then 
copied at the break site using homologous recombina-
tion. If resistance evolution is ignored, the final conse-
quence is that the heterozygous individuals only transmit 
drive allele during recombination. In our generic model, 
the drive acts in the gamete stage and uses distortion 
for propagating the drive allele in the population. The 
authors also accounted for the variation in the fertil-
ity rates of genotypes due to the drive construct. Hence 
every individual undergoes both distortion and fertility 
selection during its life cycle. We can recover the popula-
tion dynamics equations for the case using information 
provided in Table 2 for distortion and fertility selection. 
The authors derived the following condition which leads 
to the invasion of wildtype population by the gene drive:

The above invasion condition of [33] is demonstrated 
in Fig. 5. The original study also analyzed the implication 

(15)

a22 + b22 > a12 + b12 ⇒ p >
(

1−
fDD

2fWD

)

−
1

k

(

2fWD − fDD − fWW

2fWD

)

.

2pfWD > fWW

of resistance evolution and utility of multiple guide RNAs 
construct on the evolutionary dynamics. These features 
can also be included in our model and would entail the 
addition of more genotypes and their corresponding 
dynamics.

Recovering Gokhale et al. BMC Evolutionary Biology (2014)
Gokhale et al. [47] analysed the synergistic effect of com-
bined Medea and single-locus engineered underdomi-
nance in a single transgenic construct [47]. Medea gene 
drive utilize viability selection which acts during the 
zygote stage of an organism. In the Medea constructs, 
wildtype homozygous offspring of a heterozygous mother 
becomes non-viable (See Table  2). In single-locus engi-
neered underdominance, the heterozygotes are less 
fit than both wild and drive homozygotes. Population 
dynamics of Medea and underdominance can be recov-
ered from Eq. (2) and Eq. (5). Figure 6 recovers the results 
of [47] for special parameter set.

Recovering Marshall and Hay, Journal of Heredity (2011)
Marshall and Hay [64] first proposed inverse Medea to 
bring about population replacement but the spread is con-
fined to its released site. In inverse Medea, homozygous 
offspring of a wildtype mother are non-viable (see Table 3). 
Figure 7 recovers the results of [64] for special parameter 
set.

Recovering Marshall et al. Genetics (2011)
Semele drive was first proposed in [65] and is based on 
toxin-antidote system. Transgenic males carry a toxin, and 
transgenic females carry the corresponding antidote. Off-
spring of a transgenic male carrying toxin and wildtype 
female with no antidotes are non-viable. The proportions of 
offspring of different genotypes is given in Table 3. Semele 
drive like Medea and Inverse Medea utilize viability selec-
tion and acts during the zygote stage. The dynamical equa-
tion for the minimal case can be recovered using Table 3, 
are visualised in Fig. 8.

Resistant allele
Gene drives are prone to resistance evolution due to stand-
ing genetic variation or because of the inefficiency of the 
drive mechanism [74, 80, 97]. For example, in CRISPR 
based homing drives, resistance could arise because the 
cell repairs the double-stranded break by CRISPR through 
non-homologous end joining (NHEJ) instead of expected 
homologous recombination (HR) [33]. Many studies have 
suggested that the drive resistance can severely impact the 
spread of the gene drive unless mitigating strategies are 
included [33, 74, 80, 97, 108, 109]. Here, we extend our base 
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model to include a drive resistance allele (R). Our math-
ematical framework is flexible to include the complexity 
of such resistance evolution in gene drives. It is important 
to note that these extensions demonstrate our modelling 
framework’s flexibility to include more complexity. They 
have not been deployed in the current instance of our 
DrMxR app.

Including an extra allele results in six possible genotype 
combinations for a single locus diploid population: WW, WD, 
DD, WR, DR, RR. The Table 4 shows the proportion of differ-
ent genotypes produced from 36 (6× 6) possible mating pairs. 
To keep things simpler, we do not show here any fitness varia-
tion due to viability or fertility selection and take the example 
of resistance evolution in CRISPR based homing gene drives. 
The rate of production of different genotype is given by:

Table 4  Offspring proportions for CRISPR based homing gene drive with resistance

Parents Offsprings

♂ ♀ WW WD DD WR DR RR

WW WW 1.0

WW WD 0.5(1+ h) 0.5(1− h)

WW DD 1.0

WW WR 0.5 0.5

WW DR 0.5 0.5

WW RR 1.0

WD WW 0.5(1+ h) 0.5(1− h)

WD WD 0.25(1+ h)2 0.5(1− h2) 0.25(1− h)2

WD DD 0.5(1+ h) 0.5(1− h)

WD WR 0.25(1+ h) 0.25(1− h) 0.25(1+ h) 0.25(1− h)

WD DR 0.25(1+ h) 0.5 0.25(1− h)

WD RR 0.5(1+ h) 0.5(1− h)

DD WW 1.0

DD WD 0.5(1+ h) 0.5(1− h)

DD DD 1.0

DD WR 0.5 0.5

DD DR 0.5 0.5

DD RR 1.0

WR WW 0.5 0.5

WR WD 0.25(1+ h) 0.25(1− h) 0.25(1+ h) 0.25(1− h)

WR DD 0.5 0.5

WR WR 0.25 0.5 0.25

WR DR 0.25 0.25 0.25 0.25

WR RR 0.5 0.5

DR WW 0.5 0.5

DR WD 0.25(1+ h) 0.5 0.25(1− h)

DR DD 0.5 0.5

DR WR 0.25 0.25 0.25 0.25

DR DR 0.25 0.5 0.25

DR RR 0.5 0.5

RR WW 1.0

RR WD 0.5(1+ h) 0.5(1− h)

RR DD 1.0

RR WR 0.5 0.5

RR DR 0.5 0.5

RR RR 1.0
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Fig. 5  Population dynamics of CRISPR based homing endonuclease gene drive. A When the fertility rate of heterozygous adults is 0.7 and drive 
efficiency is 100%, we have 2pfWD > fWW . A small release of WD/DD will invade the population consisting entirely of WW. B When the fertility rate of 
heterozygous adults is 0.3, we have 2pfWD < fWW . Successful invasion by gene drive would require threshold release of WD/DD in the population. 
The position of the unstable fixed point is (WW ,DD) = (0.286, 0.354) . Other parameters are fixed to fWW = 1, fDD = 1 for both A and B 
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Fig. 6  de Finetti diagram showing the population dynamics of Medea, underdominace and their combined effect. A Medea only B 
Underdominance only C Combined effect of Medea and underdominance
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dim = 1.0 dim = 1.0

ω = 0.975 ω = 0.95

ν = 0.95 ν = 0.95

Fig. 7  Population dynamics of Inverse Medea. A For ω = 0.975 and ν = 0.95 if transgenic individuals are released above a threshold, population 
converges to a stable point consisting of 99.7% of DD and WD. The stable and unstable fixed point is represented by black and white circle on the 
de finetti diagram. B For ω = 0.95 and ν = 0.95 above a threshold release, drive homozygous (DD) invades the whole population. dim = 1
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(16)

FWW =

(

x2WW + xWWxWR +
1

4
x2WR

)

FWD =

(

1+ h

2
xWWxWD + xWWxDD +

1

2
xWWxDR +

1+ h

2
xWWxWD

+
1+ h

4
xWDxWR + xDDxWW +

1

2
xDDxWR +

1+ h

4
xWRxWD

+
1

2
xWRxDD +

1

4
xWRxDR +

1

2
xDRxWW +

1

4
xDRxWR

)

FDD =

(

(1+ h)2

4
x2WD +

1+ h

2
xWDxDD +

1+ h

4
xWDxDR +

1+ h

2
xDDxWD

+ xDDxDD +
1

2
xDRxDD +

1

2
xDDxDR +

1+ h

4
xDRxWD +

1

4
xDRxDR

)

FWR =

(

1− h

2
xWWxWD +

1

2
xWWxWR +

1

2
xWWxDR + xWWxRR

+
1− h

2
xWDxWW +
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4
xWDxWR +

1

2
xWRxWW +
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4
xWRxWD

+
1

2
x2WR +

1

4
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1

2
xWRxRR +

1

2
xDRxWW

+
1

4
xDRxWR + xRRxWW +

1

2
xRRxWR

)

FDR =

(

1− h2

2
xWDxWD +

1− h

2
xWDxDD +

1+ h

4
xWDxWR +

1

2
xWDxDR

+
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2
xWDxRR +
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2
xDDxWD +

1

2
xDDxWR +

1

2
xDDxDR

+ xDDxRR +
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4
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1

2
xWRxDD +

1

4
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1
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1

2
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1

4
xDRxWR +

1

2
x2DR
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1

2
xDRxRR +
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2
xRRxWD + xRRxDD +

1

2
xRRxDR

)

FRR =

(

(1− h)2

4
x2WD +

1− h

4
xWDxWR +
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4
xWDxDR +

1− h

2
xWDxRR
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4
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1

4
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1

4
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1

2
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4
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4
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1

2
xDRxRR

+
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2
xRRxWD +

1

2
xRRxWR +

1

2
xDRxRR + x2RR

)

where h is the homing efficiency of the CRISPR gene 
drive hence the probability with which drive heterozy-
gotes parent WD produces gamete with haplotype D and 
R are 0.5(1+ h) and 0.5(1− h) respectively. The popu-
lation dynamics for the combined case is then given by 
including the above Fi ’s in (2). The resulting dynamical 
equations are equivalent to the equations obtained by 
Noble et  al. 2017 when there is one resistant allele and 

no all genotypes have equal fitness [33]. The possibil-
ity of multiple gRNAs and resistance evolution can also 
be implemented since the genotype frequencies remain 
constant:

Given the six genotypes, the system’s population dynam-
ics proceeds in a five-dimensional space and cannot be 

(17)xWW + xWD + xDD + xWR + xDR + xRR = 1.
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represented in a de Finetti diagram. The specific dynam-
ics could still be studied by numerically solving the equa-
tion for various input initial conditions.

One locus two toxin (1L2T) gene drive
Interestingly, the dynamical equation obtained using Eq .
(16) demonstrates the addition of multiple alleles to our 
base model. In this case, the third allele (R) happens to be 
the resistant allele, but that is not a general case. Like the 
two allele system, if we remove the distortion because of 
homing (h = 0) and add the effect of fertility or viability 
selection, the other three allele gene drive systems could 
be captured through our model. One locus two toxins 
(1L2T) system is an example of a system where two differ-
ent drive alleles exist at a single genomic locus like D, and 
R [1, 25, 28]. The two drive allele, D and R, both encode 
a different toxin and carry an RNAi (the “antidote”) that 
neutralizes the other drive allele’s toxin. Therefore, the 
genotypes containing toxin but no corresponding anti-
dote (WD, RR, DD and WR) are non-viable. In contrast, 
the viable genotypes are heterozygotes with the two drive 
alleles (RD) and wild-type homozygotes (WW).

Multi locus gene drives (Daisy chain drive)
Here we demonstrate that our basic model could be 
extended to include several multi locus gene drive sys-
tem [1, 25, 28, 52]. Daisy chain gene drive is an example 
of such a drive system [52]. It consists of a linear series 
of genetic elements on different locus where one element 
drives the next. The last genetic element in the chain is 
driven to a high frequency, while the element at the base 
cannot be driven and is lost over time due to natural 
selection. This process causes the next element to stop 
driving in the population, and so on. The process contin-
ues until the whole population returns to an all wildtype 
state. Again, owing to plural terminology, the daisy chain 

system is also referred to as a self-exhausting gene drive 
[52].

To model a multilocus gene drive system, we illustrate 
a two-locus diploid organism with loci 1 and 2. There are 
two alleles, the wildtype (W) and the drive type (D). The 
allele at first loci can therefore be 1W  or 1D . Similarly, the 
allele at the second loci is represented by 2W  or 2D . The 
genotype corresponding to wildtype homozygous indi-
vidual at both the loci is 1WW 2WW  . There are in total 
nine possible genotypes: 1WW 2WW  , 1WW 2WD , 1WW 2DD , 
1WD2WW  , 1WD2WD , 1WD2DD , 1DD2WW  , 1DD2WD and 
1DD2DD . A daisy chain drive uses CRISPR genome edit-
ing technology to engineer drive alleles. The drive allele 
( 1D ) in the first locus induces the cutting of the 2W  allele. 
Considering the nature of distortion outlined in the origi-
nal paper [52], the proportion of offspring from all pos-
sible 81 mating pairs can be computed to yield equivalent 
population dynamic equations [52]. A natural extension 
would be to generalize the framework for any number of 
locus and allele.

Other multilocus gene drive systems such as two-
locus two toxin (2L2T), reciprocal chromosomal trans-
location (RCT) underdominance system and killer & 
rescue drive can also be modelled through our frame-
work (if distortion due to homing is not considered). 
Specific genotype becomes non-viable because of 
the toxin carrying drive element [25, 28]. Besides the 
wildtype allele, this system consists of two drive alleles 
at the two loci (say 1D and 2D ). In reciprocal chromo-
somal translocation (RCT), the only viable genotypes 
are homozygotes for the wild-type alleles ( 1WW 2WW  ), 
homozygotes for the translocated alleles ( 1DD2DD ), het-
erozygotes for the translocated alleles ( 1WD2WD ) [28, 
101]. While in two locus two toxin (2L2T) system the 
viable genotypes are homozygotes for the wild-type 
alleles ( 1WW 2WW  ) and those which carry atleast one 
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Fig. 8  Population dynamics of Semele  drive when there is no fitness cost. A Drive efficiency is 100% B Drive efficiency is 10%
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copy of each drive allele ( 1WD2WD , 1DD2WD , 1WD2DD , 
1DD2DD ) [1, 28]. Killer & rescue gene drive constructs 
consist of two alleles, namely killer (K) and rescue allele 
(R), and their corresponding wildtype counterparts are 
‘k’, and ‘r’ respectively [102]. If the locus of insertion 
of allele K or R is independent of other loci, there are 
nine possible genotypes. Out of nine genotype ( 1KK2RR , 
1KK2Rr , 1Kk2RR , 1Kk2Rr , 1kk2RR , 1kk2Rr , 1kk2rr , 1Kk2rr , and 
1KK2rr ). The genotypes which carry only killer allele K 
and no rescue allele are non-viable ( 1Kk2rr , and 1KK2rr).

Underdominance tethered homing drive (UTH) con-
sist of two components and three alleles with either 
a transgenic (D) or widtype (W) [51]. This gene drive 
system can have 27 different diploid genotypes and 
hence 729 mating possibilities. The details about the 
fitness of viable and non-viable genotype can be found 
in the supplementary material of the original study 
[51]. The wildtype genotype can be represented as 
1WW 2WW 3WW  . First component is a two–locus engi-
neered underdominance drive which we have already 
described. The second component is an unlinked 
locus to be inserted into a haploinsufficient gene, that 
is, two copies of a functional gene are required at this 
locus for viable offspring. The homing component at 
the third locus is driven by the presence of the other 
two constructs. The guide RNA and Cas endonu-
clease target the wild–type ( 3W  ) alleles for multiple 
double–stranded breaks. Repairs through Nonhomolo-
gous end-joining (NHEJ) or homology-directed repair 
(HDR) that did not produce a functional copy of the 
haploinsufficient results in individuals that are incapa-
ble of producing viable offspring. This gene drive sys-
tem thus helps to prevent the emergence of resistance 
due to NHEJ [97].
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